N

N
N

HAL

open science

Non-linear interaction of waves in prestressed material

A. Ravasoo

» To cite this version:

A. Ravasoo. Non-linear interaction of waves in prestressed material. International Journal of Non-

Linear Mechanics, 2007, 42 (10), pp.1162. 10.1016/j.ijnonlinmec.2007.09.004 . hal-00501760

HAL Id: hal-00501760
https://hal.science/hal-00501760
Submitted on 12 Jul 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00501760
https://hal.archives-ouvertes.fr

Author’s Accepted Manuscript

INTERNATIONAL JOURNAL OF

NON-LINEAR
MECHANICS

Non-linear interaction of waves in prestressed
material

A. Ravasoo

PII: S0020-7462(07)00181-3

DOI: doi:10.1016/j.ijnonlinmec.2007.09.004

Reference: NLM 1396

To appear in: International Journal of Non- www.elsevier.com/locate/nlm

Linear Mechanics

Received date: 13 February 2007
Revised date: 6 September 2007
Accepted date: 7 September 2007

Cite this article as: A. Ravasoo, Non-linear interaction of waves in pre-
stressed material, International Journal of Non-Linear Mechanics (2007),
doi:10.1016/j.ijnonlinmec.2007.09.004

This is a PDF file of an unedited manuscript that has been accepted for publication. As
a service to our customers we are providing this early version of the manuscript. The
manuscript will undergo copyediting, typesetting, and review of the resulting galley proof
before it is published in its final citable form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply
to the journal pertain.


http://www.elsevier.com/locate/nlm
http://dx.doi.org/10.1016/j.ijnonlinmec.2007.09.004

Non-linear interaction of waves in prestressed

material

A. Ravasoo *

Centre for Nonlinear Studies, Institute of Cybernetics at Tallinn University of

Technology, Akadeemia tee 21, 12618 Tallinn, Estonia
Received

Abstract

Interaction of two counterpropagating ultrasonic waves in an inhomogeneously
prestressed elastic material (a structural element) with quadratic non-linearity is
studied theoretically by using the perturbative formalism. The analytical solution
that describes wave-wave, wave-material and wave-prestress non-linear interaction
is derived. This rather cumbersome solution is studied in the case of a harmonic
boundary condition in the material (specimen) subjected to two-parametric inhomo-
geneous prestressed state. The model problems are solved and the influence of the
prestress on the wave interaction is cleared up. Resulting oscillations on two parallel
boundaries of the material are prestress sensitive. It is proposed to use boundary
oscillation data for nondestructive characterization of inhomogeneous prestressed

state.
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1. Introduction

Ultrasonic nondestructive evaluation (NDE) of prestress in materials, structural
elements, machinery, etc., is intensively studied over the last decade [1-4]. The
main tool is the acoustoelastic effect that is defined as the dependence of ultrasonic
wave velocity on the value of prestress [5, 6]. Theory and applications for NDE of
the homogeneous prestress field on the basis of the acoustoelastic effect have been
elaborated in detail [7-10]. The amount of quantities which needs to be determined
by the NDE of the inhomogeneous prestress field increases essentially [11-14]. Several
methods that combine the acoustoelastic effect with other features of wave motion

are proposed for this purpose in order to enhance the accuracy of NDE [15-17].

In this paper the non-linear effects of wave propagation and interaction are pro-
posed to be used as an additional source of information for NDE of inhomogeneous
prestress field in the material. For this purpose, counter-propagation of two ul-
trasonic waves in the non-linear elastic material subjected to inhomogeneous plane
strain is studied theoretically. The analytical solution for description of simultaneous
propagation of waves with arbitrary smooth initial profiles excited on the parallel
boundaries of the specimen is derived making use of the perturbation technique.
The obtained solution permits to investigate propagation and interaction effects in
detail and to separate linear and non-linear parts of solution.

Analyses of the results of numerical simulations lead to the conclusion that non-
linear effects of boundary oscillations caused by the simultaneous propagation of

two ultrasonic waves in the material are informative and may be used as addi-



tional information for enhancing the NDE of inhomogeneous prestress field. This is
demonstrated by a model problem of simultaneous propagation of two sine waves
in the material subjected to two-parametric prestressed state that corresponds to
the pure bending with tension or compression. The phenomenon of amplification of
the amplitude of boundary oscillations in domains of wave interactions is taken into
account. The analysis shows clearly that the non-linear part of boundary oscilla-
tions is sensitive to the variation of prestress. The analyses of non-linear boundary
oscillation data enable to distinguish qualitatively the special cases of prestress and

to estimate the values of the parameters of the prestress field.

2. Problem formulation

The purpose is to excite simultaneously two ultrasonic longitudinal waves in the
material (specimen, structural element, etc.) subjected to a prestress state that
corresponds to the plane strain. This means a certain geometrical constraint that
a specimen must have two parallel surfaces. In the civil engineering and machinery
such objects are plates with different types of supports, beams, thin-wall open sec-
tions, et al. Ultrasonic NDE of inhomogeneous prestress field in these objects is then
possible provided the access to the parallel boundaries of the material is feasible.

Theoretically, it is assumed that the isotropic and homogeneous material with
quadratic non-linearity is initially in an undeformed natural state. At some instant
material is subjected to the external loading and up to now it is in a prestressed

state. Small but finite deformations of the material are described by the non-linear



theory of elasticity [18] in Lagrangian rectangular coordinates X, J = 1,2,3 and
the corresponding Kirchhoff pseudostress tensor is Tk (X, t), K,L =1,2,3. The
physical and geometrical non-linearity of the problem is taken into account. The
prestressed state is characterized by the displacement Uy (X ;). The static (time
independent) prestressed state is considered by assumption US(X;) = 0, ie., it
corresponds to the plane strain.

The ultrasonic waves are excited in the specimen simultaneously on two parallel
boundaries X; = 0 and X; = h, where h denotes the thickness of the specimen. The
problem is treated as a quasi one-dimensional: two one-dimensional longitudinal
waves are propagating simultaneously in the material subjected to two-dimensional
prestressed state (see Fig. 1). The wave is characterized by displacement U (X7, t)

and is governed by the equation of motion [19]

[1+ k1 Upy + ko Ugo) Uiy + [k1 ULy + ks U{{22 + ks Uy ) Ura

+ki Ui Uig — c? Ui = 0. (1)

Here, indices 1, 2 and t after a comma indicate differentiation with respect to Xj,

X5 and time ¢, respectively. The constants

k1:3+6]€(1/1+l/2+l/3), kgzk()\+6l/1+21/2),
3 1
k3:1+k(V2+§V3), k4:]€[A+M+3(2V1+V2+5V3)],

k=\+2p)7" ¢ 2=pok (2)

are functions of the Lame constants A and u, the elastic constants of the third order

vy, vy and v3 and the density po.



Equation (1) may be solved provided information about the prestressed state is
available. The two-dimensional prestressed state (plane strain) is described analyt-

ically by a set of two elliptic PDE

L+ ko Uy + ko Uy ULy + [2k3 U7 + 2 k5 Uy U gy
+ [k7 + ks U?,I + k3 U?,J] U?,JJ + [ks U?,J + ks Ug,[] U3,11

+ (ks Up g + ks Ug ] Uy + ks + ka Upp + ks Uy j) Uy 57 = 0, (3)

where the indices [ and J are equal to I = 1, J = 2 for the first equation of

equilibrium and I = 2, J =1 for the second one. The constants
3
k5:]€(,u+V2+§V3), ke =k (AN+p), kr=kp (4)

are dependent on the material properties.
3. Plane strain

The problem (1), (3) is solved by assumption that deformations are small but
finite and the plastic deformations are not allowed. This leads to the idea to solve
Egs. (1) and (3) making use of a small parameter ¢ < 1 that has the physical

meaning of small strain. The solution to Eq. (1) is sought in the form of series
U, =Y enu, (5)
n=1
and to Eq. (3) by the series

Uy =3 emuptm. (6)

m=1



Here, the small parameters in series (5) and (6) may actually be of the different
order. This case was studied in [20]. The conclusion was that the non-linear effects
of wave motion contain maximum information about the prestressed state provided
the displacements caused by prestress and wave motion are of the same order. This
is a reason why here the same small parameter is used in series (5) and (6).

The prestressed state is described by the solution to a set of equations (3).
This solution is derived making use of the perturbation technique. The series (6)
is introduced into Eq. (3) and following the perturbation procedure, the sets of
equations in terms of series (6) are obtained. The first term is the solution to the

set of two linear elliptic second order PDE
Ups + ke UL + ke U35 =0, (7)

where I = 1, J = 2 are the indices for the first equation and I = 2, J = 1 for the
second one.
Equations (7) are solved under eight boundary conditions in terms of Kirchhoff

pseudostress tensor

T (0, X5) = TN (hy X)) = TR (0, Xo) = T (h, Xy) = 0,

5
TV (X, £L/2) = Y w, Xy, Ty (X1, £L/2) =0, (8)
n=0

where L denotes the length of the specimen (structural element) and w,, are con-
stants. These boundary conditions can be expressed on the basis of the theory of
elasticity [18] in terms of displacement.

The second and the subsequent terms in solution (6) are solutions to the sets of



following equations with known r.h.s.:
Upiy + ke ULY) + ke Usy) = F (U7 005" 7), n=2.3,... (9)

Equations (9) are solved under boundary conditions (8) where the upper index
(1) is changed to (n) and the value of o™ (X1, %L/2) is equal to zero.

The aim is to solve the problem of NDE of the parameters of the prestressed
state on the basis of wave propagation data. For this purpose, it is convenient to

describe the prestressed state by polynomials
UY =& P?? 42 PP Uy =ePy' + Py°, (10)

where P"" =30 Y0 €, X1 X5, [ =1,2,...,4, and ¢, , is a.constant.

This leads to a NDE problem where the coefficients of polynomials may be
considered as the parameters of the prestressed state that must be evaluated.

Substitution of polynomials PJ*, P;"" into the linear equations of equilibrium (7)
by boundary conditions (8) gives the analytical polynomial expressions for the terms
Uy W and Uy M in solution (6). The terms U @ and Uy @) are determined making
use of the polynomials P25 9 P45 S and corresponding boundary conditions. The result
is that the prestressed state of the material is determined by the main domain of
the prestress - the component Ty, = a + bX; of the Kirchhoff pseudostress tensor.
The non-linear correction to the prestressed state is considered of the negligible
magnitude.

Consequently, the considered prestressed state corresponds to the plane strain
and it may be considered as a two-parametric situation. It is characterized by the
parameter a (constant part of prestress) and the parameter b (linearly variable part

7



of prestress).

4. Counterpropagating waves

These are waves excited simultaneously on the opposite parallel surfaces of the

specimen. They propagate into the depth of the material, reach the opposite bound-

ary, reflect and arrive at the boundary of excitation. It is assumed that in this initial

stage these waves have arbitrary smooth initial profile, the distortion of wave profile

is weak and the shock waves are not generated.

The wave propagation process is described by the solution (5) to the equation of

motion (1) with known variable in space coefficients. The solution is derived making

use of the perturbation technique. The three first terms in series (5) are solutions

to the equations

1 —_ 1
U, — 20l =0,

2 _ 2
U1(,1)1 —c? Ul(,t)t =~k U1 11 Ul(,l

—[k1 U?,(f) + ko U;)’(21)] U1(,11)1 )

—[k1 Uf,(12) + ko U20,(22)] Ul(,ll)l -

(k1 Uy "

_ 3 2 1
—c? Ul(,t)t = —k; U1 11 Ul(l) —k U1 11 Ul(l)

8

+ k3 U{)(212 + ks Ug(llz] Ull)

— [k U + by UpD) U,

[k UL+ ks Ut + ks Us'id) UTY

(12)



—[ky UYE) + ks UYS) + ks USS UL (13)

Counterpropagating waves are excited at the boundaries of the specimen at zero

initial conditions
Uy (X1, X2,0) = Up4(X1, X5,0) =0, (14)
and by boundary conditions
U 4(0, Xo,t) =cag p(t) H(t), (15)
Upi(h, Xo,t) = cap(t) H(t) . (16)

Here H(t) is the Heaviside’s unit step function, and ag and a, are constants. The
smooth arbitrary initial wave profiles are denoted by functions ¢(t) and (t) with
mazx | ¢(t) | =1 and maz | Y(t) | = 1.

The wave propagation in the specimen is studied under the assumption that the
properties and the prestressed state of the material are known. From the mathe-
matical point of view equations (11),...,(13) are solved like the second order PDEs
with the known constant coefficients and with the known right-hand sides. The
coordinate X, is regarded as a parameter. The solution (5) consists of the linear
part (first term) and the corrections (subsequent terms) that describe the influence
of prestress and non-linearity in the process. The advantage of this solution is that
the linear part of it is easily separable and the remainder can be used as a source of
information in the problems of NDE of material properties and the parameters of
its state.

The linear process involving counter-propagation of waves, reflection from the



opposite surfaces and arrival to the boundaries of excitation in the homogeneous

prestress free specimen is described by the solution

U (X0, X t) = o H(E) [ p(r)dr +an B (o) [ o(rir

— a4y H(0) /0 " o(r)dr — ap H(C) / “p(rydr, (17)

0
E=t—X/c, n=t—h/c+Xi/c,

(=t—h/c—X1/c, O0=t—2h/c+ Xi/c,

to Eq. (11) derived under the initial and boundary conditions

Ul(l)(X17X270) - Ul(,lt)(XbXQ?O) - 07 (18)
UL (0, Xo, t) = ag (1) H(t), (19)
UL (h, X, t) = ap 0(t) H(1) (20)

The wave-wave, wave-material and wave-prestress interaction, i. e., the non-

linear affect of wave to wave, physical material properties to wave and prestress

to wave is described by the second and the subsequent terms in series (5) as solu-

tions to Egs. (12), (13). These equations may be expressed in the similar form

m

UYL (X1, Xayt) — ¢ 2 UN(Xy, Xa, t) Z § (X1, X2) Fj(n)(ﬁ;n))a (21)

=1 —g"(X)), "X >0,

with known right-hand sides where it is possible to separate the independent vari-
ables X; and 195-”). Equation (21) is solved under the initial and boundary conditions
U™ (X1, Xa,0) = UL (X1, X2,0) = 0, (22)

10



U (0, X, t) = U (B, X, t) = 0, n=23,..,
making use of the Laplace integral transformation and it has the solution
UM (X, X, p) ﬁ; 55 B0 [P (X Xa.p)
— e M (VI (X, X, p) + WP (X0, X)) ),
where
VI (X0, X, p) = e T [ — e PO, X, p) + P (h, Xa,p) ],

WX, Xg,p) = e P XathVe [ gphle pO (0 X, p) + P™(h, Xy, ) |

(23)

(24)

(25)

(26)

Here p is the transform parameter, and upper index L denotes the Laplace transforms

of corresponding functions.

The initial wave profile determines the function Fj(") “(p). Functions ng) (X1, Xs)

and g] (Xl)

n — c c - c (-n) n
PO(X,, Xy, p) = e PX1/e [ 2] /e P /erg, " (X0) G (x| X) dX,

B / ePOMesa 200 GO(X,, Xy) dX, |

are dependent on the inhomogeneity in material properties.

The solution to Eq. (21)

(n) - L ey )L
U™ (X1, Xo,t) = lim —/ e U™E(X), Xo,p) dp.

Y—oo 271 Ja—iy

valid in time interval

0<t<2h/ec

11

(27)

(28)

(29)



is obtained by applying the inverse Laplace transformation to the expression (24).

The outcome, solutions (17) and (30) determine all the terms in series (5) and
this enables us to describe analytically counter-propagation and interaction of one-
dimensional longitudinal waves with smooth arbitrary initial profiles ¢(t) and ()

in the inhomogeneously prestressed elastic medium.

5. Interaction of harmonic waves

Solution (5) may be used for description of the simultaneous propagation and
interaction of two counterpropagating longitudinal waves with arbitrary smooth ini-
tial profiles in the non-linear elastic material undergoing arbitrary inhomogeneous
two-dimensional plain strain. In this paper the possibility to use this solution as a
basis for algorithms of NDE techniques of two-parametric prestress field is discussed.

For this purpose, the initial profiles of the excited waves are determined as sine
functions with the same amplitude and frequency. Sine waves are excited on opposite

surfaces of the specimen in terms of particle velocity
U14(0,t) = € ap sinwt H(t), (30)
Upi(h,t)=ecay sinwt H(t), (31)

where w denotes the frequency.
The evolution of wave profile is recorded on the same surfaces in terms of stress.

Expression for the wave induced stress has the form

T11 = €T1(11) + 52 T1(12) + ..,

12



T = (A +2u) UL,

)

T = O+ 20) UP) + N2+ o+ 3 (w1 + vy + 13)] UL, (32)

)

The linear part of stress Tl(ll) is a function of displacement Ul(ll) and specifies
the stress caused by waves in the prestress free specimen. The term T1(12) depends
in addition on displacement U1(21) that takes the non-linearity in material properties
and the influence of the prestress into account. Consequently, provided the physi-
cal properties of the material (functions Ul(ll) and Tl(ll)) are known, the diagnostics
problem of the prestressed state turns to extraction of the stress component 7; 1(12)
from the recorded data and to the analysis of the function U1(21) .

The analytical expression for U1(21) is derived making use of the symbolic compu-

tational software Maple 9 and it has the form

mi mo
U1(21) = AP + > Aﬁ) sinwd; + > A%) cos wil;

j=1 j=1
ms my

+3 Ag-) sin 2wd; + Y Ag) cos 2wi; (33)
s =1

where ¥; =t + ¢ h/c + ey Xi/c, and ¢y, co5, My, ..., my are constants. The
expression (33) consistsof nonperiodic term A(()Q) and periodic terms with arguments
wv; and 2wv; . Analytical expressions for nonperiodic term A((f) and amplitudes
Ag), 1 =1,...,4 are too cumbersome to be presented here.

From the physical point of view, function U1(21) describes the main part of non-

linear effects including the non-periodic term Aé2), evolution of the second harmonic

(fourth and fifth term in Eq. (33)), influence of the prestress on the evolution of the

first harmonic (second and third term in Eq. (33)) and the non-linear interaction

13



between the first two harmonics (terms with frequencies w = 2w — w, 2w = w + w in

sums of Eq. (33)). Influence of the linear and non-linear physical properties on the

wave propagation is involved in all terms of Eq. (33). The evolution of the third and

the higher harmonics are neglected here as higher order small quantities.

6. Boundary oscillations versus prestress

There is an analytical solution (5) at our disposal which describes non-linear
counter-propagation, reflection and interaction of longitudinal waves with arbitrary
smooth initial profiles in the physically non-linear elastic material (specimen) sub-
jected to plane prestrain. For applications it is assumed that the initial wave profiles
are determined by sine functions. Harmonic waves are excited in terms of particle
velocity (Egs. (30) and (31)) and recorded in terms of wave induced stress (Eq.
(32)). Separation of overlapping elastic waves from measured data is described in
[21]. Information about the prestress contains in the higher order terms of stress and
the main domain of this information is included into the function U1(21) (Eq. (33)),
i. e., into non-linear effects of wave motion.

Evolution of non-linear effects in duralumin Al 7475 is illustrated in Fig. 2
on the basis of numerical simulation of Eq. (33). The material has the density
po = 2800 kg/m?, Lame constants A\ = 57 GPa, p = 27 GPa, the third order
elastic constants v; = —115 GPa, v, = —132.5 GPa,v;3 = —9.2 GPa [22], and
the thickness of the sample h = 0.1 m. Strain is characterized by the dimensionless

constant € = 5% 10~* and the excitation frequency equals to w = 1.1868% 10 rad/s.

14



Initial amplitudes of harmonic waves are chosen by the values of constants ag and ay,
equal to ag = —ay, = ¢m/s. In the discussions below the function aUl(,Ql) is plotted in
the vertical axis of figures. This function characterizes the ratio of the magnitude of
the amplitude of non-linear effects with respect to the amplitude of the linear wave
motion in the considered special case.

The analytical solution (5) permits to investigate the influence of the value of
prestress on the wave motion in the whole X; — ¢ plane. In experiments it is more
convenient to record the oscillations caused by wave motion on the boundaries of

the sample (structural element).

6.1. Boundary oscillation profile distortion

The non-linear part of boundary oscillations evoked by simultaneous propagation
of two harmonic waves in duralumin with the physical properties described above
is studied. Several special cases of two-parametric prestress state characterized by
the component T3, = a + bX; of the Kirchhoff pseudostress tensor are considered.

The main domain of non-linear boundary oscillations in the prestress free speci-
men (T4, = 0) is-illustrated in Fig. 3. Oscillations on both boundaries X; = 0 and
X1 = h coincide. It is possible to distinguish two intervals on time axis - the interval
of propagation 0 < 7 < 1 and the interval of interaction 1 < 7 < 2. Here 7 denotes
the dimensionless time (7 =th/c).

Oscillations in the interval of propagation are plotted in Fig. 4.

Essential is that the non-linear wave interaction amplifies the boundary oscilla-

15



tions in the interval of interaction in comparison with the oscillations in the interval

of propagation about a hundred times. The main physical reason to this effect is the

evolution of the second harmonic from the nonentity on the boundary of excitation

to the remarkable value on the opposite boundary. This phenomenon facilitates the

usage of non-linear effects of wave interaction in NDE of material properties and
states.

The non-linear part of boundary oscillations in the prestress free material is char-
acterized by constant amplitudes which are different in the interval of propagation
and interaction. Oscillation amplitudes are sensitive to the physical properties of
the material (density, linear and non-linear elastic constants) and less sensitive to
the value of the excitation frequency.

The homogeneous prestress (T, = a) modulates the boundary oscillations (Figs.
5 and 6). The shape and the depth of modulation carry information about the sign
and the value of prestress. The oscillation profiles on both boundaries coincide.

The inhomogeneous prestress (T, = a+ bX;) modulates oscillations on different
boundaries in a different way (see Fig. 7). Interesting is that in the special case
of triangular stress distribution the boundary oscillation is not modulated on the
boundary where the value of the prestress T4, is equal to zero only in the interval
0 <7 < 1. In the case of pure bending when the stress T4, has the equal value but
the opposite sign on opposite boundaries the boundary oscillation profiles coincide
but have a phase shift.

The analysis of boundary oscillations evoked by non-linear effects of two sine

wave simultaneous propagation in the specimen leads to the conclusion that it is

16



easy to distinguish qualitatively:

- the prestress free specimen. Boundary oscillations have constant amplitudes in
both time intervals,

- specimen with homogeneous prestress. Boundary oscillations are modulated and
oscillations on both boundaries coincide,

- specimen undergoing pure bending. Modulated boundary oscillations on both
boundaries coincide with phase shift,

- specimen with triangular prestress distribution. The boundary oscillation is not
modulated on the boundary where the value of the prestress is equal to zero only in
the interval 0 < 7 < 1,

- specimen undergoing arbitrary two-parametric prestress. The modulated bound-

ary oscillations on both boundaries do not coincide.

6.2. Boundary oscillation amplitude variation

The depth of modulation of non-linear boundary oscillations caused by counter-
propagation of two sine waves in the specimen is sensitive to the value of prestress.
This is studied on the basis of the following model problem. The geometry and
the physical properties (density, elastic constants of the second and the third order)
of the specimen are described above. The specimen is subjected to two-parametric
prestressed state that corresponds to the pure bending with tension or compression
characterized by the Kirchhoff pseudostress tensor component Ty, = a + bX.

Making use the analytical solution (33) the plots boundary oscillation amplitudes

17



at two instants 71 and 7, versus prestress parameters a and b for the specimen under
investigation are composed (Fig. 8). The values of instants 7, and 7, are chosen to
correspond to two first local maxima of boundary oscillation amplitudes in prestress
free material. The values of oscillation amplitudes at the instants 71 and 7 are fixed
on both boundaries.

The remarkable sensitivity of the value of the boundary oscillation amplitude to
the prestress parameters leads to the theoretical possibility to evaluate the prestress
parameters on the basis of the boundary oscillation amplitude variation data.

It is assumed that the boundary oscillation profiles on opposite boundaries are
recorded and plotted in the interval of interaction for the real specimen (Fig. 7)
and the Fig. 8 corresponds to the real specimen also. The calculated values of the
differences of fixed amplitudes on opposite boundaries at the instants 7 and 7 in
Fig. 8 enable to determine two possible values of the parameter b. The parameter a
is determined in Fig. 8 making use of the absolute value of the oscillation amplitude
on one of the boundaries at the instant 7; or 7. The other free absolute values of

the oscillation amplitude may be used for verification of the obtained results.

8. Conclusions

In order to describe inhomogeneity of materials (including also inhomogeneous
prestress), more parameters are needed compared to the homogeneous case. Conse-
quently, the ultrasonic NDE of inhomogeneous material properties needs additional

information for determining these parameters. One possible way to enhance the

18



efficiency of NDE techniques is to use the non-linear effects that accompany the
multi-wave propagation and interaction in the material (structural element).

In this paper, the counter-propagation of sine waves in physically non-linear
elastic material (structural element) subjected to the two-parametric prestress state
is studied theoretically. The non-linear effects of boundary oscillations are clarified.
They contain additional information which is profitable by composing algorithms for
nondestructive characterization of the two-parametric inhomogeneous prestressed
state of the specimen.

From the practical point of view the proposed algorithms make use besides the

acoustoelastic effect - dependence of the wave phase velocity on the prestress also

on the nonlinear effects of wave propagation and interaction that leads in applica-

tions to the necessity to modify the existing nondestructive testing equipment.

Acknowledgements

The author wishes to express his sincere thanks to Professor J. Engelbrecht for
numerous suggestions towards improving this paper. The research was supported
by the Estonian Science Foundation through the Grant No. 6018 and by the Project
CENS-CMA Cooperation of Estonian and Norwegian Scientific Centres in Mathe-

matics for Applications.

19



References

[1] M. Sgalla, D. Vangi, A device for measuring the velocity of ultrasonic waves:

an application to stress analysis. Exp. Mech. 44 (2004) 85-90.

[2] M. Castaings, B. Hosten, Guided waves propagating in sandwich structures
made of anisotropic, viscoelastic, composite materials. J. Acoust. Soc. Am.

113 (2003) 2622-2634.

[3] G.A. Washer, R.E. Green, R.B.Jr. Pond, Velocity constants for ultrasonic stress

measurement in prestressing tendons. Res. Nondestr. Eval. 14 (2002) 81-94.

[4] M. Landa, J. Plesek, Contrast enhancement of ultrasoni¢ imaging of internal

stresses in materials. Ultrasonics 40 (2002) 531-535.

[5] R.M. Bergman, R.A. Shanbender, Effect of statically applied stresses on the

velocity of propagation of ultrasonic waves. J. Appl. Phys. 29 (1958) 1736-

1739.

[6] R.W. Benson, V.J. Raelson, Acoustoelasticity. Product Engineering 20 (1959)

56-59.

[7] D. Husson, G.S. Kino, A perturbation theory for acoustoelastic effects. J. Appl.

Phys. 53 (1982) 7250-7258.

[8] Y-H. Pao, W. Sachse, H. Fukuoka, Acoustoelasticity and ultrasonic measure-
ments of residual stresses, in: W.P. Mason, R.N. Thurston, (Eds.), Physical

Acoustics, vol. 17, pp. 61-143, Academic Press, New York, 1984.

20



[9] A.N. Guz, Elastic waves in bodies with initial (residual) stresses. Int. Applied

Mech. 38 (2002) 23-59.

[10] J.D. Achenbach, Evaluation of Materials and Structures by Quantitative Ul-

trasonics, Springer, Wien-New York, 1993.

[11] M. Kato, T. Sato, K. Kameyama, H. Ninoyu, Estimation of stress distribution
in metal using nonlinear acoustoelasticity. J. Acoust. Soc. Am. 98 (1995)

1496-1504.

[12] P.P. Delsanto, PD. Olivero, G. Perego, M. Scalerandi, Acoustoelastic effects in
elastic media with nonuniform initial stress. Res. Nondestr. Eval. 12 (2000)

105-118.

[13] M. Hori, Stress inversion method for predicting local stress distribution of body

in two-dimensional state of plane stress or strain. Mechanics of Materials 35

(2003) 395-406.

[14] M.O. Si-Chaib, S. Menad, H. Djelouah, M. Bocquet, An ultrasound method
for the acoustoelastic evaluation of simple bending stresses. NDT&E Int. 34

(2001) 521-529.

[15] A.N. Guz, On foundations of the ultrasonic non-destructive method of de-
termination of stresses in near-the-surface layers of solid bodies. Int. Appl.

Mech. 41 (2005) 130-144.

[16] A. Ravasoo, Ultrasonic nondestructive evaluation of inhomogeneous plane
strain in elastic medium. Res. Nondestr. Eval. 7 (1995) 55-68.

21



[17] A. Ravasoo, A. Braunbriick, Nonlinear acoustic techniques for NDE of materi-

als with variable properties, in: P.P. Delsanto, (Ed.), Universality of Nonclas-

sical Nonlinearity, pp. 425-442, Springer, 2007.

[18] A.C. Eringen, Nonlinear Theory of Continuous Media, McGraw-Hill, York,

1962.

[19] A. Ravasoo, B. Lundberg, Nonlinear interaction of longotudinal waves in an
inhomogeneously predeformed elastic medium. Wave Motion 34 (2001) 225-

237.

[20] A. Ravasoo, Nonlinear longitudinal waves in inhomogeneously predeformed

elastic media. J. Acoust. Soc. Am. 106 (1999) 3143-3149.

[21] B. Lundberg, On the separation of overlapping waves from measured data, in:
G. Holm, H. Bredenberg, C.-J. Grivare, (Eds.), Application of Stress-Wave

Theory on Piles, 2nd Int. Conf., pp. 441-442, Balkema, Stockholm, 1984.

[22] V. Hauk, Structural and Residual Stress Analysis by Nondestructive Methods,

Elsevier, Amsterdam, 1997.

22



Figure captions

Fig. 1. Loading scheme of the specimen.

Fig. 2. Evolution of non-linear effects that accompany counter-propagation of har-
monic waves in non-linear elastic material.

Fig. 3. Main domain of non-linear boundary oscillations in prestress free material.
Fig. 4. Non-linear oscillations on the boundaries of the prestress free material in
the interval 0 < 7 < 1.

Fig. 5. Effect of homogeneous prestress on non-linear boundary oscillations in the
interaction interval.

Fig. 6. Non-linear boundary oscillations in the interval 0 < 7 < 1 of the homoge-
neously prestressed material.

Fig. 7. Modulation of boundary oscillations by inhemogeneous prestress (solid line
- Xj =0, dashed line - X; = h).

Fig. 8. Boundary oscillation amplitudes at instants 7 and 7, versus prestress pa-

rameters a and b.
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