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Abstract

In nondestructive evaluation, Nonlinear Elastic Wave Spectroscopy (NEWS) meth-
ods represent powerful tools to explore damaged zones in a sample. The combination
of these methods with Time Reversal (TR) process can be used to either increase
the stress on the retrofocusing position or to retrofocuse elastic waves on the defect,
when only the nonlinear components of the received signal are time reversed. In this
paper, we propose two different approaches to detect cracks in metallic samples in
coupling NEWS methods and TR process. The first one, NEWS-TR, is defined by
sending back only the nonlinear components which are preliminary time-reversed.
Two different techniques to filter nonlinear components have been numerically stud-
ied: classical harmonic filter and pulse inversion. In these two cases, performances of
retrofocusing on different defect positions are analysed and compared. The second
approach, TR-NEWS, consists in measuring the nonlinear signature on the focal
spot. An experimental study of parametric interaction between two reversed signals
(f1 and f2) is led. Measurements of components at f2 − f1 and f2 + f1 around a
crack are performed and discussed.

Key words: nonlinear acoustics, time reversal acoustics, nonclassical nonlinearity,
harmonic generation, parametric interaction.
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1 Introduction

In the last few years, a strong interest for the Nonlinear Elastic Wave Spec-
troscopy (NEWS) methods applied to nondestructive testing has grown [1].
Different studies of this behavior have been applied on a large range of mate-
rials : harmonic analysis [2], parametric interactions [3], modulation of ampli-
tude [4] and phase [5] and studies of resonance frequency [6,7].
It is established that cracked materials contain small soft features within a
hard matrix producing a very large nonlinear response[8,9]. First observed in
granular media [8], this response, which describes cracks in metallic samples
too, corresponds to an nonlinear (called ”nonclassical”) effect characterized
by an hysteretic behavior. Furthermore, Time Reversal (TR) [10,11] process,
which allows the focusing of signal on the source position, has been recently
demonstrated to be highly useful for ultrasonic imaging in the nonlinear regime
[12,13,14]. Several methodologies can be derived from Nonlinearity based Time
Reversal concept depending on the fact that time reversal is used as a tool
for energy focusing in order to generate nonlinear stress or used as a tool for
nonlinear source identification (fig. 1).

Fig. 1. Defect detection methods and nonlinear effects measured.

These two methodologies are defined TR-NEWS, with nonlinear analysis as
a post-processing of time reversal, and NEWS-TR, with nonlinear analysis as
a pre-processing of time reversal [15,16]. TR-NEWS method consists in lo-
cally increasing the stress field using properties of linear TR and subsequently
applying a nonlinear analysis. This method has been experimentally demon-
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strated [12] and seems to have a wide potential for nondestructive application
[13,14]. The NEWS-TR application is based on signal retrofocusing on the
defect position when only the nonlinear components of the received signal are
time reversed [17,19,16]. This method has only been validated experimentally
recently [20].
A numerical study of NEWS-TR (left part of fig. 1) is investigated in sec-
tion 2 thanks to a 2D pseudo spectral algorithm which takes into account the
nonlinearity due to a defect zone producing a nonclassical nonlinearity linked
to an hysteretic behavior. The nonlinear signature of harmonic generation is
tested with two different filtering techniques : harmonic filtering and pulse
inversion. In Section 3, a experimental TR-NEWS method combining TR and
parametric interaction is developed. The TR process permits to increase the
stress and to guarantee that both signals arrive at the same time at the same
point. In order to investigate the nonlinear signature on the focus area, depen-
dence of the parametric interaction components fL = f2−f1 and fH = f2 +f1

versus amplitude of the fundamental components at the frequencies f1 and f2

is achieved.

2 Numerical study of NEWS-TR

2.1 Numerical method description

Considering the propagation of elastic waves in an heterogeneous solid medium
where damaged zone is modelized with an hysteretic nonlinear behavior, the
Newton’s second law can be written:

∂vi

∂t
=

1

ρ0

∂τij

∂xj

, (1)

where xj are the position vector components, ρ0 is the volumetric mass density,
vi are the particle velocity vector components and τij are the stress tensor
components. A 2D numerical method based on the pseudo-spectral algorithm
[15] has been developed in order to solve this equation where nonclassical
property is introduced with an hysteretic behavior.

2.1.1 Hysteretic behavior modelisation

The hysteretic nonlinear behavior, based on Preisach-Mayergoz (PM) model
[21] and first introduced by McCall et al. [9], has been used. Elastic constants
are calculated at each time step adding the contributions of N0 = 5 hysteretic
elementary units (HEU) to the deformation imposed by the elastic wave. Each
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HEU is described (fig. 2) by two characteristic stresses τc and τo which corre-
spond to two states when the stress increases or decreases, respectively. One
state is called ”closed” state and the other one ”open” state. For each cell of
the calculation grid, representing mesoscopic description level of the medium,
N0 HEU are considered with different values of the two characteristic stresses,
depending on a distribution function f(τc, τo) defined for the PM space [22].
Our implementation of the PM-space is based on the multiscale approach de-
veloped by Van Den Abeele et al. [23]. The elementary hysteretic elements,
which have been considered here, is the one used by Scalenderi et al. [24] im-
plemented in the LISA code, as shown on Fig.2.

Fig. 2. Elementary hysteretic elements used in the computation of the PM-space
model. In each case, one state corresponds to an open state and the other one to a
closed state with τo and τc the associated transition stresses, respectively.

In order to extend this solver in two dimensions, Kelvin notation [25] has been
used to modify elastic coefficient tensor. These components are calculated at
each time step. Details of the calculation can be found in ref [16].

2.1.2 Pseudo-spectral model

The numerical technique used to solve the system of differential equations
presented in the preceding part is a pseudo-spectral wave solver developed in
our laboratory [26]. This method consists in computing spatial derivatives in
Fourier domain by means of a fast Fourier transform(FFT) [27]:

∂f(x)

∂x
= FFT−1

[(
jkxe

±jkx
∆x
2

)
.FFT

[
f(x)

]]
, (2)

where FFT−1 is the inverse Fast Fourier Transform, and kx and ∆x are the
wave number and the spatial step of the numerical grid in the x direction, re-
spectively. This algorithm has a better numerical stability and does not require
a large number of nodes per wavelength compared to other numerical algo-
rithms [28,29]. This advantage is of great importance in such a nonlinear study
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where several harmonics must be taken into account. To reduce numerical ar-
tifacts in simulations for a heterogeneous medium, a staggered spatial grid
implementation is used. Moreover, a staggered fourth-order Adams-Bashforth
method is used to update stress and particle velocity at alternating half time
steps [30].

2.2 NEWS-TR simulations

2.2.1 Simulation parameters

The NEWS-TR method (left part on fig.1) investigated in these simulations
consists in rebroadcasting the nonlinear signature of received signal alone and
in examining the focused signal on the nonlinearity source. Two filtering meth-
ods, i.e. harmonic filtering and pulse inversion, have been studied to extract
the nonlinear signature.
Geometry and some material characteristics of the 2D specimen (300 mm ×

500 mm aluminum sample) are shown in Fig. 3. A 10 mm × 50 mm-source
emits the elastic wave in the bulk with the following spatio-temporal form:

f(x, z, t) = ±p0. sin
(
2πfct

)
.e

−
1

2

(
t
w

)2


1 − e

−

(
t

sw

)2


.e 1

2

(
x−xs

wx

)2

.e
1

2

(
z−zs
wz

)2

, (3)

where fc = 200 kHz is the source frequency, p0 = 50 kPa is the initial pressure
and w = 2

fc
, sw = 3

fc
, wx = 0.15, wz = 0.75, xs = 12, 5 cm and zs = 15 cm are

emission parameters.
The receivers are composed of four lines (1D array of 112 elements) and sim-
ulations with two different length receivers (300 mm and 165 mm) have been
done. The damaged zone (with an area of 56 mm2), associated to the defect
position, presents an hysteretic nonlinear behavior. Acoustical properties of
the rest of sample are linear. Consequently, the nonlinear signature is only
present on the defect. Two different defect positions are chosen to study their
influence on the retrofocusing quality (Fig. 3).
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Fig. 3. Geometry of simulation domain with source, receivers, defect positions and
material characteristics.

2.2.2 Filtering methods

In order to rebroadcast in the sample only the nonlinear parts (harmonics)
of the received signal, two filtering methods were investigated. The first one
consists in selecting only the nonlinear signature contained in the response sig-
nals and rebroadcasting merely this part into the medium by the time reverse
mirror. Third harmonic is mainly extracted from received signal by means of
a classical fourth order Butterworth filter.
An alternative filtering procedure, called Pulse Inversion (PI) filtering [31], is
based on the fact that the phase inversion of a pulse excitation signal will lead
to the exact phase inverted response signal within a linear medium. In a non-
linear (or microdamaged) material, this is not the case due to the generation
of harmonics. Advantage of this observation is taken by adding the responses
from two phase-inverted pulses (positive and negative) and sending back the
sum at the receivers which is essentially composed of even harmonic compo-
nents. Doing so, only the relevant information on the local nonlinearities is
reversed and sent back into the material.

2.2.3 NEWS-TR with harmonic generation

In order to localize the damaged zone on the bulk, the direct signal, which has
been propagated in the sample and received by the four lines, is filtered using
one of the two filtering methods previously described in order to keep only the
nonlinear components. Visualization of the spatial and temporal retrofocusing
can be done by extracting the maximum of the time evolution of the stress for
each position in the sample. Figure 4 illustrates the maximum amplitude of
stress (along y axis) for the defect in the center (position 1) and the defect in
the corner (position 2). Figures 4(a) and 4(b) represent the maximum ampli-
tude plots in the case of a central defect (position 1) with harmonic filtering
and PI methods, respectively. In the same way, Figures 4(c) and 4(d) represent
the maximum amplitude plots in the case of a defect near the edge (position
2) with these two filtering methods.
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(a) (b)

(c) (d)

Fig. 4. Matrix of the maximum of stress amplitude along y with a rebroadcasting
of nonlinear signature extracted with harmonic filtering (a-c) and PI (b-d) methods
and for two different defect positions (position 1: (a-b), position 2: (c-d)).

The whole results for the 2 different receiver sizes for each of the 2 defect posi-
tions are presented in Table 1, were obtained from the images of the maximum
retrofocused signals. The first and second columns represent the ratio between
the mean amplitude on the defect (m̄(Amax(defect)) and the mean amplitude
on the bulk (m̄(Amax(bulk)) with PI [API = m̄(Amax(defect)/m̄(Amax(bulk)]
and harmonic filtering [AHfilt = m̄(Amax(defect)/m̄(Amax(bulk)], respectively.
The study of the ratio API

AHfilt
, noting that if API

AHfilt
≤ 1 retrofocusing quality

with harmonic filtering is better than with pulse inversion and inversely, leads
to the following results. If the defect is in the middle of the bulk (i.e. between
the emitter and the receivers), the retrofocusing spot is smaller when applying
the harmonic filtering method (Figs. 4(a) and 4(b)). This can be explained by
the dependence of the spot size on the frequency: the higher the frequency,
the smaller the spot size. Using the harmonic filtering, the third harmonic is
mainly returned while with the PI filtering it was mainly the second harmonic.
If the defect is near an edge of the sample, the retrofocusing is only on the
defect when applying the PI filtering (Figs. 4(c) and 4(d)). The energy con-
tained in the harmonics is smaller if the defect is on the position 2 than when
it is in the position 1. Moreover, when the harmonic filtering is applied, there
is a small part of the fundamental frequency which is not filtered, whereas this
part is canceled with PI filtering.
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Defect position
API = Amax(defect)

Amax(bulk) AHfilt = Amax(defect)
Amax(bulk) API

AHfiltwith pulse inversion with harmonic filtering

position 1

300mm-receivers 6,44 9,31 0,69

165mm-receivers 5,67 9,66 0,59

position 2

300mm-receivers 6,62 5,91 1,12

165mm-receivers 5,63 4,50 1,25
Table 1
Comparison between the two methods of filtering for two defect positions and two
source sizes.

To conclude, the harmonic filtering method is fitted for central defect, i.e.

between the transmitter and the receivers, due to high level of the generated
nonlinearity. On the contrary, when the generated nonlinearity is low, the
pulse inversion allows to keep out all linear part of the signal. That is the
reason why this last method has been chosen for the experiments.

3 Experimental study of TR-NEWS

Different experimental set-ups of TR-NEWS methods have been recently pro-
posed in several papers [13,14]. Most of results have been obtained in complex
samples which contain cracks or damaged area.
This study turns to analyse TR-NEWS performances in a simple homoge-
neous thick sample (aluminum) of 200 mm × 200 mm × 75 mm through
the measurements of the amplitude dependence of parametric components on
fundamental level.

3.1 Experimental set-up

Parametric interaction of acoustic waves is chosen as the nonlinear method
for the extraction of the nonlinear signature. Applied as a post-treatment of
TR process, it is used in order to be sure that the nonlinear signature comes
from the medium and not from the transducer [32].
In order to generate this interaction, two transducers are maintained in contact
on each edge of the sample. A 1 MHz transducer (broadband) is excited by a
20 tone-burst signal at f1=490 kHz through a 55dB amplifier. A second 1 MHz
transducer (narrowband) is excited by a 35 tone-burst signal at f2=860 kHz
another 55dB amplifier. In order to guarantee exact synchronisation of TR
waves, all generators are triggered by an external generator. A laser vibrome-
ter Polytec OFV-5000 is used to measure the surface velocity. The bandwidth
of the decoder is about 1,5 MHz. The signal is acquired through a LeCroy
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WaveRunner 6050A oscilloscope and processed with Matlab software (Fig. 5).

Fig. 5. TR-NEWS experimental set-up using parametric interaction.

In order to filter the components at difference (fL = f2 − f1 = 370 kHz) and
sum (fH = f2 + f1 = 1350 kHz) frequencies, a PI process, presented in Sec. 2,
is used. It is necessary to send two different excitations (one ”positive”, one
”negative” (out of phase of 180˚)) for each frequency.
The measurement process steps for these TR-NEWS experiments with para-
metric interaction is done as follow:

• a 20 tone-burst signal at frequency f1 = 490 kHz is emitted by the generator
1, amplified and applied to the transducer 1,

• signal measured by the laser vibrometer is recorded (10MHz sampling rate,
45000 points and 4,5 ms duration), numerically time reversed and inverted,

• these two obtained signals (f1+ and f1−) are stored in the internal memory
of the arbitrary waveform generator 1,

• independently, a 35 tone-burst signal at frequency f2 = 860 kHz is emitted
by the generator 2 and applied to the transducer 2. Duration of emission at
f1 and f2 are chosen identical in order to have the same electrical power,

• surface vibration measured by the laser vibrometer, on the same position as
the first measurement, is recorded, numerically time reversed and inverted,

• these two obtained signals (f2+ and f2−) are stored in emission generator 2,
• to generate parametric interaction between these two waves, signals f1+ and

f2+ are simultaneously emitted by the two respective generators,
• on the same position of laser vibrometer measurement, the surface velocity

of these two retrofocused signals is measured,
• in the same way and in order to realize pulse inversion filtering, signals

f1− and f2− are also simultaneously emitted and the surface velocity is
measured.
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3.2 Study of parametric interaction

Figure 6 presents the retrofocused signals, obtained after the process detailed
previously. These signals are studied in term of nonlinear response and typi-
cally at fL and fH frequencies [33].

3.2.1 Experimental retrofocused signals
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Fig. 6. Positive (solid line) and negative (dashed line) retrofocused signals (a) for
simultaneous emission at frequencies f1 = 490 kHz and f2 = 860 kHz and (b)
between t = 1.14 ms and t = 1.2 ms.

The study of the retrofocused signals is realized in the area defined between
t = 1, 14 ms and t = 1, 2 ms. In this area, a spectral investigation of the
sum of the two phase inverted signals is done in order to evaluate the level of
signals at fL and fH frequencies (Fig. 7). In spite of pulse inversion filtering,
a small level of fundamental frequency at f1 = 490 kHz and f2 = 860 kHz
persists after PI filtering on this spectral representation. The remaining line
at fundamental frequency probably comes from the ADC converter and/or
the intrinsic triggering jitter. Retrofocused signals at each frequency are rep-
resented and it is possible to notice that signals at fL and fH frequencies are
present.
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Fig. 7. Spectrum of the sum of retrofocused signals (in-phase and out-of-phase) (a)
between 0 MHz and 2 MHz and (b) around the difference frequency : f1 emitted
alone (dash-dotted line), f2 emitted alone (dashed line) and f1 and f2 emitted
together (solid line).

In the case of emission at a single frequency, as it is expected in nonlinear
propagation, we notice apparition of second harmonic (2f1 = 980 kHz and
2f2 = 1.72 MHz). The problem is to know if this nonlinearity is produced by
the wave propagation in the medium or directly by the transducer and the
electrical emission channel [32]. This is the reason why parametric interaction
seems to be interesting to avoid this problem .

3.2.2 Amplitude dependence of fundamental level

3.2.2.1 Parametric interaction equations Nonlinear acoustic wave equa-
tion first derived by Westervelt [34] takes into account physical nonlinearity
in the equation of state and geometrical nonlinearity:

∆p −
1

c2
0

∂2p

∂t2
= −

β

ρ0c4
0

∂2p2

∂t2
, (4)

where p is the pressure, c0 the celerity, ρ0 the volumetric mass density and β
the nonlinear parameter. For interaction of two frequency waves (ω1 and ω2),
the source densities for the difference fL and sum fH frequencies are :

qL =
βL (ω1 − ω2)

2

2ρ2
0c

4
0

P1P2, (5)

qH =
βL (ω1 + ω2)

2

2ρ2
0c

4
0

P1P2, (6)

where P1,2 is the amplitude of the fundamental frequency wave f1,2 and L is
the propagation length.
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In order to investigate the nonlinear signature on the focus spot, the depen-
dence of the parametric interaction components qL and qH versus amplitude
of the fundamental components P1 and P2 at frequencies f1 = 490 kHz and
f2 = 860 kHz is achieved.

3.2.2.2 Experimental results TR-NEWS experiments were realized in
a sample of aluminum (200 × 200 × 75 mm3) with a simultaneous variation of
the amplitude of the generator of each wave (f1 = 490 kHz and f2 = 860 kHz)
between 150 mV and 400 mV before amplification. To study the parametric
interaction level versus these amplitudes, the slope of the amplitudes of para-
metric components versus the product of the amplitude of the fundamental
frequency components is given in Fig. 8 in logarithm scale. Three different
experiments have been conducted in order to test the repeatability.

2.6 2.8 3 3.2 3.4 3.6 3.8
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(b)

Fig. 8. Evolution of the amplitude of (a) the difference-frequency component qL and
(b) the sum-frequency component qH versus the product of the amplitude of the
fundamental frequency components for three consecutive experiments.

In Table 2, the linear approximations of the evolution of the parametric com-
ponents versus the product of the amplitude of fundamental components are
presented.

The theoretical evolution of the logarithm of qL, defined in eq. (5), versus the
logarithm of P1P2 is

log
(
qL

)
= log

(
P1P2

)
+ log


βL (ω1 − ω2)

2

2ρ2
0c

4
0


 . (7)

Despite a good repeatability of measurements (5% for the difference frequency
and 7% for the sum frequency), the expected expressions (Eq. (7)) are not ex-
perimentally verified.
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Linear approximations for the difference-frequency

1st experiment log(qL) = 0, 54 log(P1P2) − 2, 38

2nd experiment log(qL) = 0, 51 log(P1P2) − 2, 29

3rd experiment log(qL) = 0, 52 log(P1P2) − 2, 36

Linear approximations for the sum-frequency

1st experiment log(qH) = 0, 79 log(P1P2) − 2, 98

2nd experiment log(qH) = 0, 73 log(P1P2) − 2, 77

3rd experiment log(qH) = 0, 79 log(P1P2) − 2, 97
Table 2
Polynomial approximations for the difference and the sum frequencies on aluminum
sample for three consecutive experiments.

Throughout this study, the coefficient of the polynomial approximation has
never reached the expected value (=1). The theory of parametric interaction,
developed by Wertervelt, takes into account only the case of two collinear
waves. In our case, the generated waves are retrofocused on a point; conse-
quently, the hypothesis of collinearity seems to be not verified. Nevertheless, a
nonlinear signature can be observed on the retrofocusing area. The damaged
zone influence on these signals could be studied with the TR-NEWS method.

4 Conclusion

Feasibility to realize defect imaging in a bulk using nonlinear signatures ex-
tracted from NEWS combined with TR methodology, has been demonstrated
by means of 2D simulations. The outcome of the simulations firstly reinforces
our belief in the usefulness of the NEWS-TR method as a tool for microdam-
age imaging. Secondly the experimental study about parametric interaction
shows that it is possible to observe a nonlinear signature using the TR-NEWS
method. Moreover it seems to be very interesting to develop this method
combining nonlinear treatment like parametric interaction in order to mini-
mize the nonlinearity due to the measurement equipment, with TR process,
doing a space and time retrofocusing.
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