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Abstract

A two parameter asymptotic analysis is employed to investigate some unusual long wave
dispersion phenomena in respect of symmetric motion in a nearly incompressible elastic plate.
The plate is not subject to the usual classical traction free boundary conditions, but rather
has its faces fixed, precluding any displacement on the boundary. The abnormal long wave
behaviour results in the derivation of non-local approximations for symmetric motion, giving
frequency as a function of wave number. Motivated by these approximations, the asymptotic
forms of displacement components established and long wave asymptotic integration is carried

out.

1 Introduction

The problem of wave propagation in an infinite layer, composed of linear isotropic elastic material
with traction free faces, is a classical elasto-dynamic problem. In fairly recent times this problem
has been extended to elucidate both the influences of pre-stress and/or anisotropy, see for
example [1] and [2] in the incompressible case and [3] and [4] for the compressible counterpart.
There have also been a small number of articles investigating the effect of different boundary
conditions on the faces, in particular the so-called fixed face conditions whereby the boundary
conditions are taken to be those of zero displacement, see [5] and [6]. One motivation for these
boundary conditions are certain geophysical phenomena, particularly in respect of coal layers,

see for example [7].



In the case of fixed face conditions it has previously been established that no so-called
low frequency motion is possible, resulting in the absence of either bending or extension, or
their pre-stressed counterparts, see for example [5]. In the case of symmetric motion, some
abnormal long wave dispersion phenomena has previously been reported in respect of nearly
incompressible linear isotropic elastic solids, see [6]. In particular, non-local long wave high
frequency asymptotic behaviour has been observed. The purpose of our present paper is to
extend this study to include the influence of pre-stress and approach the incompressible limit
from the full compressible equations, rather than by merely perturbing the incompressible case.

This paper is organised as follows. In section 2 the appropriate forms of the basic equations
associated with a pre-stressed compressible elastic solid are noted, together with a brief deriva-
tion of both the symmetric and anti-symmetric dispersion relations. In Section 3, numerical
solutions of the dispersion relations are presented, showing frequency as a function of wave
number. In both cases, the absence of any fundamental modes-is noted. Additionally, in the
symmetric case, some particularly striking long wave behaviour is observed on the dispersion
curves in the almost incompressible case. Specifically, there is a very rapid increase in gradient
and in consequence any approximations will not be valid within the neighbourhood of the cut-off
frequencies. Any approximations will therefore be non-local to the cut-off frequencies.

In Section 4, long wave approximations are derived, with particular attention focussed upon
the nearly incompressible symmetric case. In this case, the long wave behaviour may only be
fully elucidated by considering the interaction between two small parameters, the wave number
and a small parameter introduced to indicate the material’s compressibility. Motivated by these
approximations, we seek to derive appropriate asymptotic approximations of the displacements
in each case. The appropriate asymptotic models are briefly discussed in Section 5. After
this, in Section 6, appropriate scales for displacements, together with scales for spatial variables
and time, are introduced and models derived for the compressible case in respect of symmetric
motion. In Section 7, the case of a nearly incompressible plate is considered and appropriate
models derived in respect of symmetric motion. All the results established throughout this paper
are done so for the most general strain energy function. However, when numerical comparisons
of asymptotic and numerical results are presented a compressible neo-Hookean type function is

employed to facilitate this.

2 Basic equations and the dispersion relation
We begin by considering a compressible elastic body subject to the pure homogeneous strain
1= X, xa = Ao Xo, x3 = A3 X3, (2.1)

in which ); is the principal stretch along Ox;. Moreover, X and x denote the position vectors of
a typical particle in a natural (un-stressed) and statically deformed pre-stressed states By and

Be, respectively. The body in question is assumed to form a plate which is finite in one spatial



direction and of infinite lateral extent. Relative to a Cartesian coordinate system coincident
with the principal axes of deformation, and with origin in its mid-plane, the plate occupies the
region —oco < 1 < 00,—h < 2 < h and —oco < z3 < oco. Small amplitude two-dimensional
motions, for which us = 0 and u; and w2 independent of x3, are now superimposed upon Be.

The two non-trivial equations of motion are given by

anul,11 + Y2ui,22 + Buz12 = petin,
(2.2)

Yiuz,11 + Q222,22 + fui,12 = peliz,
in which
aij = Aiijj, v1 = Ai212, Y2 = As2i21, B = a2+ v2 = o3, (2.3)

where A;jr; are components of the fourth order elasticity tensor, the non-zero components of

which are given by

JTIN2

Aiiji = T ANWig,  Aiijs = o2 MW= W5), (i # )
i j

Aijji = Ajizg = Aijij — iy (0 7 ),

where
oW W .
8—)\i, WZ] = M, g; = J )\ZWL,

within which o; is the principal Cauchy stress in B, in the x; direction. We also note that in

WL'E

deriving the form of the equations of motion presented, the facts that a2 = a1 and v1 — o1 =
Y2 — o2 have also been taken into account. We also note that the strong ellipticity condition
requires that

a1 > 07 Qo > 0, Y1 > 0, Y2 > 0, (24)

and
Vaiiage + /12 £ 68 >0, (2.5)

see for example [3] or [4].

Our specific concern is a layer with fixed faces, the boundary conditions then being

u =0, uz = 0, at x2 = %h. (2.6)

kqxzo eik(:cl —wvt)

To begin we insert solutions of the form (ui,u2) = (U,V)e into the equations of

motion (2.2), resulting in the following quadratic equation for 7>

a272q" + [B° — az2(011 — 0%) — y2(m1 — 9%)] ¢ + (011 — 0%) (1 — %) = 0, o° = pv®. (2.7)

Solutions for u; and uz may now be expressed as linear combinations of the solutions generated
by (2.7). This involves eight arbitrary constants, which may be reduced to four by using the
equations of motion. Inserting these solutions into (2.6) yields a homogeneous system of four
equations in four unknowns. Due to the symmetry of the problem about the mid-plane, this
system may be decomposed into two homogeneous linear systems of two equations in two un-

knowns. The condition that the first of these systems admits non-trivial solutions results in the



so-called symmetric dispersion relation

q1F (g2, 7) tanh(q2n) = q2F(q1,7) tanh(qin), (2.8)

with the second system producing the anti-symmetric counterpart

q1F (g2, 9) tanh(q1m) = q2F(q1, v) tanh(qzn), (2.9)

where 7 = kh denotes the scaled wave number and F(q,?) = a1 — 72 — ~42¢® within both
(2.8) and (2.9). It is further noted that the homogeneous system of equations arising from the
boundary conditions may be employed to represent the displacement components in terms of
only one parameter, U say. In the symmetric case this enables us to express u; and u2 in the

forms

u1 = iq1 g2 [cosh(g2kh) cosh(kqix2) — cosh(qikh) cosh(kgaa2)] U, (2.10)

uz2 = [q2F(q1, V) cosh(gzkh) sinh(kgiz2) — g1 F (g2, ) cosh(gikh) sinh(kgax2)] U, (2.11)

within which and the exponential function e™*(=1=vt) has been incorporated into the param-
eter U = Ue™®1=vY The analogous results for the anti-symmetric case are obtainable by

interchanging sinh and cosh in equations (2.10) and (2.11).

3 Numerical analysis

All numerical results will be presented in respect of the two-parameter compressible neo-Hookean
strain-energy function

/
W= g (2423422 —3—2InJ) + %(J “1)2 T = A, (3.1)
within which £’ = k— %m and where 1 and ' (often denoted by ) are the Lamé moduli and « is
the bulk modulus of the material in the un-stressed configuration, see [8]. For this strain-energy

function we have
i =K T +pJ N+, ae=r2J—1), ~vi=pJ '\, (3.2)

where ¢ = 1,2 and there is no implied summation.

In Figures 1(a) and (b), plots of the dispersion relations (2.8) and (2.9), depicting the
scaled frequency w = ¥n against the scaled wave number 7, are presented in respect of the
two-parameter compressible neo-Hookean strain-energy function (3.1). These graphs show dis-
persion curves for both symmetric and antisymmetric motion. The parameters used for Figure
1(a) correspond to a highly compressible case, with Figure 1(b) presenting an example of a
nearly incompressible case. In the nearly incompressible case x >> 1 and J ~ 1, with the in-
compressible limit being realised by allowing x — co and J — 1 in such a way that the product
k(J — 1) remains finite, see [8, p.510]. The first thing to notice in these graphes is that there

are no modes for which w — 0 as 7 — 0. This is in contrast to a compressible elastic plate with



traction free, rather than dispacement free, upper and lower surfaces, see [3] and [4]. It is then
the case that the fixed-face boundary conditions preclude so-called low frequency motion and
there are therefore no fundamental modes. This has been previously noted in the analogous
incompressible fixed-face case, see [5].

A striking feature of Figure 1(b) is the flattening of symmetric branches in the long wave
regime. In each case they have a near zero gradient very close to the cut-off frequency, with the
gradient then rapidly steepening after which the behaviour is similar to that usually expected.
Similar unusual long wave behaviour was previously noted in linear isotropic nearly incompress-
ible elastic plates with fixed faces, see [6]. In this article the authors perturbed the equations for
an incompressible plate; our motivation is to generalise this study to the pre-stressed case and

in doing so use as our starting point the general compressible, pre-stressed elastic equations.

4 Long wave approximations

As previously mentioned, in the case of a plate with fixed faces there are no fundamental
modes, so-called low frequency motion is therefore precluded. We shall therefore begin an
analysis of long wave high frequency motion, which is characterised by the fact that as n — 0,
7% /v2 ~ O(n™2). From (2.7) it may be deduced that both g; and g2 are in this case imaginary
and can therefore be written as ¢ = iG1, g2 = ig2, where ¢1 and ¢z are both real and positive

and

.2 v° __2 o 0 _ 2

GG=—+Q1+0(@ "), G=—+Qx+0( "), (4.1)

Q22 72
in which
B =m(ye — a2) _ B+ on(y2 — o)
Q=——"—"—""""" Q2 .
a22(y2 — a22) v2(y2 — a22)

In order to investigate the previously observed long wave numerical peculiarities for nearly

incompressible plates with fixed faces, we introduce the non-dimensional parameter s in the

form
JWss
w=—".
Y2
This parameter depends on the compressibility of the material and tends to infinity for incom-

(4.2)

pressible materials. Note, that s is included within the following material parameters
Qij = GQij + 723, 4,5 € 1,2, (4.3)

where &;; /72 is assumed O(1).

4.1 Compressible case

We begin our investigation of long wave dispersion and consider symmetric and anti-symmetric

motion separately.
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4.1.1 Symmetric motion

In the long wave region the symmetric dispersion relation (2.8) may be rewritten as

G1F (g2, 9) tan(gan) = ¢2F (q1, v) tan(gin), (4.4)

with
F(qi, ) = a1 —1_}24-’}/2@7;2, 1 =1,2. (4.5)

2 or tan(gin) ~ n?. The former case

As n — 0, we deduce from (4.4) that either tan(gzn) ~ n~
implies that at leading order gon = (n — 1/2)m = AZ;,. For this type of motion it is possible to
use (2.10) and (2.11) to establish that u; >> wuz. The associated scaled frequencies, given by
@% = y2(A%,)?, are commonly referred to as the thickness shear resonance frequencies. Similarly,
the case tan(gin) ~ n?, from which we may deduce that u; << wus, defines thickness stretch
resonance, with the associated resonance frequencies given by @? = vax—2(nm)? = ~2(A%,)?,

where X2 = v2/a22. We shall now consider motion within the vicinities of the thickness shear

and stretch resonance frequencies in turn.

(a) Motion in the vicinity of the thickness shear resonance frequencies

In this case (n — 0, tan(gzn) > 1) we seek the following forms of expansion
1

¢n?

where the correction term ¢ may be found by inserting the approximations (4.6) into (4.4) and

Gon = A, + ¢n> +0("),  tan(gen) = —— + O(1), (4.6)

equating like powers of 7, yielding

_ 62 COt(XAzh) . (47)
(a2z —72)%x(A2,)?
It is now possible to deduce that in the long wave region
©% = 7a(A%)? + Coun® + O("), (4.8)
within which
s 232 cot(xAZ)) )
Con = —Q2+ ———52— ). 4.9
ne < Q: (22 — 72)°XA, (49)

(b) Motion in the vicinity of the thickness stretch resonance frequencies

Making use of the fact that tan(ng1) < 1 as n — 0, we obtain the following expansion forms
G = xA% + 90" +0("),  tan(@in) = vn® +O(n*). (4.10)

Substituting expansions (4.10) into the symmetric dispersion relation (4.4), we obtain the cor-

rection term v, given by

_ 32 tan(A3;)
U= lam (A (411)

For motion in the vicinity of the symmetric thickness stretch resonance frequencies, an expansion

for the appropriate scaled frequencies @ associated with the n** harmonic may now be obtained,
namely

@° =2 (A%)? + CLm® + O(n*), (4.12)



where

o 232 tan(AZ%;) )
Cs = — o TSt ) 4.13
t Q22 <Q1 + (a2 — 72)2As, ( )

Good agreement between numerical and asymptotic results near the first thickness shear and

stretch resonance frequencies, see (4.8) and (4.12), respectively, is demonstrated in Figure 2.

4.1.2 Antisymmetric motion

A similar analysis to that just carried out in respect of the symmetric case may be performed for
antisymmetric motion. Analogous results may be obtained from their symmetric counterparts
by putting A, AL, C3, and CF, instead of ASy,, As,, CF), and C§,, respectively, where

A%, = nm, AL = (n - %) £7 n=12,.., (4.14)

o 232 tan(xA%,) )
oY = — 2P PAMXBsh) ) 415
T <Q2 " (@22 — 72)%xAY, (4.15)

o 232 cot(A%) )
oo = — _ 2P coWBs) ) 4.16
LT (Ql (22 — 72)%Ag, (4.16)

4.2 Nearly incompressible case

In the nearly incompressible case, 3 > 1, we note from the definitions of AZ; and AZ; that
the frequencies of both symmetric and anti-symmetric stretch resonance tend to infinity as the
material becomes incompressible. This result is what might be expected in view of the fact that
the corresponding incompressible case is characterised by the absence of such motion, see [5].
Within the dispersion relations (2.8) and (2.9) we have two small parameters, namely 1 and

271, with the asymptotic long wave structure dependent on their relative magnitudes.

4.2.1 Symmetric case

In the symmetric case, the appropriate form of the dispersion relation (2.8) is given by

G (6511 + Yo + (jg — 1_)2) tan((jzn) = G2 (6511 + Y2 + (ﬁ — 1_)2) tan((jln). (417)

Case 1: sm? ~ 1

We first consider the nearly incompressible case, characterised by »n? ~ 1, and for which

approximations for ¢? and ¢ take form

2 2

2 U = 2 2 v 2
=——6+0 , =—-1+—+0 , 4.18
=L -5+06).  @=-1+-_+0u) (@19

where ~

Q11+ Q22 — 26 — 72
V2 ’

We remark that as previously 7/y2 ~ 1~ !. Using equations (4.18) we are able to deduce that

5=

(4.19)

tan(di) = tan (%) LO(P),  tan(dn) = dan + OGr®). (4.20)
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parameters as Figure 1(a) (a) near the first thickness shear resonance frequency; (b) near the first

thickness stretch resonance frequency.



numerical solution
asymptoltlc solution -------

0 0.2 0.4 0.6 0.8 1

Figure 3: Scaled frequency against scaled wave number for the Neo-Hookean material with the same

parameters as Figure 1(b), showing the first two symmetric harmonics.

It is now possible to insert approximations (4.18) and (4.20) into the dispersion relation (4.17)
to establish that w satisfies the following transcendental equation
Yo (GJ — /72 tan (i)) n’ = o (4.21)
V2

We remark that in the nearly incompressible case characterised by sn? < 1, we may infer from

the above equation that tan(@/,/72) > 1, from which we deduce that at leading order

2 2
&% = 72A2, + ;‘2" . (4.22)
sh

This result is also obtainable from (4.8) on the assumption that sn? < 1 while s is not less
than of order O(1). The non-local long wave approximations (4.21) provide excellent agreement

with the numerical solution, as is illustrated in Figure 3 for the first two symmetric harmonics.

Case 2: sm* ~ 1

In this case appropriate approximations for g1 and ¢z, obtained from (2.7) are given by

2 b-—m _ o

_9 <
v d—m 4
O =1
+ (77 )7 q2 + 72 a3

i =——0+—
72 v

+0(nh). (4.23)

Inserting expansions (4.23) into (4.17) we establish that ©? = A2 4+ O(n?), where A satisfies

2~ tan (%) . (1.21)

10



We note that (4.24) is a transcendental equation and this is an equation of the type previously
found to define the cut-off frequencies in the corresponding incompressible case, see [5]. The
occurrence of such an equation to define the cut-off frequencies is unusual. Specifically, this
situation arises for symmetric motion through a combination of both the fixed face bound-
ary conditions and the fact that the plate is essentially incompressible. An expansion for the

frequency is then sought in the form
% = A+ Pon* + O(n"). (4.25)

Using this approximation it is possible to establish appropriate approximations for gi, g2, and

tan(gin) in the forms

. Ao n < 3
=——+——(Po—720) +0(n), 4.26
n V2n * 2\/72Ao ( 0Tz ) +00r) (4.26)

(6 —y)n? A3

4
A2 Dypsap o), (4.27)

g2 =1+

. Ao n? < Ao \1? 4
tan =tan | — | + ——— <P - 5) 1+ |tan | — + 0 . 4.28
() = tan (S ) + 5 (o= = (). (429)
Inserting these approximations into the dispersion relation (4.17) and equating leading order

powers of 7 firstly re-affirms (4.24) and then enables us to determine Py, yielding

2 = 2A2
P = = — . 4.2
o= (o8- o) (429)

The definition of Py implies that it may take positive or negative values. However, in the case
of a linear isotropic layer this coefficient is positive for all material parameters, see [6]. We
therefore infer that in a pre-stressed plate the group velocity 74 = 0w/dn = Py may be positive
or negative, depending on the material parameters and pre-stress. Figure 4 shows numerical
solutions of the symmetric dispersion relation (2.8) and both the non-local approximations
(4.21), together with (4.25), in respect of a nearly incompressible plate. Two sets of parameters

are used in order to demonstrate positive (Py > 0) and negative (P < 0) group velocities.

4.2.2 Antisymmetric case
In the antisymmetric case, the dispersion relation (2.9) may be recast in the form
. 2 2 . A~ 2 2 N
Q1 (0511 + y2x + 725 — v ) tan(gin) = go (0511 + yorx + 72q7 — v ) tan(gzn). (4.30)

In the case »n> ~ 1, it is readily established that tan(gin) ~ (jfl, indicating that gin ~ A%,. In

this case it is possible to show that
2 _ a \2 < 2 4
@" =72(Asn)” +72(6 = 2)n" + O(n"). (4.31)

We remark that this result is obtainable by taking the appropriate limit of C',, defined in (4.15).
In this case the result is not changed when »n® > 1, for example when »n* ~ 1. Tt is then clear

that abnormal dispersion behaviour is a feature only of symmetric motion.

11
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5 Asymptotic model

Our aim is now the derivation of one-dimensional asymptotic models for long wave high fre-
quency motion in a layer with fixed faces. We require these models to be consistent with our
previous asymptotic analysis of the appropriate dispersion relations. In the case of a layer with
fixed faces, symmetric motion is of particular interest, due to the previously discussed behaviour
of the branches in the long wave regime. The derivation of asymptotic models for the compress-
ible case, in which the parameter » ~ 1, is very similar to the high frequency case associated
with a layer with free faces. In this case, we readily obtain models for motion in the vicinity
of thickness shear and stretch resonance frequencies. However, in the symmetric nearly incom-
pressible case (3 > 1) we require the introduction of the term po = s(u1,1 + u2,2), analogous
to the time-dependent hydrostatic pressure increment associated with incompressibility. Inves-
tigation of the relative magnitudes of ui,u2 and po motivates appropriate re-scalings in each
case. After recasting the equations of motion, and appropriate boundary conditions, in terms

of the new variables, a system of governing equations at.various orders is derived and solved.

6 Compressible layer with fixed faces

Due to the similarity of derivation of asymptotic models for antisymmetric and symmetric

motion, we will discuss only the latter case in detail.

6.1 Relative orders of displacements

We begin by using previously established approximations to determine the relative magnitudes
of u1 and ws in the vicinity of the shear and stretch resonance frequencies in the compressible
case » ~ 1. For the shear case, expansions (4.1) for ¢1 and g2, together with approximations

(4.6)-(4.8), may be used in equations (2.10) and (2.11), establishing that

- A: 2 s s X &
ul & zﬁx% cos (xAs) cos ( oh f) U, (6.1)
U ~ Wix& cot(xAsn) [sin (AZy) sin <xA§h2> — sin (xAsp) sin (A;hﬂﬂ U, (6.2)
Y2 — Q22 M h h

where we recall that A, = (n—1/2)w, n =1,2,.... From equations (6.1) and (6.2) it is deduced
that if s ~ 1, the in-plane displacement u; is asymptotically leading in respect of motion in the
vicinity of the shear resonance frequencies. Moreover, we may further deduce that

1
UL ~ —U3. (6.3)
n

In the case of motion in the vicinity of the stretch resonance frequencies, approximations (6.1)

and (6.2) are replaced by

o (Ait)2 s s T2 s s T2\ 7
u1 ~ 16X o cos (xAs;) cos (Ast . ) cos (A3;) cos (XAst W )] U, (6.4)
Az 3 s . s &
uz & x° (a2 — ’YQ)( 775) cos (Ag;) sin (XAst %) U, (6.5)

13



where A3, = nm/x, n = 1,2,.... For motion within the vicinity of the stretch resonance frequen-
cies we therefore infer that

1
U2 ~ —Uj. (6.6)
n

6.2 Shear resonance frequencies

We first aim to derive an asymptotic model for symmetric motion near the thickness shear
resonance frequencies. Noting the previously obtained relative orders of displacements, shown

in (6.3), we introduce scaled non-dimensional displacement components in the form
ur = luj, u2 = Inus. (6.7)

Appropriate non-dimensional spatial and time variables are also defined as

x1 =€, x2 = In¢, t=In,/ Pe . (6.8)
Y2

For motion in the vicinity of the thickness shear resonance frequencies we assume that
* 2 2 ok
Uk, rr + (Azh) UZ ~ 1) Ug, k= 17 2. (69)

The equations of motion (2.2), subject to fixed boundary conditions u1 = uz = 0 at x2 = *h,
may now be recast in terms of the new variables. Solutions of this boundary value problem are

sought in the form

* % 1 l m
(ui,up) =y 0™ (i, us™) + O™ *?). (6.10)
1=0
Inserting solutions (6.10) into the form of governing equations represented in terms of new

variables, and taking into account conditions (6.9), we derive a system of equations at different

orders m, given by

’Y2ufgz) + 72( ih)2u§2m) + Oéuufggﬁ) + 5”&?2572)

—yan 2 [uf;’;*) + (Azh)zuf’””)] =0,

anu$ Y + Bull) + 2 (ML) uS™ + yuf (6.11)
—en” [ufT P 4+ (MD)W ] = 0,

uP™ =ul®™ =0 at ¢ ==+l

with m = 0,1,2, ....

6.2.1 Leading order problem
The leading order problem, associated with m = 0, is given by
w% + (M) ui” =0,
azul + Bul®) + 72 (M) s =0, (6.12)

u” =ul” =0 at ¢ ==1,
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with a solution readily obtainable in the form

uf” = u®? sin(A2,0),

O g . (6.13)
ul® = 8% cos(A24C) + VL% cos(xA%LC),
where (0,0) (0,0)
w0 cos(AS,)u
w00 = Puie Vo0 = § cos(Aon )¢ (6.14)

A3 (a2 —v2)’ A3y, (22 — 2) cos(xAZy,)

The solution (6.14) provides leading order solutions for the displacement components in terms of

an essential parameter, u§0‘0)7 which is a function of £ and 7. An equation for u§°*°) is obtainable
from the second order problem.

6.2.2 Second order problem

In order to derive an equation for ugo,o)y we need to consider the following second order equation

and boundary condition

ulle + 12 (A% + anule + Bulle — yan % (ul%, + (A8)*u”) =0,

(6.15)
D=0 at (==l

The solution for u?) is expressible in the form

u§2> = u?"” sin(AZ,¢) + v§2’1)Ccos(A§hC) + U1(2’O) sin(xA2,€), (6.16)
within which
1
ofVim = [ (w9 + (A3)%u"?) + Qu%? ] (6.17)
2A3,
(0,0)
U(2’0) ) 52 COS( Sh)u‘l £€ (6 18)
; X(A3),)% (22 = 72)? cos(xAZ, )

with the governing equation for u&o’o) given by

7on? (w%2 + (42)%u*”) = Coul’Y =o. (6.19)

We note that Q2 and Cf, have been previously defined, see directly after equations (4.1) and
(4.9). Introducing a new function ul”(z1,t) = u&o’o) (&, 7), we may recast the above equation in

terms of original variables

1 s \2 [0] 82U[0] s 82u[0]

T s e - Cs =0. 6.20

pr 12 Ban) T pe g~ Can g (6.20)
Consistency may be verified by direct substitution of the wave form ul® = @[%e?*@1=v1) into

equation (6.20), resulting in the expansion (4.8) for @.

6.3 Stretch resonance frequencies

The appropriate relative orders of displacement components (6.6) lead to the following re-scaling

ur = Inuj, Uz = lus, (6.21)
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which will be employed together with the following non-dimensional space and time variable

scalings

v =1E, za=In¢, t=Ip Oi’ﬁ 7. (6.22)
22

For consistency with the asymptotic analysis of the dispersion relation we assume that for motion

near the thickness stretch resonance frequencies that
* 2 S \2 x 2, %
U, rr + X (AS) ug ~ 0 ug, k=1,2. (6.23)

Rewriting the equations of motion (2.2) and boundary conditions (2.6) in terms of new variables,
substituting solutions in the series form (6.10), and taking into account relations (6.23), we arrive

at the system of governing equations at various orders m

2m m s (2m—2)

’qu;’«) + 5“5?54) +72( st)zugzm) + oy g,
_ 04227]_2 [Ufsz + XQ(Azt)2u52m72)i| _ 07
20uS’TY + 72 (M) ul™ + ullT + pull (6.24)
_ 06227772 [USZTZ) X X2(A§t)2u52m72):| _ 0’
52'm) _ ué2m) =0 at C — :|:17

u

with m =0,1,2,....

6.3.1 Leading order problem

For m = 0, we arrive at the leading order equations of motion

y2ulle + Bugyc +2(A%)*ul” = 0,
(6.25)
gl + (A2 =0,
subject to the appropriate boundary conditions
u =u? =0 at ¢=+1. (6.26)
Solutions for this leading order problem are provided by
ul” = u®” sin(xA3C) + U sin(A%,0), 6m
uéo) = véo’o) cos(xAs:0),
where the functions ugo’o) and Ul(o,o) are expressed as
0,0 . s y,.(0,0
(0,0) _ ﬂ“;s ) 0,0) _ BSIH(XASt)“é,s )
U = e, Uy = —— = (6.28)
XAz (22 —72) XAZ (22 — 2) sin(Ag,)

We have thus obtained leading order solutions in terms of the essential function v§0‘0)7 which
is a function of £ and 7. A governing equation for this function may be derived from the next

order problem.
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6.3.2 Second order problem

At second order, we consider only those equations required to derive a governing equation for
véo’o). Accordingly, we consider only the following equation of motion with appropriate boundary

condition

0422u§2< +72(A%) u” + 71u§(,)§5 + 5“5(,)24 - 04227772(?15?17 +x* (A% uy”) = 0,

(6.29)
ug) =0 at ¢==1.
The solution for uéz) may be written as
uéQ) = véz’o) cos(xAs:C) + uéz’l)Csin(XAitQ + VQ(Q’O) cos(AZ:Q), (6.30)
within which
1 _ s
) = o [ (o9 + P (A2)%) + Quol2] (6.31)
2XAst
. sy, (0,0
yeo P *sin(chi)vsie (6.32)
: X(A%)? (22 — 72)? sin(AZ,)’ '
with the governing equation for véo’o) taking the form
azan ™ (07 + 3 (AL o) — Conl? =0, (6.33)

where the constants @1 and C§; were defined previously, see directly after (4.1) and (4.13).
Introducing the function v[O](ml, t) = vgo’o) (&, 7), the above equation may be written in terms
of original variables, yielding

1

2 [0 2. [0
ﬁw(Ait)QvM +p€a wl0 s 9%l

o2 Tt 9a2

= 0. (6.34)

We remark that consistency may again be readily established.

7 Nearly incompressible layer

In view of the abnormal dispersion behaviour associated with symmetric long wave motion, we

shall now examine the asymptotic structure of the governing equations in more detail.

7.1 Relative magnitudes of displacement and pressure

We first define po = s¢(u1,1 + u2,2), where po is a term analogous to the hydro-static pressure
increment known to occur in incompressible elasticity, see for example [8]. Moreover, in the
incompressible limit it is known that s — oo, (u1,1 + u2,2) — 0 in such a way that the product
tends to the dynamic part of the incompressible hydro-static pressure term. It is possible to use

equations (2.10) and (2.11) to establish that

po = —skqigz [(F(q1,0) — ) cosh(gan) cosh(kquz) + (8 — F(qz, 9)) cosh(qin) cosh(kgz2)] U.
(7.1)
We shall now establish the relative long wave magnitudes of w1 and uz in the two particularly

interesting cases »n> ~ 1 and »n? > 1, together with the relative order of po.
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7.1.1 Case 1: »m? ~ 1

In this case it is possible to substitute the approximations (4.18)-(4.21) into equations (2.10),
(2.11) and (7.1) to show that

u v —iZ 2 g {cos( © xz) cos( © )}f] (7.2)

1R —i———@2 — ) - — ) .

URVEE Vz h V2
o w X2 W T2 w ~
U2 R —xGe |Sin| —— | — ——-—cos [ — U, 7.3
{ <\/72 h) Viz h <\/V2>} (75)
w w ~
po & ——kGa—— cos (—) U. 74
UEVAD V2 (74)
It is now possible to use (7.2)-(7.4) in order to establish that for the case »n%~ 1

wyp ~ k_1n2po, Uy ~ k_1n3p0. (7.5)

7.1.2 Case 2: xn? > 1

In the case »n? >> 1 it is possible to establish that approximations for u1, u2 and po are given by
(7.2)-(7.4), with @ replaced by A¢. Hence, the asymptotic structure in this case is the same as
that shown in (7.5). We note that the nearly incompressible case may in general be characterised
by s ~ 172™0, with 6 an O(1) quantity and m > 0. Motivated by the appropriate dispersion
relation approximations previously established, we consider the two cases m = 1 and m = 2.

Before proceeding it is convenient to re-write the equations of motion (2.2) in the form

Q111,11 F Y2u1,22 + Buz,m + po,1 = petit, (7.6)

Y2u2,11 + G22U2,22 + BU1,12 + po,2 = peliz, (7.7)

in which po = s(u1,1 +w2,2). In this case the scales introduced in (6.7), (6.8), supplemented

with po = n72p*, may now be used to re-cast (7.6), (7.7) and the definition of po as

Youl ce — YaUl,rr + P + n’ (duﬁ,& + Bus,gg) =0, (7.8)
Pl + n? <d22us,g< + Buﬁf,gg - ’Y2U§,TT> + 774W2U3,5§ =0, (7.9)
p* = 772;4 (UT,E + uSC) , (7.10)

which must be solved subject to the boundary conditions

uy =0, us =0, at (= =£1. (7.11)

7.2 Casel: m =1,17%x=20

In the case in which %5 = 0, we are essentially very close to the resonance frequency and may
therefore consider the stationary case, for which 8/07 = i@w. The appropriate leading order

problem may therefore be written as

e+l +pQ =0, pP =0, pO=0(uf+u)). (7.12)
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The general solution of this system of equations may be represented in the from

p©@ — 00,

©) _ 77(0,0) w¢ (0,0)
uy . =U; cos( ’Y2) +u 7, (7.13)

0 0,0) . [ @¢ 1,0
Inserting these general solutions into equations (7.12)1 3, results in the following equations
o2 5 (o0 + o),

0,0) w 0,0)
U +ﬁU2( =0, (7.14)

™ o =0,

with the boundary conditions also requiring that

UL cos (—(D ) + {09 =,
1 \/% 1

- (7.15)
US®9 gin (_w ) + {80 = .
2 \/,y—z 2

The system of equations (7.14) and (7.15) may be used to obtain solutions for U2(0‘0), v§0,0)7 vél’o)

and v;‘)’O) in terms of U1(0,0)7 thus

U0 = -0l U = o con (L)
w ’ Y2

_ (7.16)

o™ = Y208 sin ( -

[ 2),

and

00 Zp{ V02 g (2 s ()] o
Up ,9{ = 51n(m) cos(ﬁ)} Ui’ (7.17)

Additionally, a governing equation for U 1(0’0) is also readily obtainable, being expressible as

2 500 gl 2 (2] o —g (7.18)
o T )| e T |

7.3 Case 2: m =2,n% =20
In order to derive an appropriate asymptotic model in this case we may utilise equations (7.8)-
(7.11).
7.3.1 Leading order problem
The leading order problem in this case is given by
e+ Au” +pQ =0, PP =0, W +ul)=0, (7.19)

which, subject to u§0> = uéo) =0 at ( = £1, has solution

p® = 00,
(0) (0.0) Ao ) (0,0)

uy, =U cos + v , 7.20
1 1 ( s 1 ( )
©) _ 77(0,0) AOC) (1,0)

uy - = U. sin | — | + Cw .
2 2 ( 2 2
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The general solution of this system takes the same form as shown in (7.13), with Ao replacing

@, which may then be used to establish that
VRULE + 80030 =0, ol 1ol =0, ol 1 AR =0, (121)
with the boundary conditions also requiring that

AO 0,0 0,0 AO 1,0
U0 COS( ) +o* =0 ULDgin [ =2 ) 40889 = 0. 7.22
! viz) oot ’ ? NV 72

It is now possible to use four of the five equations shown in (7.21) and (7.22) to represent

v%o’o), U1(0,0)7 UQ(O’O) and vél’o) in terms of 01(10,0)7 thus
200 200
(070) p 5 U(O 0) _ p,§ 7.23
e A2 ~ AZcos(Ao/y72)’ (7.23)
(0,0) Ve (1.0) _ (052)
U0 _ P 0 _ Up, 7.24
2 Ag COS(A()/ /—,y2) ’ Vg A2 ) ( )
with the fifth equation merely confirming that
Ao ) Ao
tan | —= | = —, 7.25
(\/72 V2 ( )

as expected in light of (4.24).

7.3.2 Second order problem

The second order governing equations may be expressed in the form

’Y2U§22< + A8u§2) n2 (7 uﬁol, + Aju (0)) +pf§2) + dnul et Bu é()gC =0, (7.26)
P + Gl I + A5l =0, p© =0 (u?) +ull). (7.27)
The general solution of this system of equations is given by

@) L7002 AOC) (1,2) (AOC) (0,2) | »2,(2,2)
u,” =U cos +U (sin + v + v 7.28
1 1 (\/7—2 \/% 1 1 ’ ( )

2 10,2 . [ AoC (1,2) AoC (12) 4 (3,3:2)
=U, " sin ( ) + U2 ¢ cos < ) + C + v (7.29)

(2) _ p(0,2) Ao¢ (0,2) (2.2)
p“ =P cos( )+1) +¢2 v (7.30)
V2

These general solutions may be inserted into the governing equations (7.26) and (7.27), resulting

in the following equations

v;o,o) —90 ( ©.2) | U(1 2)) 7 05,25’2) n 31)%3,2) —o, (731)
A
U1(0§ ) 4+ 20 0 ,2) + U(l 2) _ =0, rY2U1(,15'2) _ AOU2(1,2) =0, (7.32)

allvi 55) —|—ﬂ1)(1 ,0) + 27 1)(2 2) —|—’L)(0 ,2) +A2 (0,2)

=72 (320l + AZ™) =0, (7.33)
vPP + AP =0, 2007 + AGY =0, (7.34)
0,00 , 5 Mo 00 1,2 0,2
anU% + b= U8 +2ymhoUM + PO?

=072 (nU%Y + AUPY) =0, (7.35)
\/’yngP(O’2) =+ 6522A(2)U2(0’0) + \/’}QBAOUl(?éO) — ’)’2A(2)U2(0’0) =0, (7.36)
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with the boundary conditions dictating that

Ao Ao
U cos ( ) + UM sin ( ) +0"? 4P =0, 7.37
{09 cos (22 Ve (r.37)
Ao 1,2) Ao 1,2) (3,2)
Us®? sin <—) + U cos [ =2 ) + 0l 40802 = 0. 7.38
2 \/,y—z 2 \/,y—z 2 2 ( )
In (7.31)-(7.38), there exist 11 equations from which all quantities within the general solutions
(7.28)-(7.30), other than v\ 2 may be represented in terms of vl(,o’o) and v\ 2 and a governing

(0,0)

equation for vy’ may also be obtained. In order to do this, we first use (7.34)1,2, (7.31) and

(7.36), together with the leading order solutions (7.24), to establish that

1 209 M)
(2,2) _ (0 0) (2,2) _ §333 (3,2) _ K3I333
U= gl N §A2 Y = s R (7.39)
(0,2) ”(Os?
PO? = . ( - ) 7.40
" A2 cos(Ao/\/72) B=), (7.40)

with equations (7.35) and (7.32)2 then used to show that

v/ A2
U2 _ 72 5000 -2 [ (0,0) 20 (0,0) 741
b 2A3 cos(Ao/A2) p’&& A Uperr ¥, Y2 Up ’ (7.41)
(1,2) Y2 (0,0) -2 (0,0) Ao ( 0)
Us = 2T cos(Ao/vAs) { buyieee +1 <”p,ssw + 7, Upee )} : (7.42)
It is now possible to use equation (7.34)1; together with (7.33), and obtain
0,2) _ _i (0 2)A 4 (00 B —an) 472 (000 + Ao (00 (7.43)
W = 6+ vpigge (12 + 8 =) e (ol + 2 )| (7

in which use has also been made of the equation (7.25). Finally, equation (7.31): is employed
to establish that

1 = _ A2
vg"? =2z { pte A + vy ke (72 +6- 0‘“) +yan <”z(o?é?rr + 1()052))}
0
0,0
+ v‘(’g )

(7.44)

(0.0, Specifically, this is done

We are now in a position to derive a governing equation for vy
by inserting U1(0‘2) and U20’2) from the boundary conditions into (7.32)1, then using previously
obtained solutions and a little algebraic manipulation to obtain

—2 (0,0) Ao (0:0) = 2\ (0,0 2 (0 0 _
n_ -0 (vp&” +— P Upoge ) +0 (5 - g) Vp tege T 2000 =0. (7.45)

We remark that derived one-dimensional model is consistent with asymptotic analysis of the

exact dispersion relation.

8 Some concluding remarks

The dispersion of small amplitude waves, in a plate composed of pre-stressed, compressible
elastic material, has been investigated. In contrast with the classical case, the upper and
lower faces of the plate are assumed fixed and the displacement on these faces is zero. In

the case of symmetric motion rather unusual non-local long wave dispersion behaviour has
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been noted when the plate is almost incompressible. A two parameter asymptotic analysis
has been carried out, both to derive long wave approximations of the dispersion relation and
establish corresponding asymptotic forms of the displacement components. Motivated by these
asymptotic forms, appropriate scalings have been introduced and specific models have been

derived for long wave motion in this particular case.
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