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Abstract: In engineering practice, most mechanical and structural systems are modeled
as Multi-Degree-of-Freedom (MDOF) systems such as, e.g., the periodic structures.
When some components within the systems have nonlinear characteristics, the whole
system will behave nonlinearly. The concept of Nonlinear Output Frequency Response
Functions (NOFRFs) was proposed by the authors recently and provides a simple way to
investigate nonlinear systems in the frequency domain. The present study is concerned
with investigating the inherent relationships between the NOFRFs for any two masses of
nonlinear MDOF systems with multiple nonlinear components. The results reveal very
important properties of the nonlinear systems. These properties clearly indicate how the
system linear characteristic parameters govern the propagation of the nonlinear effect
induced by nonlinear components in the system. One potential application of the results is
to detect and locate faults in engineering structures which make the structures behave

nonlinearly.

Nomenclature

x(7), u(r) the output and input of the nonlinear system

X(jo),U(jw) the spectrum of the system output and input

h,(7),-27,)  the n™ order Volterra kernel
H,(jo,.... j®,)  the n™ order GFRF
G,(j®)  the n™ order NOFRF
M, C, K the system mass, damping and stiffness matrices
m;, ¢, ki the i mass, damping and stiffness parameter
ESyqy and FD)  the restoring forces of L(i)th nonlinear damper and stiffness

ey and Wy the nonlinearity related parameters of the L(i)™ nonlinear

(i=1,...,P) component




NonFy ;) the nonlinear force of the L(/)™ nonlinear component
x, (1), x,(jo) the displacement and the output frequency response of the /™ mass
O(j®) the transform function of the linear MDOF oscillator

Q.. (jw) the element of the ith row and the /th column of the inverse
matrix of O(jw)

i y(T15sT;)  the ™ order Volterra kernel associated to the i mass
G, (J®)  the I™ order NOFRF associated to the i™ mass

A (jo, -, j®,)  the ratio between the n™ GFRFs of the i and (i+1)™ masses
A (jw) the ratio between the n™ NOFRFs of the i and (i+1)"

masses
NSO (-, jeog)  the term introduced by the nonlinear force Nonk), for the
n™ order GFRF.
L im(J@) the term introduced by the nonlinear force NonF), for the
n"™ order NOFRF.

1 Introduction

In engineering practice, for many mechanical and structural systems, more than one set of
coordinates are needed to describe the system behaviour. This implies a MDOF model is
needed to represent the system. In addition, these systems may also behave nonlinearly
due to nonlinear characteristics of some components within the systems. For example, a
beam with breathing cracks behaves nonlinearly because of the cracked elements inside
the beam [1]. For nonlinear systems, the classical Frequency Response Function (FRF)
cannot achieve a comprehensive description for the system dynamical characteristics,
which, however, can be fulfilled using the Generalised Frequency Response Functions
(GFRFs) [2]. The GFRFEs, which are extension of the FRFs to the nonlinear case, are
defined as the Fourier transforms of the kernels of the Volterra series [3]. The Volterra
series and its derivative GFRFs are powerful tools for the analysis of nonlinear systems
and have been widely studied in the past two decades [4][5][6]. The applications of the
Volterra series range from the electrical engineering [7]~[9], communications[10]~[12],
network theory [13][14] to structure dynamics [15]~[17].

If a differential equation or discrete-time model is available for a nonlinear system, the
GFRFs can be determined using the algorithm in [18]~[20]. However, the GFRFs are
much more complicated than the FRF. GFRFs are multidimensional functions [21][22],
which can be difficult to measure, display and interpret in practice. Recently, the novel
concept known as Nonlinear Output Frequency Response Functions (NOFRFs) was

proposed by the authors [23]. The concept can be considered to be an alternative



extension of the FRF to the nonlinear case. NOFRFs are one dimensional functions of
frequency, which allow the analysis of nonlinear systems in the frequency domain to be
implemented in a manner similar to the frequency domain analysis of linear systems and
which provide great insight into the mechanisms which dominate important nonlinear
behaviours. Using the NOFRF, the authors have investigated the resonance phenomena
for a class of nonlinear systems [24]. Most recently, the concept of the NOFRF has been
extended from the SISO case to the MIMO case by the authors [25].

The present study is concerned with the analysis of the inherent relationships between the
NOFRFs for any two masses of MDOF systems with multiple nonlinear components. The
results reveal, for the first time, very important properties of the nonlinear systems. These
properties clearly indicate how the system linear characteristic parameters govern the
propagation of the nonlinear effect induced by nonlinear components in the system. One
potential application of the results is to detect and locate faults in engineering structures
which make the structures behave nonlinearly. This study will focus on the derivation and
verification of nine important properties of nonlinear MDOF systems using a NOFRF

based analysis.

2. MDOF Systems with Multiple Nonlinear Components

}—»u(t)

j kl my k2 mp my-1 kn my,

Ci ) Cy
=X ’ X2 Xn-1 =X

Figure 1, a multi-degree freedom oscillator

A typical multi-degree-of-freedom oscillator is shown as Figure 1, the input force is
added on the Jth mass.

If all springs and damping have linear characteristics, then this oscillator is a MDOF

linear system, and the governing motion equation can be written as

M +Cx+ Kx=F(t) (1)
where
m 0 - 0
0 m - 0
M=\ - )
0O 0 - m



is the system mass matrix, and

¢ +c, -—c 0 0 ke +k, —k, 0 0

—c, e, —G : -k, ky+k, -k, ) :

C=| 0 ' 0 |[K=| O K . 0
: -c,, ¢, ,+c, —c, : -k, k, +k, -k,

0 0 -c, ¢, | 0 0 —k, k,

are the system damping and stiffness matrix respectively. x=(x,,---,x,) is the

displacement vector, and

J-1 n—J

— —
F(t)=(0,---,0,u(¢),0,---,0)
is the external force vector acting on the oscillator.
Equation (2) is the basis of the modal analysis method, which is a well-established
approach for determining dynamic characteristics of engineering structures [26]. In the

linear case, the displacements x,(¢) (i =1,---,n) can be expressed as
x,(0) = [ h (1= Du(@)dz 2)
where A, (¢) (i=1,---,n) are the impulse response functions that are determined by

equation (1), and the Fourier transform of 4, (¢) is the well-known FRF.

Assume there are L nonlinear components, which have nonlinear stiffness and damping,
in the MDOF system, and they are the L(i)th (i = 1,~--,Z) components respectively, and
the corresponding restoring forces FS,, (A) and FD, (A) are the polynomial functions

of the deformation A and A ,le.,
P P
ES, (M) = Z’"(L(i),l)Al » FDy i (A) = zWu(n,l)Al
I=1 I=1

where P is the degree of the polynomial. Without loss of generality, assume L(i)—1and

LG)#1,J,n (1<i<L)and k) =7, and ¢, =W,

Denote
NF = (nf (1)---nf (n)) 3)
where
0 if 1#L(H)-1,L%), 1<i<L
nf(l)=1-NonF,, if I=L(i)-1, 1<i<L (1<i<n)(4)
NonF,,  if I=L(), 1<i<L
and
= l L 1
NO”FL(i) = Z on (xL(i)—l - xL(i)) + z WLy (xL(i)fl - xL(i)) (5)

=2 =2
Then the motion of the MDOF oscillator in Figure 1 can be determined by below
equation

Mi+Ci+Kx = NF +F(t) (6)



Equations (3)~(6) are the motion governing equations of nonlinear MDOF systems with
multiple nonlinear components. The L nonlinear components can lead the whole system to
behave nonlinearly. In this case, the Volterra series [2] can be used to describe the

relationships between the displacements x;(¢) (i =1,---,n ) and the input force u(¢) as below
N oo j

x,(t) = ZLO . -LO By @t V] Jult = 7))dr, (7)
j=1 i=1

under quite general conditions [2]. In equation (7), A, (7),....7;), (i=1-,n,
j=1---,N), represents the jth order Volterra kernel for the relationship between u(f) and

the displacement of m;.

When a system is linear, its dynamical properties can be easily analyzed using the FRFs
defined as the Fourier transform of 4, (¢) (i=1--,n) in equation (2). However, as
equation (7) shows, the dynamical properties of a nonlinear system are determined by a
series of Volterra kernels, such as 7, , (z,....7,), (i=1-,n, j=1,---,N) for the MDOF
nonlinear systems considered in the present study. The objective of this paper is to study
the nonlinear MDOF systems using the concept of Nonlinear Output Frequency Response
Functions (NOFRFs), which is an alternative extension of the FRF to the nonlinear case

and is derived based on the Volterra series approach of nonlinear systems.
3. Nonlinear Output Frequency Response Functions

The definition of NOFRFs is based on the Volterra series theory of nonlinear systems.
The Volterra series extends the well-known convolution integral description for linear
systems to a series of multi-dimensional convolution integrals, which can be used to

represent a wide class of nonlinear systems [2].

Consider the class of nonlinear systems which are stable at zero equilibrium and which

can be described in the neighbourhood of the equilibrium by the Volterra series
N . n
@)= [ b [Jut-1)dr, (8)
n=l1 i=1

where x(f) and u(?) are the output and input of the system, 4, (7,,...,7,) is the nth order
Volterra kernel, and N denotes the maximum order of the system nonlinearity. Lang and
Billings [2] derived an expression for the output frequency response of this class of
nonlinear systems to a general input. The result is
X(jo)= an (jo) forVo
9)
G- G o, vt xo,,

-1
(27[)’1 O+, + 0, =0




This expression reveals how nonlinear mechanisms operate on the input spectra to
produce the system output frequency response. In (9), X(jw) is the spectrum of the

system output, X, (j®) represents the nth order output frequency response of the system,
H, (.]a)l ,___,ja)n) = J.jofo hn (z-l yorr T, )e_(wm+"“’“"”T”)jd2'1 ---dTn (10)
is the nth order Generalised Frequency Response Function (GFRF) [2], and
j H,(j@,. jo)[ [U(jo)do,,
i=1

denotes the integration of H, (j®,,..., jo, )H U(jw,) over the n-dimensional hyper-plane
i=1

o, +---+o, = . Equation (9) is a natural extension of the well-known linear relationship

X(jw)=H(jo)U(jw) , where H(jw) is the frequency response function, to the

nonlinear case.

For linear systems, the possible output frequencies are the same as the frequencies in the
input. For nonlinear systems described by equation (9), however, the relationship between
the input and output frequencies is more complicated. Given the frequency range of an
input, the output frequencies of system (9) can be determined using the explicit expression

derived by Lang and Billings in [2].

Based on the above results for the output frequency response of nonlinear systems, a new
concept known as the Nonlinear Output Frequency Response Function (NOFRF) was
recently introduced by Lang and Billings [24]. The NOFRF is defined as
[~ H, o jo)[[UGo)Ms,,
G (jo)= O+t 0, =0 . i=I (1 1)
[ TluGexs,,

O+t o, =0 =1

under the condition that
uGo)= [ TlU(exMs,, =0 (12)
O+t @, =0 =1
Notice that G,(jw) is valid over the frequency range of U, (jw), which can be

determined using the algorithm in [2].

By introducing the NOFRFs G, (jw), n=1,---N, equation (9) can be written as

XU@=Z&U@=Z@U@%U@ (13)

n=1
which is similar to the description of the output frequency response for linear systems.
The NOFRFs reflect a combined contribution of the system and input to the system

output frequency response behaviour. It can be seen from equation (11) that G, (jw)



depends not only on H, (n=1,...,N) but also on the input U(jw) . For a nonlinear system,
the dynamical properties are determined by the GFRFs H, (n= 1,...,N). However, from
equation (10) it can be seen that the GFRF is multidimensional [21][22] which makes the
GFREFs difficult to measure, display and interpret in practice. According to equation (11),
the NOFRF G, (jw) is a weighted sum of H, (j@,,..., jo,) over @, +---+®, = ® with
the weights depending on the test input. Therefore G,(j®) can be used as an alternative
representation of the dynamical properties described by H, . The most important property
of the NOFRF G, (jw) is that it is one dimensional, and thus allows the analysis of
nonlinear systems to be implemented in a convenient manner similar to the analysis of
linear systems. Moreover, there is an effective algorithm [23] available which allows the

estimation of the NOFRFs to be implemented directly using system input output data.

4. Analysis of MDOF Systems with Multiple Nonlinear
Components Using NOFRFS

4.1 GFRFs of MDOF Systems with Multiple Nonlinear Components

From equation (6), the GFRFs H(l.,j)(ja)l,...,ja)j) ,(i=1-,n, j=1---,N) can be
determined using the harmonic probing method [18][19].

First consider the input u(¢) is of a single harmonic

u(t)=e’ (14)
Substituting (14) and
xi(t):H(i,l)(ja))ejM (i=L--,n)(15)
into equation (6) and extracting the coefficients of e’ yields,
(—Ma)2+jCa)+K)Hl(ja)):(0~--O 1 0---0)" (16)
where
H,(jo)=(Ho, (o) - H,(o)f (17)
From equation (16), it is known that
H,(jo)=(-Mo* + jCo+K) (00 1 0--0) (18)
Denote
O(jw)=-Mao’ + jCo+K (19)
and

Ounjo) - Ou.,(jo)
0 (jo)= : E : (20)

Q(n,l) (o) - Q(n,n) (Jo)



where O, ,(jw) (i=1,...,n; [=1,...,n) is the element of the ith row and the /th column of

the inverse matrix of O(jw) .

It is obtained from equations (18)~(20) that

H(i,l) (Jo)= Q(i,J) (Jo) @=1L--,n) (21)
Thus, for any two consecutive masses, the relationship between the first order GFRFs can
be expressed as

H(i,l) (Jo) _ Q(i,J)(ja)) _

H (jo) Q(i+1,J) (Jo)
The above procedure used to analyze the relationships between the first order GFRFs can
be extended to investigate the relationship between the N th order GFRFs with N >2.

2 (@) (i=1-n-1) (22)

To achieve this, consider the input
N .
u(t) = Ze"’”"t
k=1

Substituting this input and
xl.(t) = H(l_’l)(ja)l )eja)l[ + ....}.H(i,l)(ja)ﬁ)ejwlvt T
(i=1---,n)(23)

J(@ vt

+NUH 5 (jor . joy e oo

into equation (6), and, for the first row of equation (6), extracting the coefficients of
j(a)1+--~+aw)t .
e yields

(_ml(a)l +"'+aFN)2 +j(e, +¢,)(o, +"'+a)ﬁ)+(k1 +k2))H(1,ﬁ)(ja)1:"':jaFN)
_(jcz(wl +”'+a)ﬁ)+k2)H(2,N)(ja)lﬂ"'ﬂja)ﬁ) =0 9
Similarly, it can be easily deduced that, for the masses that are not connected to the
L(i)th (i=1,---,L) spring, the GFRFs satisfy the following relationships
(-, (@, 4 ) b je (o + 4 o)k, H 3 (0,0, o))

: : . (25)
—(]cn(a)1 +---+a)ﬁ)+kn)H(H,N)(Ja)l,---,]a)ﬁ) =0
(—mi(a)l +~--+a)ﬁ)2 +j(c, + ¢, N, +---+a)ﬁ)+ki +ki+1)H(i’N)(ja)l,---,ja)N)
~(ej@t -+ o) vk H 5 Go, o jo)
—(eii(@ + -+ o)k H 5 (o, jog) =0
(i#1L,L()-1,L(),n,1<I<L) (26)
For the mass that is connected to the left of the L(7)th spring, the GFRFs satisfy the
following relationships
{_ My iy (0, +-+ aFN)z +]'(CL(,‘)71 +CL([))(a)l teeet C‘FN)

t+kyy e, () JH(LU)—LN)(J“’“""J%)
- (jCL(i)—l (@ +-+ a)ﬁ) + kg )H(L(i)_z,ﬁ) (o, a]aFN)

. . . L(i)-1LL(G) / » . _
—(]cw)(a)1 +---+a)W)+kL(l.))H(Lm,N)(]a)l,---,]a)ﬁ)+AN (Jao,, - jo;)=0



(1<i<L)(27)

For the mass that is connected to the right of the L(7)th spring, the GFRFs satisfy the
following relationships

—Mp (@ ++ a)ﬁ)z + j(cL(i) + cL(i)+1)(a)l +eeet a)ﬁ)

+k JH(L(i),N)(ja)l’.“’ja)ﬁ)

it kL(i)+1

- (jCL(i) (@ +-+o5)+hy, )H@(i)_lﬁ) (Joy, -, jorg)
- (jCL(i)+1 (@ -t Og) + Ky )H(L(i)ﬂ,ﬁ) (@, jog) =N (o, jog) =0
(1<i<L)(28)
In equations (27) and (28), A" (e, joy;) represents the extra terms introduced
by Nonf, for the N th order GFRFs, for example, for the second order GFRFs,
N (o, jo,) = (_ Wi @Dy T2 XH w10 GO H 11, (@,)

+ H(L(i),l) (o, )H(L(i),l) (Jw,)- H(L(i)—l,l) (Jo, )H(L(i),l) (Jo,)— H(L(i)—l,l) (Jo, )H(L(i),l) (Jo, ))

(1<i<L)(29)
Denote
Hﬁ(ja)lfua‘jaFN):(H(l’ﬁ)(ja)la"'ajaFN) H(n’ﬁ)(ja)la"'ajaFN))r (30)
and
A5 (o, jog) = [Ax () An ()] (1)
where
0 if 1#L3GE)-1,L>i), 1<i<L
A1) =1 - A0 (G vegjws) if 1=L3G) -1, 1<i<L (1<1<n)(32)
A Gy jeos) i [=L(0), 1<i<L
then equations (25)~(28) can be written in a matrix form as
O (o +-+ ) H (joy, -, joy) = AN (jo,---, jor;) (33)
so that
Hy(jo, -, jog) =07 (j(@, + -+ o)) Av (joy, -, joy) (34)

Therefore, for each mass, the N th order GFRF can be calculated as
. T
O i@+ +o3)) | (- A%IH’LU) (Jao,, -, joy)
Oy U@ +---+ o) AL]T(,ZH’L(I) (J@,, -, jos)
i=1---,n) (35

L
H([’N)(ja)lﬂn.7ja)ﬁ):z

=1

Define
H(ijﬁ)(ja)ls."aja)ﬁ)

H(H_]jﬁ)(ja)l’“.’ja)ﬁ)

AN @y, 03) = (i=1---,n—1)(36)

then from equation (36), it can be known that, for two consecutive masses, the N th order

GFRFs have the following relationships



_ . T
i i1y U@+ + oy)) —ALTV(I)_I’L(” (Jo, -, jos)
i+l O,.0U(@ +-+ a’ﬁ) ALN(Z)_LLU)(]'CUU'“:J'%)

ﬁﬁ, (a)la"'aa)*):

[
- ) T
! ZL: [Qm,L(l)l (J(o +-+ay ))J (— ALN(IH’L(” (Ja,, -, jo )J

i LO-LL() ¢/ + .
Qi+1,]_(l)(](a)1+"'+aFN) Aﬁ() ()(]a)l,...,]a)ﬁ)

I=1
(i=L-,n-1) (37)
Equations (22) and (37) give a comprehensive description for the relationships between

the GFRFs of any two consecutive masses for the nonlinear MDOF system (6).
In addition, denote
5 (o, jog) =0 (N=1--,N)(38)
A(j_l,ﬁ)(ja)l’”.’ja)ﬁ)zo (N=19”.7N)(39)
1 if N=1
0 if N=2,-,N
A(L(i),l’ﬁ)(ja)la"'aja)ﬁ) = _ALN(i)_l’L(i)(ja)la"'7ja)ﬁ) (N 2 1:"'3N91 <i SZ) (41)

A(J,N)(jwl,--sjwﬁ):{ (40)

A(L(i)’ﬁ)(ja)li‘”.ija)ﬁ)=A%i)_le(i)(jle'..3jmﬁ) (N=1’.”5N71SZSL)(42)

and L(0)=J, then, for the first two masses, from equations (16) and (33), it can be
known that
H(lﬁ)(ja)l,---,ja)ﬁ)_ Jje (@ +-+w5)+k,

A%z(wl"”,a)fv)z . . - B .
H 5 (jo, s joy) {—ml(a)l +ot @)+ + joy (@ + o+ @)

+(1—/I(])—V’l(a)l,---,a)ﬁ)chl(a)1 +---+akN)+k1)
(N=1,-,N)(43)
Starting with equation (43), and iteratively using equations (16) and (33) from the first

mass, it can be deduce that, for the masses that aren’t connected to nonlinear components
and the Jth spring, the following relationships hold for the GFRFs.

2@, 0y)
H(iﬁ)(ja)l,---,ja)ﬁ) ~ Jei(@ +- -+ og)+k,,
HymUongog) =250, o)k for+ s o)
(1= 2 @y, 0 ) + Ky —my (@, + -+ @)
(1<i<n, i#J,L(I)-LL({), [=0,---,L, N=1,--,N) (44)
For the masses that are connected to nonlinear components and the Jth spring, from

equations (16), (27) and (28), it can be known that the following relationships hold for
the GFRFs.

10



H([’N)(ja)la"'ajwﬁ)

H(i+1,ﬁ)(ja)l""’jwﬁ)

j,i+1
/1%+ (a)la.."a)ﬁ) =

i A 5 (o, jog)
ziﬁ’l(a)l,-“,a)ﬁ) 14 . 1 (i.N) .1 'N
ki+Jci(a)l+“.+a)ﬁ)H(H_]ﬂﬁ)(‘]a)l’“".]a)ﬁ)
(i=L()-1L(), [=0,---,L, N=1,---,N) (45)
where
— il jei (o ++o)+k,
A (@ @) = it N !

N j((l—xl%l’i(a)l,~--,a)ﬁ))ci +cl.+1)(a)1 +ot o)
(=2 (@, @) + ki —m (@, 4+ @)
(i=L()-LL(I), [=0,+,L, N=L-:,N) (46)
Moreover, denote ﬂ%’l’”(wl,---,coﬁ)=1, (N=l,---,N), c,,=0and k,,, =0. Then, for
the last two masses, from equations (16) and (33) it is can be deduced that
0 H (e o)
//i%_l’”(a)la'”aa)ﬁ) H(”_l’ﬁ)(ja)lb'”bja)ﬁ)
Je (@, + -+ o) +E,
{_mn(a)l +'“+a)ﬁ)2 +(1_/1”ﬁ+1’n(w1"”9a)ﬁ))kn+l +kn:l

n+l

ﬂ’%nil(a)la""a)ﬁ)

(N=1,-,N) (47)

12 s o )
Starting with equation (47), and iteratively using equations (16) and (33), it can be
deduce that, for the masses that aren’t connected to nonlinear components and the Jth
spring, the following relationships hold for the GFRFs.

| H g (o joy)
B, 00)  H 5 (o, jo)

je (o +--+og)+ k,

B (@00 0) =

—my (@, ++ o) + (1= 22 (@, 0) .+,

-2 @ o e e o+t o)
(2<i<n,i#L()~1L,L({), [=0,---,L, N=1,---,N) (48)

For the masses that are connected to nonlinear components and the Jth spring, from

equations (16), (27) and (28), it can be known that the following relationships hold for

the GFRFs.

H(i,ﬁ)(jwlﬂ'nﬂja)ﬁ)

H, 5 (o joy)

j,i—1
BN @, 00) =

—i,i-1 N 1 1 A(i,ﬁ)(jwl’.‘.’ja)ﬁ)
ki +Jcl(a)1 +.”+a)ﬁ) H(i_ljﬁ)(ja)lb."bja)ﬁ)
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(i=L()-1L(), [=0,---,L, N=1,---,N) (49)
where
—111 jci(a)1+"'+a)ﬁ)+ki
v (@ 05)= 2 i+1,i
-m (@, +-+o5) +(1—ﬂﬁ’(wl""aa’ﬁ))k,-+1+k,-
—i—j((l—ﬂfi””(wl,---,a)ﬁ))ci+1 +c[)(a)1 +ot o)

From different perspectives, equations (43)~(46) and equations (47)~(50) give two

(50)

alternative descriptions for the relationships between the GFRFs of any two consecutive

masses for the nonlinear MDOF system (6).

4.2 NOFRFs of MDOF Systems with Multiple Nonlinear Components

According to the definition of NOFRF in equation (11), the N th order NOFRF of the ith

mass can be expressed as

N
I H(iﬁ)(ja)l,...,ja)ﬁ)HU(ja)q)daﬁw

O+, Oy =0 q=1 (1

j ﬁU( jo,)do.

Ot 07 =0 q=1

A
=]

<N, 1<i<n) (51)

where U(jw) is the Fourier transform of u(z).

According to equation (44), for the masses that aren’t connected to nonlinear components

and the Jth spring, equation (51) can be rewritten as

[ 2o o) H o (0 jo)] [UGe,)doy,

) q=1

G(fﬂﬁ) (]a)) = =
O+, FOF= =w 9=1
je,o+k,.,
v w
[‘m & +(1- 25" (@) je,0+, )+]c,+la)+k,+lj o ()
(lgl<l’l,l¢L(1)—1,L(l),Z: ,...,Z N )(52)
Denote
’ G, (o)
e () =- (i.N) = it @, 0=) (@t ar )0 (53)
! G(m,ﬁ) (jo) N N N

Therefore, for two consecutive masses that aren’t connected to these nonlinear

components and the Jth spring, the NOFRFs have the following relationship

/ILHI (a)) — : Ajci+1a)+ki+l
l-m,o* +(1 - (@) )je,0+k,)+ jci+la)+kiHJ
(I<i<n,i#L()-1,L(I),[=0, L N: -, N) (54)

where ' (0) =0.
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Similarly, for the masses that are connected to nonlinear components and the Jth spring,
from equations (44) and (45), it can be deduced that

ki + ]cza) G(l’Jrl’N) (.]a))

ii+l __i’Hl
2 (@) = 22 ()| 1+

(i=L()-1,L{(), 1=0,---,L, N=1,---,N) (55)

where
bt jci+1a) + ki+1
A— (W)= — 56
v (@) =m0 +(1- 224 (@) N je,0+ k, )+ je, o+, | (56)
and
N
[ Ao je)[UGe,)doy,
H O =0 =1
[ ) =22 : 57)

_[ ﬁ U@ @, )do-ﬁw

O+ ..., + Oy =0 q=1
Equations (54)~(57) give a comprehensive description for the relationships between the

NOFRFs of two consecutive masses of the nonlinear MDOF system (6).

Using the same procedure, from equations (47)~(50), an alternative description can be

established for the following relationships between the NOFRFs of two consecutive

masses. For the masses that aren’t connected to nonlinear components and the Jth spring

1 G([,N)(]'w) je.o+k,

I @) G (o) Fmo (- (o) je,o+k, )+ jeo+k,)
(2<i<n,i#Ll)-1,L({I), [=0,,L, N=1,---,N) (58)

For the masses that are connected to nonlinear components and the Jth spring

1 B G(,-,N) (Jo) -l 1 F([-,p) (jo)

i-1,i - . - j’ﬁ (a)) 1 + . .
/,i’ﬁ (a)) G(i—l,ﬁ) (] a)) ki + ]cia) G(i—l,ﬁ) (] a))

liﬁ’i_l (0) =

(i-1,N)

/1%"1 (w) =

(i=L()=LL{), 1=0,+L, N=1+,N) (59)
where l%*l’”(w)zl(ﬁzl,---,N) and
—ii-1 je.w+k,
A- ()= — :
v (@) l—mia)2+(1—ﬂ%1”(a))Xk + je,,0)+k, +ac, |

(60)

i+l

From different perspectives, both equations (54)~(57) and equations (58)~(60) give a
comprehensive description for the relationships between the NOFRFs of any two

consecutive masses of the nonlinear MDOF system (6).
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4.3 The Properties of NOFRFs of Locally Nonlinear Systems

Without loss of generality, assume L(l)<:--< L(Z) . Then, from equations (54)~(60), the
following important properties of the NOFRFs of MDOF systems with multiple nonlinear

components can be obtained.

1) If J<L(l), then for the masses (1<i<J-1 and L(Z)Si<n ), the following

relationships hold.
G. . (jo G, 10) _
M::M (1<i<J-1and L(L)<i<n)(6])
G(i+l,l) (jo) G(i+l,N) (jo)
for the masses (J <i < L(1)—1), the following relationships hold.
G, ,(jo G,,(jo G.vw(jo
(1,1)(].) - (1,2)(].) :.__:Lj.) (J <i<L(Y=1) (62)
G(i+1,1) (o) G(i+1,2) (jo) G(i+1,N) (jo)

for the masses (L(1) <i< L(Z) ), the following relationships hold.
G(i,l) (Jo) » G(i,z) (Jo) - G(i,N)(ja))
G(i+l,1) (jo) G(i+l,2) (o) G(i+1,N) (o)

i) If L()<J<L(L), then for the masses (1<i<L()—1 and L(L)<i<n), the

following relationships hold.

G, ,(jo G, (jo —
—“’”(J' ) :---=—<"N)(J, ) (1<i<L()—land L(L)<i<n) (64)
G(i+1,1) (Jo) G(i+1,N) (Jo)
for the masses (L(1) <i< L(Z) ), the following relationships hold

G(i,l)(ja)) ) G(i,Z)(ja)) I G(i,N)(jC‘))

(L()-1<i<L(L)) (63)

(L()-1<i<L(L)) (65)

G(Hl,l)(ja)) G(i+1,2) (Jo) G(i+1,N) (jo)
i) If J ZL(Z) , then for the masses (1<i<L(l)-1 and J<i<n ), the following
relationships hold.
G.,(jo G.w(jo
“’“(]_ ) e “’N)(], ) (1<i<L()-1and J <i<n) (66)
G(i+1,1) (o) G(i+1,N) (jo)
for the masses (L(Z) <i < J), the following relationships hold.
G..(Jo G.,(jo G, @ —
(1,1)(1. ) " (1,2)(J' ) L (z,N)(]. ) (L(L)<i<J)(67)
Giay(Jo) Gy (jo) Gium (o)

for the masses (L(1)-1<i< L(Z) ), the following relationships hold.
G(,-,l) (jo) » G(i,2) (jo) - G(i,N) (jo)
G(i+1,1) (o) G(m,z) (Jo) G(i+1,N) (o)
iv) For the masses (1<i<min(J,L(1)—1)—1 and max(L(Z),J )<i<n), the following
relationships of the output frequency responses hold
x,(jo)=2""(0)x,,(jo)

(L()—-1<i<L(L)) (68)
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(1<i<min(J,L(1))—-1 and max(L(Z),J) <i<n)(69)
where
jci+1w+ ki+1

— 70
mia)z+(1—21"1”(a))chia)+ki)+jc (70)

ii+1 _
R ok

i+1 i+1

Above fourth properties can be easily extended to a more general case, as the following.
v) For any two masses whose positions are i,k [l,min(J ,L(1))— l] , or
i,k c [max(J ,L(L)),n— 1], the following relationships hold.

: — =" (w)
G(k,l) (Jo) G(k,N) (Jo)
(i,k <[l min(J, L(1)) 1], or i,k < [max(J, L(L)),n—1]) (71)
and
ll,k (a)) — Hﬂ/l+d,l+d+l (a)) (72)
d=0
Moreover, the following relationships of their output frequency responses hold
x,(jo)= 2" (@)x, (jo) (73)
vi) If J < L(1), for any two masses whose positions arei,k [J ,L(l)—l], the following
relationships hold.
G.,(jo) G, ,(jo G.vwjo :
(1,1)(]. ) L 62 (J. ) N (1)) (J' ) _ gk ()
G(k,l) (Jo) G(k,2) (Jo) G(k,N) (Jo)

(i,k = [J,L()-1]) (74)
vii) IfJ > L(Z), then for any masses whose positions are i,k [L(Z ),J ], the following

relationships hold.
G(i,l)(j.a)) \ G(i,Z) (Ja)) N G(i,N) (Ja’) _ gk ()
G(k,l)(]a)) G(k,2) (Jo) G(k,N) (Jo)
(i.k < [L(D).7]) (75)

viii)  For any two masses whose positions are i,kg[L(l)—l,L(f)], the following
relationships hold.
G(i,l) (Jo) ) G(i,Z)(ja)) I G(i,N) (jo)
G(k,l)(ja)) G(k,z) (Jo) G(k,N) (o)
ix) For any two masses whose positions are icC [l,L(l)—l] and kc [L(l),n] or
ic [I,L(Z )— 1] and k [L(Z ),n], the following relationships hold.
G(i,l)(ja)) ;) G(i,Z) (o) D G(i,N) (o)
G(k,l) (Jo) G(k,z) (o) G(k,N)(ja))

(76)

(77)

The nine relationships between NOFRFs of nonlinear MDOF systems reveal, for the first

time, very important properties of the nonlinear systems. They reveal how the linear
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system parameters govern the propagation of the nonlinear effect induced by the
nonlinear components in the whole system. These properties can be applied to detect and

locate the nonlinear components in engineering structures which often is related to faults.

5 Numerical Study and Discussions

5.1 Case Studies

To verify above analysis results, a damped 10-DOF oscillator was adopted, in which the
fourth and sixth springs were nonlinear. The damping was assumed to be proportional
damping, e.g., C = uK . The values of the system parameters are
mo=-=my=1, ky==ks =k, =3.6x10*, k, =k, =k, =0.8xk,
ky =0.9xk;, p£=0.01, Wy, =Wy3 =Wea =Wes =0
Fiag = 0.8x kl, T =0.4x K}, Tieny = 0.5%X7, 5, Tieq) =0.1x1, 5

and the input is a harmonic force, u(¢) = Asin(27 x20¢).

When a nonlinear system is subject to a harmonic input,
u(t) = Acos(w,t+ f) (78)
it can be derived that the output spectrum Y(jw) of nonlinear systems can be simply

expressed as [12]
[(N=k+1)/2]

Y(jkoy) = ZGk+2(n—l)(jka) Az Uk ) (k=0L---,N)(79)

n=1

where [] means to take the integer part, and

1 n! A
A (j(n+2k)w,) = —————| A|" /P 80
k n—k
Gn(j(_n+2k)wF):Hn(ja)Fa"'aja)F’_ja)F""’_ja)F) (81)

According to equations (79)~(81), if only the NOFRFs up to the 4™ order is considered,
the frequency components of the outputs of the 10 masses

X (Jor) =G, (jop)4,(jop)+ G5 (Jop)4;,(jor)

x,(J20,) = G, (J20:)4,(j20, )+ Giy(J20, )4,(j20,)

X (j3a)F) = G(i,3) (j3a)F )A3 (j3a)F )

x,(j4w;) = G(i,4) (J4wp)A4,(j4op) (i=1,---10) (82)
From equation (82), it can be seen that, using the method in [23], two different inputs with
the same waveform but different strengths are sufficient to estimate the NOFRFs up to 4™
order. Therefore, in the numerical studies, two different inputs were 4=0.8 and 4=1.0
respectively. The simulation studies were conducted using a fourth-order Runge—Kutta

method to obtain the forced response of the system.
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Case 1. Input Force Acting on the Eighth Mass (J = 8)

In this case, the position of the input force is on the right of the two nonlinear

components. The evaluated results of G,(jw,), G;(jo,), G,(j2w,) and G,(j2w, ) for

all masses are given in Table 1. According to Property iii) in the previous section, it can

be known that the following relationships should be tenable.

G(i,l) (Jor) _

G(i,3) (Jor)

Ao =—r——— == 4 (o) for i=1,2,8,9
G(i+l,1) J@g) G(i+1,3) (Jor)
. Gon(jo)  Gunljo))
A (jop) = = 2 (o) for i=3,4,5,6,7
G(i+l,1) (Jor) G(i+1,3) (Jop)
- G,,(jlw.) G,,(jlo,) -
A (J2e,) = — 02O oI (g ) for i=1,2,6,7.8.9
G(i+l,2) (J2w;) G(i+1,4) (J2w;)
- G., (2w G.,.(j2w -
ﬂ,lz’H—l (Jza)F) — (i,2) (] : F) ” (i,4) (.] : F) — ﬂl‘"Hl (]2COF) for = 3’4’5
G(i+l,2) (J20.) G(i+1,4) (J2w;)
(83)
Table 1, the evaluated results of G,(jw,), G;(jwr), G,(j2w,) and G,(j2w,)
G (jor) G, (jor) G,(j20;) G,(J20;)
(x10%) (x107) (x107%) (x107%)
Mass 1 0.7415+1.816751 -1.4839 -3.1863i 1.2028+0.46811 0.0118-0.6146i1
Mass 2 0.9687+3.48301 -2.0346-6.1478i1 1.8350+1.5489i1 0.3497-1.0888i1
Mass 3 0.2866+4.763901 -0.9248-8.49851 1.0931+3.3649i 1.2839-1.09131
Mass 4 -1.4623+ 5.2958i 2.2399-7.66701 -2.6863+1.5531i 2.6082+1.79401
Mass 5 -4.0944+4.61451 6.5809-6.98661 -6.0115+1.22791 2.1843+3.9698i1
Mass 6 -7.7469+1.68801 -9.3252+6.17771 5.1062-1.76671 -1.8932-4.1325i1
Mass 7 -10.2035-3.66701 -3.0998+6.4668i 1.6279-2.6939i -2.3878-1.1449i
Mass & -9.5104-10.96841 2.0570+4.55211 -0.3077-1.58541 -1.3026+0.38611
Mass 9 -16.4606-2.60601 5.1710+2.47861 -0.8845-0.3838i -0.2497+0.7718i
Mass 10 -19.3586+1.84531 6.5645+1.29601 -0.9602+0.25641 0.2926+0.78331

From the NOFRFs in Table 1, 4™ (jw,), A" (jo,), 4" (j2w,) and A" (j2w,)
(i=1,---,9) can be calculated. The results are given in Table 2. It can be seen that the

results shown in Table 2 have a strict accordance with the relationships in (83).

17




Table 2, the evaluated values of ™' (jw,), X" (jw,), A" (j2w,)and 2" (j2w,)

A (o)

A o)

A" (j20,)

2 (j20,)

0.5391 -0.06301

0.5391-0.06301

0.5085 -0.1741i

0.5085-0.17411

0.7407-0.1588i

0.7407-0.1588i

0.5766-0.35801

0.5766-0.35801

0.8219-0.28111

0.9888-0.40951

0.2378-1.11511

0.1388-0.51391

0.7994-0.39244

0.7415-0.37781

0.4796-0.16041

0.6244-0.31351

0.6285-0.45871

-0.8354-+0.1958i

-1.1257-0.14901

-0.9941+0.07311

0.6197-0.3882i

1.3389+0.8002i

1.3194+1.0981i

1.3194+1.0981i

0.6513-0.36561

0.9242+1.0986i1

1.4455+1.3074i

1.4455+1.3074i

0.6666+0.5608i

0.6666+0.5608i

0.9473+1.3813i

0.9473+1.3813i1

0.8299+0.2137i

0.8299+0.2137i

0.7602+0.6028i

0.7602+0.6028i

Case 2. Input Force Acting on the Fifth Mass (J = 5)

In this case, the input force is located between the two nonlinear components. The

evaluated results of G,(jow.), G,(jo,), G,(j2w,) and G,(j2w,) for all masses are

given in Table 3. According to Property ii) in the previous section, it can be shown that

the following relationships should be tenable.

G (Jor) _ G(;,3) (Joy)

A Gew,) = . e . =" (jo,) fori=12,6,789
1 g G(i+1,1) (Joy) G(;+1,3) (Jor) ’ g
o G (jo G . .(jo o
/1,1#1 (jo,)= (1,1)(J. ) () (J. r) _ ﬂ;’”l (jo,) for i =3,4,5
G(i+1,1) (Jor) G(i+1,3) (Jor)
- G., (2w G..(j2w -
220y ~c02U208) _ Gan (200 _ im0 gor 12126789
G(i+1,2) (J2w;) G(i+1,4) (J2w;)
Ny G.,(j2w G.,.(j2w -
/112’1+1 (jza)F) _ (i,2) (] : F) ” (i,4) (.] : F) — /114,1+1 (_]2a)p) for i= 3,4’5
G(i+1,2) (J20.) G(i+1,4) (J2wy)
(84)
Table 3, the evaluated results of G,(jw,), G,(jo,), G,(j2w,) and G,(j2w,)
Gl (]a)F) G3 (.]a)F) G2 (.]2a)F) G4 (.]2a)F)
(x109) (<10°) (x10%) (<10
Nodel -6.0043+0.59811 0.1295+1.55611 -6.9092-1.9495i1 6.1399+20.00251
Node2 -11.1153-0.1888i -0.0956+2.87511 -10.9876-7.59571 -1.2465+38.9120i1
Node3 -14.2954-3.31931 -0.9191+3.6854i -7.8461-18.04611 -31.8055+47.7222i
Node4 -14.3350-8.94041 -8.1475+0.90431 -3.9589+2.54201 -6.8951-9.74511
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Node5

-10.0249-16.10491

-8.4096-1.00401

11.3654-11.3058i

-51.0635-33.38861

Nodeb6

-11.6678-7.39671

5.4052+5.0502i

-0.0705+21.5252i

51.8267-1.46141

Node7

-8.8533-0.2333i1

4.6355+1.0013i

7.9904+9.6650i

22.6618-19.97101

Node8

-4.0944+4.61451

2.6124-2.0219i

6.3668+0. 92781

1.7503-15.39841

Node9

-0.1864+7.07941

0.8006-3.70671

2.6067-2.82171

-6.9911-6.06141

Nodel0

1.8495+8.0539i

-0.1740-4.42151

0.2983-3.94831

-9.5281-0.41841

From the NOFRFs in Table 3, 2" (jw,), X" (jw,), 5" (j2w,) and 2" (j2e,)
(i=1,---,9) can be calculated. The results are given in Table 4. It can be seen that the

results shown in Tables 4 have a strict accordance with the relationships in (84).

Table 4, the evaluated values of 2" (jw,), 25" (jo,), 25" (j2w,) and 2" (j2w,)

A (o) A (o) 2 (j20,) 47 (j2w,)
i=1 0.5391-0.06301 0.5391-0.0630i 0.5085-0.1741i 0.5085-0.1741i
i=2 0.7405-0.1588i 0.7405-0.1588i 0.5766-0.3582i 0.5767-0.3582i
= 0.8219-0.2811i 0.1610-0.4345i -0.6692+4.1287i -1.7245-4.48391
i=4 0.7994-0.3925i 0.9426-0.2201i -0.2869-0.06171 0.1820+0.0718i
i=5 1.2371+0.59611 -0.9233+0.67701 -0.5270-0.5263i -0.9663-0.6715i1
i=6 1.3390+0.80021 1.3389+0.80031 1.3194+1.0980i 1.3192+1.0981i
i=7 0.9242+1.09861 0.9242+1.09861 1.4455+1.30741 1.4456+1.3074i
i=8 0.6666+0.56081 0.6666+0.56081 0.9473+1.38131 0.9473+1.3813i
i=9 0.8299+0.2137i 0.8299+0.21371 0.7602+0.6028i 0.7602+0.6028i

The two numerical case studies verify the properties of the NOFRFs of MDOF systems
with multiple nonlinear components derived in the present study. These properties can
provide a convenient method to detect the positions of the nonlinear components in a
MDOF system by analyzing the relationships between the NOFRFs.

5.2 Discussion

In engineering practice, a wide class of real life structures can be modeled as periodic-
structures-like MDOF systems, which are defined as structures consisting of identical
substructures connected to each other in identical manner, such as periodically supported
beams [28]~[33] and plates[32][33]. If one or more components are of nonlinear

properties, then the systems can behave nonlinearly. Efforts have been made to study the
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dynamics of the nonlinear structures [34]-[38] using one-dimensional and multi-
dimensional MDOF models. In addition, the detection and location of faults and defects
in periodic structures and machines are also interesting to many researchers. Zhu and Wu
[39] have studied the detection of damages in large periodic structures. In their studies,
the periodic structure with damage is still considered to be a linear system, and the
location and magnitude of damage in large mono-coupled periodic systems were
estimated using measured changes in the natural frequencies. However, in engineering
practices, the local faults and defects can often make the structures and machines behave
nonlinearly. In the latter cases, obviously the properties discovered in this study can
provide a convenient way to detect the positions of the faults. For example, consider the
10-element periodic mass-spring system shown in Figure 2, which is a specific form of
the mass-spring system investigated in [39], and assume the sixth spring is damaged and
of nonlinear property. To detect the position of the damaged spring, two excitations can
be used to excite the system, and then the NOFRFs up to the fourth order of all masses
can be estimated from the responses. Obviously, if the excitation force is acting on the
10™ mass, then according to the property iii), there exist the following relationships:
G(i,l) (Jo) _ G(i,}) (jo)
G(m,l)(f”) - Gy (Jo)
G(i,l)(ja)) ;) G(i,3) (Jo)
G(i+1,1) (jo) G(i+l,3) (Jo)

(i=1,2,3,4,) (85

(1=5,6,7,8,9) (86)

Clearly, the relationship (86) provides a direct way to detect the position of the damaged
spring.
ki m ms ks me mo ko mio

H oL W _____ W

GE 55 TS5 35 5
e R

Figure 2, The 10-element periodic mass-spring system whose 6™ spring is fault

The locally nonlinear MDOF (6) can also be used to describe the transversal motion of the
tall apartment block with damages shown in Figure 3. Based the same model, Sakellariou
and Fassois [40][41] have used a stochastic output error vibration-based methodology to
detect the damage in structures where the damage elements were modeled as components
of cubic stiffness. No doubt the properties obtained in this study can also provide a

convenient way to detect the position of the damage in this kind of structures.
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Figure 3, Schematic diagram of the n-storey building block

In addition, for simplicity, in this study the one-dimensional nonlinear MDOF system,
each mass of which has only one freedom degree, is adopted. Nevertheless, following the
same procedure used in this study, the nine properties can be extended to the multi-
dimensional nonlinear MDOF systems by simply replacing the scalar forms of m;, ¢; and
k; as matrix forms, consequently, the /1%’” (jo) (i=0,---,n—1; N = l,---,N) also have a
matrix form. The multi-dimensional cases could be more complicated than the one-
dimensional cases, but the NOFRF properties of multi-dimensional nonlinear MDOF
systems can be used to analyze a more wide class of structures. For example, the beam
shown in Figure 4(a) can be represented as a series of rigid blocks connected by
rotational and transverse -springs shown in Figure 4(b). The rotational spring
approximates the bending of the beam and the transverse spring approximates the shear.
Neild, Mcfadden and Williams [42] have used this model to analyze the beam with one
breathing crack. When cracks present in this beam, the whole beam can behave
nonlinearly. Clearly, this beam is a two-dimensional nonlinear MDOF system, and the
detection of the crack position in this beam could be easily achieved using the properties
of the NOFRFs for multi-dimensional MDOF systems.

/%7 ﬂ(a) /%}7
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Figure 4, Modelling of a beam as discrete blocks

Moreover, as the response spectrum of each mass of nonlinear MDOF systems is totally
determined by the associated NOFRFs and the input, based on the relationships between
the NOFRFs, new spectra analysis methods can be developed to detect the position of
nonlinear elements in the systems, which may only involve a very simple procedure. We

are currently working on this and the results will be presented in a future publication.

From equation (70) it can be seen that the ratios between the NOFRFs of two consecutive
masses are mainly determined by the linear parameters. Therefore equation (70) reveals
how the linear system parameters govern the relationships between the NOFRFs of two
consecutive masses. This fact provides a convenient way to estimate these linear

parameters, which has been elaborated in [43].

6 Conclusions

In this paper, significant relationships between the NOFRFs of MDOF systems with
multiple nonlinear components have been derived and verified by numerical studies. The
results reveal, for the first time, important properties of this general class of MDOF
nonlinear systems. The potential of using these properties to detect and locate faults in

engineering structures is also discussed.

It is worth noting here that, theoretically, the obtained relationships about NOFRFs are
valid for nonlinear systems whose responses can be described using the Volterra series,
which covers a considerably wide range of operating conditions of nonlinear systems
[4]~[6][44][45]. In practice, because the validity of the Volterra series is dependent on
the amplitude of the external force input which is normally controllable during fault
detection oriented structural tests, provided that the amplitude of testing input is properly
selected, the important relationships between the NOFRFs will hold and can therefore be
used for structural fault diagnosis. Moreover, for convenience, in this study the one-
dimensional MDOF system is adopted, that is each mass has only one degree of freedom,
but the obtained results can be easily extended to the multi-dimensional MDOF cases
where each mass in the MDOF system has more than one degree of freedom. In the
analysis, if m;, ¢; and k; are taken as matrix forms and x,,(i =1,---,n) are taken as vectors,

the same results can be achieved.
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Appendix 1.

Proof of Property (i)

The first property is straightforward. For the masses on the left of the Jth mass,
substituting /1%1(0)) =0 (N =1,---,N) into equation (54), it is obtained that

k,+ jc,o

A(w)=-=17(w)= =1 (o A-1
(@) v (@) (—mla)2+ja)(cl+cz)+kl+k2) (@) (A

Subsequently, substituting (A-1) into equation (55) yields

W= =R @= Jog+k

=1 (w) (A2
m0* + (1= 22 (jo) ) je,o+k, )+ jeso+ ks | (@) (A2)

Iteratively using above procedure until i=(J-1), for the masses (1<i<J —1), property (61)

can be proved.

Similarly, substituting ﬂ,”ﬁ“’" (w)=1 (N =1,---,N) into equation (58), it is known that
1

_ 1 je,o+k,
2 (@)

/1”’”71 w) = = =
@) A (@) [m,0®+ je,o+k, |

2" @) (A-3)

n,n—1 _
= 2 (@) =

Subsequently, substituting (A-3) into equation (58), it can be deduced that

n—l,n-2 1 n—-l.n=2 1
? Q)=——=+--= /17 ? Q)=—"—""—"-—=
//L‘ ( ) /111—2,71—1 (0)) N ( ) ﬂ%—ln—l (C())

A4
jcn—la) + kn—l ( )

_ qn-1,n-2
-m, 0 + (1= 2" () je,0+k,)+ je, \o+k, | )

Iteratively using above procedure until i = L(Z) , for the masses (L(Z) <i<n), property
(61) can be proved.

Obviously, from equations (40) and (57), it is known that

1 if N=1
I —(jo)= — A-5
(J,N)(] ) {0 if N:25”"N ( )
Substituting 2/ (w) =---= 2,7/ (w) and equation (A-5) into (54), it can be deduced
that
k,+jc,0)G ~ (jo)
ﬂy‘ZJ’J+1(a)):"‘:/,{«‘ll\,’J+l(a)): ( J J ) (J+1,N) ' /'li/,JJrl(a)) (A_6)
1+ (kJ + jc‘,a))G(Mﬁ) (jo)
Obviously,
AN w) £ AT (w) == A () (A-7)
Substituting /"' (@) # 237" (@) = --- = A" (w) into equation (54), it can be proved that
A @)= X (@)= = 2 (o) (A-8)
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Iteratively using this procedure until i=L(1)—2, for the masses (J<i<L(1)—-1),
property (62) can be proved.

Then, substituting A"V (@) = 22020 (@) = ... = 212D () into equation (56),

it can be known that
—L()-LL(1) — L()-LL(1) —L(D)-LL(1)

Ai (w) # A2 (w)=--=An (w) (A-9)
Moreover, generally,
F(L(l)—l,l) (Jo) - F(L(l)—l,ﬁ) (jo)

: , (A-10)
G(L(l),l) (]a)) G(L(l),ﬁ) (.]a))
Substituting (A-9) and (A-10) into equation (56), it can be deduced that
AFOHD (@) OO (@) o2 AV () (A-11)

Iteratively using the procedure until i = L(Z) —1, for the masses (L(l)=1<i< L(Z) ),
property (63) can be proved.
Proof of Property (ii) and (iii)

Following the same procedure used for proof of Property (i), the second and third

properties can be proved. The details are omitted here.
Proof of Property (iv)

The fourth property is also straightforward since, according to equation (13), the output

frequency response of the ith mass can be expressed as

X (jo)= ﬁ:G(,-H,k) (jo)U,(jo) (A-12)
Equation (A-12) can be rewritten as a
X (Jo)= ﬁ:/ﬁ;m (@)G ) (jO) U, (jo) (A-13)
Using the first three properties, it kc:zlm be known that,
A (@) == 2 (@) = 2 (@)

(1<i<min(J,L(1))—-1 and max(L(Z),J) <i<n)(A-14)
Substituting (A-13) into (A-14) yields

x,,(jo)= Z/l"’”‘ (@)G 1y (jo)U, () (A-15)

Obviously, x,,, (jw) = A" (w)x,(jw) , then the fourth property is proved.
Proof of Properties (v)~(ix)

The proof of the properties (v)~(ix) only needs some simple calculations. The details are
therefore omitted here.
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