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5 Heroes of Polytechniou Avenue, Theocaris Building, GR 157 73,Athens, Hellas.

Abstract

Two kinds of second-order nonlinear ordinary differential equations (ODEs) appearing in
mathematical physics and nonlinear mechanics are analyzed in this paper. The one concerns the Kidder
equation in porous media and the second the gas pressure diffusion equation. Both these equations are
strongly nonlinear including quadratic first order derivatives (damping terms). By a series of
admissible functional transformations we reduce the prescribed equations to Abel’s equations of the
second kind of the normal form that they do not admit exact analytic solutions in terms of known
(tabulated) functions. According to a mathematical methodology recently developed concerning the
construction of exact analytic solutions of the above class of Abel’s equations, we succeed in
performing the exact analytic solutions of both Kidder’s and gas pressure diffusion equations. The
boundary and initial data being used in the above constructions are in according with each specific
problem under considerations.

Keywords: Exact analytic solutions; Nonlinear ODEs; Kidder’s equation; Gas pressure diffusion
equation.

1. Introduction

The Kidder nonlinear ordinary differential equation (ODE) governs the problem of
the unsteady flow of a gas through a semi-infinite porous medium [1, 2]. The origin of
this equation is attractive, since it appears in the one dimensional problem obtained
from the gas flow nonlinear partial differential equations. Until now, because of its
strong nonlinearity (including quadratic first-order derivative damping term), only
approximate or numerical solutions have been constructed under suitable boundary
conditions. Furthermore, the equation itself consists a guideline for several relative
problems appearing in the gas flow theory. In this paper using series of admissible
functional transformations we reduce the Kidder nonlinear ODE to an equivalent Abel
equation of the second kind of the normal form. It is well known [3, 4] that this class
of equations do not admit exact analytic solutions in terms of known (tabulated)
functions. Only very special types can be analytically solved in parametric form
depending on the kind of its second free member [4].

A relative equation appearing in the theory of gas pressure problems is the one-
dimensional gas pressure diffusion equation [5]. We prove that this strongly nonlinear
second-order ODE can be reduced to an equivalent generalized Emden-Fowler, or
normal Emden-Fowler, or finally, to an Abel equation of the second kind of the
normal form. Thus, according to the prescribed mathematical methodology, the
construction of the exact analytic solution of this equation is obtained too.

The mathematical technique introduced is general and can be applied to a very
large class of unsolvable (in terms of known tabulated functions) ODEs in nonlinear
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mechanics and, generally, in mathematical physics (Blasius’ eq.; Emden’s eq.;
Duffing’s eq.; Van der Pol’s eq.; Langmuir’s eq., etc.)

2. Preliminaries — Notation

The equation due to R. F. Kidder [1] is the following

JiI-ayy! +2xy. =0, O<a<l (2.1)

and appears in the problem of the unsteady flow of a gas through a semi-infinite
porous medium. Here the notation y' =dy/dx, y" =d?y/dx*... is used for total

derivatives. The origin of the equation is attractive, since it appears in the one
dimensional problem obtained from the gas flow nonlinear partial differential
equation. The boundary conditions required by the physical problem are the
following.

for x=0, y(0)=1 andfor x >, y(x)—0. (2.2)

A semi analytical solution of the equation leading to expressions including the
probability integral was constructed by means of the power series technique (see Ref.
[2], pp. 410-411).

A similar to the above problem was recently provided in Ref. [5] and concerns the
nonlinear gas-pressure diffusion equation appearing in the formulation of gas flow
problems, where the fluid compressibility must be taken into account. This relative
nonlinear ODE is of the type

2y +5y7 +xy, =0, (2.3)
with the following boundary conditions:

for x >, y=y_ =1, and
(2.4)
for x=x,=0, O0<y,<1.

In what follows we will prove that by a series of admissible functional
transformations both Kidder’s equation (2.1) and the gas pressure diffusion equation
(2.3) can be reduced to several well-known nonlinear ODEs of the generalized
Emden-Fowler’s, or of the Emden-Fowler’s, or finally, of Abel’s types of equations.
The prescribed equations do not admit exact analytic solutions in terms of known
(tabulated) functions, since only very special cases of them can be analytically solved
in parametric form (see Ref. [4], pp. 277-301; 241-250, and 29-55).

3. The reduction procedure
a) Kidder’s equation
Consider the Kidder equation



l1-ayy! +2xy. =0, O0<a<l1,
for x=x,=0, y=y,=1 andfor (3.2)
x—ow, y=y =0.

By the substitution
1-ay=1z(x), (3.2)

Eq. (3.1) results in the following generalized Emden-Fowler equation

Zl ==2xz"?Z 5 {n,m, 1} = {1, —%, 1},
for x=x,=0, z=z,=1-a, and for (3.3)

x—>w, z=z =1.

Here, we utilize the triad notation {n m, l} to denote the specific exponents of the

reduced equation.
The F - transformation

dz 1 1
F: z=—=—=— 3.4
Tode dx X (34)
dz

reduces (3.3) into the alternative generalized Emden-Fowler equation

x =22 (x) s {nim 1= {_% - 2} ,

for z=1-a, x=x,=0, and for (3.5)

z=z,=1, x—>o.

Since in this case we have n=-1/2#-1, m=1+#0 and /=2=1, the coordinate
transformations (see Ref. [4], p. 300)

S: w=z""= = (! )H =(x! )71 , (3.6)

z

transform Eq. (3.5) to the generalized Emden-Fowler equation for w = w(¢) with the
parameters changed:

wy :—8t’1w(wt’)3 X {n, m, l} :{—1, 1, 3} :

(3.7)
for z=z,=1-a, w=w,=+vl-a, and for z=z_=1, w-1l.

"
ww

=—w, /(W ), Eq. (3.7) becomes of the Emden-Fowler type
o o=8wt™; {n,m}={1-1}. (3.8)

But, since ¢/ =1/w/, ¢



When the solution of the transformed equation (3.8) is obtained in the form of
t =t(w) = w=w(t), the solution to the original equation (3.5) can be written in the

following parametric form. By the first transformation of (3.6) we have

z=w =1=2wnw. = w =1/2w,

while Eq. (3.5) can be rewritten as (]/x;)'z =—2x//z. Also, the second of (3.6)
permits us to write the last equation as #/ =—2x/\z =t/ w! ='/2w= x=—1. /4.

w z

Thus, the solution of Eq. (3.5) in parametric form results in
z=w", x:——(w')_l. (3.9)

As we can see from the classification tables, concerning classes of second order
nonlinear ODEs of Ref. [4], pp. 278-281; 242, none of the above generalized Emden-
Fowler, or of the normal form Emden-Fowler equations (3.3), (3.5), (3.7) and (3.8)
admits an exact analytic solution.

In what follows it will be shown that both Emden-Fowler equations of the normal
form (3.8) and generalized Emden-Fowler equation (3.5) can be reduced to Abel
equations of the second kind of the normal form respectively. This can be achieved
using convenient admissible functional transformations. We distinguish the following
two cases.

Case a: The Emden-Fowler equation of the normal form (3.8).

Since the pair of indices {n m} of this equation satisfies, m=-1=#1 and
m=1+-2n—-3=-19/5, there exists an admissible functional transformation that can
reduce it to an Abel equation of the second kind of the normal form yy’ —y = f(x)
(see Ref. [4], p. 250). To show this we introduce the new variables s and « such that

n+2 n+2
H S:2n+m+3 =y u_wml(wt"ﬁutj’ (3.10)
m—1 m—
that is to say such that
H: s==2w, u=w? (wt; —gtj , (3.11)
obtaining the following Abel equation
uu. —u =—is—28_1. (3.12)

16

This Abel equation does not admit an exact analytic solution in parametric form (see
Ref. [4], pp. 29-45).

Case b: The generalized Emden-Fowler equation (3.5).
The coordinate transformations



P: s=2x Cou=2z"1%%" (3.13)

reduce the first of Egs. (3.5) to the following Abel equation of the second kind

(s2u —s5? +s)u_; = (ZS —%)u : (3.14)

which, by the substitution

*

u=u-1+s", (3.15)

performs the simplified Abel equation of the second kind

uu, :%(ZS—E]M+%(2s+i—Ej. (3.16)
2 2s 2

S S

Finally, the well-known substitution ([4], p. 46)

93
s=[—24d S=|nS2+—2 (3.17)
2 3
s s

transforms (3.16), and thus (3.5), to the following Abel equation of the second kind of
the normal form

uu—u=~—-——= s=Ins"+—. (3.18)

Eq. (3.18) does not admit an exact solution in terms of known (tabulated) functions
([4], pp- 29-45). Both equations (3.12) and (3.18) are equivalent to the original Kidder
equation (3.1) and their possible solutions constitute its intermediate integrals in the
phase plane.

b) The gas pressure diffusion equation

To a similar to (3.5) generalized Emden-Fowler equation results also the nonlinear
gas pressure diffusion equation (2.14). Indeed, the F - transformation (3.4)

F: =i, (3.19)
X
y
transforms (2.3) to the following nonlinear ODE
2yx! —5x) —xx? =0,
for y=y_ =1, x—>oo, and for (3.20)

0<y,<1, x=x,=0.



Introducing the additional coordinate transformation
x()=n(@), E=E() = ¥ =ng, x,=nk&lend,  (321)
where n and £ are to be determined, Eq. (3.20) becomes
2y& ], "+ (2p&), ~BE, ). — £ nn =0. (3.22)

Specifying £(y) such that
14 ! 2
2y, =56,=0 = £() =7y7/2 , (3.23)

one extracts the following generalized Emden-Fowler equation for n(&) with
convenient initial and boundary data:

~2/7
AR R
(3.24)

5 7\
for n > o, §:§w=7, and for n=n, =0, O<(E‘§oj <1.

An alternative form of (3.24) can be obtained by the already introduced F -
transformation. In fact, setting

Fiom=t, (3.25)

we reduced (3.24) into the alternative generalized Emden-Fowler equation:

1(7

-2/7
&= AnEE L A= —(—j ;
2\2 (3.26)

2 7V
for 5:500:7, n—o, and for n=n,=0, 0<[E§Oj <1.
Furthermore.in equation (3.24) the exponents »n, m and / of the variables & » and n_,

respectively follow the values: nz—%#—l, m=1#0 and [=2=#1. Thus the

transformation [4, p. 300]

Siw() =& =&, t=(nl) " =nl?, (3.27)

S
transform (3.24) to the generalized Emden-Fowler equation

W= B, B2, (328)



which by way of the F -transformation, can be written to the Emden-Fowler equation
of the normal form
1 B= Ll , (3.29)

1 =—-Bw
25

with convenient boundary and initial data.
When the solution of the transformed equation (3.29) is obtained in the form
t =t(w) < w=w(t), the solution of the original equation (3.24) can be written in the

parametric form

_ 5
W n=k(wW): k=——. 3.30
£ (w)) - (3.30)

In the next Section, according to the mathematical methodology recently
developed in Refs.[6, 7], we will provide the exact analytic solution of the Kidder
equation (2.1). Exactly the same mathematical technique follows the gas pressure
diffusion equation (2.14).

4. Exact analytic solution of the Kidder equation

Consider the general Abel equation of the second kind of the normal form
uu, —u = f(s), (4.2)

where f(s) is an arbitrary smooth function. In the present case (Eq. (3.12)), f(s) is

specified by the expression

f(s)=As+Bs™; A:—%, B=-2. (4.2)

It was recently proved [5, 6] that the Abel equation (4.1) admits an exact analytic
solution in terms of known (tabulated) functions. Summarizing the results of the
above reference, we write the solution of the Abel equation (3.12) as follows:

[]\_/(s)+1}(s+2cl)

u(s) = 32

" =l|:N(S)+1:|+ 2[G+2(As+Bs‘ )} | 4.3)
(s+2C1){]V(s)+;j

[(Esinfwosg);{mosz EK%?;H cosE]
a 1
4 G+2(as+Bs™)]|=- ;

N




gsint—

dt = cosine integral

=ci(&)=A+In&+ j
1
s+2C;
A =0.5772156649015325... = Euler's constant
C, = integration constant .

:|n|s+2cl|:>d5= dx ;

The function N(s) is given as in the following three cases:

N(l) (S) =2 _£ COSE ’
V 3 3
N®(s)=-2,|-LcosT=L, ]V(S)(S)=—2\/—£C°5a+”;
3 3 3 3

Case a: Q<0 (p<0)

Caseb: 0>0
N(s):§/—§+@+#—§—@
Casec: 0=0
NO() =234 NO(g)= NO(5)=_3]_-4
N (s)—Z\/t, NP (s)=N"(s) \/72
where:

2

Q(S)——p (5)+ = q(s) pl)=-5+b, q(s)—2—27a —%abw

and
3(s+2C,)+4G(s)+4( As+Bs ")
(s+2C,)
4G(s) + 8(As + BS_l)
(s+2C,) '

a=—4,

c=-

(4.4)

(4.5)

(4.6)

4.7)

(4.8)



The subsidiary function G(s) is determined by the second of Egs. (4.3).

The already constructed analytic solutions defined by equations (4.3) to (4.8)
constitute the intermediate integral (the solution in the phase plane) of the original
Kidder equation (2.1). To show this one follows the inverse course through the
already introduced admissible functional transformations. Thus, by the transformation
(3.11), that reduces the Emden-Fowler equation (3.8) to the Abel equation of the
normal form (3.12), we have the system of equations (3.11). This system, by means of
Egs. (4.3) to (4.8), can be equivalent written in the form:

W, = £i(s).,
w ¥t = £,(s); (4.9)
fi(s)=u +%s . f(8) = —%S :
where the expression u =u(s) is given by Eq. (4.3). Dividing the two first of (4.9)

between them and using the second of them, we obtain the equivalent functional
relations:

P12
t - 1
G @.10)
t= wg/zf2 (s).
The second of these expressions furnishes
dr = f; w¥ds + g foldw=ti=wf; + wa A (4.11)
by means of which we estimate
(=5l =S W S = o = o
" :
’ . (4.12)
2L,
We=—"""-"W.
2/ =31,
Integrating we extract
2 !
w=C, exp(— | #ds] , (4.13)
2/ =3/
or, according to (4.9) we extract also
ds
w=C,exp| — , 4.14
? p[ -[Zu +3Sj (4.14)

where u(s) is the solution of the Abel equation (3.12) given by one of the expressions
(4.4) to (4.6), and C, is a second constant of integration.
Summarizing, we list the following results:
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(i) Transformation H (Egs. (3.11)):

t=wVf, = ——sc exp( j (4.15)
2u+3s

t=— L (u+ SJC exp( j
w 2u+3s

t

N

(ii) Transformation F (Egs. (3.7)):

-1

1 G, ds
=== 2 _exp| [——|; 4.16
W= [ 3} p(j2u+3sj (4.16)
M+ZS

(iii) Transformation S (Egs. (3.6) and (3.9)):

=w’ =C.exp| -2
v p( j2u+35j

1 ds
x ===-25'Clexp™| - ] , 4.17
ot 2 &XP ( IZu +3s (4.17)

|
x:—lwt’:— u+§s C,exp j ds 4;
4 4 2u+3s

(iv) Transformation (3.2) — Final solution:

1-z 1
= 1-C; exp| -2
R a { p[ J.21,Hr33ﬂ

3 )" _ ds
x=—(u+4sj C, exp 1“2”+3S]/4;

u = u(s) = solution of the Abel equation (3.12) including (4.18)
one constant of integration C, ;
C, =second indegration costant ;
§= parameter .

The final results for the gas pressure diffusion equation (2.3), that correspond to
the final solution (4.18) concerning the Kidder equation (2.1), are the following:



11

() [oe(12]]

. (4.19)
701 6 rds ds
=—|—|exp| ——=|— exp| —|— | |ds+C,,
g SISM{ p( 7"‘uﬂ[ p(juﬂs ?
where u =u(s) is the solution of the Abel equation
uu' —u= As+ Bs™ (4.20)
with
-2/7
A=_£' B=—£ Z . (4.21)
49 2\ 2

We underline that because of the various types that the function N(s) admits
(formulae (4.4) to (4.6)), it is possible that the solutions of both Kidder’s and gas
pressure diffusion equations are not unique inside a main interval [s,,s,.]; in other

words, they can be divided into several branches of solutions valid separately inside
convenient consecutive subintervals. In this case matching of the corresponding
solutions must be performed in all values of the main interval that solutions change.
In what follows, using the results of previous sections, we provide a solution
technique concerning the boundary value problem of the Kidder equation.

5. Boundary value problem — Solution technique

The boundary conditions and the solution technique that follows concern the
Kidder equation (2.1). Similar procedure one also follows for the gas pressure
diffusion equation (2.3).

The boundary conditions of the problem under consideration have been already
prescribed in Section 2, that is:

for x=x,=0, y=y,=1, and

(5.1)
forx > y=y_ =0.
According to the substitution (3.2) the above boundary data become
for x=x,=0, z=z,=1-a, andfor
(5.2)
xX=x,=0, z=z =1,
while according to the formulae (3.9) become also
for z=z,=1-a, w=w,=+l-a;
W o=—1 —w andforz=z, =1, (5.3)
0 4x,
w=w,_=1; w = ! =0.

t, -
4x,
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The first set of Egs. (5.3) will be used for the evaluation of the intermediate integral in
the phase plane, while the second set for the calculation of the final solution in the
physical plane.

Thus, combining the first set of the boundary data (5.3) together with the
coordinate transformations (3.11), we extract

Uy =

f

(5.4)
S U P R SN
(1-a)”" (v, 2°) 2(1-a)” 3

Consequently, the Abel equation (4.2) and the solution (4.3) result in the following
four equations:

' 4 44 3B _
u, (LISO —1) = ASO +BS01 :?uo +Tu01 )

u, =£(Z\70+1j %+2Cl ,
2 3)L 3

p— . p— — * 2_ 4 — * —
4(G0 8, 6BJ%[(503'”§o+005§o)/10+005 50}( A§OA0+cos.§Oj.

B

(5.5)

- du * L=
& =In T°+2Cl, 4, =ci(&),
2 G0+2[4Au0+3Bu01)

. 1 3 4 1(_ 1)
U, = +—| Ny +—=1,
TN +4 so+2C; 2 3

0

where N, is the value of N(s) at s=s,, and G, is the value of the subsidiary
function G(s) included in Egs. (4.7), which is to be determined.
The set of the four equations (5.5) include five unknowns u,, u; , N,, G, and C,.

Thus, one_more equation is needed for the estimation of the above five unknowns.
This equation can be derived by means of the coordinate transformations (3.11).
Indeed, by way of (3.11) and (3.8) we evaluate

~ o~

u =

N

, S = [—3w‘5/2t — 2w 2 (W' )_1:| w,
(5.6)

’
u =

t t"

NS

-1
w2t w22 (W: ) j|W'

Thus, since w, =o0; w,=+v1-a; f :—(1—a)3/2

extract

sol2=-2(1- a)a/2 u,/3, we
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u’ AR :12(1—a)]/2[1—(l—a)u0]. 52

So ’ 9 ,]/2
e [9+4(1-a)™ Ju,

Equations (5.5) and (5.7) constitute a nonlinear (transcendental) system by the
solution of which one estimates u,,u NO,G and C;in terms of the initial

parameters. Therefore, since N, is known, the discriminant Q(s) defined in (4.7) is
also known, fact that permits us to define the type of the solution N,(s) valid inside
the first subinterval [s,, s;] of the main interval [s,,s.]. At the unknown point
(85, s,], where the solution probably changes, we provide the following equations (the

upper index in the parenthesis denotes the corresponding subinterval
@) . . .
; 1=0,1,2,...):

(1) Common solution

_ 1 — 1
(g 2= W5 w2t 8

(i) Common derivative

@ -1 (0) -1
(]V@ +1]+ 2(GS1 + As, + Bs, ) _ (N(O) +1j+ Z(GSl + As, + Bs; ) (5.9)
3 (s, +2¢P )(]\_/1‘1) + gj > (s, +2C° )(]Vl(o) + g)
(i) Validity of the third of Egs. (5.5)
_ _ e _ e _
4 ( GO 4 As + Bs‘l) . {(.fsfl’ sin&™ +cos .§Sf1))Asl +cos? 5551)}(4551(” A, +¢0s 551(1’]
51 1 1 _ .
&) T2 L\ ’
s +2C; 4 [5(1’ A:)j (5.10)
N _
A, =ci(EP)=cosine integral, £¥ =In|s, +2C|
(iv) Validity of the Cardan equation
N+ pOND 449 =0, (5.11)

where N9, p®, 4% are calculated through Egs. (4.4) to (4.7).

The nonlinear (transcendental) system of Egs. (5.8) to (5.11) enables us to estimate
s, N, G and C” in terms of the initial parameters as well as of the known
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parameters N”, G and . Thus, at the point (s, s,), where the solution
probably changes, and for the consecutive subinterval (s,, s,], Qfll) given in Egs.

(4.7) is known. This, enables us to define the type of the solution valid inside (s, s,]
(Egs. (4.4) to (4.6)).

The prescribed analysis demands successive solutions of nonlinear
(transcendental) systems which are must be satisfied for each of the above mentioned
consecutive subintervals (s, s,,,], where the solution of the problem under

consideration (in the phase plane) probably changes according to the formulae (4.4) to
(4.6). From now on, the solution in the physical plane is obtained through the
formulae (4.18).

6. Discussion and conclusions

By a series of admissible functional transformations we reduce the nonlinear
porous media and gas pressure diffusion ODEs to Abel’s equations of the second kind
of the normal form. These equations do not admit exact analytic solutions. in terms of
known (tabulated) functions. This unsolvability is due to the fact that only very
special forms of this kind of equation can be solved in parametric form [4]. Our goal
is the development of the construction of exact analytic solutions of the above
equations based on a mathematical technique leading to the derivation of exact
analytic solutions of the Abel equation of the second kind of the normal form (see
Refs. [6], [7]).

The reduction procedure introduced in the paper and the constructed solutions are
very general, and can be applied to a large number of nonlinear ODEs in
mathematical physics and nonlinear mechanics including the Van der Pol nonlinear
oscillator, the Blasius equation in fluids [7], the Langmuir equation in current flow,
etc.

For verification of the above contentions, we shall examine briefly one of the
prescribed equations and compare its solution methodology with the already
developed solutions procedure.

The Van der Pol free nonlinear oscillator [2] is governed by the following
nonlinear ODE
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yxx—g(l—yz)y;er:O; —00 < X < 40 (6.1)
where ¢ is a real positive parameter. By the substitution

yvio=o(y) = V.= =0, (6.2)
Eq. (6.1) is reduced to the following Abel equation of the second kind:

coa);—g(l—yz)a)+y:0, —0< y<o0, (6.3)

Introducing the coordinate transformations
3

o(y) = a(s), s:gy—gy? (6.4)
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we obtain the Abel equation of the second kind of the normal form

a)a)s'—a):——i, y3—3y+§S:0; £>0; —0<s§<00, —O<X<®© (6.5)
el-y £

Egs. (6.5) are of the Abel normal form and they are similar to the Kidder and the gas
pressure diffusion equations with different right-hand sides. With a set of similar or
boundary initial conditions as in the before mentioned cases, the mathematical
methodology for the exact analytic solutions of the above equations follows step by
step that prescribed in Sections 3 and 4.
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