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Stationary Solutions to the Vlasov-Poisson
System

Fahd KARAMI * Simon LABRUNIE | Bruno PINCON ¥

july 12, 2010

Abstract

In this paper, we present an existence and uniqueness result for stationary Vlasov
Poisson system and we study the asymptotic behavior of the solution near the corner.

Keywords: Vlasov-Poisson, Plasma physics, Polygonal domains, Asymptotic analy-
sis.

1 Introduction.

We consider a gas of charged particles. This particles are described by their distribution
function f(x,v) where z € © C R¥ is the position of the particle and v its velocity.
We consider the Stationary Vlasov-Poisson system which governs the motion of charged
particles under the influence of an electrostatic field. The stationary Vlasov equation reads

v.Vo f —E(x).Vof =0, (z,v)€ QxRN (1)

where the electric field F(z) is given by the equations

E(x) =~y (61f] - d0),  —A[f] = / f(@,v)dv = plf] and — A, = p..

where p[f] is a spatial density of particles, ¢ the self-consistent electrostatic potential, p.
is the density of the fixed charges and ¢, is the external potential. Denoted by v(z) the
outward normal vector of 2 at a point x € 92 and we assume that 0Q := Ty UT, UT'g
where

P[f] = ¢e =0 on I'y
¢[f] =0, ¢e = Pin on I'y (2)
oolf = e =0 on I
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1.1 Assumptions

Throughout this paper, we assume that
(H1) pe € LP(Q) and ¢, € L=(T2) N Wl_l/p’p(I‘g) for some p > N.
(H2) v > 0 is a strictly decreasing function such that V§ > 0

521 y(s — 8) € LY(0, +00).

(H3) Assume that o(r) = —/0 y71(s) ds with o € C*(RT) UC’(R{) bounded from below

and strictly convex

sup/ o(h(z,s))ds <oo and  lim ols) = 400
0

€N s—o0 S

where h(z,s) = 521 V(s — pe()).

1.2 Preliminaries

We consider the spaces V and W of functions defined by:
V={we H'(Q) suchthat w=0onT;UTy}

W ={wec H(Q) suchthat w=0o0nT; and w= ¢, onTy}.
Let f € LYQxRY). If p[f] € V' then there exists ¢ € V solution of —A¢ = p[f] satisfying

/V(;S-nga::/p[f]ﬁdx, for any £ € V.
Q Q
We define a mapping ® and ¢ by ®[p] = ®[p[f]] = ¢ and ¢[f] = ¢, we have
[ 1volp <.
Q
If p[f] € L*(92)\ V' then, the solution ¢ € Vdoes not exist, and in this case, we agree that
| veine = o
Q

Indeed, by density there exists a sequence p,, € Ll(Q) NV’ such that p, converges to p in
LY(€). Then, as n — oo we have

/Q V®[pnl” ~ llpnllr — oo,
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otherwise there exists a subsequence will be noted by p,, which converges weakly to p in
V" and this is contradictory because p ¢ V.
Similarly, we agree that

/Q )

It is clear that the operator ¢ is a linear and satisfies

oo if o(f) ¢ L'(Q x RY).

= X, U an r,v) = 2 xZ.
| = [ gelfld) and [ elfd) = [ ValrPa

In the next section, we prove existence and uniqueness of the solution of the stationary
problem (1-2). For that, we use some techniques for nonlinear optimization in L' and we
give also some preliminary properties that will be used afterwards. In the third section, we
study the asymptotic of the solution near the corner. Then, we establish some interesting
properties for the singularity coefficient. The last section is devoted to the asymptotic of
the solution of Maxwell-Boltzmann problem with respect to the total mass.

2 Existence and uniqueness

Thanks to (H), there exists a unique ¢, € W P(Q) solution to problem

—Ade = pe in Q

¢e =0 on I'h

Ge = bin on I'p (3)
e

(fy =0 on I's.

Now, any function f satisfying
L2
= — — e — d , —
fao) =230 P + o) = de@)=p) and [ fao) =M@

is a stationary solution to problem (1-2), where /3 is unknown constant and M is the total
mass. Now, we consider the space L}W(Q x RN) defined by:

Ly (QxRY) = {feLl(QxRN);/Q RNfd:cdv:M}.

To prove the existence of a solution to problem (4), we use some similar argument in [1],

[2] and [3].

Proposition 2.1 Assume that the Hypothesis (Hy — Hs) are satisfied. There exists a
unique function f solution to problem (4). The function f is the minimum on L} (QQxRYN)
of the functional:

I = [ (o) + Gl = o0) £)dedo+ 5 [ | elf)Pde.
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Proof: It is not difficult to see that J is convex and lower semi-continuous, then J is
1

weakly [.s.c. Taking g(x,v) = fy(§|v\2 — ¢o(z)) by (Hy), we have g(x,v) € LY x RY).

Thanks to the fact that o(s) — o(r) — (s —7)o’(r) >0 for any r,s >0, we have

i = [ (o) + (GlE =60 g)d.0)

N _ _ > N _
> 9515V /Q /O o(sF (s — de))d(s,2) — [|el (e 19l crmim)

where [S™ 71| is the measure of the unit sphere in RY. Using (Hs) and (H3) we have
Jf] is bounded from below on L};(Q x RN). Let (f,) € L},(2 x RY) is a minimizing
sequence for J. Now, using the Dunford-Pettis compactness criterion, we can extract a
subsequence still noted (fy,) such that

fn—f weakly in  L'(Q x RY) as n — oo.

Since J is weakly [.s.c, then

n—oo

Jf] < liminf J[f,] = inf J.
Liy
Then the function f is a global minimum of 7, that satisfies / | Vé[f]|2dx < oo and
Q

T )+ B+ 510 — Gelw) -5 =0,

where ( is the Lagrange multiplier associated to the constraint / f(x,v) = M. Fi-
OxRN
nally, the uniqueness of the solution follows by the strict convexity of the function . =

Now, let the function G defined by
L9 N _11gN-1 e N 1
G(r) = 7(§|v] + r)dv=22""|5""7 sz y(s+r)ds
RN 0

then the problem (4) is equivalent to solving:

“A¢=p, p=G(¢p—¢c—f) inQ

¢=0 on I'1 UT'y (5)
0
5% =0 on Fg

where (3 is defined implicitly by:

6@~ o=
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Proposition 2.2 For any fized (3, there exists a unique solution to Problem (5) satisfying
/QV<1>'V§=/QG(¢—¢6—5)€ forall €€V,
Poof: We consider the nonlinear operator B: V — V' defined by
<Bq§,v>:/QV¢-Vv—/QG(¢—¢e—ﬁ)v+/QG(—q§e—ﬂ)v forall veV

where < .,. > is the duality pairing between V and its dual V’. The operator B is bounded

and weakly continuous. Moreover, since G is a decreasing function then / (G(—¢pe— ) —
Q

G(¢ = de — ) ¢ = 0 and

< Bo, ¢ >
18llv

Then the operator B is coercive. Thanks to [4], for any element of V' (in particular for
G(—¢e — ) € L>(Q)) there exists ¢ € V, such that < Bo, v >=< G(—¢. — ), v > for
allv e V. (]

> ||¢llv — o0 as |[g]lv — oo

2.1 Dependence of the solution on the total mass

Now, we study the dependence of the solution with respect to the total mass M, and we
derive a comparison principle between M and the Lagrange multiplier 5.

Proposition 2.3 Let ¢1 and ¢2 be two solutions to Problem (5) corresponding to 31 and
Bo respectively.
If Br>pP2 then ¢1>¢2 in .

Poof: Let ¢1 et ¢o be two solutions corresponding respectively to 51 and (2 in the sense
of the proposition 2.2, we have

[ 91— 62)-9e = [ (661 - 00— )~ Gloa— 6. - i) &
Q Q
Taking ¢ = (¢2 — ¢1)" as a test function in this formulation, then
/ V(g1 —¢2) - V(g — )" = / (G(¢1 — ¢ — 1) — G(¢2 — pe — ﬁz))((bz — )"
Q Q

‘We have
/ V(b — d) - V(ds— d1)* = —/ V(s — 1) < 0,
Q Q



Stationary Solutions to the Vlasov-Poisson 6

and

G601 = 6= 1) = G2 = 6 = o) = (G(61 = 60 — Bo) = Gloa — 6. — Bo) )

+(G(61 = de — B1) = G(61 — 6. — o).

The second term on the right-hand side is positive because 81 > (2 and G is a decreasing
function. Using again the monotonicity of G, we have

[ (6661 =00 = 30) = Glon = 60 = ) (02 = 1) 20,
then
[ (661 =60 = 30) = Gloa = 60— ) (62 = 1) 2 0.

Hence

—/ V(g2 — 1) 2 >0
Q

and therefore
V(ga — 1)t =0

then (¢ — ¢1)" = const. Since (¢ — ¢1)" = 0 on I'y UT'9, we deduce that (¢ — ¢1)" =0
and ¢1 > ¢o. n

Theorem 2.4 Let ¢ and ¢. be given by the solution of problem (5). Define the mapping
p: RT — RT
g — M= [ Glo—oc -
Then, 1 is a nondecreasing, one to one and onto mapping.
Proof: Let 81, 32 € RT, with 31 > (3 then for i = 1,2, we have
—A¢; = p;

pi— Gloi—do— ) and  Mi— /Q G(¢i — de — B)d .

We subtract two equations and taking w = ¢; — ¢2, then

—Aw = p1 — pa in Q
w=20 on I'MfuTy
0

Y 0 on I,

o =
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in other words, for any £ € V, we have

[ vu-ve=[n-pe

Let us take ¢ = H (w) as a test function in the previous equality, where HZ (.) is the
approximation of the Heaviside function H ™ (.) defined as

1 if r>e¢
HE(r) = %r if 0<r<e
0 if r<Q0,

then
— [ 190 ) = [ (2= pr)rt2 ).
Now, letting ¢ — 0, we get

(p2 = p1)H " (w) < 0.
Q

Using the proposition 2.3, we have 3; > 32 then w = ¢ — ¢2 > 0 and H* (w) = 1. Finally,

we have
M,y 2—/,012/02 = M.
Q Q

Let us introduce the spaces ®,, defined by
o, = {v e WH(Q); Av e LP(Q),v =0 on T;UTs}
endowed with the norm [|.|[¢, where
[ulle, ~ ||[Aul|rp) for all u € @),
Lemma 2.5 Let f the solution of the problem (4). Then p[f] € L*(Q2) and ¢[f] € Pp.

Proof: We know that the function f satisfying
Lo
== — ¢e(z) — d ,v) =M.
faw) = (5l0P + o) = o) =6) and [ fGao)

Using the weak maximum principle, we find ¢[f](z) > 0in 2. On the other hand, thanks to
(Hy) we have p, € LP(Q) and ¢y, € WI—VPP(Dy) L®°(Iy), then ¢, € WHP(Q) € L®(Q).
Using the fact that v is a decreasing function, we have

Lo Lo
<~z _ _3) <~ _ _3).
faw) <y(G10 P = ocl@) = 8) <7(51v 2 = lidellw — )
Integrating this inequality of the variable v and using the monotonicity of v, we have
g -
o) <285 [ 530 (s — ol — 6) ds.

According to (H3), we deduce that p[f] € L*(Q2) and ¢[f] € ®). ]
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3 Corner behavior (N=2)

In this section we consider the case where € is a polygonal domain of R? and denote by
S the vertex of the re-entrant corner in I'1, let — be the interior angle of 2 at the vertex
Q@

and (r, #) the polar coordinates centered at S. Using Grisvard’s results [5], then for all
¢ € &, with 1 < p < oo, there exists A, such that

¢ — Z A X (1)r™ sin(maf) € WP(Q)

0<ma<2-2/p
with m > 1 and x € C>°(R") is a cut-off function defined by

1 if 0<r<n

x(r) =
0 if r>mn,

where 7 is small enough. In particular, for p €] —— [ we have ¢, ¢, € ®,, then its

2—a’ 1-—
can be decomposed into the regular part W?2P(Q) and a smgular part as follows:

¢ = or + A x(r)r®sin(ab)
e = PR + Ae X (r)r sin(ah)

where \ = / p Psdx and A\, = / pe Ps dx with
Q Q

—AP;,=0 in Q, Py = *=0 onTsand

OP.
ov

~ 1
Py, =P,+ P where P, = —r"% sin(af),
v

and P € H'(Q) is the solution of
~AP=AP,=0, P=0 onljand P=PF, onTyUTs;.

Let U be a bounded open subset of R, we denote by LP(U) the space
LE(U) = {u : measurable such that HuH’zp(U) = / lu(t)[PtTdt < oo}.
T U
We denote WP(U) the space of functions u of L2(U) such that ng € LP(U) where we

denote the norm
HUHWIP(U /]u |pt7dt /\ ]ptTdt

Let H and L the linear operators defined by:
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Lu(t) = 1/00 u(s)ds
tJi
Thanks to [8] we have:
If 7 <p—1then
([Hull 2wy < Cllullze @) (6)
If 7> p—1then
[Lull ey < Cllullpew) (7)

where C is a constant which depends only on 7 and p.
Taking
w=x¢r and F = —Aw
1
2—a’ 1—a
and w € W*P(Q) N Wol’p(Q), then Vw € [W'P(Q)]* and (‘;w = 0, where 7(x) is a tangent

T

where F' = —xA¢r — 2 VxVor — prAx. For all p €] [, we have F' € LP(Q)

vector at a point z € I'y.

2 1
Theorem 3.1 Letp 6]27, 17[ ¢ be the solution to Problem (5) and g € W2P(Q)
«
the regular part, then there exists g € L°°(Q2) such that

X(r)or(r, 0) = r sin(ad)g(r, 0), |lg(r, O)llL=(0) < Cllorllw2r @)

where C' is a constant which depends only on «, p and ).

1
2—a’ 1-—
it is not difficult to see that

], we have w € W?P(Q) then using the polar coordinates,

0w 18210 B i@ﬂ i@Qw B 1810
827“2 "roréd  r200° r2 962 ror

Vw € [W'YP(Q))? with p > C— > 2, then Vuw € [C(Q)]%. Since w = 0 in 99, then
8—10 = 0 and the normal components of the gradient is perpendicular to line segment I';y.

or
ow
By continuity, the gradient of w vanishes at » = 0 and pe —(0,0) =0, then

Proof: Let p €]

€ LP(Q2). We have

18w(r 0) 1/7” 0w (F, G)d~
or r Jo or? "

Applying (6) with 7 = 1 and we integrate at 6, we obtain

w R 92
0 0 8T

Similarly, we have w(O, 0) = 0 and thanks to (6) we have

// TQ\P drd9<0// M|p1pdrd0<oo 9)
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Thanks to (8) and (9), we have

0 w 1ow w Wk
- _ - = _ = p . 7p . p
87"( r )= ror r? € L7(®) and r M (O’R’L GONJD).

Now, we have

Pw 1 ow 1 Q2w
A= —+-—+—_— —— cLP(Q
v 87°2+7“67“+7"2802€ (€)

9% w 1 9w

then @(ﬂ) =2 902 € LP(Q). Thanks to the Nirenberg inequality (see [9]), we have
10 u) 0w 1/2 1/2
12 O llamy = 1155l < Clo. DI 212 s (NI

then — € WLe () C C(Q) and therefore Y is bounded on Q. Now, let us we prove that
r r

18111
r 00

10 (1 8w) 1 0*w
r 00" r 00 r2 002
On the other hand we have w € WP(Q) then

e Wr(Q).

€ LP(Q). Since w € WHP(Q), then Low € LP(Q).

Indeed, we have
r 00

0 10w 1 9%w 1 ow

et W S A
81"(1" 00 rora0 12 90 © Ly
10w 1p — 10w 10w w
hence f%GW (Q) Cc C(9) andH*aeHLw Hf(%’HWlp . We have ?(r 0) =
0, then )
w(r,0) (%0 w(rb), -
rJo 89( r )9,
and
w(r, ) 10w

| <A (D)l < Ol iy

in(af
Near # = 0, we have 0 ~ w and

a
w(r,0) C, 10w
O <2 1
< Sl s (10)
w T w(r, 0 C 10w
In the same manner, we have ?(r, a) = 0, then ’7"(04(9))‘ < Hr 50 lwip(q)- Near
0= 04’ we have af) — 7 ~ sin(ad — ) = —sin(afd) and then (10) is satisfied. For 6 €

(0o, T_ 6] with 6y small enough, there exists a constant ¢ > 0 such that |sin(af)| > c|ab)|
a

and the inequality (10) is satisfied. This completes the proof of Theorem. ]
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Theorem 3.2 Let ¢1 and ¢2 be two solutions of problem (5 ) corresponding to M and
My respectively.
If M1 2 MQ, then )\1 Z )\2

where A1 and Ay are the singularity coefficients of ¢1 and ¢o respectively.
Proof: Thanks to Theorem 3.1, we have
d1 — P2 ~ (A1 — A2)r®sin(af) in a neighbourhood of the corner.

Thanks to Theorem 2.4, we have 31 > 35, then using the proposition 2.2 we obtain ¢; > ¢o
and therefore A1 > \g. n

Remark 3.3 1) Taking v = ¢ — ¢pe and let X\ and A, the singularity coefficients of ¢ and
b respectively. If X\ > Ao then ¢~ € H*(Q). Indeed,

Qb - ¢e ~ ()‘ - )\e)ra Sin(ae) v (T7 9) € V’

where V is the neighborhood of the corner. Since A > A, then ¥~ = (¢ — ¢.)” =0 in V.
Consequently v~ = (pr — ¢%)~ € H*(Q).

2)For p. € L>®(Q) and B8 > —G7(||pe|loc), we have ¢ > ¢ in Q. Subtracting the two
equations verified by ¢ and ¢, we have

~A(6 = 60) = (G6(2) = dela) = B) = G(=H)) = G(=H) = pe.
Taking (¢ — ®)" as a test function in the weak formulation of this equation, using the
same arguments as in the proposition 2.2, the monotonicity of the function v and we find
the desired result.

3.1 Behavior of Maxwell-Boltzmann Problem

In the case of Maxwellian velocity distribution e.g. v(s) = exp(—s) the problem becomes:

—A¢p = kexp(—¢ + @) = p, in Q

¢=0 on I'yUTy (11)
0
6—25 ==0 on I';s

and /p[f] = M, where k = exp().

Theorem 3.4 Let ¢, ¢, M and k be given by the solution of the problem (11) and X\ be
the singularity coefficient of ¢. As M — 0, we have

IQNM</QeXp(¢e)dIL‘>1 and X\~ /{/Qexp(qbe)Psdx.
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Proof: We recall that p = kexp(¢e — ¢) and Kk = M(/

-1
exp(¢e — gb)dq:) , then
Q

M( [ expléndr) " << Mexplloll) ([ exploos)

We have
Dy C H'T75(Q) € C(Q) € L™=(Q),

then
[[¢]loc < Cll9lla, < CllpllL2(0)-

On the other hand, we have
1/2
pllr2(e) < HpHL/l(Q)”pH})éz = M2 |pl| &% and ||plleo < 5 exp(][@elloo)-

Then, ||¢]|ec < C(M & exp(||¢el|s))"/? and

M( [ ep(odn) " < r < Mexp(© Mk exp(locl|) ) ( [ exp(oo)da)

Since k is nondecreasing with respect to M, then for M — 0, we have k — kg > 0 and
C M k exp(||¢e||so) — 0, therefore

K~ M(/Qexp(d)e)dx) 71.

Now, we prove that \ ~ /{/ exp(¢e)Psdx. We have
Q

A= /QpPSd:B = K/QGXP(% — ¢)Psdx.

As M — 0, we have k — 0, ||p||oc — 0 and ¢ — 0 a.e. in £, then

exp(¢e — ¢) — exp(de).

Since |exp(¢e — ¢)| < exp(¢e), the Lebesgue’s Dominated Convergence Theorem give
exp(¢e — ¢) — exp(de) in L?(2) and therefore we obtain

A
= /exp((;ﬁe — ¢)Ps — /exp(qﬁe)PS as M — 0.
Which concludes the proof. m

Now, We explicit the dependence of ¢ and p with respect to the parameter x and taking
¢

K Pk
w, = — and f, = —.
K K
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r 1 . .
Proposition 3.5 We have L Vo and —= V. are uniformly bounded in L?().

fpn VE

Proof: The problem (11) can be rewritten in f, as:

1 1

fr = —Alog(fs) = —pe;,  in Q
K K

fH =1 on I'y

12

](;,4 = exp(Pin) on I'y (12)

8]5 =0 on I's
Taking log(fx) as a test function in the weak formulation of (12), then

Viz 1
/fﬁlog fff / ’ = / pelog(f,{).
K Ja
Using the Young inequality, we obtain
Vi |?
[ tetoeti+ 1 [ |H + gy | Nloalh)F
an
Thanks to the Poincaré inequality, we have ||log(fs)||r2(0 H and then
1 an CP / 2 /
—= — w0 )
ﬁ /‘ Sl Nl W 0g(fx)
Taking C), = C?, we obtain
Vfie|? C’2
/’ /p§—2/pnlog(fn)-
Kk Ja Q
On the other hand, we have / frlog(fe) > 19 miﬂrg (z log(x)) and consequently
Q e
1 Vf){
7 <
1=,
and this shows the first estimate. Now, we have ¢,, = ¢ — log(f), then
1 1 Vi
L . — < O
e P o B o L

and the second estimate follows 1mmed1ately. =

Theorem 3.6 As k — oo, we have
¢ — 00 a.e in % —0 i HY Q) NCQ)and

P 0 in LP(Q), Vp < oo and uniformly in every compact of 2.
K



Stationary Solutions to the Vlasov-Poisson 14

Proof: We recall that

—Aw,, = fry fr= eXp(_ﬁwn + ¢e), _A¢e = Pe-

Thanks to proposition 2.3, for all = the sequence f,(z) is a decreasing and bounded from
below by 0, then there exists f > 0 such that

fu— f ae in Q.
We have w,; > 0 and ¢, € L*°(Q2), then
|fu(z)] < exp(ge(x)) ae. in Q and exp(de) € L(Q), (13)

using Lebesgue’s Dominated Convergence Theorem, we have f, — f in LP(Q) for all
p < 00. On the other hand, we have ||wk||e, = ||fx||rr(q) then there exists w € ®, such
that
Wy — w in Dp.
We have
o, C H'*5(Q) e H2*(Q) c C(Q),

then

wy —w nC(Q) and —Aw=f.
Now, we will show that f = 0 and w = 0. Thanks to proposition 3.5, we have

C

va” 12(Q), = VE’

then f =w =0 in  and therefore
wy — 0 in P,

Consequently, we have ¢, — +00 a.e. in ().
Now, using Dini’s Theorem [10], we have f,, — 0 uniformly in every compact of . =
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