N
N

N

HAL

open science

Semi- and non-parametric competing risks analysis of
right censored data and failure cause missing completely
at random

Laurent Bordes, Jean-Yves Dauxois, Pierre Joly

» To cite this version:

Laurent Bordes, Jean-Yves Dauxois, Pierre Joly. Semi- and non-parametric competing risks analysis

of right censored data and failure cause missing completely at random. 2010. hal-00501865v1

HAL Id: hal-00501865
https://hal.science/hal-00501865v1

Preprint submitted on 12 Jul 2010 (v1), last revised 22 Jan 2014 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00501865v1
https://hal.archives-ouvertes.fr

Semi- and non-parametric competing risks analysis
of right censored data and failure cause

missing completely at random

Laurent Bordes Jean-Yves Dauxois
Université de Pau et des Pays de ’Adour - France Université de Franche-Comté - France
Laboratoire de Mathématiques Appliquées Département de Mathématiques
UMR CNRS 5142 UMR CNRS 6623

Pierre Joly!?
!Université Victor Segalen Bordeaux 2 - ISPED Bordeaux - France

2INSERM U875 Bordeaux - France

Abstract

We consider a nonparametric and a semiparametric (in presence of covariates) ad-
ditive hazards rate competing risks model with censoring and failure cause possibly
missing completely at random. Estimators of the unknown parameters are proposed
in order to satisfy some optimality criteria. Large sample results are given for all the
estimators. Our nonparametric method is applied to a real data set and the behavior
of the semiparametric estimators are analyzed through a Monte Carlo study.

Key words: Additive hazards, competing risks, counting processes, missing failure

cause, reliability, survival analysis.

1 Introduction

We consider p > 2 independent competing failure causes. We assume that to each failure
time T is associated a hazard rate function (risk function) A; with 1 < j < p. The failure
time 7" is the minimum of the p failure times associated to the p failure causes (this can be
seen as a l-out-of-p system in reliability), then we have T'= Ty A --- A T,,. The failure time

T can be censored by a censoring time C', then we observe X =T AC and § = 1(T < C)



Semiparametric inference with competing risks and missing causes 2

where 1(-) is the indicator function. Generally, when 7' is uncensored, that is for § = 1, the
failure cause is known, which means that Z?:l j1(T; = T) is observed, but from times to
times, it may happen that the failure cause is unknown and no partial information about the
failure cause is available. In addition, a vector of explanatory variables denoted by Z and
having potentially significant effects on the p failure times may be observed. In this paper
we propose a model that allows to analyze such lifetime data from a semiparametric point
of view in presence of covariates, and from a nonparametric point of view otherwise. We
need to emphasize that our model extends some existing models in the semi- /non-parametric
direction, however, the missingness mechanism is accounted here in the simplest way.

The problem of competing risks is not new and during the last two decades many models
have been proposed in order to account that a system or an individual may fail or dead
from several causes (see Crowder, 2001, for a large overview on the topic). In a number of
real applications of competing risks models the authors have to face the problem of missing
information (e.g. Miyakawa, 1984; Usher and Hodgson, 1988; Lin et al., 1993; Schabe, 1994;
Goetghebeur and Ryan, 1995; Guttman et al., 1995; Reiser et al., 1996; Basu et al., 1999;
Flehinger et al., 2002; Craiu and Duchesne, 2004; Craiu and Reiser, 2007).

Among the great amount of paper dealing with competing risks model some of them
focus on nonparametric estimation methods (see e.g. Lo, 1991 and Schabe, 1994). Because
in many case partial information about the failure cause can only be obtained (e.g. masked
cause of failure), a large number of works developed some specific methods with accurate
modeling of the missingness mechanism. Most of these models are parametric and when a
latent variable represents the missingness mechanism an EM-type algorithm can be proposed
to estimate the model parameters. In Craiu and Duchesne (2004) such estimation procedure
is proposed and the missingness may depend both on the failure cause and the failure time.
Recently, Craiu and Reiser (2007) considered a very complete parametric model including
dependence of failure causes.

Some authors developed estimation procedures in the semi-/non-parametric framework
for two or more failure causes (see e.g. Myakawa, 1984; Dinse, 1986; Lo, 1991, Schabe,
1994). The special case of a possibly censored single failure cause differs from the competing
risks model only be the fact that in this case the censoring time is not an event of interest.
However, when the censoring information is missing, we are close to the competing risks
situation where failure causes are possibly missing. Some specific methods has been derived
in Gijbels et al. (1993), McKeague and Subramanian (1998), van der Laan and McKeague
(1998), Sun and Zhou (2003) and Subramanian (2004) for various models including or not

covariates, and several missingness mechanisms.
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Goetghebeur and Ryan (1995) proposed a competing risks model with proportional haz-
ards assumption for the different failure causes. In their model the mechanism of missing-
ness may depend on the failure time (this is the missing at random assumption) while in the
model we propose it is independent of everything (this is the missing completely at random
assumption). In our model each failure type has its own semiparametric additive hazards
rate model and at the contrary to Goetghebeur and Ryan (1995), these failure rates are not
linked.

The paper is organized as follows. In Section 2 we describe the model and we point out
that each data resulting from the model can be seen as the realization of a nonhomogeneous
Markov process. In Section 3 the estimators are defined. Because data for which the failure
cause is missing are informative for the whole parameters of the model, we develop a method
that allows to account this information in an optimal way with respect to an efficiency
criterium. In Section 4, for the Euclidean parameters, and in Section 5 for the functional
parameters, the corresponding estimators are shown to be consistent and asymptotically
Gaussian. For each estimator, a consistent estimator of the asymptotic variance is provided.
Section 6 is devoted to numerical examples. A Monte Carlo study is performed for the case
including covariates whereas our estimation method is applied to a real data set that does

not include covariates. Some concluding remarks are given in the last Section.

2 Framework

Consider a population in which each individual is liable to die from any of p > 2 causes
Dq,...,D,. The causes are not necessarily independent but each death is due to a single
cause. Let us denote by T the individual lifetime and d € {1,...,p} its cause of death.
Suppose that our interest focuses on the effect of a time-varying covariate vector Z(-) of
dimension k. More precisely, let Z(t) = {Z(u);u < t} denote the history up to time ¢ of
this covariate process and assume that an additive hazard model holds on the cause specific

hazard rate function, that is:
1
Aj(tZ) = lim - P(T € [t,t+hl,d=j|T >t Z()) = hoj(t) + prz@), t=o0, (1)

for j =1,...,p where A\g;(-) is the baseline jth cause specific hazard rate function and
B; € R* is the regression parameter associated to the jth cause.

Suppose also that the lifetime T is right-censored by a random variable (r.v.) C and
write

X=TANC=min(T,C) and § = I{T < C},
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where I(A) is the indicator of the set A. Let Ac(-) denote the hazard rate function of the
r.v. C and assume that C' is, conditionally on Z, independent from (7', d).

Of course the cause of death is not known if C' is observed rather than T for a given
individual. But in some situations it might be the case that d is also not known even if T is
observed. Let M denote the missing indicator, i.e. M = 1 if the cause is known and M =0

otherwise. Thus we are in a situation where the available observation for an individual is
(X7 67 D’ Z(X))’

where D = §Md reveals the failure cause d when the failure time is uncensored (§ = 0)
and M = 1 and is equal to zero otherwise. In the following we assume that the missing

mechanism is such that:
PM=1X,Z,6=1)=PM =16 =1) =a € [0,1],
where « is an unknown parameter, and
P(M =0|X,Z,6 =0)=P(M =0[6 =0) = 1.

One can see the observation of the vector (X,d, D), conditionally on Z, as the real-
ization of a (p 4+ 3)-states nonhomogeneous Markov process (see Fig. 1) with space set
{0,1,...,p,m,c}: state 0 is the initial state; state ¢, for ¢ = 1,...,p, corresponds to the
observation of the lifetime 7" with known cause of death i; state m to the observation of
the lifetime with missing cause; state ¢ to a censored observation. Except 0, all the states
are absorbant. From the assumptions on M and the independence between (T, d) and C,
conditionally on Z, one can easily get that the instantaneous transition rates of this Markov

process are, conditionally on Z:

Ni(tHZ) = aX(t|Z), for j € {1,...,p},
An(tlZ) = (1=a) 325 4 (H2),
M(tZ) = Ae(t]Z).

It is important to note that, up to a multiplicative constant (« or 1 — ), the additive
form of the instantaneous rates is preserved (except for the transition 0 — ¢). It is obvious

for A;(t|Z) with 1 < j < p but also for A;,(-|Z) since
N (t1Z) = (1= @) (Mo (t) + B2 (1)) ,

where Ao, (+) = :;7:1 Aoj(-) et B = ?:1 B;. This will help us to estimate the regression

parameters 31, ..., Op.
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Figure 1: Markov graph associated to (X, 4, D)

Now, let us suppose that we observe a sample (X, §;, D;, Z;(X;))1<i<n of (X, 9, D, Z(X)).
Let 7 < 400 be the upper bound of the interval of study which means that individuals are
only observed on the time interval [0, 7]. Let N;;(-), for j € {1,...,p,m}, be the counting

processes defined by:

Nij(t) = UX; <t,D;=j)forj#m,

Finally write Y;(¢) = 1(X; > t) the individual risk process, for i = 1,...,n.
From Andersen et al. (1993) or Fleming and Harrington (1991), we know that, condi-
tionally on Z, the processes M;;(-), for j =1,...,p, and M;,,(-) defined respectively by
t t
M;;(t) = Ny;(t) 7/0 Yi(s)N;(s|Z)ds and My, (t) = Nip (t) 7/0 Yi(s)\,, (s|Z)ds,

for t > 0, are mean-zero martingales with respect to the filtration (F;);>o defined by

Fi = 0{Nij(s), Nim(s),Yi(s);s <t;1 <i<m,je{l,...,p}}.

3 Statistical Inference on the euclidean parameters

3.1 Estimators

The finite dimensional parameters of our model are: the probability a to know the cause of
death, and the regression parameters (31,. .., 3, of each cause specific hazard rate functions.
Recall that « = P(M = 1|6 = 1). Thus, one can estimate empirically « by the proportion
of lifetimes with known cause of death among the uncensored lifetimes, that is:

S0 UD > 0) o Ny(r)
S 16 =1) N.(r) ~

&:
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where
n y4 n

Nj(t) = Nij(t) and N.(t) = > Nj(t) + > _ Nim(t), for all t.

i=1 j=1 i=1
Extending an approach used by Lin et Ying (1994) in case of a single cause of death, one
can estimate 3;, for j = 1,...,p, as the solution Bj of the estimating equation U; (5, &, 7) =0

where
U;(B,é,7) = Z/o [Zlv(s) — Z(s)] [dNij (s) — dﬂTZi(s)Yi(s)ds] ,

and
i D Yi(8)Zi(s)
2= i)

Now, since it has been seen that the cause specific hazard rate function X/, (-) associated to
a missing cause has an additive form too, one can also estimate (,, by the solution Bm of

the estimating equation U,, (83, &, 7) = 0 where
Un (B, &, 7) = Z/o [Zl(s) — Z(s)] [dNim(s) —(1- d)ﬁTZi(s)YZ-(s)ds} .
i=1

Explicit expressions of these estimators are available and given below (see equation (10)).
At this stage, we are in a situation where each parameter 3;, for j = 1,...,p, has its
own estimator Bj. But we also have an estimator Bm of their sum B, = 61 + -+ Bp. It

is of course of interest to use it in order to improve the estimation of the first parameters

Bj, for j = 1,...,p. In this order, we suggest to find the linear transformation of our
estimator (ﬁ}r, . ,Bg, Bﬁ)T which will give us an estimator of (57, ... ,ﬁg)T with minimum

asymptotic variance. More precisely, let H be the family of all the block matrices

Hyy Hyy -+ Hiyp Hip
Hyy Hyy -+ Hyy Hyp
H = . . . . )
Hyy Hpp - Hppy Hpm
where the H;;, for i = 1,...,p and j = 1,...,p,m, are real matrices of dimension k x £,
such that
B
. b1
gl =] : (2)
By
Bp
B

for all vectors 31,..., 3y in Rf and B, = 61+ -+ - + Bp. Write

G(H) = trace(H3 5

5’mHT)7
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where ié,oo is an estimator of the asymptotic covariance matrix of (37, ... ,BPT, BTYT . With

H = Argmin G(H),

HeH
an estimator of (8f,..., ﬁg ) with minimal asymptotic variance is given by:
i B
B
| =a
- Bp
p A~
Bm

Thus, the optimal estimators of the regression parameters are: BZ' = Z§:1 f[ijﬁj + Himﬁm,
fori=1,...,p.

Note that the constraints on H given by (2) are linear and do not link its lines between
them. Indeed, denoting by I, the identity matrix of order k, these constraints may be

written
H;; + Hypy, Iy,
Hij + Him, = 0,

for1<i<pandje{l,...,p}\{i}.
On the other hand, we have

p p
G(H) = trace(HiX 5 (Hiu) =Y 4:(H)
i=1 i=1
where §;(H) = trace(H;s5 . H1,) and Hy, is the ith line block of H.

Thus, it is sufficient to solve separately the following problems (F;), for i =1,...,p:

Find H;1,. .., H;; which minimize trace(Hi.f]B OOHZ:)
(B) such that : Hy; + Hip = I,
Hij + Hyp, = 0, for j # 4,

3.2 Example for p=FL =2

As an example, let us show how to solve problems (P;) and (P2) when p = k = 2. Since
in this case (P;) and (P) are identical, we only have to consider problem (P;). Let us
introduce other temporary notations. For j = 1,2, m, write

9

Tt

HO — Hy; =
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Let

and
1 1 2 2 m m 1 1 2 2 m m
L= (n) 08 a3 A G R R B3 B R R0 ) = (),
One can rewrite the function §¢;(H) to be minimized like:
~ T A
¢1(H) = trace ((H(l) H® H(m)) Y5 00 (H(l) H® H("”)) ) =LQL".
Now, since the constraints on H are

HO 4 g~ hy +h = 1for1<ij<2
=
H® L g — hY +hY = 0for1<ij<2

)

they can be rewritten C'L = d where

10001 0O0O0O0O0TO0O 1
0100010O0O0O0O0OT©O 0
001 010O0O0O0O0TO0O0 0
o 0001 01O0O0O0O0O0OO0 and d— 0
0 000OO0OO0OT1TTO0GO0O0OT1TO®O0 0
0 000O0OO0OTO0OT1TUO0UO0O01 1
0 000OO0O0OO0OO0OT1TTO0T1O0 0
0 000O0O0OO0OO0OTO0T1ITOU 01 0

Thus the Lagrange function for this optimization problem with linear constraints is given
by
1 A
(L, \) = 5LTQL +(CL—d)"A

where A is a Lagrange multiplier vector. The optimal parameters L and ) necessarily satisfy

the first-order conditions

ol
87<L7 )‘) -

0 = QL+CT
CL = d

which give
A=-[cQ'C" M,
and
L=Q'cTlcQ—cT .

It has to be noted that Q is invertible whenever 3 .00 1S
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4 Asymptotic behavior of the regression parameters es-

timators

4.1 Additional notations or assumptions, preliminary results

In order to simplify the notation in the following derivations, let us denote by p 4+ 1 the
index corresponding to a missing cause (previously denoted by m). Let

I3} I3}
g=| - and f=| °
ﬂp Bp
ﬁerl Bp+1

If z is a column vector in R¥, let us write

1 when [ =0,
o = z when [ =1,

2z when [ =2.

Finally, let us denote by S;(-), for { = 0, 1,2, the processes defined by

Z Y Z®l
for 0 < s < 7 and for b in R¥ the process S3(+; b) defined by
Z Yi(s)ZE%(s)bT Zi(s).
From now on we make the following assumptions.

A1l. The probability a to get a known cause of death is strictly positive.

A2. The upper bound 7 of the time interval of study is such that 0 < [ Ag;(s)ds < +oo, for
j=1,...,p, and the covariate processes Z,(-) are (F;)¢>o-predictable and uniformly

bounded with respect toi=1,...,n

A3. For 0 <[ <2, there exists functions si(-) defined on [0, 7] such that

o, sup [1Si(s) - ()] .0, when n — +oo.

Moreover, the function so(+) is bounded below by a strictly positive real number.
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A4. With the notations a(u) = sa(u) — s9%(u)/so(u),

t t
A(t) :/ a(u)du and 6(t) :/ [so(u))\opH( )du + 3, +151( )] du, (3)
0 0
the matrix A(7) is positive definite and the real 6(7) is strictly positive.
The matrix
/ [Sa(s) — S22(s)/Sols)] ds
0
is also positive definite. Note that, from previous assumptions, it was already true
asymptotically.
A5. For all b € R¥, let S4(-;b) be the process defined by

= 2 SO AEKN 61 ()2 (/s

3

There exist functions s3(+;b) and s4(+;b) such that, for all b € R¥,

P
i, sup [1(65) — u(s:0)] 0, when n — +oc.

A6. The following functions are integrable on [0, 7]:

®2

s .
a(-),a(-)Ao;(+), s0(-)Ao; (), s1(-), .912(()) s3(19;) and s4(3 8;),for j=1,...,p
0
Now, let us introduce, for all b € R¥, the processes U; (b, aj, -) defined, for j = 1,...,p+1
and t € [0, 7], by:

(b,0,1) Z / 2(5)) (ANiy(s) — b7 Zi(s)Yi(s)ds)

where
Qo it 1<j<p,
Q=
l—a if j=p+1.
Note that values of these processes at s = 7 appear in the estimating equations of Section 3.1.

It is easily seen that these processes can be rewritten like

U (b, oy, -) Z/ Z(s)) dMy(s),

for j = 1,...,p+ 1. Hence they are local square integrable (F;);>o-martingales as sum
of stochastic integrals of predictable and bounded processes with respect to local square

integrable martingales.

We are now in a position to introduce our preliminary technical results which, as all the

following in this paper, take place in the Skorohod space of cadlag functions D[0, 7].
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Proposition 4.1 The multivariate process U, (+) defined, for allt € [0, 7], by

Ui (51, a1, t)
U,(t) = !
T U | Upri (Bt opgs t) [0
p+1 *
> gyt
j
240(r)
where o =1 —a for 1 < j <p and ay,, = —a, converges weakly in Dk(p+1)+1[0,7'], as n

tends to 0o, to a mean zero multivariate gaussian martingale Uso(+) with covariance matriz

given, for allt € [0,7], by

O1(t) 0 0 €1()
SRR L
0 0 Oppa(t) &+a(t)
@)y - ) &)

where, for j=1,....p+1,

0,(t) = aj/o [a(s)Xoj () + s3(s38;) — s4(s3 8;) — 51 (53 8;) + (5] 51(5)) 57 (5)/53(5)] ds,

&) = Hja(;(;)a)A(t)ﬁj, with kj =1, for 1 <j <p and kpy1 = —1,
ol -
alt) = Wa(t)

and A(-) as well as 0(-) are defined in (3).

Proof. As in Andersen and Gill (1982), the main idea is to apply Rebolledo’s Theorem
(see Rebolledo, 1980, or Andersen et al., 1993, p. 83-84). Since this theorem is now of
classical use, we only derive here the limit of the predictable variation process associated to
U,,. This will give us the asymptotic covariance matrix function Xy__(+) of Uy,.

On one hand, straightforward calculations show that we have, for j =1,... ., p+ 1,

NG
_— /0 [Sa(s) — SF2(5)/S0(5)] Aoy (s)ds

(Srth(010.) 0 =23 [ (2i6) = 206)) (2i9) - 20) Vil 612
i=1

b [ [86065) = Su(s: ) = ST 51 5) + (5] S DSE)/ ] ds +0p 1),

which, by Assumptions A2-A6, converges in probability, as n tends to +oo, to ©,(t) given

in the Theorem.
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On the other hand, since the martingales M;; and M ; are orthogonal for all 1 < i,i" <n

and 1 < j# j <p+1, we have:
U;(Bj, 5, -), Uy (B, v, -)) (t) = 0,

as soon as j is different from j' and for all ¢ € [0,7]. This justifies the null terms in the
asymptotic covariance matrix Xy__ (¢).
Now, thanks again to the orthogonality between martingales with different indices, it is

easy to show that, for 1 <[ < p+ 1, we have
1 p+1 oM. () a* n t _
= Ul 2N () = — /Zi — Z(5)) Yi(s)XN.(s|Z)d
which converges in probability to

a(l —a)

&(t) = rm e

A(t)ﬁla

when n tends to +oo. Finally, with the same kind of arguments we have

p+1 *M 1 p+1 ot , (1—0[)
<IZ > Ez:: Z/Y YN (s|Z)ds T £q(t) = e ——20(¢),

when n tends to +oo. O

4.2 Large sample behaviour of &

Lemma 4.2 We have:
M.;(t) +op(1). (4)

And thus, v/n(& —a) converges weakly to a N(0,a(1—a)/0(T)) distribution when n — +00.
Remark. The second result of this lemma is obvious and doesn’t need the first step. A

straightforward application of the central limit theorem will give it. But the first result will

be itself of interest in the following section.
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Proof. From the definition of & we can write:

jo
I

ZZ/O dMij(S)-FZZ/O Yi(s)N;(s|Z)ds
ZZ/O dMij(S)wLZZ/O Yi(s)N;(s|Z)ds

- )

M.(7) +n / [So () Aape1 (1) + 6L, 5 (w)] du
0
where M..(-) denotes the process ., Z?;ri M;;(+). It follows that
vn(a - a)
LS M () = oM7)
G\T) — —=M.p1 (T
v & v

+

[So(w)Aop1(u) + ﬁg+131 (w)] du

T 1(N..(1) > 0) — vnal(N.(r) = 0)
ﬁM(T) |

l1—«

NG ;Mm) - %MW@

+op(1).

%M..(TH /0 [So(u)Aops1 (1) + 7,151 (w)] du

Moreover, using Lenglart’s inequality and Assumption A3, it is easily seen that

1 P
—M.(1) — 0, as n — +00. (5)
n

These two last results with Assumptions A3 and A4 complete the proof of (4).
Then the asymptotic normality of & is obtained thanks to Proposition 4.1 . O

4.3 Large sample behaviour of B

Theorem 4.3 Under Assumptions A1-A5, the random vector \/ﬁ(ﬂA — ) is asymptotically

gaussian, with mean zero and positive definite covariance matriz

25 00 = Z1(1)Zu ()E] (7),
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where

A0 g 0 -&
£4(r) " |

i\7) =
A" (1) 0 _ Bp
00

Proof. Write
A & if 1<j5<p

Oéj = .
1—a if j=p+1
From their definition, the estimators Bj, for j = 1,...,p, are such that uj(ﬁj,dj,r) =0.

Thus, one can write :

i4404'7':Ln ' (5) — Z(s)) (a; 8% Zi(s)Yi(s)ds — o; BT Zi(s)Yi(s)ds
Tt (.05, ﬁgf (25) — 2(s)) (0 Z,(5)Yi(s)ds — ;57 Zi(s)Vi(s)ds )

- [ /0 %Z (Zi(s)Z] (s) — Z(s)Z] (s)) Y;(s)ds] x [ﬁ(aj — a;)B; + vy (B; — 5j)] _

With the notation
Am:/[&@fﬁ%mwﬂw,
0
we obtain

%uj(ﬁjvajaT) = A(r) [\/ﬁ(dj — )35 + o v/n(B; — ﬁj)] .
It follows that

1 . 1
ﬂj —ﬁj = EA_I(T)EUJ(ﬁ]HajJT) + <

J

(%

s 1) 5, (6)

Q@
thanks to Assumption A4 which insures that /1(7') is invertible. Now, using Assumptions
A3 and A4, Proposition 4.1 and Lemma 4.2, it is easily seen that the right-hand side of (6)
converges to zero when n tends to +o0o. Thus B is consistent.

Furthermore, after some straightforward calculations on equation (6), one can write, for
j=1....,p+1:

V(B = ;) = OZ (A_l(T)W = Bivn(é; — aj))

Using again Assumptions A3 and A4 (which ensures that A=!(7) converges in probability

to A~'(r)), Proposition 4.1 and Lemma 4.2 as well as the consistency of /3, one can prove
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that the second term of the right-hand side of this last equality is an op(1). Thus we can

write:

Vi - ) = & (47 BT g ita - )] 4 op(0) ")

for j=1...,p, and
\/ﬁ(/ép—&-l - ﬂp+l)

= ﬁ (Al(T)upH(ﬂpJ\r/lnlapH’T) + ﬁp+1\/ﬁ(@ - a)> +op(1). (8)

Hence, from (4), (7) and (8) we finally obtain

VB —=8) = Si(n)Un(7) +0p(1), 9)

where 31 (7) is given in Theorem 4.3. This and Proposition 4.1 complete the proof. Note

that the matrix X5 __ is positive definite since it is the case for Xy (7). O

4.4 The optimal estimator B
Recall that our optimal estimator is § = H/3, where
H = Argming ,,G(H) = ArgminHthrace(Hiﬁ JHT)

and 3 oo 18 required to be an estimator of the asymptotic covariance matrix % .00 BlVen in
Theorem 4.3. Thus, we first have to find such an estimator of Eg o
It is easy to check from their definition that the explicit expressions of the estimators

Bj,forj:L...,p—i—l, are

n

. 1 . 1 g _
b= 2 A Y [ (2 - 2() i) (10)
J =170
Furthermore, let
. 1o~ [T _ @2
6,7 = 2 3= [ (Zuts) = 209) % iy s,
i=1
and
. al(l=a) - -
(1) =k (é(T) )A(T)Bja
where 0(7) = N..(7)/n, and finally
. a(l—a
)= (A(T) |
Therefore, one can use respectively
AT 0 _b
£(7) X
1\7) = - .
J TR §
0 ... 0 AO B

1—& 1—-&
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and

©.(r) 0 0 §1(7)

0 Opri(r) &ua(r)
& (r) 8 (r)  &alr)

as estimators of ¥ (7) and Yy_ (7). Finally, let §* = (67,...,30)".

Theorem 4.4 Under Assumptions A1-A5, the estimator

£ 00 = B1(1)Zu (N)E] (7)

converges in probability to the matriz EB - If ZBoo is invertible, then \/ﬁ(ﬁ — B*) is
asymptotically mean-zero gaussian distributed with covariance matriz whose trace minimizes
q(H) = trace(HX, JHT) for all H € H. Such an estimator is said asymptotically T

optimal.

Proof. We know from Lemma 4.2 that & converges in probability to a. We have also
seen in the proof of Theorem 4.3 that /1_1(7) and ij for j = 1,...,p+ 1, converge in
probability respectively to A7!(7) and 3;. Thus, we thus get the convergence in probability
of $1(7) to Xy(7).

Moreover, we have seen in the proof of Lemma 4.2 that

N(r) = M) 4 [ [Sa(Mhapia ) + 511 810)

Thanks to Assumptions A3 and A4, the integral in the right-hand side of the last equation
converges in probability to #(7). This and (5) give the convergence in probability of 6(7) to
o(r).

From the above convergences we have the convergence in probability of éj(T) to &;(7),
for j=1,...,p+ 1, as well as the one offa to &g

On the other hand, one can write, for j = 1,.

= iZ/O (Zi(s) = 2(5)) " dMy(s Z/ Z(5))** Yi(s)N,(sZ)ds. (11)

With the notation A®? = AAT when A is also a matrix, it is easily seen that, for all ¢ € [0, 7]

<iZ / (Zi(5) = 2()) ™" Mg s > = Z / —2(s)®) 7 Vi (sl ds

which in ¢ = 7 converges to zero in probability when n tends to +o0o, by Assumptions A2

and A3. This and Lenglart inequality yield the convergence in probability to zero of the first
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term of (11). Moreover, we have seen in the proof of Proposition 4.1 that the second term
of (11) is equal to (U;(8;, «,T)/+/n) and converges in probability to ©,;(7), when n tends to
+00. These two last convergences prove that é)j(’]’) converges to Q;(7), for j=1,...,p+1.
Thus we get the consistency of the estimator Sy _ (7) and finally the one of 3 00"

From the above and the continuous dependency of Hon¥ oo WE deduce that H con-
verges in probability to the matrix Hoy in H which minimizes trace(HX; . H 7). Recall
that the existence of such an optimal matrix is ensured because X f.00 is positive definite.
Since HB3 = 3*, we get from the above and Theorem 4.3 that \/ﬁ(ﬁ -p*) = fl\/ﬁ(ﬁ )
converges to a mean zero gaussian distribution with covariance matrix Ho,: % 5.00H, g;t which

is optimal in the sense defined earlier. O

5 Statistical inference on the functional parameters

Even if it is not the model considered at the beginning of this paper, we will first consider
the fully nonparametric case, that is a model without covariates where only functional
parameters have to be estimated. Of course, this is also of interest for applications. Then
we will come back to our semiparametric model and will see how to estimate its functional

parameters.

5.1 Inference in the nonparameteric model

In this case no parametric form is assumed on the cause specific hazard rate functions
Aj(+), for j = 1,...,p and we also do not take into account any covariate. Let A;(-), for

j=1,...,p, denote the cause specific cumulative hazard rate functions defined by:

for ¢t in [0, 7] and
Apar(t) = ST A1),
j=1
With the assumption on M and the hypothesis of independence between (T, d) and C,

the instantaneous transition rates of the Markov process with graph given in Figure 1 are:

A;(¢)
App1(t) = (L=a) 30_1 () = (1 — a)Apra (1),
Ac) = Ac(t).

al;(t), for j=1,...,p,
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At the contrary to the model by Goetghebeur and Ryan (1995), when there is no covariate
in the data, the model is still of interest because it allows different failure rates for failure
causes.

5.1.1 First estimators of the cause specific cumulative hazard rate functions

By standard arguments, one can easily estimate A;(¢), for j=1,...,p+1and ¢t € [0, 7], by

where @; is defined at the beginning of the proof of Theorem 4.3, Y (s) = Y., Yi(s) is the

number at risk at time s and
. " [t dN, i(s)
A(t) = E o
=1

is the well-known Nelson-Aalen estimator of

A () = /0 X, () du.

Write:
Aqi(r) Ai()
A() = and A() = .
Ap(+) Ap(t)
Ap+1(r) Apra ()

Let us introduce two classical assumptions that allow to obtain the following asymptotic

results.
Bl. 7 satisfies 0 < A;(7) < 400, for j=1,...,p.

B2. There exists a function sq(+), defined on [0, 7], and bounded away from 0, such that

Y (s)

n

P
— 0, when n — +o0.

— s0(9)

Note that these assumptions are nothing but respectively the assumptions A2 and A3
of Section 4 adapted to this new model. It is wellknown that Assumptions B1 and B2 are
fulfilled whenever 7 is such that S(7)G(7) > 0, where S and G are respectively the survival
functions of T" and C.

Note also that the functions so(-)A;(-) and A;(-)/so(-) are integrable on [0, 7].
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Finally, let us define:
n;i(-) = aj/ Aj(u)/so(u)du, for j=1,...,p,
0
P
() = Y ni(),

j=1

Oo(-) = / so(uw) A (u)du
0

pi() = rja(l—=a)A;(-)/0o(r), for L <j<p+1,

and po(1) = ol —a)/b(7).

Theorem 5.1 Under Assumptions A1, B1 and B2, the process /n(A(-) — A(-)) converges

weakly in DPYL(0, 7] to a mean zero gaussian process L(-) with covariance matriz function

SL(t) = Sa(t) Sy ()3 (1),

where
R
Sat)= |
1 A
0 e 0 L hmo
and
m(t) 0 0 p1(t)
Sy () = 0 0
0 0 Np+1(t)  pp+r(t)
pi(t) o ppyr(t)  pa(7)

Proof. Our proof starts with the observation that:

R R A
A0 = 2500 = £ (R0 - 8500) - 2L Vi (@, ). (12)

@

A straightforward application of the central limit theorem gives the /n-asymptotical
normality of & and thus that /n (& — ) is an O,(1). Moreover, under the hypotheses
B1 and B2, the Nelson-Aalen estimators A;(), for j = 1,...,p + 1, are well-known to
be uniformly consistent (see e.g. Andersen et al., 1993). Hence, under the hypotheses of
Theorem 5.3, one can get easily from (12) the uniform convergence in D[0, 7] of A;(-) to

Aj;(), for j=1,...,p+ 1. These convergences and (12) yield

Vi, () = Ay () = Y [ NG m 0 s op(), (13)

aj Jo Y(s) 27
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in D[0,7] and for j =1,...,p+ 1.
But, following the lines of Lemma 4.2, one can show that we have

p+1 ot

Z 5oty 7 () +op (), (14)
o(
where 6p(7) > 0 by B1 and B2. From this and (13), we deduce that

Va(A(t) — A1) = S2(t)V,(t) + op(1), (15)

in DPT1[0, 7], where 3 (t) is defined in Theorem 5.3 and

j‘t dM,l(S)
0 Y(s)

t dM. (s)
e (O

T at M ()
Using Rebolledo’s Theorem or an approach given in Dauxois (2000) one can easily prove that
Vo, (+) converges weakly in DP*2[0, 7] to a mean zero gaussian process Vo, (+). It remains to
specify its covariance function Xy _ (). First, note that we can write V,,(t) = V1 ,,(¢)+Va,,(¢)

where

t dM.1(s)
fO Y(ls)

[
B

Vin(t
Ln(t) I dM.p(+1(s)
0 Y(s)

1yl o
5190&)1‘4()

and

Van(t) = % 0
S gy (Moy(7) = M (1)

Since the martingales M.; are orthogonal, for j =1,...,p+ 1, we have
E[VE2(t)] =E[V2(t)] +E [VEr(t)]

and thus
Sy (t) = lim E[VP2 ()] + lim E [VE2(1)].

n—oo n—oo
Straightforward calculus lead to the expression of ¥y__ () given in the theorem. From this

and (15) we get the desired result. O
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One can get a consistent estimator of the covariance function Xy (-) of the limiting process

L(-). In this order, let us define, for j =1,...,p+ 1:
t
dN.;(s)
ni(t) =n JASEAY
77]( ) /0 YQ(S)

a(1— ), (1)
90(7‘)

Define also:

A(l—a
, forj=1,... p, and[)azu,
907‘

pj(t) = k;

where 0o(7) = N..(1)/n.
Then, plug-in estimators of ¥5(¢t) and Xy__(¢), for t € [0, 7], are respectively

é 0o --.- 0 _ Ala(t)
SO
2 - -
1 Ap(t)
s 0 -5
0 0 2 Zenld
and
) 0 0 pr(t)
. 0 0
Yy, (1) = ) )
0 0 p1(t)  Pp+a(t)
pr(t) oo Ppar(t)  Pa

Finally, an empirical estimator of Xp,(-) is given by:

5.1.2 Optimal estimators of the cause specific cumulative hazard rate functions

We are in the same kind of situation than the one of Section 3.1. Indeed, our multi-
variate functional estimator A(-) gives us estimators Ay (-),..., A, () of Ai(-),...,Ay(-) re-
spectively and an estimator A,,(-) of their sum A, 1(-) = 32, Ai(-). Here also we
will look for a linear transformation of A(-) which will give us an optimal estimator of
A() = (M), ()T

In this order, let us define H’ as the set of p X (p+ 1) matrices such that Ha = a* for all

a* = (a1,...,a,)" €RP and a = (a*T,3°F_, a;)". Let
H(t) = Argmin trace(HSL(t)HT) (16)
HeH'

and choose A(-) = H(-)A(:) as a new estimator of A*(-). The next theorem proves that it is

asymptotically normal and T-optimal.
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Theorem 5.2 Under Assumptions A1, B1 and B2, the matrix f]]L(t) converges in probability
to the matriz Xy, (t), for all t € [0, 7].

Moreover, let us assume that the matriz 3, (t) is invertible, for all t €]0,7]. If, for all
t € [0,7], the matriz H(t) is the unique solution of (16), then A(-) is asymptotically normal
and T-optimal. More precisely, the process \/n(A(-) — A*(-)) converges weakly in D?[0, 7] to
a centered gaussian process L'(-) = Hy, (-)L(-) with covariance function Hy, (-)XL(-)HE (-)
where

Hy, (t) = Argmin trace(HXy(t)HT).
HeH’

Proof. The proof is omitted since it follows the lines of the proof of Theorem 4.4. O

Let us denote by L the column vector in RP(P+1) defined by L = (H, ..., H,) where H;
is the ith line of H € H'. The link between L = (I;)1<i<pp+1) and H = (h; j)1<i<pi<j<p+i
is therefore h; j = l(;_1)(p41)+j- One can see that the linear constraints on H may be written

on L as CL = d where C and d are given. Indeed

hi,i + hi,p+1 = 1, for 1 S 7 S D,

hij+hipt1 = 0, for1<i<p, 1<j<p+1andi#yj,
PN l(i—l)(p+1)+7l + li(p+1) = 17 for 1 S ) S D,

li-np+)+s ity = 0, for 1<i<p, 1<j<p+1andi#j,
& CL=d,

where the matrix C' and the vector d are obvious. Moreover, let Q(t) be the block diagonal

matrix defined by

Q) = p-times
()
and note that
trace(HSp(t)HT) = LTQ(t) L.

Thus, in order to find our optimal estimator, we have to solve the following optimization

problems
() Find L(t) which minimizes LTQ(t)L ’
such that : CL =d
for ¢t € [0, 7).

Following the method of Section 3.2, the solution of (F) is:

L(t) =~ (1)CT(CcQ ™ (1)CT) N
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and H (t) is therefore defined by hi;(t) = i(i,l)(p+1)+j(t) for1<i<pand1<j<p+1.

Remark. Since Sy (t) is piecewise constant, it is sufficient to calculate the matrix H (¢)
at points ¢ € [0,7] where the counting process N.. has jumps, that is at points X; € [0, 7]
such that §; = 1.

5.1.3 Estimation of the Cumulative Incidence Functions and the survival func-

tion of T

Our aim in this section is to introduce estimators of the survival function S(-) of the lifetime
T as well as estimators of the Cumulative Incidence Functions F}(-) defined, for all ¢ and
j:17"'7p7 by:

F;(t)=P(T <t,d=7j).

In this order, let us recall that A.(-) = A;(+) is the cumulative hazard rate function

P
j=14Yj

of the survival time T'. It is well known that one can write the survival function in terms of

the cumulative hazard rate function:

Sty= TT (1-dA.(u),

w€]0,t]

where 71 denotes the product integral (see Gill & Johansen, 1990). Using a plug-in method

on this last equation, one can get the Kaplan-Meier estimator of S(t):

S =T (1-di(w),

u€]0,t]

where A() is the optimal estimator of the previous paragraph and

A=Y A0),

Jj=1

On the other hand, it is also well-known that one can write, for t € [0,¢] and j =1,...,p:

Fy(t) = / S(u)dA; (u)

and that an estimator of this cumulative incidence function is given by the Aalen-Johansen

estimator (see Andersen et al., 1993):
A t ~ ~
B0 = [ Stk o)

The asymptotic behaviour of these estimators is given by the following theorem.
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Theorem 5.3 Under Assumptions A1, B1 and B2, we have the following weak convergence

in DPTY0, 7], when n — +o0:

A() Fi() Jy SC)dL () — fi S(u)L! (w)dAs (u)

o() Ey() Jo )L () — fi S(u)L! (u)dA,(u)

S0) S() 101%0
where ;) is the jth component of the limiting process L'(-) of Theorem 5.2 and L!(-) =
]L’l() + .- _A'_]L;)(.).

Proof. This result is easily obtained from Theorem 5.2 and the functional é-method (see
e.g. van der Vaart & Wellner, 1996, for details on this method). Indeed, from the above,

one can write:

Fi()

where (-) is a function from DP[0, 7] to DP*1[0, 7] with coordinate functions defined, for

i=1,...,p, by:
_ Ai()
Fi() = /0 Seo)dhw =i | |,
Ap(+)
and
Ai(r)
SO=tp | 1| = T (1—ah(w),
Ap(t)

We know (see again van der Vaart & Wellner, 1996) that product-integral function

¢(): DI[0,7] — DIJ0,7]
A — oA = TT (1—dA(u))

u€]0,-]

is Hadamard differentiable on BV |0, 7], the subset of functions in D[0, 7] with total varia-

tion bounded by K. Its derivative is:

@) = - [ o)) S da

(u)

and is equal to —¢(A)(-)a(-) when A is continuous.
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We also know that the function

o(+,+): DJ[0,7] x BVk[0,7] — DJ0,7]
(A, B) — p(A,B) = fO AdB

is Hadamard differentiable on (A, B) where A is of bounded variation, with derivative:
Frnla0)0) = [ s+ [ adB).
0 0

Using for instance the chain rule (see Lemma 3.9.3 of van der Vaart & Wellner, 1996)

and the composition

(A1()s - Ap (DT = (M(), S()T = / S(u™)dAi(u),
0

one can prove that the coordinate functions 1 (-),...,¥,(-) are differentiable and get their
derivatives. The functional §-method allows us to obtain from Theorem 5.2 the following

weak convergence in D10, 7]:
Vi (9(8) = (A7) = vh. (L),
when n — +oo. Straightforward differential calculus and the continuity of S(-) give the

expression of ¢ . (L) detailed in the Theorem. O

5.2 With explanatory variables

Now, let us come back to the semiparametric model of equation (1) with explanatory vari-

able Z. Recall that we have, for j =1,...,p:
dN.j(s) = dM j(s) + Y (s)dAo;(s) + anST (s)B;ds.

Thus, an estimator of Ag;(t) is given, for all ¢ € [0, 7], by

~ o 1 ¢ dN.j(S) ~ ¢ 51(5)
M) =3 [ S, me

where Bj is the estimator introduced in Section 3.1 and is such that Uj(ﬁj, aj;,7)=0.

Then we propose to estimate A;(-|Z), for j =1,...,p, by A](|Z) defined, for ¢ > 0, by

A2 = Aoy + 57 [ s =1 [ pr ([ zgas- [ 200a)

0

where by abuse of notation fot Z(s)ds denotes the vector of integrals of each coordinate of

Z ().
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Before giving the large sample behaviour of these estimators in the following theorem,

let us introduce other notations. For j = 1,...,p let us define:

" Sols i(s Tsls
wl) = o 0()hoj (5) + B 51(s)

s5(s)

ds,

jog () = a(l —a) / 80(8)>\0j(8)-l-ﬁfsl(s)ds7
0(r) Jo s0(s)
N IO
i) = o [ L
and the block-matrix
1 0 0 0 K@) 0 0 0
0 1 o0 0 0 K@ 0 0
1
25@):5
0O ... 0 1 0 0 .. 0 Kt 0
O ... 0 01 0 .. 0 0 K@
where K (t) is a 1 x k vector defined by
t t T
s1(s) -1
Kt:/sts—/ ds)A T

Theorem 5.4 Under Assumptions A1-A5, the process

~ ~ T
Vi (M(12) = M C12), - Ap(1Z) = A,(12))

converges weakly in DP[0, 7], when n — 400, to a mean zero gaussian process with covariance

matriz X5 (t)Sw_(t) 52 (t), where:

/,Lll(t) 0 0 ce 0
0 ,ulg(t) 0 0
0 NN 0 Ml(p—l)(t) 0
) 0 .0 0 pp(t)
T, () = S| pn@® 0 0 0
0 pa2(t) 0 0
0 0 pap-n(t) 0
0 0 0 )
‘ugl(t) . . . ,LLQp(t)

— M (HZ)
— Ay (|Z)

A1 (1Z)
—A,(tZ)

o O O O

o

26
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Proof. By the definition of A;(-|Z) and A;(-|Z),

-~ A,(12) =ﬁ[<d/0

1,...,p:

Vi (A,(12) A (s)

Y(s)

_gT

27

one can write, for all ¢t > 0 and j =

t g;gz;ds - Aoj(ﬂ) +(B; - 8)" /Ot Z(s)ds}

But it is easy to check that our assumptions and preliminary results yield

dNJ s Si(s
\/ﬁ (é fO Y(s( ﬁT fO Sg(sgds AOJ())
f fO (s ) ﬁ (/6T Jo so(s)ds + Aoj (- )) V(B )" fo Z;ES ds +op(1).
These two last equations and (7) enable us to write:
Vi (A 012) - A5(12)) =
T
n(a—a _ U;(Bj,a5,1 s1(s
o S~ A7) 4§ (AT ) ) ([ Z(s)ds — [ $iEds ) +or (1)
Hence we have, :
A(-12) = M (-1Z)
Vi = S5( )W, (1) + op (1),
Ap(1Z) — Ap(1Z)
where
dM. dM.p(s) U (1, 01,7) (5;0,%, oo
W’ ) p 1 ) 1, o
Vi [ e [ S e N0 fze il

But a straightforward application of Rebolledo’s Theorem proves that the process

¢ dMl(S) ul(ﬁlvalv')

(51770[}73 :

W, () = ﬁ/@ \/g/ dﬂ}{-@s)

N A

n

p+1 *

e

converges weakly in DP*+1D+1[0 7] to a mean-zero multivariate gaussian martingale W, (-).

It is easy to check that the covariance matrix Xw__ (-) of this limiting process is similar to

Yyyr_(+) where 7 is everywhere replaced by ¢. This ends the proof.

Estimators ©,(7),...,0,(7),&1(7), . ..

51(7'),...

pj(t), paj(t), ps;(t), for j=1,...,pand t € [0, 7], with

,&,(7) and &,(7) of respectively O, (7), ...

g

aep(T)a

,&p(7) and &, (7) have been introduced in Section 4.4. Moreover, one can estimate

]

X . [t dN,;

S )

. a1 —a) [TdN;(s)
() = or) Jo So(s)’
fiaj(t) = @A(t)B
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and an estimator of K(¢) is given by:

Rt) = (/OtZ(s)ds— Ot g;gzgds>T/11(T).

Using these estimators one can get consistent estimators of the matrices ¥5(t) and Xy _(t).

Finally, it has to be noted that, as in Section 5.1.3, it is also possible to get estimators
of the survival function and the cumulative incidence functions as well as to get their large
sample behaviour (like in Theorem 5.3) . But this is omitted here since it is very similar to

what has been done in Section 5.1.3.

6 Numerical study

6.1 A simulated example with covariates

In this section we give an example where we have two competing risks with a single covariate
Z. We assume that Z is 1 or 2 with equal probabilities. Conditional on Z, we suppose that
the hazard rate functions of Ty and T are respectively given by A1 (t|Z) = t/2 + 2Z and
X2(t|1Z) = 2t/9 + 3Z, therefore we have §; = 2 and B2 = 3. The censoring time C' is
exponentially distributed with mean 1 whereas the rate of missingness « is equal to 0.5. As
a consequence, on the whole simulated data the rate of censored data is about 12%, the
rates of observed failures from cause 1 and 2 are respectively about 15% and 28%, and the

rate of missingness is about 45%.

n B B1 B2 B2
100  2.116 [1.583 2.117 [1.438 3.024 [1.923 3.004 |1.610
200 2.055 |1.111 2.023 [1.000] 3.083 {1.367| 3.039 [1.146

[1.583] [1.438] [1.923] [1.610]
[1.111] [1.000] [1.367] [1.146]
400 2.021 [0.768] 2.001 [0.687] 3.043 [0.919] 3.011 [0.784]
1000 1.998 [0.500] 2.001 [0.454] 2.989 [0.584] 2.993 [0.502]

Table 1: Comparison of means and standard errors (within brackets) of N = 1000 estimates

of BZ and 3; for i = 1,2.

In Table 1 we compare the performances of estimators (Bi)izl,g based on transitions
0 — ¢ with T-optimal estimators (B,;)Z-:Lg that use observations coming from the three
informative transitions. We computed the mean and standard errors of 1000 estimates of
(1 and (3. We can see in Table 1 that from the bias point of view the T-optimal estimators

are generally better (except for 8; when n = 100) whereas the standard errors of T-optimal
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estimates are always smaller than the standard errors of estimates based on transitions 1

and 2.

6.2 A reliability example without covariates

This example deals with the hard drives data sample that may be found in Flehinger et
al. (2002). These authors consider a scenario in which a company manufacturing hard
drives for computers tries to analyze causes of failures of a certain sub-assembly. Some of
these causes, such as ”defective head”, are related to components, but others (e.g., ”particle
contamination”) are not; in this example, there are three major causes of failures which,
without going into details, are denoted as causes 1, 2 and 3. We assume that these causes act
independently and in series. 10,000 drives were manufactured and then information about
failures was collected in a database during 4 years. The number of failures observed in
this period was 172. Some of the failures were masked and a selected number of those were
analyzed to complete resolution in the defect isolation laboratory. The only observed masked
groups were {1, 2, 3} and {1, 3}. Considering causes 1 and 3 as a single failure cause we
obtain data from a competing risks model with two failure modes. Mode 1 (corresponding to
causes 1, 3 or masked group {1, 3} of the original data set) and mode 2 (that corresponds to
cause 2 in the original data set). The failure cause is missing when none of the three original
cause of failure is known (corresponding to the masking group {1, 2, 3} of the original
data set). Finally, we obtain a data set with 119 failures of type 1, 19 failures of type 2
and 34 failures for which the failure cause is unavailable. The lifetimes of the 9828 drives
still functioning at the end of the study are censored by the 4 years of the study duration.
Because no information is available after 4 years we fix 7 to 4. The probability a that the
two failure causes are missing is estimated by & = 0.802. Figure 2 shows, for each failure
cause, estimates of cumulative hazard rate functions with and without using the transition
0 — 3 and the corresponding 95% pointwize confidence intervals for each estimate. We can
see that there is a little gain to use transition 0 — 3. We can see also that the modified
Nelson-Aalen estimators that we propose are slightly more regular (smaller size jumps) than
the corresponding Nelson-Aalen estimators, in exchange of which our estimators can be non
legitimate (they can be locally decreasing). However this drawback disapears as the sample
size increases because of uniform convergence of our estimators. This is also true for for the
two causes reliability estimates that are given on Figure 3 with pointwize 95% confidence

intervals.
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Figure 2: Cumulative hazard rate functions estimated without using the transition 0 — 3
(dotted lines) with 95% pointwize confidence intervals (long-dashed lines) and optimized
estimation of the cumulative hazard functions (solid lines) with 95% pointwize confidence

intervals (dashed lines) for the two failure causes.
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Figure 3: Estimated reliability functions (solid lines) with 95% pointwize confidence intervals

(dashed lines) for the two failure causes.
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7 Conclusions

In this paper we consider a semiparametric competing risks model that accounts covariates
and the fact that information on failure cause can be missing completely at random. In
this paper the missingness mechanism is very simple because it is independent of everything
(time, failure causes, covariates, etc.). However, because of nonparametric assumptions for
baseline hazard rate function of every type of failure cause, this model is quite adaptable. It
is certainly possible to extend this model in several directions: dependent risks, missingness
mechanism dependent on failure cause, etc. This model can also be extended to the case
of masked cause of failure for which many sophisticated parametric models and inference
methods have been developed over the two past decades. The estimation method that
consists in seeing data as realizations of a nonhomogeneous markov process is inspired by
McKeague and Subramanian (1998) while the estimators of the regression parameters of
each transition is inspired from the Lin and Ying (1994) method. In addition we propose
a linear transformation of these estimators which is shown to be asymptotically optimal in

the sense of variance reduction.
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