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Abstract
We study the boundary value problem with Radon measures for nonnegative solutions
of Lyu := —Au+ Vu = 0 in a bounded smooth domain 2, when V is a locally bounded

nonnegative function. Introducing some specific capacity, we give sufficient conditions on a
Radon measure p on 92 so that the problem can be solved. We study the reduced measure
associated to this equation as well as the boundary trace of positive solutions. In the appendix
A. Ancona solves a question raised by M. Marcus and L. Véron concerning the vanishing set
of the Poisson kernel of Ly for an important class of potentials V.
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1 Introduction

Let © be a smooth bounded domain of RY and V a locally bounded real valued measurable
function defined in €. The first question we adress is the solvability of the following non-
homogeneous Dirichlet problem with a Radon measure for boundary data,

—Au+Vu=0 in Q)
{ u=p in 0Q2. (1.1)

Let ¢ be the first (and positive) eigenfunction of —A in WO1 2(Q) By a solution we mean a
function u € L*(€), such that Vu € Lé, which satisfies

%,

0 L. (1.2)

/ (—uAC+ Vu()dr = —
Q

for any function ¢ € C§(Q) such that A¢ € L>(2). When V is a bounded nonnegative function,
it is straightforward that there exist a unique solution. However, it is less obvious to find general
conditions which allow the solvability for any p € 9(9€2), the set of Radon measures on 9. In
order to avoid difficulties due to Fredholm type obstructions, we shall most often assume that
V' is nonnegative, in which case there exists at most one solution.

Let us denote by K*? the Poisson kernel in 2 and by K[u] the Poisson potential of a measure,
that is

Klp(z) == aQKQ(w,y)du(y) vz € Q. (1.3)
We first observe that, when V' > 0 and the measure p satisfies
RV @)oo <. (1.4

then problem ([L.1)) admits a solution. A Radon measure which satisfies ([.4) is called an admis-
sible measure and a measure for which a solution exists is called a good measure.

We first consider the subcritical case which means that the boundary value is solvable for
any p € M(0N). As a first result, we prove that any measure p is admissible if V' is nonnegative
and satisfies

sup ess/ K%z, y)V(x)p(x)dr < oo, (1.5)
yed2 JQ

where ¢ is the first positive eigenfuntion of —A in VVO1 2(Q) Using estimates on the Poisson
kernel, this condition is fulfilled if there exists M > 0 such that for any y € 052,

D() 9 dr

where D(2) = diam(Q2). We give also sufficient conditions which ensures that the boundary
value problem ([L.T]) is stable from the weak*-topology of 9(99) to L*(Q2)N L%/qb(Q). One of the
sufficient conditions is that V' > 0 satisfies

€ dr
lim / V(z)$*(x)dz | —— =0, 1.7
=0 /o ( QN B, (y) (o) > i 4o
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uniformly with respect to y € 0.

In the supercritical case problem ([.1]) cannot be solved for any pu € 9(09). In order to
characterize positive good measures, we introduce a framework of nonlinear analysis which have
been used by Dynkin and Kuznetsov (see [[L6] and references therein) and Marcus and Véron
BJ] in their study of the boundary value problems with measures

— =1y — i
{ Au+ |ul?tu =0 in (1.8)

u=p in 09,
where ¢ > 1. In these works, positive good measures on OS2 are completely characterized by the
Cy/4,¢-Bessel in dimension N-1 and the following property:

A measure € M (0Q) is good for problem ([.Y) if and only if it does charge Borel sets
with zero Cyq o -capacity, i.e

Coqq(E) =0= u(E)=0  VE C 99, E Borel (1.9)

Moreover, any positive good measure is the limit of an increasing sequence {u,} of admissible
measures which, in this case, are the positive measures belonging to the Besov space By /q7q/(BQ).
They also characaterize removable sets in terms of Cy/q o -capacity.

In our present work, and always with V' > 0, we use a capacity associated to the Poisson
kernel K and which belongs to a class studied by Fuglede [[§ [I]. It is defined by

Cv(E) = sup{u(E) : p € M1 (9Q), u(E°) = 0, [[VK[u]ll; <1}, (1.10)

for any Borel set £ C 0. Furtheremore Cy (F) is equal to the value of its dual expression
Cy (E) defined by

Cy(B) = inf{|| fll~ : K[f] >1 on E}, (1.11)
where
= /Q[(Q(x,y)f(x)V(m)(b(x)dx Yy € 0. (1.12)
If E is a compact subset of 0€2, this capacity is explicitely given by
-1
Cy(E)=Cy(E I;leaEX </ K (z,y)V ¢(x)dac> . (1.13)

We denote by Zy the largest set with zero Cy capacity, i.e.

Zy = {y € 9N : /QKQ(x,y)V(m)¢(m)dx = oo} , (1.14)

and we prove the following.

1- If {pn} is an increasing sequence of positive good measures which converges to a measure p
in the weak* topology, then i is a good measure.

2- If p € M (09) satisfies p(Zy) =0, then p is a good measure.



3- A good measure pu vanishes on Zy if and only if there exists an increasing sequence of positive
admissible measures which converges to p in the weak* topology.

In section 4 we study relaxation phenomenon in replacing ([L.1)) by the truncated problem

{—Au—l—Vku:0 in Q

U= L in 0Q2. (1.15)

where {V} is an increasing sequence of positive bounded functions which converges to V' locally
uniformly in 2. We adapt to the linear problem some of the principles of the reduced measure.
This notion is introduced by Brezis, Marcus and Ponce [[[J] in the study of the nonlinear Poisson
equation

—Au+g(u)=p in Q (1.16)
and extended to the Dirichlet problem
—Au+g(u) =0 in
{ u=p in 09, (1.17)

by Brezis and Ponce [[I]. In our construction, problem ([.1§) admits a unique solution wuy.
The sequence {uy} decreases and converges to some u which satisfies a relaxed boundary value
problem

{ —Au+Vu=0 in € (1.18)

u=u* in 0f).

The measure p* is called the reduced measure associated to p and V. Note that u* is the largest
measure for which the problem

{—Au—l—Vu:O in Q

u=v<pu in OS). (1.19)

admits a solution. This truncation process allows to construct the Poisson kernel K‘g/2 associated
to the operator —A + V as being the limit of the decreasing limit of the sequence of kernel
functions {K&} asociated to —A + V. The solution v = u,» of ([L.1§) is expressed by

we o) = [ KR@duty) = [ Kwa)dn'y)  vaeq (1.20)
oN oN
We define the vanishing set of Kg by
Sing,, (Q) = {y € 09 : K{}(o,y) = 0}, (1.21)
for some xq € €2, and thus for any € Q) by Harnack inequality. We prove
1- Singv (Q) C Zy.
2 1= X sing, (-
A challenging open problem is to give conditions on V which imply Sing,, () = Zy.

The last section is devoted to the construction of the boundary trace of positive solutions of

—Au+Vu=0 in Q, (1.22)



assuming V' > 0. Using results of [2§], we defined the regular set R(u) of the boundary trace
of w. This set is a relatively open subset of 92 and the regular part of the boundary trace is
represented by a positive Radon measure p,, on R(u). In order to study the singular set of the
boundary trace S(u) := 90 \ R(u), we adapt the sweeping method introduced by Marcus and
Véron in [R9] for equation

—Au+g(u)=0 in Q. (1.23)

If 1 is a good positive measure concentrated on S(u), and w,, is the unique solution of ([L.1]) with
boundary data p, we set v, = min{u,u,}. Then v, is a positive super solution which admits a
positive trace v, (1) € M (02). The extended boundary trace Tr¢(u) of u is defined by

v(u)(E) = Tr(u)(E) = sup{vu(u)(E) : p good, E C 99, E Borel}. (1.24)

Then Tr¢(u) is a Borel measure on ). If we assume moreover that

e—0

lim / V(z)$? (z)dx ;3—:1 =0 uniformly with respect to y € 02, (1.25)
0 QNB;(y) r

then Tré(u) is a bounded measure and therefore a Radon measure. Finally, if N = 2 and ([.25)
holds, or if N > 3 and there holds

€ d
tiny | ( /Q @6 —eﬁdx) =0, (1.26)

uniformly with respect to € € (0, €] and y s.t. dq(z) = dist (z,0Q) = ¢, then u = u,(y)-
If V(z) < wv(¢p(x) for some v which satisfies

/lv(t)tdt < 00, (1.27)
0

then Marcus and Véron proved in [B§] that v = u,,. Actually, when V has such a geometric
form, the assumptions ([L.25)-([L.26) and ([L.27) are equivalent.

The Appendix, written by A. Ancona, answers a question raised by M. Marcus and L. Véron
in 2005 about the vanishing set of Ky when V is nonnegative and (%V is uniformly bounded.
Such potentials play a very important role in the description of the fine trace of semilinear elliptic
equations as in ([.8]): actually, for such equations, V = ud~! satisfies this upper estimate as a
consequence of Keller-Osserman estimate. The following result is proved

Let y € 00 and Cey = {x € Q: da(x) > el —y|} for 0 <e< 1. If

/ Vi@ _ (1.28)
c.

ST —yN 2

for some € > 0, then y € Sing,, ().



2 The subcritical case

In the sequel € is a bounded smooth domain in RY and V € L. We denote by ¢ the first

loc*

eigenfunction of —A in VVO1 2(Q), ¢ > 0 with the corresponding eigenvalue A, by 9(dQ) the
space of bounded Radon measures on 92 and by 9t (0f) its positive cone. For any positive
Radon measure on 02, we shall denote by the same symbol the corresponding outer regular
bounded Borel measure. Conversely, for any outer regular bounded Borel p, we denote by the
same expression u the Radon measure defined on C(9Q) by

¢ p(C) = / Cdp.
o0
If € M(0N), we are concerned with the following problem

{—Au—l—Vu:O in

u=p in 0€. (2.1)

Definition 2.1 Let u € M(9Q). We say that u is a weak solution of (1), if u € L(Q),
Vu e L}é(Q) and, for any ¢ € CL(Q) with AC € L>®(Q), there holds

9¢
som

/Q (—uA¢ + Vu() dx = — (2.2)

In the sequel we put
T(Q) := {¢ € C}(Q) such that A € L=(Q)}.
We recall the following estimates obtained by Brezis [
Proposition 2.2 Let p € LY(09Q) and u be a weak solution of problem (R.J). Then there holds

[ullpr@) + IVaullzy @) < IV=ullpy @) + cllvlipon) (2.3)
a¢
(=[ulAC+V]ulQ)de < = | =>|uldS (2.4)
Q a0 0N
and 9
| usacvagde < - | Shpas (2.5)
Q an0n

forall¢ € T(Q2), ¢ >0.

We denote by K®(z,y) the Poisson kernel in Q and by K[u] the Poisson potential of u €
M(IN) defined by

Klil(r) = | K%wy)dnly)  veeQ (2.6)

Definition 2.3 A measure p on 052 is admissible if

/Q K(jal) @)V (2)|(2)dx < oo. (2.7)

It is good if problem (PJ) admits a weak solution.



We notice that, if there exists at least one admissible positive measure u, then

/QV(x)qSQ(x)dx < 0. (2.8)

Theorem 2.4 Assume V > 0, then problem (R.1)) admits at most one solution. Furthermore,
if 1 is admissible, then there exists a unique solution that we denote uy,.

Proof. Uniqueness follows from (.J). For existence we can assume p > 0. For any k € N, set
Vi = inf{V, k} and denote by u := uy the solution of

{ —Au+ Vig(x)u=0 in

u=p on 0f2. (29)

Then 0 < ug, < K[u]. By the maximum principle, uy is decreasing and converges to some u, and
0 < Viup < VK]l

Thus, by dominated convergence theorem Vipur — Vu in Lé). Setting ¢ € T'(2) and letting k
tend to infinity in equality

9¢

/ (—ukAC+ ViupQ)de = — [ —=dp, (2.10)
Q a0 0n

implies that u satisfies (2.9). O
Remark. If V changes sign, we can put % = u + K[u]. Then (R.1)) is equivalent to

{ — A+ Vi = VK] in O (2.11)

u=0 in 09).

This is a Fredholm type problem (at least if the operator ¢ — R(v) := (—=A)~}(V¢) is compact
in Lé(Q)) Existence will be ensured by orthogonality conditions.

If we assume that V > 0 and
/Kg(x,y)V(ac)qﬁ(x)dx < 00, (2.12)
Q

for some y € 99, then ¢, is admissible. The following result yields to the solvability of (B.T]) for
any p € M4 (Q).

Proposition 2.5 Assume V > 0 and the integrals (R.12) are bounded uniformly with respect to
y € 0. Then any measure on 0S) is admissible.

Proof. If M is the upper bound of these integrals and p € M (092), we have,
[r@vowi = [ ([ & ovaead) ao) < e, @13
Q o0 Q
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by Fubini’s theorem. Thus p is admissible.

Remark. Since the Poisson kernel in ) satisfies the two-sided estimate

c*l Qb(ﬂ:) < KQ

lz—y|N ~ (z,y) < Cﬂ V(z,y) € Q x 09,

|z —y|V

for some ¢ > 0, assumption (2.12) is equivalent to

V(@)d*(z) ,
/Q |z —y|V < oo

This implies (B.§) in particular. If we set D, = max{|z — y| : z € Q}, then

V(z)¢*(z) v Dy 22 (2 . dr
/Q ’w_y’N I _/0 </{x6§2:x—y‘:}( )(ZS ( )dSr( )> rN

D

= lim [r_N/ V(x)p?(z)da
QNBr(y)

(both quantity may be infinite). Thus, if we assume

/Dy / V(x)$*(x)dx _dr_ < 00,
0 QNB, (1) rNTL

lim inf EN/ V(x)$*(z)dS = 0.
e—0 QNB.(y)

there holds

Consequently

V(z)p?(x) dr

Q

Dy
/ﬂ oy de =D [ V@ @)de + N /0 ( /Q V(:v)¢2(:v)d:c> R

NBr(y)

Therefore (R.13) holds and 4, is admissible.

As a natural extension of Proposition R.5, we have the following stability result.

Theorem 2.6 Assume V >0 and

lim K%z, y)V (2)p(x)dz =0 uniformly with respect to y € Q.

E Borel
|E] =0 E

Y D,
2
e —i—]\//e </§20BT(‘;)(QU)¢ (x)dz

(2.14)

(2.15)

dr
PN+1

(2.16)

(2.17)

(2.18)

(2.19)

If iy is a sequence of positive Radon measures on 92 converging to p in the weak™® topology,

then w,, converges to u, in L'(2) N L%/¢(Q) and locally uniformly in €.



Proof. We put u,, := u,. By the maximum principle 0 < u,, < K[u,]|. Furthermore, it follows

from (2.3) that
lunll @) + 1Vunlipy @) < llinll ey < C- (2:20)

Since —Au,, is bounded in L}é(Q), the sequence {u,} is relatively compact in L'(2) by the
regularity theory for elliptic equations. Therefore, there exist a subsequence u,, and some
function u € LY(Q) with Vu € Lé(Q) such that u,, converges to u in L*(Q), almost everywhere

on § and locally uniformly in  since V' € L7? (£2). The main question is to prove the convergence

of Vuy,, in L}é(Q) If £ C Q is any Borel set, there holds
[ wnVi@swyis < [ Kilvie)sws
E E

<[ ( / Kﬁ<x,y>v<x>¢<x>dx) dhin(y)

< My ma [E K22, y)V (2)6(2)da,

where M, := p,(992). Thus

/unV(x)¢(x)dx < M, max K% (2, y)V(z)o(x)dz. (2.21)
E ye E

Then, by (2:19),

léigo EunV(x)QS(x)dx = 0.

As a consequence the set of function {u,¢V} is uniformly integrable. By Vitali’s theorem
Vauy, = Vuin Lé(Q) Since

9¢

aga_nd”"’ (2.22)

/ (—unAC + Vu,()de = —
Q

for any ¢ € T(£2), the function u satisfies (£.2). O

Assumption (R.19) may be difficult to verify and the following result gives an easier formu-
lation.

Proposition 2.7 Assume V > 0 satisfies

e—0

lim / V(x)¢?(z)da ;3—:1 =0 wuniformly with respect to y € 0S). (2.23)
0 QN B (y) r

Then (R.19) holds.

Proof. If E C € is a Borel set and § > 0, we put E5 = EN Bs(y) and E§ = £\ Es. Then

V@), [ V@, [ V@
/ w- [ s [ dr.

v —yN 5 1z —ylN e |z —yN

9



Clearly

/ de§5—N/ V(z)¢? (x)dz. (2.24)
B E.

< |z —y[N

Since (R.16) holds for any y € 99, (.1§) implies

Mx_—N 22 () de b 2 (2 da dr
/Ea |z —y|V dr =9 /EgV( )o”(z)d —|—N/0 </EmBT(y)V( Vo“(z)d ) NTT (2.25)

Using (R.29), for any € > 0, there exists sg > 0 such that for any s > 0 and y € 95

s dr
s<s :>N/ / Vx¢2xdx —— < €/2.
o= [ (Br(y) (0)6* (@) | s < ¢/
We fix § = sg. Since (R.§) holds,

lim V(x)¢*(z)dx = 0. (2.26)
HERE

Then there exists n > 0 such that for any Borel set £ C 2,
|E| <n = /V(x)(bQ(x)dm < si'e/4.
E

Thus
/ Vi(m)&(x)dx <e
: <e.

jz — gyl
This implies the claim by (2.14). O

An assumption which is used in [2§, Lemma, 7.4] in order to prove the existence of a boundary
trace of any positive solution of ([[.22) is that there exists some nonnegative measurable function
v defined on R, such that

[V(x)] <v(p(x)) Ve and /Ostv(t)dt <oo Vs>0. (2.27)

In the next result we show that condition (.27) implies (.19).

Proposition 2.8 Assume V satisfies (2.27). Then

lim /Kﬂ(x,y) |V (2)| ¢p(x)dx =0 uniformly with respect to y € 0. (2.28)
E Borel E
|E| — 0

Proof. Since 95) is C?, there exist €y > 0 such that any for any = € Q satisfying ¢(z) < €, there
exists a unique o(z) € OQ such that |z — o(z)| = ¢(z). We use (R-23) in Proposition R.7 under
the equivalent form

e—0

€ d
lim / |V (2)|¢*(z)dx N—T+1 =0 uniformly with respect to y € 09, (2.29)
0 QNCr(y) r

10



in which we have replaced B,(y) by the the cylinder C,.(y) := {z € Q: ¢(z) < r,|o(x)—y| <r}.

Then
/OE (/chr(y)\V(x)wQ(x)dx) < c/oe (/Orv(t)t2dt> .
< c/oev(t) (1 - E) tdt
<c /0 ottt
Thus (B23) holds. O

3 The capacitary approach

Throughout this section V is a locally bounded nonnegative and measurable function defined
on 2. We assume that there exists a positive measure pg on 02 such that

| Kluv @)ota)de = £1. ) < oc. (3.1)

Definition 3.1 If p € M (0Q) and f is a nonnegative measurable function defined in Q such
that
(z,y) = K] (y) f ()V (2)p(z) € L'(Q x 0Q; dx @ dp),

we set

et = | ( BQKQ(Cﬂay)dM(y)> F @)V (@)(x)dz. (3.2)
If we put
Ky [f](y) = /Q K9z, y) f(2)V (2)p(x)de, (3.3)

then, by Fubini’s theorem, Ky [f] < oo, p-almost everywhere on 02 and

e = [ ([ K@@V ) i (3.

Proposition 3.2 Let f be fized. Then
(a) y — Ky [f](y) is lower semicontinuous on OS).
(b) w— E(f, ) is lower semicontinuous on M (ON) in the weak*-topology

Proof. Since y — K®(x,y) is continuous, statement (a) follows by Fatou’s lemma. If j,, is a
sequence in M, (0) converging to some p in the weak*-topology, then K[u,] converges to K[u]
everywhere in 2. By Fatou’s lemma

(f.) < limint | Kl (2) @)V (@)(o)de = Hmint &(F, o).

11



Notice that if Vof € LP(2), for p > N, then G[V f¢] € C}(Q) and

i= [ KOV @) f@ole)ds = —2-GIV S6l(0) 35)
Q

This is in particular the case if f has compact support in €.

Definition 3.3 We denote by MY (09) the set of all measures u on 0 such that VK[u] €
L}é(Q) If v is such a measure, we denote

Iilony = [ K@) V(@)ota)do = VE[ull (36)

Clearly ||. [lgpv is a norm. The space 9" (9€2) is not complete but its positive cone MY (592)
is complete. If E C 012 is a Borel subset, we put

M (E) = {u € M (0Q) : w(ES) =0} and MY (E) =M, (E) NMY (09).

Definition 3.4 If E C 0N is any Borel subset we set

Ov(E) := sup{u(E) : p € M(E), ||ullypy < 13- (3.7)

We notice that (B.7) is equivalent to

— sy nE) v
Cy(F) :=sup { Tl RS S)ﬁ_,_(E)} . (3.8)

Proposition 3.5 The set function Cy satisfies.

~1
) < sup (/ Kz, y)V gb(x)dx) VE C 092, E Borel, (3.9)
yelE

and equality holds in (B.9) if E is compact. Moreover,
Cv(E1 U EQ) = Sup{Cv(El), Cv(EQ)} VE; C 02, E; Borel. (3.10)

Proof. Notice that E — Cy(E) is a nondecreasing set function for the inclusion relation and
that (B.7) implies
pn(E) < Cy(E) |y Yp € MY(E). (3.11)

Let E C 09 be a Borel set and p € 9 (E). Then

o = [ ([ Ko@)V @iote)te ) dut

> u(B)int [ KOV ()i

12



Using (B.7) we derive
-1
Cy(E) < sup (/ Kz, y)V(x)p(x )dm) . (3.12)
yeE

If F is compact, there exists yo € E such that
inf [ K%, p)V@)olads = [ KOV (@)o(z)da,
yel Jo Q

since y ~— K[1](y) is Ls.c.. Thus

E T /ﬂ KOz, yo)V (2)(x) de

and .
Cv(E) > (B = sup </ K®(z,y)V (ﬁ(x)dx) :
H(syo”ng yeE

Therefore equality holds in (B.9). Identity (B.1() follows (B.9) when there is equality. Moreover
it holds if Fy and FE» are two arbitrary compact sets. Since Cy is eventually an inner regular
capacity (i.e. Cy(E) =sup{Cy(K): K C E, K compact}) it holds for any Borel set. However
we give below a self-contained proof. If Fy and Fy be two disjoint Borel subsets of 0f2, for any
€ > 0 there exists u € MY (Ey U E) such that

p(Er) + p(E2)
I el g

Set p; = Xg,; M- Then p; € S)LRK(EZ) and ||pllopv = e llonv + [lp2llgnv - By B11)

p(EL) + p(E2)

<Cy(E1UEp) <
Il 12l gv

21| gmv 12 [l anv
Cy(E1UEy) < Cy(Ey) + Cy(Es9) + € (3.13)
e llony + [le2llonv e llonv + [l 12l opv

This implies that there exists 6 € [0, 1] such that
Cy(F1 UEy) <0Cy(Ey) + (1 —60)Cy(Ey) <max{Cy(F),Cy(Es)}. (3.14)
Since Cy (Ey U Ey) > max{Cy(E;),Cy(FE2)} as Cy is increasing,
EiNEy=0= Cy(F1 UEy) =max{Cy(F),Cy(E2)}. (3.15)
If 4N Ey #0, then 4 U Ey = E1 U (Ey N ES) and therefore
Cy(E1 U Ey) = max{Cy(E1),Cy(Ey; N ET)} < max{Cy(Ey),Cy(E2)}.

Using again (B.§) we derive (B.10). O

The following set function is the dual expression of Cy (E).
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Definition 3.6 For any Borel set E C 052, we set
CV(B) = inf{[| |l : K[f](y) 21 Vy e E}. (3.16)

The next result is stated in [I9, p 922] using minimax theorem and the fact that K £ is lower
semi continuous in ©Q x 9. Although the proof is not explicited, a simple adaptation of the
proof of [fl, Th 2.5.1] leads to the result.

Proposition 3.7 For any compact set E C 0f),
Cy(E) = Cy(E). (3.17)
In the same paper [[J], formula (B.9) with equality is claimed (if E is compact).

Theorem 3.8 If {u,} is an increasing sequence of good measures converging to some measure
1 in the weak™® topology, then u is good.

Proof. We use formulation (f.1(). We take for test function the function n solution of

—An=1 in
{ =0 on 0, (3.18)
there holds 9
(14 V)ugnde = — | 2 dpy < ¢ (09) < ¢ p(09)
Q a0 On
where ¢ > 0 is such that
n

ct>—2L>¢ ondf.
on

Since {uy, } is increasing and n < c¢ by Hopf boundary lemma, we can let n — oo by the
monotone convergence theorem. If u := lim, ;o u,,, we obtain

/Q(l + V) undr < ¢ p(09Q).

Thus u and ¢Vu are in L'(2). Next, if ¢ € CL(Q) N CLY(Q), then u,,|Al| < Cuy,, and
Vg, |¢| < CVuy,n. Because the sequence {u,, } and {Vu,,n} are uniformly integrable, the
same holds for {u,, A} and {Vu,,(}. Considering

d
/ (—up, AC+ Vuy,()de = — 8—fld,un.
Q 19)

it follows by Vitali’s theorem,

0
/ (—uAl+ Vu()de = — —Cd,u.
Q a0 On
Thus p is a good measure. O
We define the singular boundary set Zy by
Zy = {y € 0N : /Kﬂ(x,y)V(x)(b(m)dx = oo} . (3.19)
Q

Since K[1] is L.s.c., it is a Borel function and Zy is a Borel set. The next result characterizes the
good measures.
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Proposition 3.9 Let u be an admissible positive measure. Then u(Zy) = 0.

Proof. If K C Zy is compact, i = X, p¢ is admissible, thus, by Fubini theorem

lilons = [ ([ KV @61t ) duty) < o
Since
/QKQ(x,y)V(x)(b(m)dx =00 Vye K

it follows that pu(K) = 0. This implies u(Zy) = 0 by regularity. O
Theorem 3.10 Let € M4 (9) such that

w(Zy) = 0. (3.20)
Then p is good.
Proof. Since K[1] is Ls.c., for any n € N,,

K = {y € 00 K[1)(y) < n}

is a compact subset of 0. Furthermore K,, N Zy = 0 and UK,, = Z{,. Let p, = X, M, then

EL,py) = /QK[M,L]V(QUM(&U)C[&U < npp (Ky). (3.21)

Therefore pu, is admissible. By the monotone convergence theorem, pu, 1T x el and by Theo-
rem B.§, Xzye is good. Since (f.4) holds, Xzye b = Ho which ends the proof. ([l

The full characterization of the good measures in the general case appears to be difficult
without any further assumptions on V. However the following holds

Theorem 3.11 Let p € M (0Q) be a good measure. The following assertions are equivalent:
(i) w(Zv) = 0.

(i) There exists an increasing sequence of admissible measures {,} which converges to u in
the weak*-topology.

Proof. If (i) holds, it follows from the proof of Theorem that the sequence {p, } increases and
converges to . If (i) holds, any admissible measure pi,, vanishes on Zy by Proposition B.9. Since
tn <, there exists an increasing sequence of p-integrable functions h, such that p, = hyu.
Then p,(Zy ) increases to pu(Zy ) by the monotone convergence theorem. The conclusion follows
from the fact that u,(Zy) = 0. O

15



4 Representation formula and reduced measures

We recall the construction of the Poisson kernel for —A + V: if we look for a solution of

—Av+V(z)v=0 in
{ v=v in 0F), (4.1)

where v € M(0N), V > 0, V € L (), we can consider an increasing sequence of smooth

domains Q,, such that Q,, C Qpa1 and Uy, = UnQ, = Q. For each of these domains, denote
by KSXQ the Poisson kernel of —A + Vx,, in Q and by Ky, [] the corresponding operator.

We denote by K := K(S]) the Poisson kernel in €2 and by K[.] the Poisson operator in 2. Then
the solution v := v,, of

—Av+Vyx, v=0 in Q
{ v=v in 052, (4.2)
is expressed by

() = aQK%(Q" (@,y)dv(y) = Kvy, [V](2). (4.3)

If G is the Green kernel of —A in Q and G[] the corresponding Green operator, (f3)) is
equivalent to
w@)+ [ @) (Vo vy = [ K p)av(y), (.4

equivalently
vn + G[Vixg, vn] = K[V].

Notice that this equality is equivalent to the weak formulation of problem ([.2): for any ¢ € T(Q),

there holds
¢

/Q (—vnAC + VXannC) de = — aﬂa—ndu. (4.5)

Since n — Kﬁxgn is decreasing, the sequence {v,,} inherits this property and there exists

lim K}, (2,y) = K} (z,y)- (4.6)

n—oo

By the monotone convergence theorem,

Tim v (2) = v(x) = [ KR(y)duly). (4.7)
o0
By Fatou’s theorem
[ vy < tmint [ 600, w0, (18)
Q Q
and thus,
o)+ [ @)V o)y < Kpla) Vo e (4.9)
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Now the main question is to know whether v keeps the boundary value v. Equivalently, whether
the equality holds in ([£g) with lim instead of liminf, and therefore in ({.9). This question
is associated to the notion of reduced measured in the sense of Brezis-Marcus-Ponce: since
Vv e Lé(Q) and

—Av+V(z)v=0 inQ (4.10)

holds, the function v + G[Vv] is positive and harmonic in Q. Thus it admits a boundary trace
v* € My (0N) and
v+ G[Vv] = K[v*]. (4.11)

Equivalently v satisfies the relaxed problem

—Av+V(z)v=0 in
{ v=uv* in 99, (4.12)
and thus v = u,~. Noticed that v* < v and the mapping v — v* is nondecreasing.
Definition 4.1 The measure v* s the reduced measure associated to v.
Proposition 4.2 There holds Ky [v] = Ky[v*]. Furthermore the reduced measure v* is the
largest measure for which the following problem
—Av+V(z)v=0 in Q
AEML(00), A<v (4.13)
v=A imn 051,

admits a solution.

Proof. The first assertion follows from the fact that v = Ky [v] by (.6) and v = u,« = Ky [v*]
by (E13). It is clear that v* < v and that the problem ([E13) admits a solution for A = v*. If
A is a positive measure smaller than u, then \* < p*. But if there exist some A such that the
problem ([.13) admits a solution, then A = A\*. This implies the claim. O

As a consequence of the characterization of v* there holds

Corollary 4.3 Assume V > 0 and let {V;} be an increasing sequence of nonnegative bounded
measurable functions converging to V a.e. in Q. Then the solution ug of

{—Au+Vku:0 in Q

u="v in 081,

(4.14)

converges 1o Uyx.

Proof. The previous construction shows that u; = Ky, [] decreases to some @ which satisfies
a relaxed equation, the boundary data of which, 7*, is the largest measure A\ < v for which
problem (4.13) admits a solution. Therefore 7* = v* and @ = wu,~. Similarly {K‘s/zk} decreases

and converges to Kg O

We define the boundary vanishing set of Kg by
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Sing,, (Q) == {y € 0Q| K{}(x,y) = 0} for some z € Q. (4.15)
Since V € Lg5 (), Sing,, (2) is independent of x by Harnack inequality; furthermore it is a Borel

loc

set. This set is called the set of finely irreqular boundary points by E. B. Dynkin; the reason for
such a denomination will appear in the Appendix.

Theorem 4.4 Let v € M, (00).
(i) If v((Sing,, (2))¢) = 0, then v* = 0.
(i1) There always holds Sing,, (2) C Zy .

Proof. The first assertion is clear since v = XSingV(Q)V + Xsmgv(a))cV = Xsmgv @Y and, by
Proposition [.3,

uy- (x) = Ky [v*](z) = /S | (Q)Kg(m,y)dy(y) =0 VreQ,

by definition of Sing,, (€2). For proving (ii), we assume that Cy(Sing, (€2)) > 0; there exists
p € MY (Sing,, (Q)) such that p(Sing, (2)) > 0. Since u is admissible let u, be the solution of
(). Then p* = p, thus u, = KV [u] and

KV (l(o) = [ Kfewdut) = [ KR )duty) =0,
o0 Sing,, ()

contradiction. Thus Cy (Sing,, (£2)) = 0. Since (B.9) implies that Zy is the largest Borel set with
zero Cy-capacity, it implies Sing,, () C Zv . O

In order to obtain more precise informations on Sing,, (€2) some minimal regularity assump-
tions on V are needed. We also recall the following result due to Ancona [fi] and developed in
the appendix of the present work.

Theorem 4.5 Assume V' > 0 satisfies 63V € L®(). If for some y € 9Q and some cone C,
with vertex y such that Cyy N B(y) C QU {y} for some r > 0 there holds

V(z)
Yy

then
K¥(z,y) =0 Vo € . (4.17)

This means that ({.16]) implies that y belongs to Sing,, (2). Set do(x) = dist (x,0€2). We define

the conical singular boundary set

Zy = {y €00 : K®(2,y)V (2)¢(x)dx = oo for some € > 0} (4.18)

Ce,y

where C, ,, := {z € Q: 5g(x) > €|z — y|}. Clearly Zy C Zy.
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Corollary 4.6 Assume V > 0 satisfies 03V € L=(Q). Then Zy C Sing,, (Q).

Proof. Let y € Zy. Since there exists ¢ > 0 such that
W)z -y < Kz, y)V(2)o(x) < V(x)|z —y|>N Vo € Cey (4.19)

the result follows immediately from (4.16]), (4.18]). O

Remark. In situations coming from the nonlinear equation —Awu + |u[?"tu = 0 in Q with ¢ > 1,
V = |u?7! not only satisfies gd3V € L>°(2) but also the restricted oscillation condition: for
any y € 0N and any open cone Cy with vertex y such that C, € €, there exists ¢ > 0 such that

V(x)
V(z)

V(2,2) €Cy x Cy,|lz —y| = |z —y| = c 1 < <ec. (4.20)

It is a consequence of the Keller-Osserman estimate and Harnack inequality. In this case condi-

tion ([L.16]) is equivalent to
1
/ V(y(t))tdt = oo, (4.21)
0

at least for one path v € C%1(]0, 1]) such that v(0) = y and v((0,1] C C, for some cone C, € Q.

5 The boundary trace

5.1 The regular part

In this section, V' € L () is nonnegative. If 0 < € < ¢y, we denote dq(z) = dist (z,09Q) for

loc

x € Q, and set Q= {x € Q: dq(x) > €}, QL = Q\ Qc and X, = 9Q,. It is well known that
there exists ey such that, for any 0 < € < ¢y and any x € Q. there exists a unique projection
o(z) of z on 9 and any z € Q. can be written in a unique way under the form

x=o0(x) — do(x)n

where n is the outward normal unit vector to 9 at o(z). The mapping = — (dq(z),o(z)) is a
C? diffeomorphism from Q. to (0, ¢y] x 9. We recall the following definition given in [Rg]. If A
is a Borel subset of 02, we set Ac = {x € ¥, : o(z) € A}.

Definition 5.1 Let A be a relatively open subset of 982, {uc} be a set of Radon measures on A,
(0 <e<e) and p € M(A). We say that p. — p in the weak*-topology if, for any ¢ € C.(A),

lim /,4 o (@)dulr) = /A Cap (5.1)

A function u € C(2) possesses a boundary trace p € M(A) if

lim /Aeg“(a(x))u(m)dS(x) = /ACdu V¢ € Ce(A). (5.2)

e—0

The following result is proved in [B§, p 694].
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Proposition 5.2 Let u € C(2) be a positive solution of
—Au+V(@)u=0 in Q. (5.3)

Assume that, for some z € IS, there exists an open neighborhood U of z such that

/ Vup(z)dr < oo. (5.4)
UnQ

Then u € LY(K N Q) for any compact subset K C G and there exists a positive Radon measure
uwon A=UNOIQ such that

lim C(o(x))u(x)dS(z) = /ACd,u V¢ e C(UNKQ). (5.5)

e—0 UﬁEe

Notice that any continuous solution of (5.J) in Q belongs to I/Vli’f(Q) for any (1 < p < o0).
This previous result yields to a natural definition of the regular boundary points.

Definition 5.3 Let u € C(Q) be a positive solution of (5.3). A point z € 0Q is called a regular
boundary point for w if there exists an open neighborhood U of z such that (B.5) holds. The
set of regular boundary points is a relatively open subset of O), denoted by R(u). The set
S(u) = 00\ R(u) is the singular boundary set of u. It is a closed set.

By Proposition p.4 and using a partition of unity, we see that there exists a positive Radon
measure /i := i, on R(u) such that (5.5) holds with U replaced by R(u). The couple (1, S(u))
is called the boundary trace of u. The main question of the boundary trace problem is to
analyse the behaviour of u near the set S(u).

For any positive good measure p on 99, we denote by wu,, the solution of ([.1) defined by
(ET0)-(ETD).

Proposition 5.4 Let u € C(Q)N VVlif(Q) for any (1 < p < 00) be a positive solution of (p.3)
in Q with boundary trace (fiu,S(u)). Then u > uy, .

Proof. Let G C 09 be a relatively open subset such that G C R(u) with a C? relative boundary
0*G = G\ G. There exists an increasing sequence of C? domains 2, such that G C 9Q,,
09, \ G C Q and U,Q,, = Q. For any n, let v := v, be the solution of

{ —Av+Vo=0 in Q, (5.6)

V= Xgl in 0€,,.

Let u, be the restriction of u to Q,. Since u € C(Q) and Vug € L'(£,), there also holds
Vug, € L'Y(Q,) where we have denoted by ¢, the first eigenfunction of —A in I/VO1 2(Qn)
Consequently u,, admits a regular boundary trace p, on 9, (i.e. R(u,) = 0%,) and u,, is the
solution of

{ —Av+Vo=0 in Q, (5.7)

V=l in 09),.
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Furthermore fi,,|¢ = X ptu- It follows from Brezis estimates and in particular (P.§) that u, <u
in Q,. Since Q, C Qp11, vy < Vp41. Moreover

Up + G [Vu,] = K[, ] in Q,.

Since K [y, pi] — K[ x4 ptu), and the Green kernels G (x, y) are increasing with n, it follows
from monotone convergence that v, 1 v and there holds

v+ G2Vo] = K x ttad] in Q.

Thus v = uy_pu, and uy_u, < u. We ' can now replace G by a sequence {G}} of relatively open

sets with the same properties as G, G, C Gy, and UpGy = R(u). Then {uy_ ,,} is increasing
k

and converges to some @. Since

U gpin T G* [VuXGkMu] =K (X boul s
and K[y, 1] T K ], we derive
i+ GHVi] = K u,].
This implies that @ = u,, < u. 0

5.2 The singular part

The following result is essentially proved in [R§, Lemma 2.8].

Proposition 5.5 Let u € C(Q) for any (1 < p < o) be a positive solution of (5.3) and suppose
that z € S(u) and that there exists an open neighborhood Uy of z such that u € L'(2 N Up).
Then for any open neighborhood U of z, there holds

liir(l) C(o(x))u(x)dS(z) = oo. (5.8)
UNXe

As immediate consequences, we have

Corollary 5.6 Assume u satisfies the reqularity assumption of Proposition p.4. Then for any
z € S(u) and any open neighborhood U of z, there holds

lim sup /IJHESC(J(x))u(x)dS(x) = 0. (5.9)

e—0

Corollary 5.7 Assume u satisfies the regularity assumption of Proposition [5.4. If u € L'(9),
Then for any z € S(u) and any open neighborhood U of z, (5.§) holds.

The two next results give conditions on V' which imply that S(u) = 0.

Theorem 5.8 Assume N =2, V is nonnegative and satisfies (B.19). If u is a positive solution
of (b-3), then R(u) = 99.
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Proof. We assume that
/Vqﬁudx = 00. (5.10)
Q

If 0 < € < €p, we denote by (¢, Ac) are the normalized first eigenfunction and first eigenvalue of

—Ain WOI’Q(QG), then

lim [ V¢eudr = oo. (5.11)
e—0 Qe
Because
Ope
Ae + 0V )udz = — udS,
Qe o0, On
and 96
o<
© =" =°
for some ¢ > 1 independent of ¢, there holds
lim udS = oo. (5.12)

e—0 895
Denote by m, this last integral and set v, = m_1u and p. = m-tulsgg,. Then
ve + G Vo] = K%[u]  inQ (5.13)

where

K[ () = K (2, y)pe(y)dS(y) (5.14)

is the Poisson potential of u. in 2. and
M Val(e) = [ 6% Gan)V (wuta)ds

the Green potential of Vu in .. Furthermore

{ —Ave+ V. =0 in Q. (5.15)

Ve = e in 99),.

By Brezis estimates and regularity theory for elliptic equations, {XQE v} is relatively compact
in L'(Q) and in the local uniform topology of €. Up to a subsequence {e,}, ., converges to
a probability measure p on 99 in the weak*-topology. It is classical that

K [p1e,,] = K[p]

locally uniformly in €2, and Xa., Ve, — U in the local uniform topology of €2, and a.e. in €.
Because G (z,y) 1 G%(x,y), there holds for any z € Q

lim X, ()G (2,9)V (y)ve, () = Gz, y)V (y)v(y) for almost all y € Q (5.16)

n—o0
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Furthermore v., < K% [y, ] reads
fren (2)dS(2)
Ve (Y) < P, (Y / :
en W) 6()Bﬂn ly — 2|2

In order to go to the limit in the expression
L, = GSen [VUEn](x) = /ngen (y)GQen (x7 y)V(y)vEn (y)dy7 (5.17)

we may assume that z € Q, where 0 < € < ¢ is fixed and write Q = Q., U Q[ where
QL =Q\Q, = {zeQ:dist (2,00) < &1}

and L, = M,, + F,, where
M, = /Q Xa., WG (2,9)V (y)ve, (y)dy (5.18)
€1

and

Pa= [ X, )G @)V 0o, (). (5.19)
.

€1

Since
Xoo, @GP (z,9)V (y)ve, () < exo,, (v) (|2 = y)| V(y)ve, ()

< eV, Xa., @) In(lz =y ve, (v),
it follows by the dominated convergence theorem that
lim M, = Gz, y)V (y)v(y)dy. (5.20)

n—o0 Q
€1

Let E C Q be a Borel subset. Then G%n (z,y) < ¢(x)¢., (y) if y € ©2.,. By Fubini,

L, o @6 Ve Wy < eee) | Q( i el ) e (aS)

2
<o) mas [ o, 0220y
L nE " ly — 2|
(5.21)
If y € Q, N E, there holds ¢(y) = ¢, (y) + €n. If z € 08, N E and we denote by o(z) the
projection of z onto 0f2, there holds |y — o(2)| < |y — 2| + €,. By monotonicity

¢5n(y) < ¢en(y)+€n < ¢(y)
ly—z2 ~ly—z[+en = ly—o(2)|

(5.22)

thus

“(yV
/glmEXQm ()G (2, 9)V (y)ve, (y)dy < cc(z) max /QllmEXQm (y)%dy. (5.23)

23



By (R19) this last integral goes to zero if |2, NENQ,,| — 0. Thus by Vitali’s theorem,
the sequence of functions {x,,_ ()G (2, )V (y)ve, () Inen is uniformly integrable in y, for any
x € Q. It implies that

lim [ xo,, ()G (2,9)V (y)ve, (y)dy = / G (z,y)V (y)v(y)dy, (5.24)
Q Q

n—o0

and there holds v + G[Vv] = K[u]. Since u = mv in 2 and m, — oo, we get a contradiction
since it would imply u = oo. U

In order to deal with the case N > 3 we introduce an additionnal assumption of stability.

Theorem 5.9 Assume N > 3. Let V € L{°.(Q), V > 0 such that

loc

A2
lim V(y)((é’(y)il%dy =0 wuniformly with respect to z € ¥ and € € (0,€p]. (5.25)
E Borel E y —Z
|E| — 0

If u is a positive solution of (B.d), then R(u) = 0.

Proof. We proceed as in Theorem p.§. All the relations (5.1()-(5-20) are valid and (§.21)) has to
be replaced by

2 (y)V
/ﬂé o (y)Gn (2, y)V (y)ve, (y)dy < ce(x) max /Qé X, (y)%dy. (5.26)

zGEen

Since (p.22) is no longer valid, (p.22) is replaced by
(o(y) — en)z
/ Xa., ()G (2,9)V (y)ve, (y)dy < cc(x) max / V) - (5.27)
Q,NE E ly — 2|

By (B.29) the left-hand side of (5.27) goes to zero when |E| — 0, uniformly with respect to
€n- This implies that (5.24) is still valid and the conclusion of the proof is as in Theorem f.§.
(]

Remark. A simpler statement which implies (p.25) is the following.

J dr
lim (/BT(Z)V(@/)W(Q) - 6)2+dy> i (5.28)

6—0 0

uniformly with respect to 0 < ¢ < ¢y and to z € .. The proof is similar to the one of
Proposition R.7.

Remark. When the function V' depends essentially of the distance to 0€) in the sense that
V@) <o(é(@)  veeq, (5.29)

and v satisfies

/atv(t)dt < 00, (5.30)
0

Marcus and Véron proved [B§, Lemma 7.4] that R(u) = 09, for any positive solution u of (F.3).
This assumption implies also (§-2§). The proof is similar to the one of Proposition P.§.
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5.3 The sweeping method

This method introduced in [BJ] for analyzing isolated singularities of solutions of semilinear
equations has been adapted in [P5] and RJ] for defining an extended trace of positive solutions
of differential inequalities in particular in the super-critical case. Since the boundary trace
of a positive solutions of (5.J) is known on R(u) we shall study the sweeping with measure
concentrated on the singular set S(u)

Proposition 5.10 Let u € C() be a positive solution of (5.3) with singular boundary set S(u).
If pe My (S(u)) we denote v, = inf{u,u,}. Then

— Av, +V(z)v, >0 in Q, (5.31)

and v, admits a boundary trace v,(u) € M4 (S(u)). The mapping p — vy (1) is nondecreasing
and vy (1) < p.

Proof. By B3, (b-31) holds. But Vu, € Lé(Q) — Vv, € Lé(Q), if we set w := G[Vv,], then
v, + w is nonnegative and super-harmonic, thus it admits a boundary trace in 94 (0€2) that
we denote by 7, (). Clearly v,(u) < p since v, < u, and 7,(n) is nondeacreasing with p as
o — uy, is. Finally, since v, is a supersolution, it is larger that the solution of (5.3) with the
same boundary trace 7, (u), and there holds

Unyy (1) < Vpe (5.32)

Proposition 5.11 Let
v, (u) = sup{ya () : 11 € M4 (S(w))}. (5.33)

Then vy (u) is a Borel measure on S(u).

Proof. We borrow the proof to Marcus-Véron [Rg], and we naturally extend any positive Radon
measure to a positive bounded and regular Borel measure by using the same notation. It is clear
that v (u) := v, is an outer measure in the sense that

vy(0) =0, and v (A) < Z v(Ag), whenever A C U Ap. (5.34)
k=1 k=1

Let A and B C S(u) be disjoint Borel subsets. In order to prove that
va(AUB) = vy (A) + vy(B), (5.35)

we first notice that the relation holds if max{v (A),v,(B)} = oco. Therefore we assume that
vy (A) and v, (B) are finite. For € > 0 there exist two bounded positive measures p; and po such
that

Yu(p1)(A) < v(A) < yu(pr)(A) +¢/2
and
Yu(p2)(B) < v(B) < yu(p2)(B) +¢/2
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Hence

UF
=
+
T

<(B) < vu(p)(A) + yulp2)(B) + e
w(pn + p2)(A) + Yo (1 + p2)(B) +¢
w(pn + p2)(AUB) + ¢

(AUB) +e.

IAIA A
2 \2~Q

Q

Therefore v, is a finitely additive measure. If {A;} (k € N) is a sequence of of disjoint Borel

sets and A = UAy, then

VS(A) 2> Vg ( U Ak) :ZVS(AIC) :>VS(A) > ZVS(AIC)’
k=1

1<k<n =

By (p.34), it implies that v, is a countably additive measure.

Definition 5.12 The Borel measure v(u) defined by

v(u)(A) :=v,(ANS(u)) + pu(ANR(w)), VA C 092, A Borel,

is called the extended boundary trace of u, denoted by Tre(u).
Proposition 5.13 If A C S(u) is a Borel set, then
va(A) = sup{r()(A) : € M, (A)}.
Proof. Tt A\, N € M, (S(u))
inf{u, uy,n} = inf{u,uy +uy} < inf{u,uy} + inf{u, uy}.

Since the three above functions admit a boundary trace, it follows that

YuA+ X) < Yu(A) + 1 (N).
If A is a Borel subset of S(u), then pt = pg + prac where g = x,p. Thus

Yu(p) < Yulpra) + yulpac),

and
Yu()(A) < yulpa)(A) + yu(pac)(A).

Since Yy (pac) < pae and pac(A) = 0, it follows

But pa < p, thus v, (pa) < vu(p) and finally

Yu (1) (A) = Yu(pa)(A).

If e My (A), p = pa, thus (5.37) follows.
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Proposition 5.14 There always holds
where Sing,, () is the vanishing set of Kg(x, \) defined by ([1H).

Proof. This follows from the fact that for any pu € 9, (0€2) concentrated on Singy (€2), u, = 0.
Thus 7, (n) = 0. If u is a general measure, we can write u = Xsing. @M T Xsing. et thus
4 4

uy = uX(smgV(Q))C“' Because of (.32)
thus (5.39) holds. O

Remark. This process for determining the boundary trace is ineffective if there exist positive
solutions w in €2 such that
lim wu(z) = oo.
dq(z)—0
This is the case if Q = Bg and V(z) = ¢(R — |z])~2 (¢ > 0). In this case K{}(z,.) = 0. For any
a > 0, there exists a radial solution of

Y __0 inBpg (5.40)

Aut =
(R — |z])?

under the form
tN-1dt

u(r) =uq(r) =a+ c/orsl_N/OSu(t)m. (5.41)

Such a solution is easily obtained by fixed point, u(0) = a and the above formula shows that u,
blows up when r + R. We do not know if there a exist non-radial positive solutions of (f.40).
More generaly, if €2 is a smooth bounded domain, we do not know if there exists a non trivial

positive solution of
c

d?(x)

— Au+ u=0 in Q. (5.42)
Theorem 5.15 Assume V > 0 and satisfies (P19). If u is a positive solution of (5.3), then
Tré(u) = v(u) is a bounded measure.

Proof. Set v = v(u) and assume v/(92) = co. By dichotomy there exists a decreasing sequence
of relatively open domains D,, C df) such that D, C D,_1, diam D,, = r, — 0 as n — oo, and
v(D,,) = co. For each n, there exists a Radon measure p,, € M (D)) such that v, (p,)(Dy) = n,
and

u > Uy = inf{u,u,m} > Unyyy (1) *

Set m;, = n 'y, (1n), then m, € M, (D,) has total mass 1 and it converges in the weak*-
topology to d,, where {a} = N, D,,. By Theorem @, U, converges to us,. Since u > Ny, , it
follows that

u > lim nu,y,, = oo,

n—oo

27



a contradiction. Thus v is a bounded Borel measure (and thus outer regular) and it corresponds
to a unique Radon measure. ]

Remark. If N = 2, it follows from Theorem p.§ that u = u, and thus the extended boundary
trace coincides with the usual boundary trace. The same property holds if N > 3, if (5.25)
holds.

A Appendix: A necessary condition for the fine regularity of a
boundary point with respect to a Schrodinger equation

by Alano Anconaf]

This appendix is devoted to the derivation of a sufficient condition —stated in Theorem [A.]]
below (section Al)— for the fine singularity of a boundary point of a Lipschitz domain with
respect to a potential V. This theorem answers a question communicated by Moshe Marcus
and Laurent Véron to the author —and related to the work [B{] by Marcus and Véron-. The
expounded proof goes back to the unpublished manuscript [fi]. In a forthcoming paper other
criterions for fine regularity will be given — in particular a simple explicit necessary and sufficient
condition for the fine regularity of a boundary point and a criteria for having almost everywhere
regularity in a subset of the boundary.

The exposition can be read independently of the above paper of L. Véron and C. Yarur. The
few notions necessary to the statement of Theorem [A]] are recalled in section Al. Section A2
is devoted to some known basic preliminary results and the proof of Theorem [A.1] is given in
section A3.

Acknowledgment. The author is grateful to Moshe Marcus and Laurent Véron for bringing
to his attention their motivating question.

A.1 Framework, notations and main result

Let Q be a bounded Lipschitz domain in RY. Denote éq(x) := d(z; RN \ ) the distance from
r to the complement of Q in RY and for a > 0, let V(Q,a) denote the set of all nonnegative
measurable function V :  — R such that V(z) < a/(da(z))? in Q. We also let zg to denote a
fixed reference point in §2.

For V € V(a,), we will consider the Schrodinger operator Ly := A — V associated with
the potential V. Here A is the classical Laplacian in RY.
The kernels K, f(;/ and K;/ . Tt is well known ([22], [BJ]) that to each point y € 9 corresponds
a unique positive harmonic function K in € that vanishes on J€) and satisfies the normalization
condition Ky(xp) = 1. This function is the Martin kernel w.r. to the Laplacian in Q with pole
at y and normalized at xg. It may also be seen as a Poisson kernel with respect to A in 2.
The function K, is obviously superharmonic in 2 with respect to Ly and we may hence consider
its greatest Ly -harmonic minorant f(;/ in € defining hence another kernel function at y.

2Département de Mathématiques, Batiment 425, Université Paris-Sud 11, Orsay 91405 France
Email address: alano.ancona@math.u-psud.fr
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By the results in [ (see paragraph A2 below) it is also known that for each y € 9 there
exists a unique positive Ly -harmonic function K;/ in © that vanishes on 02\ {y} and satisfies
K;/(mo) = 1. Thus f(;/ =y K;/ with ¢, = f(;/(xo) Here a function u : @ — R is Ly-harmonic

if u is the continuous representative of a weak solution u of Ly (u) = 0 (so u € H} () by
assumption and necessarily u € WZZOS(Q) for all p < c0).
The set of “finely” regular boundary points with respect to Ly in € is
Reg, (Q) :=={y €00 K} >0} ={y€0Q;¢,>0} (A1)

-since ¢ is u.s.c. this is a K, subset of J€2- and the set of “finely”’ irregular boundary points
is Sing,, (2) := 0\ Reg, (€2). These notions were introduced by E. B. Dynkin in his study of
positive solutions in € of a non linear equation such as Au = u?, ¢ > 1 -in which case, given u,
we recover Dynkin’s definition on taking V = |u|?7!. See the books [[f], [[7] of E. B. Dynkin
and the references there. From the probabilistic point of view, a boundary point y € 92 is Ly
finely regular iff for the Brownian motion {;}o<s<- starting say at xg and conditioned to exit
from € at y, it holds that fOT V(&) ds < +00 a.s., or in other words, iff the probability for this
process to reach y when killed at the rate e=V(€)4s ig strictly positive.

Let us now state Theorem [A.T]. It answers the question (2005) of Marcus-Véron alluded to
above: suppose that for sufficiently many Lipschitz path (resp. every linear path) v : [0,1] — Q

such that v(0) = y and d(v(t),0Q) > c¢|y(t) — y| for 0 <t < n and some ¢ > 0, it holds that

/77 tV(y(t))dt = +oc;

0
does it follow that y is finely singular w.r. to V and € ?

Theorem A.1 Lety € 082 and let Cey := {x € Q; da(x) > ed(z,y)} for 0 <e < 1. If

dx
/C (@) s (A2)

for some € >0, then y € Sing,, (£2).

A.2 Boundary Harnack principle for Ly

To prove Theorem [A.J] we will rely on the main result of [ff] (see also [[]) in well-known forms
more or less explicit in [f] (see e.g. Theorem 5" and Corollary 27 there) or [[j]. In this section we
state these needed ancillary results and fix some notations to be used in what follows.

Fix positive reals 7, p > 0 such that 0 < 107 < p and let f be a 75~ lipschitz function in the
ball By_1(0,7) of RN=1 — we let By_1(m, s) to denote the ball in R]\(}*I of center m and radius
r—. Define then the region U (r, p) in RY as follows

Up(r,p) :={(@",on) e RVTIXRRY; |2/ <, f(2!) <y < p} (A.3)

We will also denote it U (leaving f, 7 and p implicit) when convenient. Set dxU := 0U N {x =
(@' zy) € RN 2| <7, an = f(2')} and define T(t) := By_1(0;tr) x (—tp, +tp) .

Recall V,(U) is the set of all Borel nonnegative functions V' in U such that V(z) < 6(%)2 for

x € U. For V Holder continuous (in fact for a natural class of second order elliptic operators)

the following statement goes back to [B]. See also [[J] for V = 0.
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Lemma A.2 Let V € V,(U) and set Ly := A — V. There is a constant C' depending only on
N, a and £ such that for any two positive Ly -harmonic functions w and v in U that vanish on

04U,

w@) @) s eun T(%) (A4)

where A= Ay = (0,...,0,5).

Proof. Let us briefly recall -for readers convenience- how this lemma follows from Theorem 1
in . By homogeneity we may assume that » = 1 and that p is fixed. Let A’ = (0,...,0, %)
and let By denote the open ball By(0,1) in RY. It is easy to construct a bi-Lipschitz map F :
U — By(0,1) with a bi-lipschitz constant depending only on p and N and which maps A’ onto
0, UNT(1/2) onto By :={x € By; an < —3} and U \ T(3) onto Bf; := {x € By;an > 1 }.

Standard calculations show that if w is A — V harmonic in U then the function u; :=
wo F~1is Ly —V o F~! harmonic in By for some (symmetric) divergence form elliptic operator
L1 == Zi,j 8i(aij8j) in BN Satisfying C;l IN < {aij} < Cl IN with Cl = Cl(N,%) > 1. Let
Vi =Vo [l Clearly V; € V(By,d) for o’ = C?a.

Other simple calculations show that the operator £ = (1 — |#|)?(L; — V3) seen as a map
H! (By) - H l;cl (By) is an adapted elliptic operator in divergence form over the hyperbolic
ball By (i.e. w.r. to the hyperbolic metric ds? = %) in the sense of [f]. Moreover since
the form ¢ — fBN a;;0;0 05 dx — €9 fBN ﬁ dz is coercive for €9 = €9(C1, N) > 0 chosen
sufficiently small, the differential operator £ is weakly coercive which means that there exists
g0 = eo(NV, Z) > 0 such that £ + ¢p admits a Green’s function in By.

This shows that Theorem 1 in [ applies to £. Thus there is a constant ¢ = ¢(gg, C1, N),

¢ > 1, such that for z = (¢/,zx) € By and y € By, one has
Gy, 2) < Gr(y,0)Gr(0,2) < cGr(y, 2) (A.5)

Here we have also used the standard Harnack inequalities for £ and have denoted G, the L
Green’s function in By w.r. to the hyperbolic metric (we adopt the notational convention that
u(z) := Gg(z,y) satisfies Lu = —§, in the weak sense BJ] w.r. to the hyperbolic volume).
Notice that G (z,y) = 0(y)N 2g(x,y) if g is Green’s function of L1 — V; in By (w.r. to the
usual metric).

Supppose that uy is positive £ harmonic (i.e. L1 —V; harmonic) in By and that u; vanishes on
OByN{x € 0By ; an < %} Then u; can be represented as a Green potential in ByN{z; zn <
2}t wi(y) = [ Ge(y, 2) dv(z) where v is a nonnegative Borel measure on {z € By ; 2y = 3}
and yn < 3. So upon integrating (A55]) we get (with another constant c)

¢ tur(y) <ui(0) gy, 0) < cua(y) (A.6)

for y € By,. Thus if u is a positive Ly solution in U that vanishes in 0xU it follows —on using
the change of variable y = F'(z)— that

clu(z) <u(d)G(z,A) < cu(x) (A.7)
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for x € U(%), where G is Green’s function w.r. to Ly in U. Using Harnack inequalities for Ly,
the lemma easily follows.[]

Remark. Using Lemma [A.9, well known arguments (see [[]) show that for every bounded Lips-
chitz domain Q in RY and every V € V(Q,a), a > 0, the following potential theoretic properties
hold in Q equipped with Ly := A — V (we let GL/ to denote the Ly Green’s function in 2
with pole at y) : (a) For each P € 9, the limit K} (z) = lim,_,p GX(Q:)/GX(:UO), x €,
exists and K ]% is a positive Ly-harmonic function K 1% in 2 which depends continuously on P
and vanishes continuously in 992\ {P}, (b) For each P € 01, every positive Ly-solution in
Q) that vanishes on 99 \ {P} is proportional to K}, (c) Every positive Ly -solution u in €
can be written in a unique way as u(z) = [, K} (z)du(P), z € , for some positive (finite)
measure g in 9. See [H].

A.3 Proof of Theorem [A]|

Again € is a bounded Lipschitz domain in RY and V € V(Q,a), a > 0.
For the proof we use a simple variant of the comparison principle given in Lemma [A.2

Notations are as before, in particular U = Uf(r, p) is the domain considered in A2 and A —
Ay =(0,...,0,%). Let A’ = (0,...,0,22).

Lemma A.3 Let u be positive harmonic (w.r. to A) in U, let v be positive A — V -harmonic in
U and assume that w=v =0 in 0xU. Then

<c for z € UﬂT(%) (A.8)

for some positive constant ¢ depending only on p/r, the constant a and N.

Proof. We have seen that v(z) < cv(4')GY (z) in UNT(3) and we know that GY < GY in
U if GX/ is (A — V)-Green’s function in U with pole at A’. By maximum principle, Harnack
inequalities and the known behavior of G, in B(A’, %) (more precisely G%(z) < ¢ := ¢1(r, N)
in OB(A,%)) we have that u(z) > c1v(A)GY (z) in U\ B(4,%). So that —using Harnack
inequalities in B(A', %) for u and v— the lemma follows. [J

u(z) v(z)

Remark. The opposite estimate, i.e. w(A) <C oA) (with another constant C' > 0), cannot be

expected to hold in general as shown by simple (and obvious) examples.

Denote gg‘c/0 the Green’s function with respect to A — V in Q and with pole at zy. For y € 09,
a pseudo-normal for Q at y is a unit vector » € RV such that that for some small > 0, the set
Cly,vy,n) ={y +tlvy+v); 0<t <n, |lv| <n}is contained in Q.

Proposition A.4 Given y € 0N and a pseudo-normal v, at y for U, the following assertions
are equivalent:

(i) R’;/ =0 (i.e. y€ Singy(Q))

(i4) lim supy K;/(y +tvy) /Ky (y + tyy) = 00
(i1) limy o K;/(y +tvy) /Ky (y + tyy) = 400
(iv) limgyy 9;;/0 (x)/g(m)o (z) =0.

31



Proof. (a) We first recall a standard consequence of Lemma [A.9 that relates g;/O and K;/ near
y (for any y € 09).

Consider u = K;/ and v := g;/ +tv,- Using Lemma A3 and the fact that v ~ t>~V in
OB(y—+tvy, 3t), 0 < t < n, we see that u(z) ~ u(y+ty,) th 2 g;/+tyy (x) for x € Q\ B(y+tvy,tn/2)
(here ~ means “is in between two constant times ” with constants depending only on y, €2, v,
and a).

Taking in particular & = xy we obtain that K} (y + tr,) ~ 1/(tV"2g"(

y + tvy;zg)). In
particular considering the special case V = 0, we get also that K,(y + tv,) ~ 1/ (tN2g(y +
tvy; o))

(b) Using the above we see that (i) is equivalent to (iv)’: liminf; o g¥ (y+tvy)/g2, (y+tvy) =
0.

(c) Now to show that (iv) and (iv)" are equivalent we may assume that y = 0, v, =
(0,...,0,1) and (with the notations above in A.2) that T(1) N Q = U, U = Uy(r,p) and
g € \ U.

Applying Lemma [A.d to U, u = g;/O,v = gy, and U = Uy; for a sequence j, ¢; | 0 such that

Ay,
u(Ay;) = o(v(Ay,)), Ay, = (0,...,0,t;), we get that u(z) < CZEAZ; v(xz) in QN T(t;5). Hence
(iv)" imply (iv). And —using (a) again— conditions (ii), (iii) and (iv) are equivalent.

(d) Similarly if on the contrary g¥ (A;,x0) > cg(A;, o), for some sequence A; = t;v, t; |0

and a positive real ¢, we have (since a priori ¢"" < g) that :

K, (2) = 9" (Aj,2)/9" (A w0) < ¢ Ka,(x) = ¢ g(Aj,2)/9(A;, w0) (A.9)

and letting j — oo we get KV < ¢71K,. Thus, (i)=(iv).

Since obviously (ii) = (i ) Prop081t10n A4 is proved. O

The next lemma is the key for the proof of Theorem [A.1. Returning again to the canonical
Lipschitz domain U Uf(r, p), let V € V,(U) and for 6 € (0, 1), let U? := {z € U; d(z,0U) >
or}, I¢, = = Jo V W

Obv10usly N 5 fU@ x)dr < Ie (GT)IN_Q ng V(z)dx.

Lemma A.5 Let u, i be two nonnegative continuous functions in U that are respectively A-
harmonic and Ly -harmonic in U Assume that 4 < u in OU and @ =u = 0 in 0xU. Then for
some constant ¢ = c( a,0,N) >

(I1+clp)u(z) <wu(z) forzeUN T(%) (A.10)

Proof. Since the assumptions and the conclusion are invariant under dilations we may assume
that r is fixed as well as p. Replacing u by the harmonic function in U with same boundary
values as @& we may also assume that u = @ in OU. Since A(u — @) = —V @ and u — @ vanishes
on QU, we see that u — a4 = Gy (Va) where Gy is the usual Green’s function in U.

By Harnack property and since Gy (z,y) > ¢ = ¢(0,a,N) > 0 for x € By = B(Ay, 155);
A;=(0,...,0,2), and y € UY, we have

u(z) —u(z) > clpu(Ay), = € By.
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Thus in U, w(z) == u(z) — a(z) > ¢ Iy a(A;) RP'(x) where RP! is the (classical) capacitary
potential ([LH]) of By in U and using the comparison principle Lemma 1 for V' = 0 we have
w > clpa(Ar) gy in Uz) ==T(3)NU.

Using then Lemma [A.3 (and Harnack inequalities)

1
=" Iyu(x), = € U(§)

Proof of Theorem [A.1. We may assume that y = 0, that for some 7, p, f, QNT(1) = U :=
Uy (r, p) (with the notation fixed above in section A2) and that zo ¢ U.

Set T,, =T'(27"), Cyf := Cey N (T \Tpy1) forn > 1, u = G2, = GY (where GY is Green’s
function with pole at zp with respect to A — V in Q). One may also observe that ¢ may be
assumed so small that X contains the truncated cone C := {(2/,2n); oy < §, |2'] < SIN )

For each n > 0 there is a greatest a,, > 0 such that v > a,, @ in U,, (we know that a, < 1).

By the key Lemma [A.§ (and elementary geometric considerations)

apt1 > ap (L+clyqq) if Iy, = . % dx (A.11)
for some constant ¢ = ¢(e, %, a, N) independent of n. Thus
an >« ﬁ(l+c[)>a(1—|—cnz:lf)> / Ld
" k1 o= Py K=o C\Cpyr ()N 72 !

which shows that lim o, = +00. Thus GXO = O(Ggo) at y and by Proposition [A.4 the point y
belongs to Singy (£2). O
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