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Abstract

In this paper the nonlinear dynamic stability of Beck’s column with variable mass and
stiffness properties in the presence of damping (both internal and external) is investigated
using a complete nonlinear dynamic analysis. This approach permits the examination of the
global stability of the system in contrast to the static nonlinear one, which, though more
economical in computational cost, is associated only with the loss of local stability via flutter
or divergence. The governing equations describing the dynamic response are derived in terms
of the displacements taking also into account the axial deformation, which has a striking
influence on the critical load. Since the cross-sectional properties of the beam vary along its
axis, the resulting coupled nonlinear differential equations have variable coefficients. Their
solution is achieved using the analog equation method (AEM) of Katsikadelis. Besides its
accuracy and effectiveness, this method overcomes the shortcoming of a FEM solution, which
may experience lack of convergence. Interesting conclusions are drawn. The important,
however, finding is that the inclusion of the axial deformation affects highly the critical load
of Beck’s column with varying cross sectional properties, while it leaves it unaltered for
Beck’s column with uniform cross section.
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1. Introduction

The influence of damping on the stability of linear elastic nonconservative uniform
columns has been extensively investigated. The related main conclusions are the stabilizing
effect of the external damping [1] and to the paradox of the destabilizing effect of the internal
damping [2, 3]. However, when nonuniform columns are examined [4, 5] the influence of
internal damping can have a stabilizing character under certain conditions, while the external
damping has always a stabilizing effect [4]. Some recent results for linear viscoelastic models,
in which creep, relaxation and hysteresis effects are taken into account, can be found in a
survey paper by Gaul [6]. A special case of the influence of damping on Hamiltonian
autonomous systems is very recently reported by Kounadis [7].

The stability behavior of nonconservative columns can be examined only via nonlinear
analysis, static or dynamic [8-11]. The latter one permits the examination of the global
stability of the system instead of the static nonlinear analysis, which is associated with the
loss of local stability, via flutter or divergence [12, 13]. The work that has been done on the
nonlinear dynamic analysis is limited only to uniform damped Beck’s columns. The
bifurcation may be subcritical or supercritical. The subcritical can exhibit instability below the
critical load (from the linear theory), while the supercritical is the stable solution to which all
solutions tend independently of the initial conditions. The initial studies of Kolkka [14] and
Chen [14] have shown that the bifurcation is supercritical for the uniform Beck’s column.
Recently, Andersen and Thomsen [16] studying a uniform Beck’s column with a tip mass at
its free end observed that the rotary inertia of the mass can change the type of bifurcation
from supercritical to subcritical. To the authors knowledge publications on the solution of the
problem of Beck’s column with variable mass and stiffness properties are not available in

literature.



In this paper the nonlinear dynamic stability of Beck’s column with variable mass and
stiffness properties in the presence of damping (both internal and external) using a complete
nonlinear dynamic analysis is investigated. For homogeneous material variable mass and
stiffness is due to the variation of the beam cross-section. The nonlinearity results from
retaining the square of the slope in the strain-displacement relations (intermediate nonlinear
theory). In this case the transverse deflection affects the axial force and the resulting
equations, in terms of the displacements, are coupled nonlinear with variable coefficients. The
analysis is performed with and without considering the axial deformation. This requires the
solution of two different initial boundary value problems. The deviations of the two
approaches are studied and compared with the linear theory. The solution of the problems was
achieved using the analog equation method (AEM) of Katsikadelis [17] as it was developed
for the nonlinear dynamic analysis of beams [18]. According to this method, the two coupled
nonlinear hyperbolic partial differential equations with variable coefficients are replaced by
two uncoupled linear ones pertaining to the axial and transverse deformation of a substitute
beam with unit axial and bending stiffness, respectively, under fictitious time dependent load
distributions. Besides its accuracy, this method overcomes the shortcoming of a FEM
solution, which experiences lack of convergence [16] and depends on discretization. Example
problems of uniform Beck’ column and Beck’ column with linearly varying height are
presented, which illustrate the effectiveness of the employed method to handle this problem.
Moreover, useful conclusions are drawn concerning the influence of the axial deformation.
Thus, in case of uniform Beck’ column this influence is negligible, while in case of Beck’s
column with linearly varying height is dominant and should be always included in the

analysis.



2. Governing equations

Consider an initially straight beam of length [ of viscoelastic material vibrating in a
viscous medium. The beam has variable cross-section A = A(z) and moment of inertia
I = I(x). The z axis coincides with the neutral axis of the beam, which is bent in its plane
of symmetry xz under the action of a tangential compressive follower tip load P (see
Fig. 1a). We assume that there is no abrupt variation in cross-section of the beam so that the
Euler-Bernoulli theory is valid [19]. In the following the equations are derived (a) for
nonlinear analysis including the axial deformation, (b) for nonlinear analysis excluding the

axial deformation and (c) for linear analysis.
2.1 Nonlinear theory including axial deformation

Moderate large deflections are considered. In this case the nonlinear kinematic relation
retains the square of the slope of the deflection, while the strain component remains still small

compared with the unity. Thus we have

é‘m({[, Z) = u,, +%w,3 +2K (1)
where v = u(z,t) and w = w(x,t) are displacements along the x and z axis, respectively,

and x is the curvature of the deflected axis given as

k= — AT 2)

(1 + w’? )3/2
The equations of motion are derived by considering the equilibrium of the deformed

element. Thus, referring to Fig. 1b and taking into account the inertia and external damping

forces we obtain

—mii — ¢t + (N cos — @Qsinf), =0 (3)

—mi — e + (N sinf + Q cosf), = 0 4)



M’z:Q Q)

where m = m (z) = pA(x) being the mass density per unit length and ¢ is the coefficient of

the external viscous damping. For the case of moderate large deflections the following

relations are valid [18]

ds = dx (6)
cosf ~1, sinf ~w, ~0 (7a,b)
K= _wm: (8)

The stress resultants are evaluated by integrating appropriately the normal stress

Oe 0
=F Fr—=|E+FE"— 9
o= et 5O [ N at]a ©)

Thus, the axial force and the bending moment are obtained as

N = [EA + E’*A2
ot

‘l 2
(u, +3w?) (10)
= EA <uﬂz +%U},i) + E*A(U’I +2w’I w’z)

M:{H+ETQMW
ot) (11)

= —Flw, —FE'Tw,,,

where E” is the coefficient of dynamic visco-elastic resistance [20].
Substituting Egs. (7) into Egs. (3) and (4) and using Eq. (5) to eliminate (), we obtain

equations of motion in the form

—mii —ci+ N,, —(M,, w,,),, =0 (12)

—mi — cw + M, +(Nw,, ), =0 (13)

‘T

which by virtue of Eqgs. (10) and (11) become

—mii — et + [EA <u,x _f_%w’z) -+ E*A(Z.Iql. +2w71- wu )] " (14)

zT

+|(Blw,,, +ETi,,,),, w,],, = 0



—Mmw — cW — (EI'LU +E*]w’m)7aw +

YT

(15)
{[EA(u,w +%w,i) + E"A(u,, +2w,, u'i,l,)]w,l,},x =0
The pertinent boundary conditions are
u(0)=0 and N(l)=-P= [EA + E*A%][u,w +iw]] (16a,b)
=l
.. 0

w(0)=0 and Q()=0= —l[EI +E IE] w,,, |, (17a,b)

z=l

.. 0

w,, (0)=0 and M(l)=0= —[EI +F IE] w,,, (18a,b)

z=l

and the initial conditions are

u(z,0) = di(z), a(z,0)=u(z) (19a,b)
w(z,0)=dw(z), w(x,0)=wz) (20a,b)

where @(x), @(z),w(z), w(z) are prescribed spatial functions.

Without restricting the generality in our analysis we neglect the axial inertia and
damping forces, whose influence will be the subject of further investigation. Thus the

equations of motion are reduced to

[EA (um +%w 2)]7;; +[(Elw7zw>7x w’w]’x =0 2D

x

—mi = e =(Elw,,, +5'Tis,.,).., +{[PA(u, +}w?)]w, },, =0 (22)

xw

Moreover, the boundary conditions after dropping the time dependent terms [4, 5, 21] become

u(0)=0 and EA(u,z +%w,i) = _p (23a,b)
w(0)=0 and —(Elw,,),| =0 (24a,b)
w,, (0)=0 and —Elw,,| , =0 (25a,b)

while the initial conditions are limited only to Egs. (20).



2.2 Nonlinear theory excluding axial deformation

We start with Eq. (12), in which we drop the axial inertia and damping forces. This

results in equation

N’x - (M7.1: whc ) w 0 (26)

which can be readily integrated independently to yield

N=M, w, +c (27)

Then using the boundary conditions (16b) and (18b) for the beam end x =/, we obtain

¢c=-P (28)

Thus, the axial force is given as

N(@)=—-P—-M,, w, (29)
Introducing the bending moment M from Eq. (11) without the contribution of the time

dependent term into Eq. (29), we obtain

N(z) = —P — (Elw,,,),, w (30)

which is substituted into Eq. (13) to yield the counterpart of Eq.(15), when the axial

deformation is neglected. Thus we obtain the nonlinear equation of motion excluding the axial

deformation as

mi + ¢ + (Elw,,, +E"T,,, )., +Pw,, +|(Elw,,,),, w. ],,=0 (31)

The boundary conditions (24) and (25) hold also in this case together with the initial

conditions (20).
2.3 Linear theory

In this case Egs. (30) and (31) are simplified to [22]



N(z)=—-P (32)
mii + civ + (Elw,, +ET,,, ), +Pw,, =0 (33)

xx Yxx ) ‘xx xx

under the boundary conditions (24) and (25) and the initial conditions (20).
3. The AEM solution for the nonlinear dynamic analysis of Beck’s column

Egs. (21) and (22) are solved using the AEM, which for the problem at hand is applied

as follows. Let u = u(x,t) and w = w(z,t) be the sought solutions, which are two and four
times differentiable in (0,7), respectively. Noting that Egs. (21) and (22) are of the second

order with respect to u and of fourth order with respect to w, respectively, we obtain by

differentiating
u’w:l: = bl (I7 t) (34)
w’wzl:wzl: = b2 (.’If, t) (35)

Egs. (34) and (35) describe the axial and bending linear response of a beam with

constant unit axial and flexural stiffness subjected to the fictitious time dependent axial b, ,
and transverse b,, respectively. They indicate that the solution of Egs. (21) and (22) can be

established by solving Egs. (34) and (35) under the boundary conditions (23)-(25), provided

that the fictitious load distributions b,, b, are first determined. Eqgs. (34) and (35) are quasi-

static, that is the time is considered as a parameter. Note that Eqs. (34) and (35) are referred to
as the analog equations to Egs.(21) and (22). The fictitious loads are established by
developing a procedure based on the integral equation method for one-dimensional problems.

Thus, the integral representations of the solutions of Egs. (34) and (35) are written as

uwt)=cate,+ [ G (n,€)b (610 de (36)

w(z,t) = ez’ + ¢,x° + ev + ¢, + JZ G, (z,£)b, (&, t)d¢ (37)



where ¢, =¢,(t) (i=12,...6) are arbitrary time dependent integration constants to be

determined from the boundary conditions and

G, = 3lr —¢ (38)

G, =%l —&|(z—¢) (39)
are the fundamental solutions (free space Green’s functions) of Egs.(34) and (35),
respectively.

The derivatives of u and w are obtained by direct differentiation of Egs. (36) and (37).

This yields
w @)=+ [ G (mOBEDAE, w,, (5,6)=b (x,1) (40a,b)
w,, (2,t) = 3e,2” +2¢,2 + ¢; + fo Gy (2,€)b, (&,1)dE (41a)
w,,, (z,t) = 6¢,2 + 2¢, + fol Gy, (2,8)b, (€,1) dE (41b)
W (38) = 60, + [ oo (5, (G1E, s, (8) = by (3,0) (41c.d)

Substituting the above derivatives into Egs. (21) and (22) yields the equations, from
which the fictitious sources b, and 0, can be determined. This can be implemented only
numerically as follows.

The interval (0,{) is-divided into N equal elements (see Fig. 2) on which b, and b, are

assumed to vary according to a certain law (constant, linear, parabolic etc). The constant
element assumption is employed here, because the numerical implementation becomes very
simple and the obtained numerical results are very good.

After discretization of Egs. (36) and (37) we obtain

N

a6 = D20 e 1) + 5,3 [ Gl Epe @)

J=1



xt:iﬁJﬁQ t) + b,(€ ZIG (x,&)dE (43)

or
u(z,t) = H/(z)c, + G,(z)b, (44)
w(z,t) = Hy(z)c, + G,(z)b, (45)

where G,(z) and G,(z) are 1x N known matrices originating from the integration of the

kernels G,(z,§) and G,(z,§) on the elements, respectively; Hl(x):[x 1} and

HQ(I):[IL’?) T x 1}; c, ={c,c}"; ¢, ={e,c,,c,¢) ; by, b, are the vectors

containing the values of the fictitious loads at the nodal points, respectively. Similarly, we

obtain for Egs. (40) and (41)

u?:c (.'L', t) = Hl:t ("T)cl + Glx: (x)bl > U’?zz::c (.'L', t) = bl (46a’b)
w’z (l’, t) = H?z (x)CQ + GQI (x)bQ b w’zz (1"7 t) 7 H?zz( )CQ + GZII( )b2 (47a9b)
w?:czz::c (.’L’, t) = HZzzxm( )CQ + G?Jz m( )b2 4 wmmxr, ($7 t) = b2 (47C’d)

where G, (z), G, (z),... G, (r) are 1xN known matrices, originating from the
integration of the derivatives of the kernels G,(z,&), G,(z,£) on the elements; H (z)is a
1x 2 known matrix resulting from the differentiation of H, (z), whereas H, (z), H,, (),
H,  (z) are 1 x4 known matrices resulting from the differentiation of H,(z).

Finally, collocating Egs. (21) and (22) at the N nodal points and substituting the

relevant derivatives from Eqgs. (46) and (47) yields the following equations of motion

K, (b,,b,,c;,c,) =0, (48)

MBz + Cb? - KQ(bubQ:CuCz) =0, (49)

10



where M and C are known N XN generalized mass and damping matrices and

K.(b,,b,,c,,c,) (i =1,2) generalized stiffness vectors. The boundary conditions (23)-(25)

are in general nonlinear and can be written as

f(b,,b,,c,,c,) =0 (50)
Eq. (49) is the semi-discretized equation of motion of the Beck’s column. The
associated initial conditions result from Eq. (45) when applied to all nodal points and

combined with Egs. (20). Thus, we have

b, (0) = G, (W — H,c,) (51)

b, (0) = G,'w (52)
The time step integration method for nonlinear equations of motion can be employed to

solve Eq. (49). In each iteration for b, within a time step, the current value of b, is utilized to
update the vectors b, and c,,c, on the basis of Egs. (48) and (50). This demands the solution

of a nonlinear system of algebraic equations, which is performed using the modified Newton-
Raphson method. In this paper, the average acceleration time step integration method was
employed to solve Eq. (49) and the results were cross-checked by a time step integration
method based on the analog equation method [23]. Once the vectors b,,b,,c,,c, are
computed the displacements © = u(z,t) and w = w(z,t) and their derivatives at any instant

t are evaluated from Eqgs. (44) through (47).
4. Numerical examples

On the base of the procedure described in previous section a FORTRAN program has
been written for establishing the dynamic nonlinear response of damped, both externally and

internally, beam columns with variable mass and stiffness properties subjected to follower

11



forces. The uniform and nonuniform Beck’s column has been studied as an illustrative

example of the developed analysis and solution method.
Example 1: Uniform Beck’s column

The nonlinear dynamic stability of Beck’s column with uniform rectangular cross-

section bxh, and length [=1.0m has been studied. The employed data are:
E = 3.556 x 10°kN/m’>, b =0.01m, h, = 0.15m, p = 666.667 kNm™ sec’, ¢ =0.1 and
E" =0.01E. The employed initial conditions are w(z)= 8w, (&' —4¢" +6£7)/24 and

w(z) =0 with € =z /1 and w, is the initial tip deflection of the beam. In Table 1 the

computed critical loads are presented from (i) linear theory, (ii) nonlinear theory excluding
the axial deformation and (iii) nonlinear theory including the axial deformation. The
convergence of the method is shown by increasing the number of elements N . In all three
theories, the computed values of the critical load are identical and coincide with those
obtained by Andersen and Thomsen [16], who used a perturbation analysis of the nonlinear
equations of motion ignoring, however, the axial deformation of the beam. The FEM solution
using geometric nonlinear dynamic finite element model for case (ii) gives results which are
qualitative and quantitative the same, which, however, exhibit lack of convergence in some
cases [16].

In Table 2 the finite tip amplitude is presented from the nonlinear theory (i) excluding
and (i1) including the axial deformation for various values of the axial load P . The two
nonlinear theories give the same results. However, as compared with those obtained in [16]
only the case for P =13.53 are found in good agreement. From the obtained results, it
becomes apparent that the influence of the axial deformation on the critical load is negligible

for uniform Beck’s column. This is an interesting finding.

12



Moreover, the time histories of the tip deflection for two different initial tip deflections
w, are shown in Fig. 3 validating the supercritical bifurcation character of uniform Beck’s
column, while in Fig. 4 and Fig. 5 the variation of the critical load in regard to the external
and internal damping is depicted, respectively. From Fig. 4, it can be pointed out that the
critical load increases monotonically with the coefficient of the external viscous damping. On
the contrary, the curve of Fig. 5 shows that the value of the critical load decreases to a

minimum value (P, =12.03 at E* = 0.03F) and thereafter it increases with increasing

value of the coefficient of dynamic visco-elastic resistance (internal damping).
Example 2: Beck’s column with variable mass and stiffness properties

The nonlinear dynamic stability of Beck’s column with variable cross section has been

studied. The employed data are the same with those in previous example. The height of the

beam varies according to the linear law h(a:):ho—i—a(x—l / 2) (see Fig. 6) with

a = 2tan ¢ being the taper ratio and ho the height at the half length. In order to compare the
results with those of the previous example, the volume of the beam i.e. V = bhl, was kept

constant. The resulting beam should have no abrupt change of the cross-section so that the
Euler-Bernoulli theory remains valid [19]. Boley [24] has shown that, for a beam with unit
constant width, a rate of change of the cross-section |al ~ 0.35 yields an error of 7.5% , while
for lal >~ 0.17 the error is-1.8% . This was also verified by the authors who treated the beam
as a 2D elasticity problem and used the BEM to obtain the solution [25].

The computed critical loads from (i) linear theory, (ii) nonlinear theory excluding and
(ii1) including the axial deformation for various values of the ratio a are shown in Table 3.
The results obtained on the basis of the first two theories are coincident but differ
considerably from those of the third one. This significant finding demands that the axial

deformation on the nonlinear dynamic stability of Beck’s column should be always included

13



in the analysis when the beam has variable mass and stiffness properties. It should be also
observed in the nonlinear theory (iii) that the critical load increases monotonically with the
taper ratio, which means that the material must be shifted towards the free end in order to
obtain the maximum critical load.

Moreover, in Fig. 7 are shown the bifurcation diagrams from nonlinear theory (iii) for
various values of the taper ratio. The shape of the bifurcation branches becomes steeper as the
taper ratio decreases. For this reason the case of taper ratio a = —0.15 is investigated for
possible subcritical bifurcation. Fig. 8 and Fig. 9 show the variation of the critical load in
regard to the external and internal damping, respectively. It is apparent from these figures that
the same qualitatively conclusions with those of uniform Beck’s column can be drawn.
Namely, the critical load increases monotonically with the coefficient of the external viscous

damping, while it is decreasing to a minimum value (P, =5.16 at E* = 0.05F) and

thereafter increases for further increase of the internal damping. Finally, in order to establish
the bifurcation character, two nonlinear dynamic analysis are performed, one below
(P =5.00) and another above (P = 5.20) the critical load. The time histories of the tip
deflection are shown in Fig. 10 wvalidating the supercritical bifurcation character of

nonuniform Beck’ column.

5. Conclusions

In this paper the nonlinear dynamic stability of Beck’s column with variable mass and
stiffness properties in the presence of damping (both internal and external) has been
investigated using a complete nonlinear dynamic analysis which includes the axial
deformation. The solution of the derived coupled nonlinear equations of motion was achieved
effectively using the analog equation method. This investigation has reached to certain
striking effects concerning the influence of the axial deformation on the critical load of

Beck’s column with variable cross section. The main conclusions can be summarized as

14



e The bifurcation is always supercritical in uniform and nonuniform Beck’s column.

e The axial deformation affects considerably the critical load, when the beam has
variable cross section. It may give remarkably lower or larger critical loads. Therefore,
it should be always included in the analysis. On the contrary, it has negligible
influence for uniform cross section.

e The exclusion of the axial deformation in the nonlinear dynamic analysis of Beck’s
column with variable mass and stiffness properties may yield larger loads, reducing
thus the safety of the structure.

e The critical load increases monotonically in uniform and nonuniform Beck’s column
with the coefficient of the external viscous damping.

e The critical load decreases to a minimum value and thereafter increases for further
increase of the value of the coefficient of dynamic visco-elastic resistance (internal
damping) in uniform and nonuniform Beck’s column.

e In the nonlinear theory including the axial deformation, the critical load increases
monotonically with the taper ratio. This suggests shifting of the material towards the
free end in order to maximize the critical load

e The shape of the bifurcation branches becomes steeper as the taper ratio decreases.
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Table 1. Example 1: Critical load of Beck’s column (¢ = 0.1, E* = 0.01F) from (i) linear
theory, (ii) nonlinear theory excluding and (iii)) nonlinear theory including the axial

deformation for various values of the boundary elements N .

N=20 | N=25 | N=30 | N=35 | N=65| [16]
(1) 12.96 12.95 12.94 12.94 12.93 ]12.93
(1) | 12.96 12.95 12.94 12.94 12.93 | 12.93
(i) | 12.96 12.95 12.94 12.94 12.93 -

Table 2. Example 1: Finite tip amplitude of Beck’s column (¢ = 0.1, £* = 0.01F) from
nonlinear theory (i) excluding and (ii) including the axial deformation for various values of

boundary elements N .

P | |N=20|N=2 | N=30|N=35] [l6]
13.18 ((ili)) ggg 8125 8}2(9) 8:12(1) o
13.33 ((iii)) gégz 8;3 8;} ; gii —
13.53 ((iii)) g;zg 8§Zi 8§§ 2 8;32 —

Table 3. Example 2: Critical load of Beck’s column with linearly varying height (¢ = 0.1,
E* = 0.01F) from (i) linear theory, (ii) nonlinear theory excluding and (iii) nonlinear theory

including the axial deformation for various values of the taper ratio a (N = 30).

a

(i)

(i)

(iii)

-0.15

10.11

10.10

5.96

-0.10

11.72

11.71

8.44

-0.05

12.66

12.65

10.82

-0.01

12.94

12.93

12.54

0.00

12.94

12.94

12.94

0.01

12.92

12.92

13.33

0.05

12.59

12.58

14.68

0.10

11.61

11.60

15.85

0.15

10.04

10.03

16.29
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Fig. 1. (a) Beck’ column with variable mass and stiffness properties and (b) forces and
moments acting on the deformed element.
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Fig. 2. Descritization of the interval and distribution of the nodal points.
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Fig. 3. Example 1: Time history of the tip deflection of uniform Beck’ column (¢ = 0.1,
E* =0.01F, P, =12.94) for P =13.33 (i) w, = 0.05 and (ii)) w, = 0.20.
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Fig. 4. Example 1: Critical load of uniform Beck’ column versus external damping
(E* =0.01E, N = 30).

E/E

Fig. 5. Example 1: Critical load of uniform Beck’ column versus internal damping (¢ = 0.1,

N = 30).

Fig. 6. Linear variation of the height of the Beck’ column in Example 2.
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Fig. 7. Example 2: Bifurcation diagrams of Beck’ column with linearly varying height from
nonlinear theory including the axial deformation for various values of the taper ratio a

(¢c=0.1, E* = 0.01E, N = 30).

Fig. 8. Example 2: Critical load of Beck’ column with linearly varying height (¢ = —0.15)
versus external damping (E* = 0.05E, N = 30).
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Fig. 9. Example 2: Critical load of Beck’ column with linearly varying height (¢ =—0.15)

versus internal damping (¢ = 0.1, N = 30).
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Fig. 10. Example 2: Time history of the tip deflection of Beck’ column with linearly varying
height (¢ = 0.1, £* = 0.05F, a = —0.15, P, =5.16, w, = 0.15) for (i) P = 5.00 and

(ii) P = 5.20.
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