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A note on the second problem of Stokes for Newtonian fluids

Corina Fetecau?, D. Vieru?, C. Fetecau®*

& Department of Theoretical Mechanics, Technical University of lasi, R-6600 lasi, ROMANIA
b Department of Mathematics, Technical University of lasi, R-6600 lasi, ROMANIA

Abstract

New and simpler exact solutions corresponding to the second problem of Stokes for Newtonian fluids
are established by the Laplace transform method. These solutions, presented as a sum of the steady-state
and transient solutions are in accordance with the previous results (see Figs. 1, 2, 3 and 4). The
amplitudes of the wall shear stresses corresponding to the cosine and sine oscillations are almost
identical, except for a small initial time interval. The time required to attain the steady-state for the cosine
oscillations of the boundary is smaller than that for the sine oscillations of the boundary. This time
decreases if the frequency of the velocity of the boundary increases.

Keywords: Stokes’ second problem; Newtonian fluids; Exact solutions.

1. Introduction

The study on the flow of a viscous fluid over an oscillating plate is not only of
fundamental theoretical interest but it also occurs in many applied problems. In the
literature this motion is termed as Stokes’ second problem or Rayleigh problem [1]. The
first exact solutions corresponding to this problem for non-Newtonian fluids seem to be
those of Rajagopal [2]. Recently, Erdogan [3] established exact transient solutions for the
motion of a Newtonian fluid due to the cosine and sine oscillations of the plate. For large
times these solutions tend to the steady-state solutions. However, the Erdogan’s
solutions are complicated enough and they are not presented as sum of the steady-state

and transient solutions.
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The purpose of this note is to present new exact solutions for the Stokes’ second
problem describing the flow for small and large times. In order to obtain these solutions
the Laplace transform method is again used, but our solutions are directly presented as
sum of the steady-state and transient solutions and are simpler than the previous ones.
Direct computations show that the steady-state solutions can be reduced to the classical
forms [2, 3], while the diagrams of the transient solutions, as it was proved by graphical
illustrations, are in close proximity of those obtained in [4] by a different technique. The
required time to reach the steady-state for cosine oscillations of the wall is smaller than
that for the sine oscillations of the wall. This time decreases if the frequency of the

velocity of the boundary increases.

2. Statement of the problem

Consider a Newtonian fluid at rest over an infinitely extended plate which is situated

in the (x, z) — plane. At time t=0" the plate begins to oscillate in its plane and transmits

the motion into the fluid. Its velocity is of the form

v = v(y,t) = u(y, )i, (1)

where i denotes the unit vector in the x — direction.
The governing equation, in the absence of a pressure gradient along the x — axis and
neglecting body forces, is [2, 3]

ou(y.t) _ y o%u(y,t)-

;o y,t>0, 2
o o2 y (2)

where v is the kinematic viscosity of the fluid. The boundary and initial conditions are

u(0,t) =Ucos(wt) for all t>0, (3a)
u(y,0)=0 for y>0, (3b)
u(y,t) >0 as y — o, (3c)

or
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u(0,t) =Usin(wt) for all t>0, (4a)
u(y,0)=0 for y>0, (4b)
u(y,t) >0 as y — o, (4c)

where o is the frequency of the velocity of the wall.
3. Solution of the problem

In order to determine exact solutions to the previous problems, describing the motion
of the fluid at small and large times after the start of the boundary, the Laplace transform
method is used. Consequently, applying the Laplace transform to Eqg. (2) and using the

initial and boundary conditions (3) and (4), we find that

_ Uqg y . _ Uw y
u(y,q) = expl —— , respectively, u(y,q)= exp| —— . 5
(v.q) 7t ol p( 5 qj p y, u(y.a) F o p[ N q] (5)

Regarding the right parts of Egs. (5) as a product of two functions Ul(q) and U2 (y,q) and

using the known results [5]

T P B = {cos(mt), sin(ot)}; L™ exp{—i\/aJ - _exp Y (6)
o° +0’ g% +0? ’ ’ Jv 2t/nvt 4vt

and

L{0,@ B0 = U0 U000 = [Ut-9)U,(y,9)ds = [Ui&)U, (3t -9)ds, )
0 0

where = denotes the convolution product of two functions, Ul(t)=L‘1{U1(q)} and

U, (y,t) = L‘l{U2 (y, q)} , we find for the velocity field u(y,t) the simple expressions

t

_ Uy (cos[o(t-s)] y?
u(y,t) = N /s exp[— m]ds, (8)
0
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respectively,

t
Uy ( sin[m(t—s)] y?
u(y,t) = exp| ——— |ds. 9
(y.t) N /s P~ avs 9)
0
The solutions (8) and (9) can be also written into equivalent forms
Uy ( cos[o(t—s)] y? Uy ( cos[o(t—s)] y?
u(y,t) = exp| ——— |ds-— exp| — ds, (10)
24y sys 4vs 2.y sys 4vs
0 t
respectively,
Uy [ sinfo(t-s)] y2 Uy [ sinfo(t-Ss)] y2
u(y,t) = exp| ——— |ds-— exp| — ds, (11)
2\/5 s\/g 4vs 2\/5 s\/g 4vs
0 t

in which the second terms are going to zero for t — oo . Of course, our previous solutions
clearly satisfy the initial condition u(y,0) = 0. However, under these forms, the boundary
conditions (3a) and (4a) seem not to be satisfied. In order to do away with this
inconvenience we shall present them into more suitable forms.

Making the change of variable s=1/c into the first integrals from (10) and (11) and

using the fact that cosx = cosh(ix), sin(x) = —isinh(ix) and [6]

2
exp| —a’s———
4s ds:ﬂ b

e,
24/s 2a
0
we find that
¥y / uy t- 2
u(y,t) =Ue y\g cos| ot—y Ll coslo(t = s) exp| — y ds (12)
2v 2\/5 SJE 4vs
t

and
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mc e _ 2
u(y,t) =Ue y\g sin(mt - y\/%} _ 237):_\) Sln[:)\(/tg s)] exp(— ﬁ] ds. (13)

As soon as the velocity fields have been determined, the corresponding shear

stresses can be immediately obtained by means of the known relation

ouly.t) (14)

)=
(y,t) =n Y

Consequently, introducing (12) and (13) into (14), we find that

o) -y\/E . o wn) U mcos[co(t—s)] y?
t)=uU,[—e ' sinfot-y,— —-= |- exp| ——— |ds
W=kt T (‘” 2y 4} 2mv)  sis p( avs |5F
t

( (15)
2 — 2
+ :}Li/);_v | COS?S; s)] eXp(— i/_vs}ds’
respectively,
T(y,t) = —MU\E e—y\/g Cos{mt y \/g _%] B 2}\1/:_\/ ( sin[(;g\(/tg _9)] exp(_ 4y_; J .
( t (16)
2 . 4 2

By letting now t — « into these last four relations, we attain to the classical steady-
state solutions (cf. with [2] or [3], Egs. (12) and (17))

Ug (Y, t) = Ue_y\/; cos[mt - y1/23] and ug(y,t)= Ue_y\EV sin(mt -, ’22] a7
% Vv

and

rsc(y,t)zuu\/ée_y\g sin oat—y]/ﬂ—E ,rss(y,t)z—uU\/Ee_y\E cos oat—y]}ﬂ—E ,
v 2v 4 Y 2v 4

(18)
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which are periodic in time and independent of the initial conditions. As regards the

corresponding transient solutions

o0

Uy (cos[a(t-s)] y?
Ui (y! t) - 2\/5 S\/g exp(_ 4V3st’ (19)
t
Uy wsin[co(t—s)] y?
uts(y1t) __2\/5 S\/g exp[— 4VS]dS, (20)
t
Y oocos[(o(t—s)] P nUy? oocos[co(t—s)] oy
T (Y 1) = zmt s exp( 4vstS+4v\/Et 25 exp( 4Vsjds (21)

and

0

__wU (sinfet-s)]_ (_y? py? - (sinfolt=s)]_ (¥’
T (Y,1) = th s exp( 4v5jds+4vm in 2is exp[ 4V8st,

(22)

as it results from Figs. 1, 2, 3 and 4, they are identical to those obtained in [7] by a
different technique and given by

_ _2_U ﬁs —vE_,Zt H
U (Y,1) = 7 B (ol e "sin(yg)dg, (23)
0
2_U9 ol
U (y,t) = Ji (o) sin(y€)dg, (24)
4
T (Y ) =- Ziu sz +%0)/v)2 e~ cos(ye)de, (25)

respectively,
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_ ZHUQ ( EJZ —VE_,Zt
T =——" Jg‘ (o) e "cos(yg)de. (26)
0

From (15) and (16) we can immediately determine the shear stress at the wall

Tye (1) = uU\E Sin(mt _gj _ 23% | COS[:a\(/tg -s)] ds, (27)

for the cosine oscillations of the boundary, and

Tus(t) = —uU\/% cos(mt —%J -~ Zil/l:_v Sin[jf;g_ Sl ds, (28)

for the sine oscillations of the boundary. The graphs of the wall shear stresses,
corresponding to the cosine and sine oscillations of the boundary, are presented in Figs.
5 and 6. For a better comparison their plots are presented together as well as separately.
The two oscillations have similar amplitudes and a phase shift that persists for all times.
Note that the improper integral in Eq. (27) is divergent at t=0. The some behavior is

observed by analyzing Eq. (25) for y =0 which strengthens the excellent agreement (as

demonstrated by figure 3) between formulas (21) and (25). On the other hand formula
(28), for the sine oscillations of the boundary, contains an improper integral which is
convergent at t=0 in agreement with the expression (26) obtained by the Fourier
transform technique.

Finally, as it was to be expected, it is worthy pointing out that making o — O into Egs.

(12) and (15) we obtain the classical solutions

_ul1—er| Y || —uerte Y __ WU Y
u(y,t)_U{l erf(zmﬂ _Uerfc[zmj,r(y,t)_ mexp( 4th, (29)

corresponding to the first problem of Stokes [8]. In order to obtain these results, we have

proved (using the change of variable y/(ZJE) =u and an integrating by parts) that
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o 0]

jiexp(— y2]ds=zmerf[ y ]

sv/s 4vs y 24/vt
) (30)
2 2 [
fziexp Y ds=—42V—\/;exp Y +4V 3vn erf( y j
s2ys 4vs y Jvt 4vt y 2wt

t

In the above relations, erf(-) and erfc(-) are the error function and the complementary

error function of Gauss.

4. Conclusions

In this note we have established new exact solutions corresponding to the second
problem of Stokes for Newtonian fluids. These solutions, unlike those obtained by
Erdogan [3], are simpler and directly presented as a sum of steady-state and transient
solutions. The steady-state solutions can be brought to the classical forms, while the
graphs of the transient solutions, as depicted in Figs.1, 2, 3 and 4, are in close proximity
to those corresponding to the similar solutions obtained in [7] by a different technique.
For large values of t, when the transients disappear, the motion of the fluid is described
by the steady-state solutions which are periodic in time and independent of the initial
conditions. However, they satisfy the governing equation and the associated boundary
conditions.

The variations of the wall shear stresses for the cosine and sine oscillations of the
boundary are presented in Figs. 5 and 6 for several time intervals. The two oscillations
have similar amplitudes and a phase shift that persists for all times. The two sets of
formulas (one obtained by Laplace transform, the other by Fourier sine transform) are in
perfect agreement.

Finally, we would like to know the required time to attain the steady-state for the
cosine and sine oscillations of the boundary. The variations with the distance from the
wall of the corresponding starting and steady-state velocities for the oscillations of the
boundary by Vcos(owt) and Vsin(ot)are presented in Figs. 7 and 8. It is clearly seen
from these figures that the required time to reach the steady-state for sine oscillations of
the wall is greater than that for the cosine oscillations of the boundary. Furthermore, this

time decreases if the frequency o of the velocity increases.
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Fig.1. Profiles of the transient velocities, given by Egs. (15) - curve ul(y)
and (17) - curve u2(y), for ©=1, U=5, v=0.0011746.
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Fig. 2. Profiles of the transient velocities, given by Egs. (16) - curve ul(y)
and (18) — curve u2(y), for =1, U=5, v=0.0011746.
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Fig. 3. Profiles of the transient shear stresses for the cosine oscillations of the
boundary, given by Egs. (21) — curve tl(y) and (25) — curve 12(y),

for o=1L,U=5 and v=0.0011746 (glycerin).
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Fig. 4. Profiles of the transient shear stresses for the sine oscillations of the
boundary, given by Eqgs. (22) — curve tl(y) and (26) — curve t2(y),

for «=1LU=5 and v=0.0011746 (glycerin).
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Fig. 5. Profiles of the wall shear stresses corresponding to the cosine, and sine
oscillations of the boundary, tc(t) and ts(t), for a relatively short time interval,

for =1, U=5 and v=0.0011746 (glycerin).
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Fig. 6. Long time profiles of the wall shear stresses corresponding to the cosine, and
sine oscillations of the boundary, tc(t) and ts(t),
for o=1L,U=5 and v=0.0011746 (glycerin).
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Fig. 7. The required times to reach the steady-state for cosine oscillations,
with an error of 107, for U=5, v=0.0011746 and different values of ®.
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Fig. 8. The required times to reach the steady-state for sine oscillations,
with an error of 10, for U=5, v=0.0011746 and different values of o.



