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Abstract

We discuss how to test the specification of an ordered discrete choice model
against a general alternative. Two main approaches can be followed: tests based
on moment conditions and tests based on comparisons between parametric and
nonparametric estimations. Following these approaches, various statistics are
proposed and their asymptotic properties are discussed. The performance of
the statistics is compared by means of simulations. An easy-to-compute variant
of the standard moment-based statistic yields the best results in models with
a single explanatory variable. In models with various explanatory variables the
results are less conclusive, since the relative performance of the statistics depends
on both the fit of the model and the type of misspecification that is considered.
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1. INTRODUCTION

Ordered discrete choice variables often appear in Statistics and Econometrics as
a dependent variable. Examples of this type of dependent variables used in recent
applied works include: educational level attained by individuals, female labour partic-
ipation (work full-time/work part-time/not to work), and level of demand for a new
product or service. The outcomes of an ordered discrete choice variable Y are usually
labelled as 0,1,...,J. Given certain explanatory variables X = (Xj,..., X})’, the re-
searcher is usually interested in analysing whether the proposed explanatory variables
are significant or not, and/or providing accurate estimates of the conditional probabil-
ities Pr(Y = j | X = x). The most frequently used parametric model for an ordered
discrete choice variable arises when one assumes the existence of a latent continuous
dependent variable Y* for which a linear regression model Y* = X'y 4+ u holds; the
non-observed variable Y* and the observed variable Y are assumed to be related as
follows: Y = j if pgj—1 < Y™ < pgj, for 3 =0,1,...,J, where p1o_1 = —00, 9,7 = +00
and foo, foi, ---, Mo,—1 are threshold parameters such that pgp < por < ... < pos—1.

Assuming independence between u and X, this implies that

PI‘(Y :] | X) = F(,LLoj N X,ﬁo) — F(/,L(),j_l — X/ﬁo), fOI‘ j = O, 1, ceey J, (]_)

where F'(+) is the cumulative distribution function (cdf) of u, usually referred to as the
“link function”. To ensure identification g is usually assumed to be 0; additionally,
it is assumed that F'(-) is entirely known, and typical choices are the standard normal
cdf (“ordered probit”) and the logistic cdf (“ordered logit”). With these assumptions
a full parameterization of the conditional distribution Y | X = =z is obtained, with
parameter vector (3}, uh) C R¥*/=1 Parameter estimates and predicted probabilities
are inconsistent if these assumptions are not met. Therefore, it is especially important

to test the null hypothesis that the parametric specification (1) is correct. The aim of



this paper is to describe and compare procedures to perform this test.

The usual approach to test one (or some) of the assumptions of a parametric ordered
discrete choice model is to construct test statistics based on one (or various) moment
conditions derived from (1), using the methodology described in Newey (1985) and
Tauchen (1985). For example, Skeels and Vella (1999) derive various statistics for the
probit model (J = 1); and Butler and Chatterjee (1997) propose a test of overidenti-
fying restrictions that can be used if J > 2. However, most of the recent research has
focused on the derivation of moment conditions that allow to detect specific departures
from the proposed specification; thus, Weiss (1997) proposes to test if u is homoskedas-
tic against some heteroskedastic alternatives; Johnson (1996) proposes to test if u is
normal against the alternative that it is a member of the Pearson family; and Murphy
(1996) proposes to test if F'(-) is logistic against various alternatives. In contrast, we
focus on omnibus specification tests that do not address to any specific alternative.

The starting point of the moment-based statistics that we consider here is the set
of simplest moment conditions that are derived from (1), namely, the expectations
of 14y_j, for j = 0,1,...,J, where 1y is the indicator function. We discuss how
asymptotically chi-square statistics can be derived from these moment conditions. We
consider various moment-based statistics that only differ in how the covariance matrix
of the sample moments is estimated, but it is well-known that this estimation plays
a crucial role in the small-sample performance of the statistic. This phenomenon was
thoroughly studied by Orme (1990), who suggests to use covariance matrix estimators
based on conditional expectations of analytical derivatives to improve small-sample
performance. Here we can follow this suggestion since the specification of our model
allows us to obtain any conditional expectation (note that this makes our approach
different to that in Skeels and Vella 1999, who estimate the covariance matrix us-

ing analytical derivatives without taking expectations). Additionally we prove that, as



many others moment-based statistics (see e.g. Wooldridge 1990), the statistic obtained
with a conditional-expectation-based covariance matrix can be computed using an ar-
tificial regression. Finally, following Andrews (1988), we describe how the number of
moments on which the statistics are based can be increased by partitioning the support
of the regressors, and discuss whether this leads to an increase in power.

When a finite set of unconditional moment restrictions is used to test a null hy-
pothesis that specifies a conditional moment restriction, the resulting test statistic is
in general not consistent against any possible alternative, since it might happen that
all the unconditional moment restrictions that are being tested hold, but the null hy-
pothesis does not. For this reason, the statistics described above are not consistent.
Andrews (1997) proposes a consistent statistic to test a parametric specification of a
conditional cdf that can be used in our context; but most of the recent literature on
consistent specification tests has focused on regression models. When J > 1, the speci-
fication that we consider is not a regression model but the methodology that is applied
in regression models can also be applied in our context: this will be our strategy to
derive other consistent specification tests for ordered discrete choice models. Most of
the consistent specification tests for regression models that have appeared in the lit-
erature are derived by comparing parametric and nonparametric regression estimates.
Many of them require the use of a smoothing value; this is an undesirable property,
since the choice of the smoothing value plays a key role in the results, and the problem
of how to choose it is far from trivial. For this reason, here we only consider statistics
whose behavior does not depend crucially on the choice of a smoothing value. More
specifically, we consider the statistics proposed in Horowitz and Spokoiny (2001), Stute
and Zhu (2002) and Guerre and Lavergne (2005), and adapt them to our context.

We use a variety of Monte Carlo experiments to analyse the performance of the

statistics and to compare the relative merits of all of them. The experiments are



designed to cover the most typical departures from the null hypothesis that one would
like to detect in practice: non-linearity, heteroskedasticity and misspecification of the
cdf of the error in the latent regression model.

The rest of the paper is organized as follows. In Sections 2 and 3 the test statistics
are derived. In Section 4 we describe the Monte Carlo experiments, discuss their results
and present an empirical application. In Section 5 we conclude. Some technical details

are relegated to an Appendix.
2. STATISTICS BASED ON MOMENT CONDITIONS

We assume that independent and identically distributed (i.i.d.) observations (Y;, X/)’
are available, where, hereafter, ¢ = 1, ...,n. The following notation will be used: Dj; =
lgy,—jy, for j = 0,1,...,J; and, given 0 = (', /) € © C RF7=Lpy,(0) = F(—X[0);
pri(0) =1—F(uy_1—X.0);if J > 2, p1;(0) = F(uy — X[3) — F(—X.0); and if J > 3,
pji(0) = F(p; — XiB) — F(pj—1 — Xip), for j=2,...J — 1.

Define m;;(8) = Dj;; — p;i(0). It follows from (1) that E{m;;(6y)} = 0, for j =
0,1,...,J. This yields J + 1 moment conditions but, as the sum of all probabilities
adds to one, only J are used to construct a test statistic. Specifically, we consider
the random vector Y ', mi(/e\), where m;(6) is the J x 1 column vector whose j-th
component is m;;(¢) and § is a well-behaved estimator of fy. To derive an asymp-
totically valid test statistic, note that using a first-order Taylor expansion it follows
that =23 m;(0) = n~ 23" my(6,) + By x n/2(6 — 6y) + 0,(1), where By =
E{Bi(f)} and B;(#) denotes the J x (k+ J — 1) matrix whose j-th row is dm;(6)/06'.
In our context, the natural way to estimate 6y is maximum likelihood (ML). As-
suming that certain regularity conditions hold, the ML estimator 0 satisfies that
n'2(0 — 00) = A" x n7V2 0 i (00) + 0,(1), where gi(60) = 327, D;i0np;i(6)/00

is the derivative with respect to 6 of the i-th term in In L(6), and Ay = E{A;(6)},



for A;(0) = —0g;(0)/00', is the limiting information matrix. Inserting the asymptotic

expansion of n'/? (/6’\ — 6p) into the Taylor expansion of n=%/23"" m; (@) it follows that
Y mi(0) == N (0, Vo), 2)
i=1

where Vo = [I; : BoA ' QoL : BoAy'l, I is the J x J identity matrix, Qy =
E{Qi(6p)} and Q;(0) = (m;(0),g:(0)") (m;(0), g:(6)'). To derive a test statistic, a
consistent estimator of Vy must be proposed. It is worthwhile discussing in detail how
this can be done, since it is well-known (Orme 1990) that the finite-sample performance
of moment-based statistics crucially depends on this.

The natural candidate for estimating Vg is V,,; = [I; : B,A'Q,, [I; : B,A 'Y,
where Q, = n ' Y7, Qi(0), B, = n ' " Bi(6), A, = n 'Y, A;(6). But it
is possible to derive an alternative estimator of Vi that leads to a computationally
simpler statistic: the information matrix equality ensures that E{g;(00)g:(60)'} = Ao,

and it is easy to check that E{m;(0y)g:(0y)'} = —Byp; hence it follows that V equals
E{m;(00)m;(60)'} — E{m;(00)gi(0) }E{gi(00)gi(00)'} " E{gi(0o)mi(60)'}.  (3)

Thus we consider V5 = n [32", m; (0)m; (0) -7, my(0)g:(0) {37, g:(0)g:(6)'}
o8 (5)ml (5)’ ]. Note that V, 1 and V,, 5, obtained by simply replacing population
moments by sample moments, are the standard estimates of Vg following the Newey-
Tauchen methodology. However, in our context we can do better than that: our null
hypothesis specifies the conditional distribution Y | X = z; hence, any conditional
expectation can be derived, and the sample analog of the conditional expectation is,
by the law of iterated expectations, a consistent estimator of the population moment.
This approach was proposed by Orme (1990) in the context of information matrix

~

tests. Here, (3) suggests that we can estimate Vo with V,, 3 =n~1 """ | 'V, 3(0), where
Vis(0) = Ex{m;(0)m;(0)'} — Ex{m;(0)g:(6) } Ex{gi(0)g:(0)'} " Ex{gi(0)mi(6)'}.

To sum up, we can consider three possible estimates for Vj and thus derive three pos-
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sible test statistics C,. )" = n~ {3 " my(0)'}V, {37 my(0)}, for I = 1,2,3, where
V.., denotes the Moore-Penrose inverse of V,,;, which is, under certain conditions, a
consistent estimator of the Moore-Penrose inverse of V (see Andrews 1987). From (2)
it follows that if (1) holds then C’T(l]’\l/[) N ka(vo), what justifies the use of C’g‘f) as an
asymptotically valid test statistic. Typically, rk(Vy) = J and V.., 1s just the inverse
of V,,;; but if one suspects that V, might not be invertible (this happens e.g. if X is
constant and Byy = - - - = [ = 0), it would be desirable to test whether the hypothesis
rk(Vy) = J is plausible (see e.g. Robin and Smith 2000).

The computation of the three statistics can be made using the analytical expressions

that are given in the Appendix. But C’T%) and O,%” can also be computed using

C(M)

n2 can be computed as the explained sum

artificial regressions. On the one hand,

~ -~

of squares (ESS) in the artificial regression of a vector of ones on.m; ()" and g;(0) (see

-~

Newey 1985 and Tauchen 1985). On the other hand, if we denote p;; = p;;(f) and

gji =1-F(u; — XZ’B) + F(—X{B), and consider the J x 1 vectors &;;, aﬂ, &;., fji,
whose [-th components are defined by €;;; = {1705 + l{lzj}gj_lyi}/(@igjigj_lyi)lm,
djin = B =1y Bii + L=y 0l (001102, &1 = (i — XIB) — f(Fy_, — X|7) and
fji,l = {1p—jry — Lu=pHf(H; — XZ@), then it is possible to prove that CT(%) coincides
with the ESS in the artificial regression with vector of dependent observations Z and
matrix of observations W, where Z = [z}, ...,2z,|", z; is the J x 1 vector whose j-th
element is &,1h;, W.= Wo - W . W] Wb = [wgl)/,...,w,(f)/]’ for i =1,2,3,

(1)

w, ’ is the J xJ matrix whose j-th column is aji, w?

;) 1s the J x k matrix whose
J-th row is €,&;X] and w'® is the J x (J — 1) matrix whose (j,1) element is éng}l
This is deduced taking into account that from the analytical expressions derived in
the Appendix it follows that ZW® =" m;(@), ZW,= — " g(0)= 0, where
W, = [W® : WO and WOWD - WOW, (W.W,) ' WWD =V, ;.

Andrews (1988) proposes increasing the degrees of freedom of moment-based statis-



tics by partitioning the support of the regressors. Let us assume that the support of X;
is partitioned into G subsets Ay, ..., Ag. If we define m;g;(0) = 1ix,ea,3m;i(0), for j =

,J and g =1,...,G, we can consider the JG moment conditions E{m;,(6y)} = 0.
To derive a test statistic, we define mEP)(O) = m;(0) ® P;, where P; is the G x 1 matrix

whose g-th row is 1{x,ca,}, and consider )" , m(P (6). As above, it follows that
w2y mi ) L N, Vi), (@)

where V¥ = [Le - BYYAGYQ)" [Le : BVAy'T. BYY = BB (@)}, Q)7 =

E{Q{" (8}, B{"(9) = B;(9) ® P; and Q\"(0) = (m{"(0)', &i(0)) (m{"” (9, g:(0)).

Now, the natural estimator for VI is Vilpl) = [I,c : BYA] QP16 BYAZY,

where B = n7' 3" B (6) and QY = n 3", Q7 (6). But two other esti-
mators can be proposed: Vn 5 and Vn 3, defined in the same way as V,,, and V,, 3,

respectively, but replacing mi(Q) by mi )(9). Thus we obtain three different test statis-
tics O = n {0, mP @)V (7 m{T0) . for | = 1,2,3. From (4) it

follows that if (1) holds then C(MP N X .Again, C%P’ and CT%[P) can be

k(v{?)

computed using artificial regressions: the former coincides with the ESS in the artifi-

-~

cial regression of a vector of ones on ml(-P)(H) and g; (5), and with a similar reasoning
as above it follows that ngp) coincides with the ESS in the artificial regression with

[Z(IP)’ (P)/]/

vector of dependent observations Z() = sy Ty and matrix of observations

W®E = [WED . WD = WE3)] where Zz('P) =z 0P, W(Pl):[wgpl) L wivr ' for
1=1,2,3, ngl) = ng) ® (PP, WZ(PQ) = WZ@) ® P; and WZ(PS) = ng) ® P;.

Still within the framework of moment-based statistics, finally we consider the test
proposed in Butler and Chatterjee (1997), also designed against a general alterna-
tive. Note that (1) implies that E{X;m;;(6p)} = 0, for I = 1,..,k, j = 1,...,J,
where Xj; denotes the [-th component of X;. If Jk is greater than the number of

parameters (i.e. if J > 2 and k > 2), these Jk moment conditions can be used to

perform a test of overidentifying restrictions. Adapting the results of the generalized

7



method of moments (GMM) to our framework, it follows that the test can be com-
puted as follows: i) obtain an initial estimate of #, say 6, by minimizing s, (6)'s,(6),
where s,(0) = n ™'Y, m;(0) ® X;; ii) compute S, (6), where S,(0) is a Jk x Jk
matrix with (j,7) submatrix S;;,(0) = n 2> X; X;p;i(0){1 — p;:(0)}, and (j,1)
submatrix Sj,(0) = —n '3 X, X p;i(0)pu(0) for j # [; iii) obtain a final esti-
mate of 0y, say 6, by minimizing $.(0)'S,(0)'s,(0); and iv) compute the statistic
P9 = 1n8,(0)'S,,(6)'s,(f). From the results of GMM theory, it follows that if (1)

d

BC
holds, then C1% =532, (.

3. STATISTICS BASED ON COMPARISONS BETWEEN

PARAMETRIC AND NONPARAMETRIC ESTIMATIONS

Many specification tests have been developed by comparing parametric and non-
parametric estimations. We focus here on four of them: the ones proposed in Andrews
(1997), Stute and Zhu (2002), Horowitz and Spokeiny (2001) and Guerre and Lavergne
(2005). As we discuss below, the statistic propoesed in Andrews (1997) is the only one
that applies directly to our problem, but the others can also be adapted to our frame-
work. We restrict our attention to these statistics since we want to focus on statistics
whose behavior does not depend erucially on the choice of a smoothing value: note that
two of them use no smoothing value at all, whereas the other two partially rule out the
influence of smoothing value selection by using as a statistic a maximum from among
statistics computed with different smoothing values. In all cases a root-n-consistent
estimator of 6y is required; as above, the ML estimator is the natural choice.

Andrews (1997) suggests testing a parametric specification of the conditional distri-
bution Y | X = x by comparing the joint empirical cdf of (Y, X’)" and an estimate

of the joint cdf based on the parametric specification. Specifically, he proposes the

Kolmogorov-Smirnov-type statistic C4) = maxi <<, [n'/?H,(X;,Y;)|, where H,(z,y)

J0 =]



=n D00 Livi<y xi<at — Doiq Lix<a} F(y | Xi,0)} and F(- | 2, 6p) is the conditional
cdf specified for Y | X = x. The asymptotic null distribution of O cannot be tab-
ulated, but asymptotically valid critical values can be derived using bootstrap samples
{(Y;, X))}, obtained as follows: X}, = X, and Y} is generated with cdf F'(- | X;,0).

Stute and Zhu (2002) suggest testing the specification of a generalized linear regres-
sion model by comparing non-smoothed parametric and nonparametric estimations of
the regression function. Their statistic does not directly apply to our problem, since

our specification is not a generalized linear regression model if J > 1. However, observe

that (1) holds if and only if
E(D]Z | Xz) = pjz(QO) fOI‘j = ]_, ceey J, (5)

where p;i(6y) can be expressed as a function of X!, and pg. Thus, our specifica-
tion is equivalent to J generalized linear regression models. Hence, we can derive a
test statistic for our problem as follows: i) compute C'j(iz), the Cramér-von Mises-
type statistic for the j-th regression model in (5) that is obtained following Stute and
Zhu (2002): €57 = 2 S (S0, 1 ey (D — pﬁ(ﬁ)}r; i) derive the overall
statistic C°%) = Z i1 C’ (52)  Note that this overall statistic could also be defined
in a different way, e.g. max;<j<, C n or Z] 1{C’ (52) }2 The asymptotic null distri-
bution of CnSZ is not known, but bootstrap critical values can be derived as above;
the asymptotic validity of the bootstrap in this context can be proved with similar
arguments as in Stute et al. (1998). It is worth emphasizing that Ci*?) is not affected
by the curse of dimensionality, which typically appears in nonparametric estimations,
since the effect of regressors is always introduced by means of the so-called single index
XZ’B However, unlike the other three statistics discussed in this Section, we cannot
ensure consistency of 5% against any alternative, only against alternatives in which

regressors enter through a single-index!.

IFollowing Stute (1997), a test statistic consistent against any alternative can be achieved simply



Horowitz and Spokoiny (2001) propose testing the specification of a regression model
comparing smoothed nonparametric and parametric estimations of the regression func-
tion with various smoothing values. To derive a test statistic for our problem, we
proceed as follows: i) compute C](-ﬁs), the Horowitz-Spokoiny statistic for the j-th

regression model in (5):

~ 2
iy | S D = pis @) Ywin(X0)| — S0 aind?,
(H5) = Imax

Jin heH; n n 9 ~2 ~271/2
o {2 D i1 D1 ;1,19 5i0 1

where w; ,(z) = K{(z—X;)/h}/ >, K{(x — X;)/h} is the Nadaraya-Watson weight,

K(-) is the kernel function, h is a smoothing value, ay, = > win(Xp)win(Xom),
&?i = pji(g){l — pji(g)}, H;, = {hjoczg-}{:"o_l is a grid of smoothing values, .J, is an
integer and hjp, a; are fixed values, 0 < a; < 1; ii) derive the overall statistic C’T(LHS) =
Z}]=1 C](-ﬁs), which detects any deviation in any of the J regression models. Note that
the researcher must choose J,,, hjo and a;. As before, the asymptotic null distribution
of C’T(LHS) is not known, but critical values can be derived by bootstrap. Observe that
neither the bootstrap procedure nor the conditional variance estimators 6; that we
use are those proposed in Horowitz.and Spokoiny (2001), since we exploit that the
dependent variable is binary; in this way, a better performance is obtained.

The statistic proposed in Guerre and Lavergne (2005) is similar in spirit to the pre-
vious one but, in order to maximize power, the discrepancy between the smoothed
estimations is standardized with an estimate of its conditional standard deviation
computed with a possibly different smoothing value; additionally, they exploit the
properties of leave-one-out estimators to simplify the estimation of asymptotic con-
ditional variances. Specifically, the statistic that has to be used to test the spec-

ification of the j-th regression model in (5) is Cﬁm =T (j% /6,(3]3), where Trgj,z =
n,h; )

replacing 1 (X/B<x/B) by 1;x,<x,y in the definition; but this consistent statistic does suffer from
T =" -
the curse of dimensionality. We do not include it in our study since in our simulations it is always

outperformed by ,(LSZ) when the number of non-constant regressors is greater than one.
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D it Z?:l,lyéi wi(h){Dji — pjz‘(g)}{Dli — pu(0)}, Amz =230 1,1 wir(h)? 3]28321=
wir(h) = K{(Xi=X0) 1}/ (325 o KA = X0) /0 00 o KX = X0) /WY 2 =
arg maXhEHj,n{TTE?/z %“hh } and Uhjl)z2o 22?:1 Z?:l,l;éi{wil(h) — wit(hjo) 2551531
Note that now we must choose 7, in addition to J,, hjo, and a;. Once C’](m has
been computed, the overall statistic o) = Z}]:1 CJ(-%L) has to be derived. As above,

critical values can be derived by bootstrap.
4. SIMULATION STUDY AND EMPIRICAL APPLICATION

We perform two sets of Monte Carlo experiments. First, we generate n i.i.d. obser-
vations from 18 different models. The dependent variable is Y; = 1iyr>0p In models
labelled with an A and Y; = 1{y=>0} + 1{yr>,,} in models labelled with a B, and the
latent variable Y;* is generated as follows:

e Models 1A, 1B: Y;* = By1+5p2 Xoi+c( X5 —1)4u;, where Xy; and u; are independent,
Xoi, u; ~ N(0,1).

e Models 2A, 2B: Y;*, Xy; as in Model 1A, and u; | Xy; = x5 ~ N(0, exp(czo —c*/2)).

e Models 3A, 3B: Y;*, X5 as in Model 1A, Xy; and u; independent, and if ¢ = 0 then
u; ~ N(0,1); otherwise u; = (1ges0y — 1{C<0})(\c\1/2 ei + |¢| /%), where &; has density
function f.(z) = /D=1 exp(—=)/T(1/ |c|) (if ¢ ~ 0, u; is approximately N(0,1); if
|| is large the distribution of w; is highly skewed).

e Models 4A, 4B, TA, TB: Y;* = By + Bo2Xoi + Bo3X3i + BoaXui + (X3 — 1)(X3, —
1)(XZ — 1) + u;, where Xy;, X3;, Xy and u; are independent with distribution N(0,1).

e Models 5A, 5B, 8A, 8B: Y*, X, X3, Xy as in Model 4A, and u; | (Xo; = 29,
X3 = w3, Xgi = 24) ~ N(0,exp(czy — %/2))

e Models 6A, 6B and 9A, 9B: V", Xo;, X3;, X4 as in Model 4A, Xo;, X3;, Xy and
u; are independent, and u; as in Model 3A.

The true parameter values are Gy = 0, fy; = 1 (for j > 1) in Models 1A-6A;

11



Bor = 0, Boj = 1/3 (for j > 1) in Models 7TA-9A; 11y = 2, By; = 1 (for all j) in Models
1B-6B; and po = 2, fo; = 1/3 (for all j) in Models 7B-9B. In all models we test the
null hypothesis that (1) holds with the standard normal cdf as F(-). Parameters are
estimated by ML assuming that Hy holds. Note that Hy is true if and only if ¢ = 0,
and values of ¢ different from 0 allow us to examine the ability of the statistics to
detect misspecification in the latent regression model due to non-linearities (Models 1,
4, 7), heteroskedasticity (Models 2, 5, 8) and non-normality in F'(-) (Models 3, 6, 9).
Also note that we consider models with one non-constant regressor (Models 1-3), and
with three non-constant regressors, either with a high R? in the latent regression model
(Models 4-6) or with a low R? (Models 7-9). In Tables 1-9 we report the proportion
of rejections of Hy at the 5% significance level when the sample size is n.= 250. The
results are based on 1000 simulation runs, performed using GAUSS programmes that
are available from the authors on request. The experiments are also run with n = 100
and n = 500, but these results are not reported since they lead to similar conclusions.

When computing 03(215) and CJ(-%L) a grid of smoothing values H,, must be chosen.
We expected this choice not to be important, but the results from some preliminary
samples suggest that this is not entirely the case. It is not within the scope of this paper
to study the optimal choice of this grid, and we failed to locate references where hints
on how to select it are given. Finally, we adopt this relatively automatic procedure: i)
compute h(gz/, the leave-one-out cross-validation bandwidth in the Nadaraya-Watson
nonparametric estimation of E[1gy_j; | X = ]; ii) consider the grid Hj,, = {hjoa’}{";",
where hjo = gojhgz//aj”_l, Jy, is the closest integer to Inn, and a; € (0,1), ¢, are fixed
values. Note that the minimum value in H,, is O(hgz/), and H;, has the structure
that is required in the theoretical assumptions. This procedure is easy to implement
and only requires selecting a;, ;. In our experiments, all values of a; within [0.75,0.95]

lead to almost identical results; the performance of the statistics is more sensitive to
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the choice of ¢;, but in our experiments all values within [1.5, 2] lead to approximately
correct empirical sizes -note that this means that some “oversmoothing” is required.
We finally choose a; = 0.9, and ¢; = 1.5 if the model only has one non-constant
regressor or ¢; = 1.8 otherwise. In the models with various non-constant regressors,
the same smoothing values are used with all regressors (all of them have unit variance).

The other choices required to compute the statistics are less crucial for the results.
As a kernel function we use the unit-variance density K (u) = 1{‘u|§ﬁ}{15/(16\/?}(1 —
u?/7)%, or a product of densities of this type. When computing O we take om0 =
{2In(J, — 1)}*2. When computing Cfl]’\fP) we consider various partitions of the sup-
port, but we only report the results for the statistic that performs better, namely,
C’T%[P) with G = 2 in Models 1-3, and with G = 8 in Models 4-9 (the partitions are
obtained splitting the support of each non-constant regressor in (—oo,0) and [0, 00)).
When required, 101 bootstrap replications are used. Bootstrap versions of the moment-
based statistics are also computed and their results are reported with an asterisk (for
computational reasons, bootstrap versions of C,SBC) are not computed).

First we discuss the results for the moment-based statistics. We do not report the
results for C’i{‘f) and C’T%I) used with y? critical values, since their empirical size is
much higher than the nominal size (when the nominal size is 0.05 the empirical size
is above 0.10 in most cases); we do report the results for CT%), which behaves well in
terms of size. The bootstrap versions of the three statistics also behave well in terms
of size, though a slight size distortion is observed; with additional experiments we have
checked that this problem disappears if the number of bootstrap replicates and the
number of simulation runs are increased. As regards power, note that Or(zj,‘?{)* slightly
outperforms C,(l]g); and comparing the bootstrap versions of the three statistics, Cq(f’\f)*
yields the worst results, and CT(L{‘:/SI)* usually outperforms CT%)*, though both perform

similarly in most cases (but not always, see e.g. Table 7B). If we compare C’T%) and
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C’fl 3“ , we observe that introducing partitions leads to increases in power only in a few

models and for some specific partitions (note that we only report the results for the
partition with better behaviour); hence, if the aim is to derive omnibus specification
tests that yield good results in as many settings as possible, the advice has to be not to
include partitions. The test of overidentifying restrictions CT(LBC) almost always yields
the worst results, its empirical size worsens as the number of regressors increases, and
may be unable to detect heteroskedastic alternatives (see Table 2B). Summarizing, the
preferred moment-based statistic should be 07%) used with y? critical values, or its
bootstrap implementation C’T%)*.

As regards the statistics based on the comparison between parametric and nonpara-
metric estimations, all four behave reasonably well in terms of size, though there is a
slight tendency to overreject, especially with ) and C'T(LSZ), and this problem is more
severe when n = 100; however this size distortion may simply be a consequence of the
limited number of simulations and bootstraps. When comparing power performance,
first we observe that C5*") almost always yields the worst results; moreover, though
the theoretical properties of this statistic do not depend on the number of regressors,
here we observe that its behaviour worsens dramatically as the number of regressors
increases. It is also observed that the two bandwidth-based statistics C\7® and C’T(LGL)
perform similarly; in some cases the latter behaves slightly better in terms of power,
but this is not a general rule. With additional experiments (not included here) we
observe that CZSGL) is more sensitive to bandwidth selection than C¥. In fact, it
is possible to improve the power of CT(lGL) in the models where it performs worse by
using a different grid of smoothing values; however, we report only the results obtained
with the grid described above, since our aim is to compare test statistics for which the
choice of smoothing value does not play a crucial role.

The comparison between the bandwidth-based statistics and %) is not straight-
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forward, let alone if we also want to include C’;ﬁg) in the comparison. However, some
significant conclusions can be drawn from Tables 1-9. First, we observe that in the mod-
els with one non-constant regressor O%) performs better than the others in detecting
non-linearities or heteroskedasticity, but with non-normal alternatives the evidence is
mixed: in the binary choice models C,(l]g), o5 and ¢ perform similarly and out-
perform C’T(LSZ), but the latter performs better when J > 1. Second, in the models
with various non-constant regressors and a high latent R2, C’,(lHS) and C’,(lGL) perform
better than the others in detecting non-linearities or heteroskedasticity, but again the
evidence is mixed with non-normal alternatives: in the binary choice model C’T%[) is the
best one to capture non-normality, but if J > 1 C’,(lSZ) performs better. Third, in the
models with various non-constant regressors and a low latent R2, 07(152) almost always
outperforms O and C’T(LGL) (the exception to this is Model 7B); but the compari-
son between 07%) and a(}sz) is not so clear-cut: the former performs better to detect
heteroskedasticity, but there is mixed evidence with the other alternatives. Finally,
note that in most of our models the statistics’ rankings are similar under both non-
linear and heteroskedastic alternatives; possibly, this is not a surprising result, since
heteroskedasticity can be seen as a kind of specific nonlinearity.

As a summary, one could say that in models with a single explanatory variable
07%) should be preferred, since it is easily computed, requires no subjective choice,
and yields the best results in almost all cases. In models with various explanatory
variables it is harder to give a general advice. If the fit of the model is good, the curse
of dimensionality does not seem to affect dramatically the performance of C9) and
CT(lGL), which yield on average the best results; but if the fit of the model is poor no
general rule is found. However, assessing the advantages and disadvantages of each

M) CT(ZSZ)

statistic, it is likely that practitioners feel more comfortable using C,(Lg or rather

than CT(LHS) or CT(lGL), since those have a much lower computational cost and, what is
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more important, do not require the choice of any smoothing value.

To examine if the conclusions provided by the previous experiments still hold in
models closer to the reality, we perform a second set of experiments in which the
regressors are not simulated, but fixed at each replication and equal to real variables
contained in the Panel Study of Income Dynamics (PSID). More specifically, we extract
from the 2001 Wave a sample composed by 2280 women whose age is between 21 and
40, and whose marital status is other than “never married”, and consider the vector of
regressors X; = (1, A;, A2, E;, D;, H;), where A; is age, E; is education, D; is a dummy
variable for children/no children and H; is husband’s labor income. We randomly
extract a subsample of 1000 observations and with this subsample we generate two
models with dependent variable Y; = loyve>oy + Lvespo)s where Y = X/8) + u; for
1 =1,...,1000, and u; is generated independently from X; as follows:

e Model 10: If ¢ = 0 then u; ~ N(0,12), and if ¢ # 0.then u; = {(¢c™! —2)/c71}Y/?¢;,
where ¢; follows a Student’s ¢ distribution with ¢=! degrees of freedom.

e Model 11: u; = {(c + 1)/(c + 3)}!/2¢;, where ¢; follows a Student’s ¢ distribution
with ¢ 4 3 degrees of freedom.

In Model 10 we test the null hypothesis that (1) holds with the standard normal cdf as
F(-), and in Model 11 we test the null hypothesis that (1) holds with the standardized
Student’s t3 cdf as F'(:). In both models Hy is true if and only if ¢ = 0; values of
¢ # 0 allow us to examine the ability of the statistics to detect misspecification at the
tails of u. The true parameter values are the ML estimates obtained in the empirical
application described below; parameters are estimated by ML assuming that Hy holds.

In Tables 10-11 we report the proportion of rejections of Hy at the 5% significance
level. These results are based on 200 simulation runs. The statistic 07%1)) is computed
with G = 2 and partitioning the support of the regressors according to education

higher or lower than the mean level). When computin C’,(lHS) and CQSGL) we use the
(hig g
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same kernels as above with the continuous regressors (which are previously standardized
to have unit variance) and non-smoothing weights with the binary regressor. We use
the grid of smoothing values described above with a = 0.9 and ¢ = 1.8 and take
Y1000 = (21n 6)1/ 2. When required, we use 101 bootstrap replications. The results show
that the statistics perform reasonably well to detect departures from a normal cdf
due to fatter tails (Model 10), but departures from a Student’s t3 cdf due to lower
tails (Model 11) are much harder to capture. As for the relative performance of the
statistics, the conclusions drawn from the first set of experiments are confirmed.

As an empirical application we consider the determinants of women’s labour market
participation and the type of participation (full-time or part-time). We use the 2280
observations described above, and also consider the variable HW = hours of work
per year. Then we define the dependent variable Y = 0. if HW = 0, Y = 1 if
0 < HW < 1440, or Y = 2 if HW > 1440. Using the vector of regressors X; described
above we estimate an ordered probit model and an ordered discrete choice model with
a standardized Student’s t3 cdf as F'(-). In both cases all estimated coefficients have
the expected sign, but the significance of some of the regressors depends on the model
that is being estimated: husband’s income in only significant in the ordered probit
model, whereas age? is only significant in the model with a standardized Student’s t3
cdf. However, the ordered probit specification is rejected with all the statistics (the
p-values range from 0.001 to 0.025), but the Student’s t3 specification is almost never

rejected at the usual significance levels (most p-values are above 0.10).
5. CONCLUDING REMARKS

We discuss how to test the specification of an ordered discrete choice model against
a general alternative. On the one hand, we consider various moment-based statistics;

they are all based on a finite set of unconditional moment restrictions and, hence,
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are not consistent against any possible alternative. On the other hand, we consider
statistics based on comparisons between parametric and nonparametric estimations
which are either consistent against any alternative (Andrew’s statistic, Horowitz and
Spokoiny’s statistic and Guerre and Lavergne’s statistic) or consistent against alterna-
tives in which regressors enter through a single index (Stute and Zhu'’s statistic). We
analyze how all these statistics can be implemented in our context and compare their
relative performance with simulations that allow us to examine their ability to detect
non-linearities, heteroskedasticity or non-normality in the latent regression model.
Moment-based statistics are easy to derive and, as usual, their finite-sample per-
formance depends on the covariance-matrix estimator that is used. “We propose a
variant of the standard moment-based statistics that uses a conditional-expectation-
based covariance matrix, and prove that this variant can be computed using an artificial
regression. The resulting statistic performs very well both in terms of size and power,
particularly in models with a single explanatory variable. It must also be stressed that
in most of our simulations this moment-based statistic outperforms the widely-used
test of overidentifying restrictions proposed in Butler and Chatterjee (1997). Andrew’s
statistic also performs reasonably well in models with a single explanatory variable,
but its behaviour is severely affected by the number of regressors. The generalizations
of the statistics in Stute and Zhu (2002), Horowitz and Spokoiny (2001) and Guerre
and Lavergne (2005) that we consider here also yield satisfactory results, though the
latter ones require the choice of a grid of smoothing values, and their behaviour is
more sensitive to this choice than we expected to. The typical curse of dimensionality
of noparametric estimations affects the performance of Horowitz and Spokoiny’s and
Guerre and Lavergne’s statistcs more dramatically in models with poor fit. However,
this is not entirely the case with Stute and Zhu’s statistic, which exhibits good power

properties in all models with various regressors, possibly because it circumvents the
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curse of dimensionality by the use of a single index.

Finally, if we try to compare the performance of all the statistics, we observe that in
models with only one non-constant regressor, our variant of the moment-based statistic
yields the best results. But when the number of non-constant regressors is greater
than one, the results are less conclusive, since the relative performance of the statistics

depends on both the fit the model and the type of misspecification that is considered.
APPENDIX: ANALYTICAL EXPRESSIONS

Hereafter, f(-) and f(-) denote the first and second derivative of F(-), fo; = f(—X!3),
fo = f(=X!B), pji = p;i(0), and, for j = 1,...,J — 1, f;; = f(p, — X[B), f]Z =
f(uj — X/3). Additionally, f_;,; =0, f—l,i =0, f;; =0, f5; =0. To compute V.1 and
V.2, expressions for B;(6), g;(0) and A;(0) are required. From the definitions in Sec-
tion 2, it follows that B;(0) = [B1;(0) : B;(#)], where By;(8) is the J x k matrix whose
J-th row is (fj; — fj—1,:) X/, and By;(#) is the J x (J — 1) matrix whose (j,1) element
is —1g=j1fji + 1g=j—13fj—1:- On the other hand, g;(f) is the (k + J — 1) x 1 vector
whose first k rows are _{Z}Jzo(fji — fi—1,)Dji/pji } Xi, and whose (k + [)-th row is
{Dii/pii — Dis1,i/pis1,i} fri- Finally, A;(0) is the k+(J —1) x k+(J — 1) symmetric ma-
trix whose (1,1) submatrix is {37 Djil(f5i — fi—1.0)? — pu(fii — fi—1.0)]/P2} X X[,
its (1,2) submatrix is the k x (J — 1) matrix whose j-th column is {Dj[f;ip;i —
(fji = v Fiid P2+ Dyl (i — Fii) fii — Fiipjral /P Xi, and its (2,2) sub-
matrix is the symmetric matrix whose (7, j +1) element is 1—oy{ D;s(f — fﬂpji)/pgi +
Dj+1,z'(fj2i + fjipj+1,i)/p?+1,i} - 1{1:1}Dj+1,isz’fj+1,i/p§+1,i- To compute V3, expres-
sions for Ex{m;(0)m;(0)'}, Ex{m;(0) g;(0)'} and Ex{g:(6)g;(0)'} are required. Here
Ex{m;(#)m;(#)'} is the J x J symmetric matrix whose (j,j) element is p;;(1 — pj;)
and whose (j,1) element, for [ > j, is —pjpu, Ex{m;(0)g;(0)} = —B;(#), and

Ex{gi(0)g:(0)'} is the k+(J—1) x k4 (J — 1) symmetric matrix whose (1, 1) submatrix
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is {ijo (fii — fim14)” /pji} Xi X[, its (1,2) submatrix is the k x (J — 1) matrix whose
J-th column is {(fj+1: — fji)/Pi+1i — (fji — fi=1.i)/pji } [;iXi, and its (2,2) submatrix
is the symmetric matrix whose (j,1) element, for I > j, is 1=y (1/pji + 1/pj1.0) [ —
1g—j+13(fjifi+1,i/Pj+1,)- Finally, fo:g) can be computed using that EX{mEP) (9)m§P> (0)'}

= Ex{m,(0)m;(6)'} @ (P,P}) and Ex{m!"” (0)g:(0)} = —B")(0).
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