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A NEW LEVINSON’S THEOREM FOR POTENTIALS WITH
CRITICAL DECAY

XIAOYAO JIA, FRANCQOIS NICOLEAU, AND XUE PING WANG

ABSTRACT. We study the low-energy asymptotics of the spectral shift function for
Schrédinger operators with potentials decaying like O(#) We prove a generalized
Levinson’s for this class of potentials in presence of zero eigenvalue and zero resonance.
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1. INTRODUCTION

Threshold spectral analysis of Schrodinger operators plays an important role in
many problems arising from non-relativistic quantum mechanics, such as low-energy
scattering, propagation of cold neutrons in a crystal or the Efimov effect in many-
particle systems (cf. [H, B3, Bl]). Presence of zero resonance of Schrodinger operators
is responsible for several striking physical phenomena. The Levinson’s theorem which
relates the phase shift to the number of eigenvalues and the zero resonance is one
of the oldest topics in this domain (cf. [i§, R0, BJ]). Threshold spectral analysis is
usually carried out for potentials decaying faster than # (cf. [, R1], Bd]). Potentials

with the critical decay ﬁ appear in many interesting situations such as spectral
analysis on manifolds with conical end or ion-atom scattering for N-body Schrodinger
operators. The threshold spectral properties for potentials with critical decay are quite
different from those of more quickly decaying potentials and the contribution of zero
resonance and zero eigenvalues to the asymptotics of the resolvent at low-energy and
to the long-time expansion of wave functions are studied in [, B3, B). In this work,
we shall study the low-energy asymptotics of some spectral shift function and prove
a generalized Levinson’s theorem for potentials with critical decay in presence of zero
eigenvalue and zero resonance.
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Recall that for a pair of selfadjoint operators (P, Py) on some Hilbert space H, if
(P +14)~% — (Py +14)7" is of trace class for some k € N*, (1.1)
the spectral shift function £(\) is defined as distribution on R by

Tr (fF(H) — /f N dh, VS e S(R). (1.2)

In fact, this relation only defines £(-) up to an additive constant. It can be fixed by, for
example, requiring £(A) = 0 for A sufficiently negative if P and P, are both bounded
from below.

In this paper, we are interested in the threshold spectral analysis of the Schrodinger
operator P = —A + v(x) on L?(R") with n > 2 and v(z) a real function satisfying

q(9)
o) = L2 40, el >> 1, (13)
for some ¢ € C(S"!) and pg > 2. Here z = 70 with r = |z| and 0 = ‘—:’3‘ S"=1 is the
unit sphere . Let —Agn—1 denote the Laplace-Beltrami operator on S"~!. We assume

throughout this paper that the smallest eigenvalue \; of —Agn-1 + ¢(6) verifies
1
M > —2(n— 2)2. (1.4)

This assumption ensures that the form associated to Py = —A + @ on CP(R™\ {0})
is positive. We still denote by ﬁo its Friedrich’s realization as selfadjoint operator on
L?(R™). Notice that the condition ([L1]) is not satisfied for the pair (P, —A) by lack of
decay on v, nor for the pair (P, ﬁo) because of the critical singularity at 0. This leads
us to introduce a model operator Fy in the following way. Let 0 < x; <1 (j = 1,2) be
smooth functions on R™ such that supp x1 C B(0, R1), x1(z) =1 when |z| < Ry and

x1(2)? + x2(2)? = 1.
Set,
Py = x1(=A)x1 + x2Poxa,

on L?(R™). When ¢() = 0, we can take Py = —A and the main results of this work
still hold. Under the assumption ([[.4), one has Py > 0. The operator P will mainly
be considered as a perturbation of Py. Under the condition that v(x) is bounded and
satisfies ([L.J) for some py > n, ([L1)) is satisfied for k > % and the spectral shift function
£(\) for the pair (P, Py) is well defined by ([L1]).

High energy asymptotics of the spectral shift function of Schrodinger operators has
been studied by many authors (see for example [[},[24],[q],[26],[B3]). In particular, D.
Robert proved in [RJ] that for the pair (P, Fy) introduced as above, if the potential v is

smooth and satisfies
0
|0% (v(x) — %)] < Oyl for |2] large. (1.5)

for some pg > n, then one has
(). €(N) is C* in (0, 00);
(ii). ddwf (M) has a complete asymptotic expansion for A — oo,

d* n/2—k—1 (k) y—
TREQ) ~ > a A

Jj=0
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We are mainly interested in the low-energy asymptotics of the spectral shift function &(+)
for (P, Py). Although &(-) depends on the choice of cut-offs x; and x2, we shall see that
physically interesting quantities in low-energy limit are independent of such choices.

The low-energy resolvent asymptotics for P is studied in [B3, B3] for v of the form
v(x) = @ + w(z) with w(xz) bounded and satisfying w(x) = O({x)~ %) for some
po > 2. In this work, in order to define the spectral shift function, we assume v(z) to
be bounded and in the last section on Levinson’s theorem we even need to assume it
smooth. Therefore, we need to slightly modify the proofs of [BJ] to suit with the present
situation.

The eigenvalues of the operator —Agn-1 +¢(6) play an important role in the thresh-

old spectral analysis of P (cf. [, B3, BJ]). Let

(n—2

JOO:{V;V: A+ 1

A€ o(—Agut + q(e))}. (1.6)

Denote

ok = 0sN]0, k], k € N*. (1.7)
o1 is closely related to the properties of zero resonance. We say that 0 is a resonance
of P if the equation Pu = 0 admits a solution u such that (z)~*u € L? but u ¢ L2
u is then called a resonant state of P. For v € o4, let n, denote the multiplicity of
A, =12 — % as the eigenvalue of —Agn-1 + ¢(#). For the class of potentials with
veo, Tw- Let u be
a resonant state of P. Then one has the following asymptotics for r = |z| large

(o) — 2O

rnT_2+V
for some v € o1 and ¥ # 0 an eigenfunction of —Agn-1 + ¢(f) with eigenvalue A,. We
call u a v-resonant state (or a v-bound state). This terminology is consistent with the

critical decay, if zero is a resonance of P, its multiplicity is at most »

(1+o(1)) (1.8)

historical half-bound state for rapidly decreasing potentials in three dimensional case,
since the set o is then reduced to {%} The multiplicity m, of v-resonant states is
defined as the dimension of the subspace spanned by all ) such that the expansion
([L.8) holds for some resonant state u. The main result of this paper is the following
generalized Levinson’s theorem in presence of zero eigenvalue and zero resonance.

Theorem 1.1. Let n > 2. Assume that v is smooth and satisfies for some pg >
max{6,n+2}. Let &(-) denote the spectral shift function for the pair (P, Py). Then there
exist some constants c; and 3,5 such that

- %]
/ EN) =Y AT = — W+ N+ Y omy) + B (L9)
0

j=1 vEay

NE

Here B3,/ = 0 if n is odd and Cn) = 0 if n is even. B; for j = 1,2 is computed at the
end of paper. N_ is the number of negative eigenvalues of P, Ny the multiplicity of the
zero etgenvalue and m, that of v-resonance of P. It is understood that if 0 is not an
eigenvalue (resp., if there is no v-resonant states), then Ny =0 (resp. m, =0).

For the class of potentials under consideration, zero resonance of P may appear
in any space dimension with arbitrary multiplicity depending on ¢. See [fl, BJ| in the
case of manifolds with conical end and [[[4] in the case of R”. In [[[4], the existence of

zero resonance is studied. Levinson’s theorem in presence of zero eigenvalue and zero
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resonance is mostly proved for spherically symmetric potentials by using Sturm-Liouville
method or techniques of Jost function. See [R0, PJ for overviews on the topic, where
the reader can also find some discussions on radial potentials with critical decay. The
proof of Levinson’s theorem for non-radial potentials is much more evolved. See [R]
and a series of works of D. Bollé et al. [, ], f] for potentials satisfying (z)%v € L'(R")
for some suitably large s depending on n and for n = 1,2,3. For example, one needs
s>4if n =3, s> 8 if n =2 according to [{]. A formula as (.9) in its general setting
seems to be new.

To prove Theorem [I.], we use the result of [PJ] on the high energy asymptotics
of £(\). The main task of our work is to analyze the spectral shift function in a
neighbourhood of 0. Our approach is to calculate the trace of the operator-valued
function z — (R(z) — Ro(z))f(P) and its generalized residue at 0, where Ry(z) =
(Po—2)"Y R(z) = (P —2)"! and f € C§°(R) is equal to 1 near 0. As the first step,
we prove the asymptotics expansions of the resolvents R(z) and Ry(z) for z near 0 by
adapting the methods of [BJ] to our situation. The main difficulties arise from the fact
that the set 0, may be arbitrary (depending on ¢(6)). The interplays between the
zero energy resonant states and between the zero resonant states and the zero energy
eigenfunctions can be produced in such a way that their contributions may be dominant
over that of a single v-resonant state with itself. This is overcome by carefully examining
the terms obtained from asymptotic expansion of the resolvent and by making use of
the properties of v-resonant states. Remark that the decay condition can be improved
if o1 contains only one point and our proofs (both for the resolvent expansions and for
the Levinson’s theorem) can be very much simplified if the potential v(z) is spherically
symmetric.

This work is organized as follows. In Section 2, we establish a representa-
tion formula of the spectral shift function which will be used to prove Levinson’s
theorem. In Section 3, we use the asymptotic expansion of Rg(z) = (Py — 2)~!
to get the asymptotic expansion for the resolvents Ryp(z) and R(z). The methods
are the same as in [BJ]. We indicate only the modifications to make and omit the
details of calculation. The hard part of the proof of Theorem is to calculate the
generalized residue at 0 of the trace function z — Tr(R(z) — Ro(2))f(P), which is
carried out in Section 4. Here f is some smooth function with compact support
equal to 1 near 0. This result is used to study the low-energy asymptotics of the
derivative of the spectral shift function in Section 5 and to prove the Levinson’s theorem.

Notation. The scalar product on L?(R, ;7" 'dr) and L?(R") is denoted by (-,-) and
that on L2(S" 1) by (-,-). H™*, r,s € R, denotes the weighted Sobolev space of order
r with the weight ()°. The duality between H'* and H~1~* is identified with L?-
product. Denote H** = L*5. L(r,s;r’,s") stands for the space of continuous linear
operators from H™® to H 5" The complex plane C is slit along positive real axis so
that z¥ = ¢”"# and Inz = log |z| + iargz with 0 < argz < 27 are holomorphic for z
near 0 in the slit complex plane.
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2. A REPRESENTATION FORMULA

Let (P, Py) be a pair of self-adjoint operators, semi-bounded from below, in some
separable Hilbert space H. We assume that for some k£ € N*,

1P =)™ = (P — )" [ler < o0, (2.1)

where ||.||; denotes the trace-class norm in H. Under the assumption (R.1]), it is well-
known that for any f € S(R), f(P) — f(P) is of trace class.

For z € C in the resolvent set of Py and P, we denote by Ry(z) = (Py—2)~ !, (resp.
R(z) = (P — z)71) the resolvent of Py, (resp. of P). Writing

(R(z) = Ro(2)) f(P) = [R(2)f(P) = Ro(2)f (Po)] — Ro(2)(f(P) = f(Rb)),  (2:2)
we see immediately that (R(z) — Ro(2))f(P) is of trace class.

The spectral shift function (SSF, in short) £(\) € L} (R) is defined up to a constant as

loc

a Schwartz distribution on R by the equation
T (7(P) = S(R) = = [ FONE) ax. vF € S(R) (23)

The right hand side can be interpreted as (¢, f), where ¢’ is the derivative of £ in the
sense of the distributions, and (-,-) denotes the pairing between S’(R) and S(R).

In this section, we give a representation formula for the SSF under the following as-
sumptions :

e The spectra of P and Py are purely absolutely continuous in ]0, 4-o00] :

o(Py) = oac(Po) = [0,+00], (2.4)
Gae(P) = [0, +00] (2.5)

In particular, we assume there are no embedded eigenvalues of P and F, in
10, +o00[.

e The total number, N_, of negative eigenvalues of P is finite.

e For any f € C§°(R), there exists some €y > 0, dp < 1 and C' > 0 (depending on
f), such that

[T [(R(:) = R P | < i (2.
for z € C with |z| large and z ¢ o(P) and
[T [Ro(:)((P) = FPO)] | < (2.7

for z € C with |z| small and z ¢ o(Fp).

o Let f € CP(R) with f(t) = 1 for ¢t near 0. The generalized residue of the
function z — Tr [(R(z) — Ro(2))f(P)] at z = 0 is finite in the following sense: if
we denote, for € < 9,

7(8,€) = {2z € C ;|2| = 6,dist(z,RT) > €},
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we assume that

Jo = ——— Tim lim / Tr [(R(2) — Ro(2))f(P)] d= exists, (2.8)
v(0,€)

211 600
where 7(9, €) is positively oriented.
e The derivative of £ in the sense of distributions satisfies

€'(N) € Line(]0, o). (2.9)

Remark that conditions (P1), (B-4)-(B-]) imply that if .Jy exists for some f as above,
then it exists for all f € C§°(R) with f(¢) = 1 for ¢ near 0 and Jy is independent of
f. In fact, if f; and fo are two such functions, applying (.9) to f = fi — fo, one sees
that Tr [(R(z) — Ro(2))f(P)] can be decomposed into two terms, one is holomorphic in
z near 0 and the other is of the order O(ﬁ), 0o < 1. Hence the generalized residue of
z — Tr [(R(z) — Ro(z)) f(P)] at 0 is equal to zero. We have the following representation
formula for the spectral shift function £(X).

Theorem 2.1. Let f € C°(R) such that f(X\) =1 for X\ in neighborhood of op,,(P)U{0}.
Under the above assumptions, the limit

o / . . R /
[ ey av= gim g 7o) € ay

exists and one has
Tr ((P) = F(R) = [ €0) 1) A= N+ (2.10)

Proof. Let us consider the application F(z) = Tr [(R(z) — Ro(z))f(P)] which is holo-
morphic outside o(P). We want to deduce (R.10) from Cauchy’s formula applied to

Let us begin by some notation. Let E;, 1 < j <k, be the distinct eigenvalues of P
with multiplicity m;. Denote for zy € C and ¢ > 0,

C(20;0)={2€C; |z—20|=0} ; D(20;0)={2€C; |z—2 <0} (211
For § > 0 small enough, o(P) N D(E;;9) = {E;}. For R > 1 and 0 < € < 4, let us
denote

Y(R,e) = {z€C; |z| =R, dist(z,R") > ¢} (2.12)
d*(R,0,¢) = [V62— e +ie,\/R? — € +ie. (2.13)
We denote by I's . g the curve defined by

k
Tser= | [ JC(E;0) | Uv(6,e) UdT(R,6,€) Uy(R,e)Ud (R,d€).
j=1

[s.e r is positively oriented according to the anti-clockwise orientation of the big circle
v(R, €). Since F(z) is holomorphic in the domain limited by I's ¢ g, the Cauchy integral
formula gives
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We split the integral into four terms

= F(z)dz = Y I; with (2.14)

20 Jrs . n o

k
1 1
20 )y (Ree) ) ; 2im J(ky:0)

1 1
_[3 = — F(Z) dZ s _[4 = — F(Z) dZ.
2im J(5.0) 20T Ja+(Rs.e) U d-(R.8.¢)

By condition (B.f), one has I = O(R™“) when R — oo, uniformly in § and € > 0.
For j = 1,...,k, E; is an eigenvalue of P with finite multiplicity m;, and the spectral
projection associated to E; is given by

1
1= g f g O (215)

since C(Ej;6) is oriented according the clockwise orientation. Using that Ry(z) is holo-
morphic in D(E}, d), we obtain :

k k k
L=> Tr({Lf(P)=>Y mf(E Z (2.16)

j=1 J=1 j=1

Using assumption (P.§), we have by definition
lim hm I3 = Jo, (2.17)
6—0 e—0
and as a conclusion, we have obtained :

lim lim lim I, = —N_ — Jp. (2.18)

R—400 §—0 €—0

Now, let us establish a new expression for I4; we split F'(z) = Fy(2) 4+ Fa(z) where

Fi(z) = Tr[R(2)f(P) = Ro(2)f(F); (2.19)
Fy(z) = Tr[Ro(2)(f(Fo) — f(P))]- (2.20)

First, let us investigate the contribution coming from Fj(z). By the definition of

the SSF,
of

where f(\, z) = f(A). Thus, Fi(z) = G1(2) — Ga(z) with

A—z

Gi(2) = / €0 G S 4 (2.22)

Galz) — / 5<A>

For simplicity, we set I' = d* (R, d,¢) Ud ™ (R, d,¢). We have

2277?4 Fi(z 21%}{ Gi(z) dz — %}{ Gaf = (a) — (b). (2.24)

/(N dX. (2.23)
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Let us study (a). Using Fubini’s theorem, we can write

1 0 1
— %/Rg()\) f()\)}ig (A—z) dz d\. (2.25)
Set | )
B 5,6 = —(m—i—ie)_)\—( 52— €2 —ie)
One has

a 2171- /§ )‘ R7 6) - k()‘757 6)) dA. (2.26)

Let us look at the term I, related to k(\, R, €) and let us show that liI% I. =¢(R)f(R).
€E—
Fix 0 < Ryp < R and split I, = J. + K., where
1 [Ho I

Je= g | _EN SO OB AN Ke= 5 | 6Q) FOROLR,€) dA. (2.27)

By the basic properties of the SSF, one has ¢f € L*(R) and

1 [FRo .
= 2 A) A dr < C . 2.28
<2 I S0 g < Cellerh (29
On the other hand, we have
K_l - ) R? — e+ ! d (2.29)
= Jrgovma ¢ &t es) 5 ds. .

Under the assumption ([£.9), ¢ € €90, +oc[), so by making use of the dominated
convergence theorem, one has

lim K, = &(R)f(R). (2.30)

e—0

As a conclusion, we have shown

lim (a) = £(R)f(R) — £(3)£(8) = —&(9), (2.31)

e—0

for § > 0 sufficiently small and R > 1.
Now, let us study (b). Using Fubini’s theorem,

/§ <2m ]ér Aiz dz> d. (2.32)

It is easy to check that — j{

3 dz is uniformly bounded with respect to € and
—z

5—>0 2271'?{ \— 2 dz = 15 R (A) ae A (2.33)

So, making use of the dominated convergence theorem and then the assumption (2.9),
a straightforward application of distribution theory gives

. R / R /
lim (b) = /5 ) £/ dr = —€(5) - /5 €0 £V dA, (2.34)

for R > 1 and § > 0 sufficiently small. As a conclusion, we have obtained,

R
lim ﬁ 7§ Fu(z) dz = /5 EO FO dA (2.35)
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To study the contribution coming from Fy(z), we write
1 1
— F. dz=T — R d Py)—f(P))]. 2.36
o b B =1 (5o f R @ g - 1)) @
Using the spectral theorem for Py and the assumption (R.1]), the same argument as (R.33)
gives

1
s-lim — 7{ Ro(2) dz = 15 (Po). (2.37)
e—0 20 T ’
Since f(P) — f(F) is of trace class, and
- i 1 Py =1 2.
S e s.r) (Po) = 1d, (2.38)

one can deduce (see Lemma P.9 below) that

. . . 1
i Jim lim yg Fy(z) dz = Tr (F(Py) — £(P)). (2.39)
So, using (R.19), (R.37) and (R.39), we obtain the result. O

To complete the proof of Theorem P.1], we prove the following elementary lemma.

Lemma 2.2. Let A be an operator of trace class. Assume that f(\) is an operator
valued function, uniformly bounded in A, such that s- )\lin}} f(X\) = B exists.
=0

Then, f(A\)A converges to BA in the trace norm class, as A — \o. In particular,

Jlim Tr (f(A)A4) = Tr(BA). (2.40)

Proof. For any € > 0, let F' be a finite rank operator such that ||A — F||s, < e. Then,
FNA = BAller < |I(f(A) = B)Fller +[I(£(X) = B)(A = F)[lir-
Since F' is a finite rank operator and s- )\lirr)\l f(A) = B, we have ||(f(A\) — B)F||s < Ce
—Xo

for |\ — X\g| < 6 with some § > 0 small enough. Since f(\) — B is a uniformly bounded
in A, we have also ||(f(\) — B)(A — F)||s < Ce. This ends the proof. O

The remaining part of this work is to apply Theorem .1 to Schrédinger operator,
using the known results on the asymptotic expansion of £/(\) as A — oo. The main task
is to study &(A) for A near 0. If one can calculate the generalized residue Jy and can show
that £'(\) is integrable in |0, 1], then one can take a family of functions fr(\) = X(%),
where x is smooth and 0 < x(s) < 1, x(s) = 1 for s near 0, x(s) = 0 for s > 1 and
expand both the terms

/0 TN fr(N) A, and Te(fr(P) — fa(Py)

in R large. Theorem [[.]] can be derived from Theorem P.1] by comparing the two as-
ymptotic expansions in R.

3. RESOLVENT ASYMPTOTICS NEAR THE THRESHOLD

Consider the Schrodinger operator P = —A + v(z) where the potential v(x) is
bounded and has the asympotic behavior

v(z) = @ +O0({x)™ "), |z| = 0 (3.1)
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where pg > 2, (r,0) is the polar coordinates on R™ and ¢(-) is continuous on the sphere.
Let Py = —A+ 19 he the homogeneous part of P. Assume n > 2 and

r2
1
— Agn—1 + ¢q(0) > —Z(n —2)2, on L*(S"7Y). (3.2)

In particular, (B-J) implies that the quadratic form defined by Py on C&°(R™ \ {0})
is positive. We still denote by ﬁo its Friedrich’s realization as selfadjoint operator in
L*(R™). Due to troubles related to the critical local singularity in the definition of
spectral shift function, the model operator Py we will use in the next Section is a
modification of ﬁo inside some compact set. Let 0 < x; < 1 (j = 1,2) be smooth
functions on R™ such that suppyx; C B(0, Ry), x1(xz) =1 when |z| < Ry and

xi1(2)? + x2(2)? = 1.
Define
Py = x1(=A)x1 + x2Poxa,

on L}(R") (if ¢ = 0, we take Py = —A). In the next Section, P will be regarded as
a perturbation of Py. But to study the low energy asymptotics of Ry(z) and R(z), we
regard both P and Py as perturbations of Fy. Denote

Py = B-W (3.3)

P = P0+V:§O—W

where
2
q(6
W= LS vyl
j=1

& q(0)
vV = — E \VXi\Q‘HJ—X%—TQ
i=1

W = W-V=—v+ @
Note that W and W contain a critical singularity at zero. For n > 3, the Hardy’s
inequality implies that they map continuously H' to H~'. When n = 2, the same
remains true under the condition ([[-4) if one defines H' as the form domain of Py. Vis
bounded and satisfies

|[V(x)] < Clx)™ P, po>2. (3.5)

Py is still a Schrodinger operator with a potential of critical decay at the infinity. But
it has nice threshold spectral property at zero.

Let
Oco = {1/;1/ =4/ + @,)\ € o(—Agn-1 + q(H))} (3.6)
Denote
ok = 00N]0, k|, k € N. (3.7
For v € 04, let n, denote the multiplicity of \, = v? — % as the eigenvalue of

—Agn-1 + q(6). Let go,(,j), V € 00,1 < j < n, denote an orthonormal basis of L?(S"~1)
consisting of eigenfunctions of —Agn-1 + ¢(0):

(—Agn-1 + q(0)pP) = A, 0P, (oD, o)) = 6;;.
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Let 7, denote the orthogonal projection in L*(R; x S"~1;r"~1drdf) onto the subspace
spanned by the eigenfunctions of —Agn—1 4 ¢(f) associated with the eigenvalue A, :

mf =Y (P @), fe LRy x " e tdrdd).
j=1

Let

d? —-1d V2 —
Qu=—ay -
dr r dr r

The asymptotic expansion of the resolvent Rg(z) = (Py — z)~! near zero can be

in L*(Ry ;7" tdr).

obtained as in [BJ], by considering Py as a perturbation of Py. For the later purpose, we
also need the asymptotic expansion of d%Ro(z) for z near 0, where Ro(z) = (Py — 2)~!
for z ¢ o(P).
Decomposition the resolvent Ry(z) as
Boz) = 3 (@ —2) 'm, 2 ¢ R
VET o

The Schwartz kernel K, (r,7;2) of (Q, — 2)~!, 3z > 0, can be calculated explicitly. In
fact, the Schwartz kernel of e~#®@ is given by (see [29])

1 n— ’7‘2 T2 TV
Q_ﬁ(”)_TQe_ i —ZTJV(;—;), teR, (3.8)
where J,(+) is the Bessel function of the first kind of order v. Since

(Qu—2)"'= i/o e~ MQu=2) gy

for 3z > 0, the Schwartz kernel of (Q, — 2)~ ! is

n—2 r2472 rT. dt

o0
K,(r,7;2) = (rr)” 2z /0 e~ Tan TR Jy(g) 5 (3.9)
_n=2 [ 4 iarrt—i EY 1, dt
(rr)2 /0 °f ’ (Qt) 2t
for &z > 0, where
(r,7) r? + 72
=p(r,7) =
p=pr drt

Note that the formula of K, (r,7;z) used in [f], B3 contains a sign error.

The asymptotic expansion for (Q, — z)~! as z — 0 and Iz > 0 is deduced from
(B.9) by splitting the last integral into two parts according to ¢ €]0,1 or ¢t € [1,00].
The integral for ¢ €]0, 1] gives rise to a formal power series expansion in z near 0. The
expansion corresponding to the integral of ¢ € [1,00[ needs a lengthy calculation. See

BI). Set

1
f(s;rymyv) = Dy(r, 7-)/ elPH0/2)s (1 _ g2yv=1/2q9 1 > 0,
-1

with
(n-2) efim//Q
Dy(r,7) = ay(r7)” % , ay = BTy T 1/2) (3.10)
Then f can be expanded in a convergent power series in s
o
f(ssrymv) = Zsjfj(r, T,v),s € R, (3.11)

J=0
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with
fir.v) = (r) 2Py (o), (3.12)
with Pj,(p) a polynomial in p of degree j:
Pty =" [ (o4 Sopa oty —an
gt ) 2
In particular,

1-
o e 2TV

folr,mv) = dy(rr)” 2, dy = m;

filr,myv) = z'd,,(rT)_nT_Qp.

In [B3, B3], the expansion of (B — z)~! is given for z near 0. For the later use, we
need the derivation of this expansion. By an abuse of notation, we denote by the same
letter F' an operator on L?(R,,7" 'dr) and its distributional kernel.

For v € 04, denote [v] the integral part of v and v/ = v — [v]. Set

2 if v ¢ N,
Z, =
zlnz, if v € N.

For v > 0, let [v]_ be the largest integer strictly less than v. When v = 0, set [v]_ = 0.
Define §, by §, =1, if v € 006 NN, §, = 0, otherwise. One has [v] = [v]_ +J,.

Proposition 3.1. Assume the condition ([7-3). One has
(a). The following asymptotic expansion holds for z near 0 with Sz > 0.

N N—-1
Ro(z) = szFj—i— Z Z z,,szMj_ngm,—{—E((]N)(z), (3.13)

=0 veon j=[v]_

in L(—1,s;1,—s), s > 2N + 1. The remainder term R((]N)(z) can be estimated by

BRM(2) = 0(12]VF) € £(~1,8:1,—5),5 > 2N + 1,
for some € > 0 and F; is of the form
Fj = Y Fym eL(-1,51,-s), s>2j+1. (3.14)
VEOT o
F,; and G, can be explicitly calculated from the asymptotic expansion of K, (r,T,z) in
z. In particular,
by (r) T £y, miv), v & N
—Tfj—[u}(ﬁT;V), veN
with fi. defined by (5.13) and
Z‘jefiu’w/21‘w(1 _ V/)
V) ()

by j = (3.15)

for0<v < 1.
(b). The expansion ([3.13) can be differentiated with respect to z and one has

d ~
SR = 00N ) € L(-1,5i1,-5), 5> 2N +1,

for some € > 0 small enough.
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See B for the proof of (a). To show that it is possible to differentiate the asymp-
totic expansion in z, one first shows that it can be done for each (Q, — 2)~!, then one
utilizes the properties of Bessel function to control the dependence on v, including the
remainders, and finally takes the sum in v. See [[4] for details.

Remark 3.2. For the later use, let us precise a few terms in Ry(z). By an abuse of
notation, we denote by same letter an operator on L*(R;r"~tdr) and its distribution
kernel. Then one has

F,o = (’I“T)_%(n_Q) /OO eI, (l) dt vEOoT (3.16)
v,0 0 v 21’ 9’ o) .
e (1 —v) 2
Guo = — A 0,1 3.17
0 V22 HT(1 4 v) ()72 velbdl (3.17)
1 n—
G = —g(w)—%ﬂ. (3.18)
By (B-14), one can derive that
’FV,O(TaT)’ < C(TT)_nT_Q(TQ 7::7_2 )min{l,l/}7 (3_19)

for some C' > 0 independent of v € 0oo. The uniformity in v is obtained by examining
the dependence of J,(r) on v.

The asymptotic expansion for Ro(z) = (Py — 2)~! can be deduced by Py as pertur-
bations of Py. One has

Ro(z) = (1 - F(2))Ro(z), R(2) = (1 F(2)) " Ro(2) (3.20)

where

F(2) = Ro(2)W, F(z) = Ro(z)W. (3.21)
For n > 3, the multiplication by # belongs to £(1,s;—1,s) for any s, by the Hardy
inequality. By (B:26), the same is true for n = 2 if we define H* as (z)"5Q(P,), where
Q(ﬁo) is the form-domain of ]30. Therefore although W and W have a critical singularity
# at zero, Proposition B.J implies that F(z) = FoW + O(|z|°) in L(1,—s;1,—s) for
s > 1 (here and in the following, H'* is replaced by (z) *Q(P,) when n = 2). Similar
result holds for F (z). Note that FoWW and FOW are not compact operators.

Definition 3.3. Set N(P) = { u; FoWu = u, u € H"™5, Vs > 1}. A function u €
N(P)\L? is called a resonant state of P at zero. If N(P) = {0}, we say that 0 is
the regular point of P. The multiplicity of the zero resonance of P is defined as p, =
dim N /(kery2 P). Zero resonance and resonant states of Py are defined in the same way
with W replaced by W.

For u € H~* for any s > 1 and u € N, one can show that Pu = (ﬁo —Wu=0
If W = O((x)="°) with py > 3, it is proved in [BJ] that
oy ()
1o n2y, gy o (0)
wrd) = 330 L e O (522)
veoy j=1 ro2
where u € L?(|z| > 1) , and (-,-) is the scalar product in L?(S"~!). In particular,
(B:22) shows that the multiplicity of the zero resonance of P is bounded by the total
multiplicity of eigenvalues A, of —Agn-1 + ¢(f) with v € o;.
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For v € o1, we shall say u is a v-resonant state, or v-bound state, of P if u € N'(P)
and if u has an asymptotic behavior like
0 1

rnT_Q"H/ * O(TnT_Q+V)’

for some 9 # 0, as r — oo. In the case n = 3 and ¢(0) = 0, one has 01 = {%} The only
possible zero energy resonant states of P are half-bound states, which is in agreement
with the usual terminology on this topic. In the general case, () shows that 1 is an
eigenfunction of —Agn-1 + ¢(0) associated with the eigenvalue \,. We shall say that m

v-resonant states of P, denoted as uq,- - , Uy, are linearly independent if
0
w@) =20 (1 4o, v oo
roz TV
with {11, -+ , %, } linearly independent in L?(S"~!). Let m, denote the maximal num-

ber of linearly independent v-resonant states of P. Then, m, does not exceed the
multiplicity of the eigenvalue A\, of —Agn-1 4 ¢(#) and

Z My = fy. (3.23)

VET]

Note in particular that if u is a v-resonant state, then one has
(W, [y == i)y =0 (3.24)

for all 4 € o1 with p < v and for all j with 1 < j < n, and if u is an eigenfunction

of P associated with the eigenvalue 0, the above equality remains true for all v € o

and all j with 1 < j <n, (see (B:23) ). These properties will be repeatedly used in the

calculation of the generalized residue in Section 4. Finally,( er)emark that if m, # 0 for
Py

some v € o1, we can choose m,, v-resonant states u; = w=5—(1+0(1)), 1 <1 < my,
ro2 T

such that {¢;} is orthonormal in L?(S"~!). Modifying the basis {go,(,j )} used in the defini-

tion of the spectral projection m,, we can assume without loss that cpl(,l ) = P, 1 <1 <m,.

The model operator Py to be used in the next Section has the following nice thresh-
old spectral property.

Lemma 3.4. Assume n > 2 and (8.9). Zero is a regular point of Py.

Proof. Recall that Py = Py — W with W of compact support. Let u € N(FP). Let
vp = minoy > 0, by (BJ). Since W is of compact support, Wu € H~1¢ for any ¢ > 0.
It follows from (B:23) that w € H* for any s’ > 1 — 1. On the other hand, Pyu = 0
implies that —Au = (W — %)u € L?>?>~'. By the assumption (B.J), one can deduce

that there exists ¢ > 0 such that
(]~ x2u, x2u) < c{Poxau, xau). (3.25)

In fact, let p € C3°(R™) with p(x) =1 for |z| < 1. Set uy,, = p(x/m)xeu, m € N*. Then
um € H', and by the ellipticity of —A one has in fact u,, € H?. The assumption B3
implies that there exists ¢g > 0 such that for f € H! with compact support in R™\ {0},

one has ) )
(Pf, f) > //(|%|2 + (€0 — @)'f—l)rnldrda.
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Making use of the Hardy inequality, one obtains for n > 2

(272 £, 1) < e (Pof f)- (3.26)
Since u € HY~* and —Au € L*?7% for any s > 1 — g, vg > 0, we can take s €]1— 1, 1[.
Applying (B2Q) to f = u,, and taking the limit m — oo, we derive (B.2§) by noticing
that the term related to [—A, p(z/m)] tends to 0, due to the decay of u. (B.2) implies
in particular that (Pyxau, xou) > 0. The equation

(—Axiu, x1u) + (Poxau, xau) = (Pou,u) =0

shows that each term of the above sum vanishes. The estimate (B.2§) gives in turn
x2u = 0. Now the unique continuation theorem shows that v = 0. This proves that zero
is a regular point of F. O

The existence of the asymptotic expansion of the resolvent Ry(z) can easily be
obtained by a method of perturbation. Concretely, let K (z) be defined by

K(z)=(a(=A+1—2)" a4+ xa(Po—2) " 'x2)(Po—2) — 1, z&R,. (3.27)

K (z) is compact operator on H»~% s > 1. By Proposition B.1|, the limit K(0) =
lim, .o K (2) exists and is compact. The kernel of 1 + K(0) in H%~* coincides with
N(Py) (both are equal to solutions to the equation Pyu = 0, u € H'~%)) which by
Lemma B.4 is {0}. So (1+ K(0))~! is invertible in HY~*. From Proposition B.1], we can
derive the asymptotic expansion of Ry(z) in suitable weighted spaces from the formula

Ro(2) = 1+ K(2)) 'O (=A+1—2) 'y + x2(Po — 2) " 'xa)- (3.28)
In particular, Ry(0) = lim._, .¢r, Ro(2) exists in £(—1,s;1,—s), s > 1 and
Ro(0) = (14 K(0) " (x1(—=A + 1)~ "x1 + x2Foxa). (3.29)

However since K (z) contains several terms induced by cut-offs, the expansion obtained in
this way is too complicated to be useful in the proof of Levinson’s theorem which requires
detailed information on higher order terms. For this purpose, we use the resolvent
equation Ry(z) = (1 — Ro(2)W) " Ry(2) to obtain a more concise expansion.

Proposition 3.5. Assume ([3.3), n > 2 and py > 2.

(a). 1 — FyW is invertible on HY =5, s > 1.

(b). Let s €]1, po/2|. 1— FyW is a Fredholm operator on H“* with indices (m,m),
m = dim N'(P) < co. One has H=* = ker(1 — FyW) @ ran(1 — FyW).

Proof. (a). Lemma B.4 shows that 1 — FyW is injective. Since (1 — FoW)* =1 — W Ey,
Fy is injective from coker (1 — FyW) to ker(1 — FyW). Therefore coker (1 — FyW) = {0}
and ran(1 — W Fp) is dense in HY 5. For any u € HY 7% set

f=u+Ro(0)(Wu)

with R(0) given by (B:29). Then f € Hb*. Since Fy and Ro(0) are limits of Ro(z)
and Ry(z) in £(—1,s;1, —s), we can check that

(1 — FOW)f =u-+ (RO(O) — Fy — FOWRO(O))WU = U. (3.30)

This proves that u € ran(l — FoW) and 1 — FoW is bijective on HY~%. The open
mapping theorem shows that 1 — FyWW is invertible on H1~%.

To show (b), recall that 1+R(0)V is a Fredholm operator with equal indices (m, m),
m = dimker(1 + Ro(0)V), and that HY~% = ker(1 + Ro(0)V) @ ran (1 + Ro(0)V) (see
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@3, BO)). By the relation P = Py +V = Py — W, one can show that N'(P) = ker P =
ker(1+ Ro(0)V) in HY~%, s €]1, pp/2[ and that coker (1 — FO/I/I\?) is also of dimension m.
To show that the range of 1 — FyW is closed, let u € HY~* and {up} C ran(1 — FOW)
such that u, — w in HY~%. Let v, € H% ® such that u, = (1 — FOW)vn. Then
ﬁoun = Puv, = (Py + V)v,. It follows that

(1 + Ro(0)W )t = (1 + Ro(0)V)un,. (3.31)

Since 1 + Ro(0)W is continuous on H~% the left-hand side of (B.31)) converges to
(1+Ro(0)W)u as n — oo, while the right-hand side is clearly in the range of 1+ Ry (0)V.
Since Ry(0)V is compact, the range of 1 + Ry(0)V is closed. It follows from (B.31) that
there exists v € HY~* such that (1 + Ro(0)W)u = (1 + Rp(0)V)v. One can check that
u=(1-— FO/VIV/)U € ran(l — FOW), which proves that the range of (1 — FOW) is closed. It
follows that (1— FOW) is a Fredholm operator with equal indices. The other affirmation

of (b) can be proved in the same way as in [B(]. 0
Denote
ﬁ:(uly-.-7yk)e(O'N)k;’ Zﬁzzyl...zyk’
k k &
=", W=l =Yl
j=1 j=1 =

Here v; = v; — [v;]- for v; > 0. From Propositions B.1] and B.§ (a) and the resolvent

equation Ry(z) = (1 — Ro(z)W)~'Ry(2), we obtain the following

Proposition 3.6. The following asymptotic expansion holds for z near O with Sz > 0.
(a). Let N € N and s > 2N + 1. Then there exists Ny € N depending on N and
min s, such that

N (1)
Ry(z) = Z 2R+ Z 2,29 Ry j + RéN)(z), (3.32)
J=0 {7}+i<N
in L(—1,s;1,—s). Here the notation Zg}HSN means the finite sum taken over all

{7}y € ok, k> 1, and j > [J]_ such that {7} +j < N,

RO == AF(]; R1:AF1A*; (333)
Ryo = AGy 5, m1,WAG,,;s, m,W - AG Ty A" (3.34)

)

Vi 75uk

for 7 = (vi,va,- -+ ,vp) with A= (1 — FoW)~L. In particular, if k =1 and 7 = vy, one
has

Rﬁ,O = AGul,éul 7TV1A*' (335)
R; (resp. Ryj) are in L(—1,s;1,—s) for s >2j+1 (resp. for s > 2j+{U} +1), and
REY(z) = O(2N*) in £(=1,5:1, —s), s > 2N +1.
(b). The above expansion (3.33) can be differentiated in z and one has the estimate
d p(N)
—R
dz"°

in £L(—1,s;1,—s), s > 2N + 1, with some € > 0.

(2) = O(|=[""1*), (3.36)
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For the operator P, zero may be an eigenvalue or a resonance of P. The multiplicity

of zero resonance may be large, but does not exceed the sum of multiplicities of the
eigenvalues A of —Agn-1 + ¢(6) such that v = /A + % €]0,1]. The existence of an
asymptotic expansion of R(z) can be obtained as in [BJ] by regarding P as perturbation
of Py. In order to obtain a more “concise” expansion, we regard P as perturbation of
]50. Let

0<g <<y <1 (3.37)

be the points in o such that P has mg; linearly independent ¢;-resonant states with
;”il me; = fir, pr being the multiplicity of zero resonance of P. Modifying the basis of

the eigenfunctions {gp,(,j )} of —Agn-1+¢(6) if necessary, one can show (see (B.29) and the
remarks following it) that there exists a basis of ¢j-resonant states, uy), i=1,--,mg
verifying
1/2 757 _n=2_ . (r .
lcg; | / (Wu§), |z|” 2 +§Jcp£j)> =0, 1<1<mg,1<l'<ng, 1<j<ko (3.38)
where ¢, is the coefficient of G, s, given by

e~ ™I(1 —v) 1
- €0, 1]; =—-. 3.39
I/22V+1F(1 + 7/) ) v ] ? [7 Cl ( )

Cy =

8
(see B17) and (B-1§)) and & = 1 if I = I; 0 otherwise. As seen in [BJ], we can choose
a basis {¢j;j =1,--- ,u} of N, p = dim N, such that

(9i, Woj) = bij.
Without loss, we can assume that for 1 < j < p,, ¢; is resonant state of P, while for
pr +1 <7 < p, ¢ is an eigenfunction of P. Define

pr o

Qr = Y (We;,)¢ (3.40)
=1
J . B

Qe = > Wy, e, (3.41)
J=pr+1

The following result can be proved by studying an appropriate Grushin problem
for (1 — Ro(2)W) as in [BF. See [[[4] for the details.
Theorem 3.7. Let p = dimN # 0 and N € N. Assume pg > max{4N—2,2N+4}. One
has the following asymptotic expansion for R(z) in L(—1,s;1,—s), s > max{2N +1,2}:
N-1 (1)
R() =T+ Y 2Ty Tele) + Tol2) + Tur(2) + O(2 V1) (3.42)
j7=0 {r}+j<N-1
Here T} (resp., Ty ;) is in L(1,—s;—1,s) for s > 25 +1 (resp., for s > 2j + 1+ {v/}),
Ty = EF(], T = AZFl(l + WAZF())
with A = (IU(1 — FyW)IV) =T, 11 is the projection from H“* onto ran (1 — FyW)
corresponding to the decomposition HY =% = ker(1 — FoW) @ ran(1 — FoW). The sum
ZF{?} +j<n has the same meaning as in and the first term in this sum s z,, with

coefficient T, o given by
Ty = AVGVO#SVOTFVO(]‘ + WEFO),
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where vy is the smallest value of v € 0. Te(2), T(2) describe the contributions up to
the order O(|z|N =€) from eigenfunctions and resonant states, respectively, and T, (z)
the interaction between eigenfunctions and resonant states. One has

(-)

T.(2) = —z 'Ip+ Z ZngTe;g;j
JAPH+I<N-1
Ko +,N
T.(2) = Zzgl(ﬂr,j + Z 252 (22) ™ P 2 Ti0.05)s with
J=1 a0l
me;
HT‘,j = eiﬂ—gjl' Z<7 u‘gl)>u§l)’ j = 17 cr ko,
=1
KO . . . .
Tor(z) = Y 25 (MoWQFWTL; + TL, ;WQ, Fy WTI,
j=1

+N
+ Yz z) P g0 8.0).

a767l77l

Here g]’» = ¢; — [s], o is the spectral projection of P at 0, and T.(z) is of rank not
exceeding Rank Ilg with leading singular parts given by vj € oo

Tep1 = (—1)’“'+1(H0’WVG,,1,1+5V1WVIW)---(HOWG%,JHWW%,W)HO, (3.43)

for 7= (vi, - ) € o with {7} <1, (z22)7" = (2,) ™ (26, )"0, The sum-
mation Zg'j{)ﬁ}-kjgN—l is taken over all indices U € (on)¥, k € N* and all j € Z with

Jj > [F]- — 1 such that {7} + j < N — 1, and the summation Z;_;[]i\,[ﬁ,l is taken over all
possible a, B € N with 1 < |a| < Ny, |8| > 1, 7= (v1,--- ,vp) € 0%, k' > 2]a, for
which there are at least oy, values of v;’s belonging to o1 with v; > ¢, for 1 < k < ko,
l € N, satisfying

KO

1Bl + {7} +1-Y (o + Br)sk < N.
k=1
This theorem is proved [BJ] for the Schrédinger operator of the form P = B+ V
2 —
with V bounded and satisfying |V'| < C(z)~?. In the present work, V = —Xkq(0) + W
has a critical singularity at 0. So we can not directly use the result of [BJ], but with

the help of Proposition B.§, one can follow the same line of proof to obtain Theorem
B.7 (see [[4]). With the sign correction on ¢; and the formula (4.32) in [BJ], one sees

that a 1-resonant state ugl) gives rise to a singularity of the leading term 21—112<’ ugl)>u§l)
instead of ———¢(, u§l)>u§l) as stated in Theorem 4.6 of [BJ].

4. GENERALIZED RESIDUE OF THE TRACE FUNCTION

Let f be a function satisfying the condition of Theorem P.I As we have seen
before, (R(z) — Ro(z))f(P) is of trace class for z ¢ o(P). Moreover, the application
z — T(z) =Tr [(R(z) — Ro(2))f(P)] is meromorphic on C\R,. The goal of this section
is to calculate the generalized residue of T'(z) at z = 0, in the sense of Section 2.
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First, let us recall some well-known results for the trace ideals ., C L(L*(R™)), (see
BY, IX.4] for details).

Definition 4.1. For 1 < p < oo, we say that a compact operator A € .7, if |A]P
is a trace class operator, where |A| = VA*A, and we set ||A|l, = (Tr |AP)/P. For
p =00, S is the set of the compact operators with ||Al|s = ||A]l.

We have the following properties :

Proposition 4.2. (P8, IX4]) Let 1 <p<ooand p ' +q¢ ' =1.
(a) If A € S, and B € 7, then AB € .1 and ||AB||1 < ||4]lp - ||Bllq-
(b) 7 is a Banach space with norm || - ||,.
(C) S C yp .
(d) If A € 7, then A* € .7, and ||A*||, = ||A]l],.

By Proposition B.g, for z near 0 with Sz > 0, one has for s > 1 :
Ro(2) = Ro+ Ry (2) in £(~1,51,—s), (4.1)
with R(O)( ) =O(| z |°). We deduce the following result :

Lemma 4.3. For m > n/2, s > 3 and z near 0, Iz > 0, (x) *Ro(z)(x)"* € .7, and
there exists a constant C'independent of z, such that
[1(2) " Ro(2) ()" |m < C.

Moreover, (x)"*(R(z) — Ro){z)~* = O(|z|°) in Sp,.
Proof. Let x € C§°(R) such that x(r) = 1 for |r| < 1. Then (x) *Rp(z){x)"° can be
written as

()" Ro(2)(z)"" = F1(2) + Fa(2),
with

Fi(z) = (z) " Ro(2)x(Po)(z)"*s Fa(z) = (2) " Ro(2)(1 — x(Fo)){x) "

First, let us study Fy(z). Using the resolvent identity, we can decompose Fy(z) =
Fy + F22(2)7 where

For = (2) "Ro(=1)(1 — x(Fo))(z) ",
Fp(z) = (1+2) ((2)""Ro(2)(x)"")((2)" Ro(=1)(1 = x(Fo))(z)~").

It is easy to check that Fy and (z)* Ro(—1)(1 — x(Py))(z)~* are in .%,, if s’ > 1
is chosen close to 1. By ([)), it is clear that (z)~*Ro(z)(z)~* is uniformly bounded,
for z near 0, Iz > 0. Then we deduce that Fy(z) € %, and ||F2(2)||m < C with some
constant C' independent of z.

Now, let us study F(z). We write Fy(2) = (z)~*Ro(2)(z) % ((z)* x(Py)(x)~*) with
s’ > 1 close to 1. Using a similar argument as above, we can get that ||Fy(2)||, < C

with some constant C' independent of z.
Therefore (z)"*Ry(z)(z)™® € .}, and for some C independent of z,

()™ Ro(2) (@) [lm < [[F1(2)||m + [ F2(2)[|m < C.
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Repeating the same arguments with Ry(z) replaced by Ry(z) — Rp, we obtain that
()7*(R(2) — Ro){(z)™* = O(]2|°) in S, 0

We can now establish the main result of this section :

Theorem 4.4. Assume that p > max{6,n+2} and f satisfies the condition of Theorem
2.0 Then the generalized residue of T(z) = Tr [(R(2) — Ro(2))f(P)] at z = 0 is given
by

K0
Jo=No+ Z ST (4.2)
j=1
where Ny is the multiplicity of zero as the eigenvalue of P and mj the multiplicity of
j-resonance of zero.

Proof. The proof is rather long and is divided in two steps. We write f ~ g if f(z) —
g(2) = O(]z|71%€) for some € > 0, with 2z in a neighborhood of 0 and Iz > 0.
We fix & € N with £ > 5 + 1 and we use the following resolvent identities :

R(z) — Ro(z) = —Ro(2)VR(2)
k—1
= (—1)(Ro(2)VY Ro(2) + (—1)*R(2)(V Ro(2))*.
i=1

<

Decompose T'(z) = —Tr [Ro(2)V f(P)R(2)] as T'(z) = T1(z) + T2(z) where

—1

Ti(z) = =T [Ro(2)V[(P)(Ro(2) + Y (=1 (Ro(2)V) Ro(2))]. (4.3)
1

To(z) = (=1)*"'Tr [Ro(2)V f(P)R(2)(V Ro(2))")]. (4.4)

N

<.
Il

First, let us study T1(z). Using the cyclicity of the trace, one has, for s > 1, close
to 1,

Tr [Ro(2)V f(P)Ro(2)] Tr [R5(2)V f(P)]

= TT[((SUYSd%Ro(Z)@YS) ((z)°V f(P){x)®)].
Since p > n+ 2, (z)*V f(P){z)* € .#1. So, by Proposition B., we deduce that

Tr [Ro(2)V f(P)Ro(z)] = 0. (4.5)

Similarly, we can get that the other terms of T} (z) give the same contribution. Therefore,
we have obtained :

Now, let us study 7T2(z). Since k > 5 +1 > § — 2, we can define T3(z) for z ¢ o(P)
by :
Ty(2) = (=1 Tr [Ro(2)V R(2)(V Ro(2))")]- (4.7)
Then, for s > 1 close to 1, we have as previously,
To(2) = T3(2) = (=1)"Tr [Ro(2)VR(2)(1 — f(P))(VRo(2))")].
= (DM [((2) A Ro() () ) @)V (RE) (1~ F(P))
(VRo(2))" 'V {2)”].
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Since 1 — f(t) is equal to 0 for ¢ near 0, R(z)(1 — f(P)) is uniformly bounded for z in
a neighborhood of 0. Moreover, since pg > 6 and k£ > 5 + 1, Proposition [ (a) and
Lemma [L.J imply that, for z near 0 and z ¢ R,

| (VRo(2))*! V(z)® |h=O(1). (4.8)
By Proposition B.q (b), we conclude that, for some € > 0 and z near 0 with 3z > 0,
T2(Z) — T3(Z) ~ 0. (49)

The main task of the proof is to estimate T3(z) at 0.

e Step 1: Assume that 0 is not an eigenvalue of P.

Using the cyclicity of the trace, we remark that
d _
T3(z) = (=)' Tr [(ERo(Z))VR(Z)V(Ro(Z)V)k 1. (4.10)
Let us introduce the following notation :
1 1
Up =sgn(V) [V|z, Uz =|V]7,

Sl(z) = Ul%RO(Z)UQ s SQ(Z) = UlR(Z)UQ s 53(2’) = UlRO(Z)UQ.

Then,
T3(2) = (—1)F 1 Tr [S1(2)S2(2)S5 1 (2)]. (4.11)
As previously, by Lemma [L.3, we have for k > 5+1, po > 6 and z near 0 with (z) > 0,
155~ ()l = O(1). (4.12)

By Proposition B.q (b), with N =1,

d D g
—Ro(2) =Ri+ Y 7,27 Ro0 + O(2[), (4.13)

dz
{r}<1

in £(—1,s;1,—s), for s > 3 and some ¢ > 0. Since py > 6, we deduce that

Sl(Z) = 511(2) + 512(2), (4.14)
with
(1) d
Sn(z) =U1R Uy + Z %ZﬁUlRﬁ,OUQ (4.15)
{7<1
and
Sia(2) = O(|29)  in L(L2(R™). (4.16)

In the same way, we can use Theorem B.7, with N =1 (and py > 6) to decompose
Sa(z). Note that T.(z) =0, Te.(z) = 0 since 0 is not an eigenvalue of P. So we have,

SQ(Z) = S91 (Z) + SQQ(Z) + 523(2’) (4.17)
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with
So1(z2) = ZOZ;UlnmUQ, (4.18)
j=1
522(2) == ZO: Z *Z‘B| e BZIUlTT;,Za,ﬁ’l’jUQ, (419)
=1 a,B,0U,1
Sy3(z) = O(1) in L(L*(R™)). (4.20)
It follows from the previous discussion that
T5(2) = T31(2) + T32(2) + T33(2) (4.21)
where
Tai(z) = (=1 Tr [S11(2)S21(2)95 " (2)], (4.22)
Ts(2) = (=) Tr [S11(2)S20(2)S571(2)], (4.23)
Taa(z) = (=1 Tr [(S11(2)Sa3(2) + Si2(2)S21 (2)
+512(2)S22(2) + S12(2)S23(2)) S5 (2)]. (4.24)

First, let us study T33(z). We have the following result :

Lemma 4.5.
Proof. Clearly, we have for some € > 0,

S11(2) = O(|z| 1) | Sa(2) = O(|zlnz|™Y) in L(L*(R™)). (4.26)
In the same way, we want to estimate S2(z). We note that the summation za 3.0 18
taken over all possible a, 3 € Nf0 with 1 < |a| < Ny, |8 > 1, 7 = (v1,--- ,vp) € oF,
k' > 2|al, for which there are at least oy, values of v;’s belonging to oy with v; > ¢, for
1 <k < ko and [ € N, satisfying the condition

KO

Bl + {7} + 1= (o + Br)sk < 1.

k=1
It follows that
M) =01) , z(z)"* = O(2)). (4.27)
We emphasize that in the second estimate of (.27), we have used k' > 2|a|. Then, we
have obtained,

Sao(z) =0 in L(L*R")). (4.28)
Then, the lemma follows from ([l.12), ({.1€6), (f.20), (f.24) and (f.2§). O

The following elementary lemma will be useful to estimate T31(z) and T52(2).
Lemma 4.6. Let ue N(P), A= (1 - W)~ L. Then
A Vu=-Wu , RoVu=—u.

Proof. By definition, if u € N'(P), FoWu = u. Thus, Vu = (W—W)u = —(1-W Fy)Wu
which proves the first equality. Using the same argument, if Pu = (Py+ V)u = 0 then
Proposition B.g implies that RoVu = —u. ]



A LEVINSON’S THEOREM 23

Now, let us study T51(z); we shall see that T31(z) gives the leading term of the
generalized residue. We denote d;; the Kronecker symbol : d;; = 1if ¢ = j, d;; = 0
otherwise.

Lemma 4.7.

zlnz

1 01, =
T31(2) = =22 SMy 0 <m1 - Z < R1Vu,gg, Vu(l) ) . (4.29)
=1
Proof. 1t follows from ([£29) that

(15! Ty (2) = T UlRﬂ/Z 1,0, SE7(2)]

+ {;ld—nglRyoVZ 1L, Us S51(2)]

= (@) + (b).

First, let us study (b). As we will see, the cases ¢,, < 1 and ¢,, = 1 are slightly
different.

o Case 1 : Assume that ¢, < 1.
It follows that gj =¢;, and for j =1,..., ko,

me;

M =™y < ,U§~l) > “y)'
=1

We deduce that
mgj

0]
MG — d a ! :
VRS 3p St e T (UiRegV (U285 () u)ul)

j=11= l{ﬁ}<1

Q)

o, o e
> Z e 2 T T [UiRyoV (- (S57(2)) U pu)
J=11= 1{ﬁ}<1
o, o, d P
=D Z € 2 == (U1 RV, (S51(2)) U
J=11= 1{ﬁ}<1
o, o d L
= > > Z € 2 == (RooVul, Uy (S5 (2)) Uu)).
J=11=1 {7}<1

Using (B.34) with 7 = (v1,...,1,), we have

l * l
RooVul) = AGy, 5, Ty W AG,y 5,1, W - AGy, 5, w0, AVl (4.30)

VUp,

Thus, Lemma [I.6 implies

l o (1
RooVul) = —AG,, 5, 1, W AGy 5, W - AGy, 5, 1, Wull). (4.31)

Vp,
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It is easy to see that for 7 = (v1,...,1p) with Z v > gj, one has 2 1dd = O(]z|7179)

1=1
for some € > 0. It follows from ([.19) that it suffices to evaluate (b) for 7 = (v1,...,1,)

p
with Y v <gj,
i=1

o Assume first 3i € {1,--- ,p} such that v; = gj.

One deduces that p = 1, i.e 7 = v1. Moreover, since ¢, < 1, one has 1 = ¢; < 1. Using

(B.33), we obtain

RyoVul) = —AGq, 0 m, Wul. (4.32)
Recalling that
T
T = Z( aSDEJ )) ® Qp(l )a
=1

and using (B-17) and (B.39), we deduce

"'<; +o0o

P l —~ l / / n—

G0 ngWug) = g / G0 (r,7) (Wug) ,gpg.))gp(l.) L dr
=1

ne;

= o r 9 ST Wl o T Q) (4.33)
I'=1

It follows from the normalization condition of resonant states given in (B.3§) that

G0 ﬂngugl) = —e T | ¢ ‘% P ‘P(l)- (4.34)
Thus, in this case, we have
RyoVul) =™ Jog |5 A(ja 759 o0). (4.35)
o Assume now that Vi € {1,--- ,p}, v; <.

In particular v, < 1 and using (), we obtain

—~ ,
Gup707rupwu§‘) - l/p,O Z j 7@1/ ®g01(/lp) (436)
I'=1
n;/p
_n-2,, =57 (1 —n=24,
= r T Y (W [ [T D)) (43)
r=1
~ 0. (4.38)
Thus, in this case, using ([L31)), we have
RyoVul =0. (4.39)
As a conclusion of ([E35) and (f.39), we obtain
mgj
1 _n=2 . , !
“3Y felb o) (A2 |79 o), Uy(S57 () Uiy, (4.40)
j=11=1
By Proposition p.4, Sg_l(z))* = (UsRoUy)F=1 4+ O(|2]) in L?(R™). Moreover,
since ¢; < 1, zgjljz(zgj) = *. Thus,
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1 Ca .
(b) =~ ;ZZ | e |% (A= |_TQ+§J Spg)),Ul(U2RoU1)k 1U2ug‘l)>
7j=11=1
S 3 n2io () k—1 (1)
~ 23S T g A [ ) VRV )
7j=11=1
k Bt Q]
oY e 1 g Al e [T o) V)
7j=11=1
k ko ') o
~ ZZ’%’Q Sj MU’ +§J<,0§,Wu )
7j=11=1

where we have used Lemma [i.g in the two last equations. Using again the normalization
condition of resonant states given in (B.3§), we obtain :

k ko TS k K0
Z Z §j = ngjgj (4.41)
7j=11=1

o Case 2 : assume that ¢, = 1.
In this case, gj’- =gjfor j=1,..,k0 — 1 and ¢, = 0. So we can write,

m.
—1 "5

Z Z Z el Z _ZV <RV OVu(l) U1(S§71(Z))*U2u§‘l)> +(b/)’ (4.42)

j=1 I=1 {7}<1

where we set

m1 (1)
1 d _ .
V) = ——— 25 (RpoVul) U1 (S57(2))* UaulV). (4.43)
e zlnzdz

The first part of (b) in (f.43) can be calculated exactly as in the case 1. Thus, one has

(-DF = :
(0) ~ — > mgsi+ (V). (4.44)
j=1

Now, let us study (¢’). Using the same approach, an easy calculus gives

X1 d
) = (- YT ) (Rio V), Val). (4.45)
Using (B-3§), we have
RLOVUI(@% = AG1717T1A*VUI(!3 = —AG1717T1WU,I(£. (4.46)

Recalling that

ni

4 4
1 :Z( 7@5 ))®ng )7
I'=1
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we deduce
— ni —+oc0o — (l/) (l/)
GumWul = 37 [ Gualn ) (ul) el 7 ar
r=1

ni
_n=2 ~ a2 v .
= TS Wl e T ),

=1

where we have used (B.1§) and (B.39) in the last equation. As previously, it follows from
the normalization condition of resonant states that

G171771Wu,g3 =—|a |% rinT%nggl). (4.47)
Thus,
RigVul) =| e [F A (|2 |75 o00). (4.48)
It follows that
o) ~ RS L L) o b Al ) )
— zlnzdz L) 7 "ro
v D Y L) [ (o D )
— zlnzdz Lo Ko

Q

1 1
—1)k z
(=1)"m <z+zlnz>’

where we have used again the normalization condition of resonant states. Thus, in this
case, we have obtained

rko—1
0~ CL S g+ (- (G+am): (1.49)

0~ CU S e 4 b, (1 (4.50)
Tz j=1 T ol zIlnz ’
It remains to study (a). Using the same strategy as for (b), we obtain easily
ko "sj '
(a) ~ (DRSS e YRV V) (4.51)
j=11=1
If ., < 1, it is clear that (a) is negligible. If ¢, = 1, we obtain
(=)' ¢ ORRTNG,
(@)~ —— ;(Rlvuﬁo Vi), (4.52)
and the lemma is proved. O

For T32(z), we have the following

Lemma 4.8.
T32(Z) ~ 0. (453)
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Proof. Using ({.24) and ([1.2§), we see that it suffices to prove that the following term
is negligible :

RO ( +71 d
=2 Z 25 2 2(2) 0P 2T (Ui RV Ty 050255 (2))

21 (o108

P
First, let us remark that if Z v; > ¢, the same argument as (£.27) implies that
i=1
—1, Bl —a—B 19

2 220 (20) " P2 5 0. (4.54)

So, it remains to estimate (¢) when 7 = (v, ..., ,) satisfies Z v; < gj. From the proof
i=1
of Theorem B.7, we know that 1.5 08,5 15 @ linear combination of

HT,jBT;ﬁl,CV,B,l,j and Ar;ﬁl7a767l7jHT7jWGM76HW“Br;ﬁhayﬁvhj’ (4'55)

where A,.; o,  is a bounded operator in £(1,—s;1,—5), s > 3 and B, o, is a
bounded operator in £(—1,s;—1,s) for s > 3.

o Let us study the contribution coming from Il ; B,.7 o 8, ;-

To simplify the notation, we write B = B,..;; o3, In this case, as previously, we have

me;

Tt [U1RyoVIL;BUsSE 1(2)] = 3 ™5 (Ry oVl U (S5 1 (2) U B u).  (4.56)
=1

Since v, < gj, as in ([£39), we obtain Ry OVu(l) = 0.

o Now, let us study the contribution coming from A, o 51,1 ;WG s, 7B a,8,1,5-

We remark that, if © < ¢;, the same argument as before and (B.24) imply
I, ;WG 5,7, = 0. Thus, it suffices to study the case u > ¢;. To do this, we refer
to the proof of Theorem 4.6 in [BJ]. The term G 11,6, 1By 08,1, comes from the expan-

sion of Ly (z)W (Do + D1 (2))Ro(z) with Dy € £(1,—s;1, —s) for any s > 1 and Do|y = 0
and

Li(z) = ZzﬂGuﬁuwu

HeT1
Dl(z) = zD;+ Z ZﬂDﬂ,o
pHeoT1
for some Dy and Dy, o in £(1, —s;1, —s) with s > 3, so the coefficient in front of G, 5,7,

By a1 is O(2*). In the same way, the term A,z 3, HMW comes from the the
expansion of

(1= (Do + D1(2))L1 (2)W) I (2)Qr — IL.(2)WQy,

where I,.(z) is of the form

1) = (1 4+ Ol YIL ()7 Zi
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with II, ; defined in Theorem B (see p. 1931 of [BJ]), so the coefficient in front of
Ar o ,BJJHMW is O(|z|7997¢). It follows that the coefficient of T}..5, 4, in Theorem
B is O(|z|*t#=<9) = O(]z|). As a conclusion, (¢) = O(|z|71*¢) and the lemma is
proved. O

e Step 2 : Assume that 0 is an eigenvalue of P.

We follow the same strategy. S1(z), S2(2), S3(2), S11(2), S12(2) are the same as before.
Using Theorem B.] with N = 1, S5(z) can be decomposed as

Sy(z) = U1 R(z Zszj (4.57)

with

521(2) = UlTr(Z)UQ

1
SQQ(Z) = —; U1HOU2
() '
Su(z) = Y. 2P UiTes,Us
3, {F}+3<0

524(2’) = UlTer(Z)UQ
525(2’) = O(l)

Thus, it follows that
T3(z) = (—1)" T [S1(2)Sa(2) S5~ Zng (4.58)

where for j =1,...,4,
Ts;(z) = (—1)* ' Tr [S11(2)S25(2) 85 (2)], (4.59)
and
Ts5(z) = (—1)F'Tr [(S11(2)S25(2) + S12(2)82(2)) S5 (2))- (4.60)

It follows from ([L.12), (E14) and (f.26)) that T35(2) ~ 0. Now, let us establish the

following lemma which will be useful to estimate the other terms.
Lemma 4.9. For v/ = (vy,...,1p) € (01)P, one has :
R;oVIlp =0 , IgVRzo=0. (4.61)

Proof. We only prove the first assertion since the other one is similar. Let ¥;, j =
1, ..., No, be an orthonormal basis of the eigenspace of P with eigenvalue 0. As previously,
one has

RigV®; = —AGy, 5, T, WAGy, 5, 1, W -+ AGy, 5, 1, W}, (4.62)
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and
n;/p
Gup,él,p Ty W(I)j = Gup,él,p Z(W(I)J’ Qp(ulp)) ® SDL(/ZP),
=1
—_— n—2 n—2
ey (W, | 2|77 P2 )= T @ ),

where we have used (B.23) in the last equation, with u = ®; € L?(R").

First, let us study T32(z). We have the following result :

Lemma 4.10.

Proof. We can decompose T32(z) as
Ts3(2) = 1(2) + I2(z)
with

(-1F <& d -
Il(z) = Z EZBTY [UlRp,OVHOUQ;Sg_ (Z)],

z
{ry<1
_ (=DF ko1
IQ(Z) = > Tr [U1R1VHQU253 (Z)]
By Lemma [L.9, I1(z) = 0. Now, let us study I>(z). As previously, we have
No
Tr [UiR VTS5 (2)] = Y (RiV®;,UL(S5 " (2)) Ua®y)
j=1
No
= (=DM ) (RVE;, V) +0(] 2 [9).
j=1
Recall that R; = AFy A* and A*V®; = —W®;. Thus,
No . .
Tr [U R VILURSE ! (2)] = > (FIW®;, W) + +0(] 2 ).
j=1

The lemma comes from the following result (see [IJ], [BQ]) :
(FLW®;, W) = 6.

Now, we prove :

Lemma 4.11.
Ts3(z) ~ 0.

Proof. Since Sa3(z) = 0, it is easy to see that

(1) (=)
d » _
Tos(z) m (DM Y7 ) 5, e T [U1 Ry oV Ty Ua S5 (2)]

{7r<1 3 {vi}+5<0

29

(4.63)

(4.64)

(4.65)

(4.66)
O
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We note that T..;.; = HgAez; with A.p; be a bounded operator in £(—1,s;—1,s),
s > 3. So the result comes from Lemma [L.9. O

We have the following estimate for Ts2(z) :

Lemma 4.12.

5 K b
Tay(z) & ;13 Tr [RyV (oW Qe Fy W1, .y + Iy WQ, FyWIIG)V].

Proof. We have

(n)
d
Tay(z) = ()" Tr [(U1RiUz + ) azﬁUljRg,oUz)(UlTer(;,«)U2)5:’§*1(z)]. (4.67)
{7}<1

First, we assume that ¢, < 1. In this case, U;T¢,(2)U2 = 0 and it follows that

T34(Z) ~ J; (Z) + JQ(Z) + Jg(z), (468)
where
Ko
Ji(z) = (=DM Z zﬁz YTy [U) Ry o VoW Q. Fy WL, ;U SE 71 (2)].
j= 1{17}<1
KQ
Jo(z) = (=DM Z zﬁz YT [U) Ry o VL ;W Q, Fy Wy U SE71(2)).
j= 1{17}<1
(1) +,1

J3(z) = k+1i Z Z —z;z Lo 2Pl (z0)~a=h

J=1{r}<1 a,B,71,1
Tr [U1R1770VTer7l717a767l7]UQS§_1(Z)]'

By Lemma [£.9, Ji1(z) = 0. Now, let us study J2(z). As previously, the leading
contribution is obtained when 77 = ¢;. So we have :
(D & i T k-1
> G Tr Ui R, oVIL jWQ Fy WU S5~ (2)]
j=1

(—1)F+1 & —~ = k—1

j=1

JQ(Z)

%

z

%

z

where we have used the cyclicity of the trace. Moreover, it is easy to see that Lemma
[.g implies

(VR = (-1)* 'y , 1L ;(VRy)" ' = (~1)*'1L,,. (4.69)
Using the first assertion of ([£.69) and Lemma [£.9, we deduce

Q

1 T

DT VIL WO AWV R, o]
j=1

~ 0.

Jo(2)

Finally, using the same arguments as in Lemma [.g, we can show that J3(z) ~ 0.
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Now, let assume that ¢, = 1. We follow the same strategy as in the case ¢, < 1. It is
easy to see that, in this case,

—1)k+1 _ _ _ _
T34(Z) ~ % Tr [U1R1V(HQWQ6F1WHT7KO +HT7KOWQTF1WHO)UQS§71(Z)]
(=D T T T k—1
~ m Tr [RIV(HOWQeFIWHT,HO + HnHOWQTFlWH(])(VRO) V]
Then, the lemma comes from (|.69). O

Finally, T51(z) has been computed in the case where 0 is not an eigenvalue of P.

End of the proof of Theorem [[.4.

As a conclusion, it follows from the above discussion that in all the cases, one has

C

zlnz’

1 [ &
TG~ (Lm0 | +
J:

(4.70)

for some constant C' and for all z near 0 with 3z > 0. Using the relation T'(z) = T'(Z)
for Sz < 0, we deduce that C' is real and ([.70) holds for z near 0 and Sz # 0. Recall
that the generalized residue is defined as

1
Jo = —=—lim lim/ T(z) dz
v(:€)

271 60 =0
if the limit exists, where v(d, €) is positively oriented. We obtain from ([.70) that

1

€ 1
270 Jy(5,6)

T(z) dz =} _smg +No+O0(5) + 0.

j=1
uniformly in 0 < € << 9. Taking first the limit € — 0, then the limit § — 0, one derives
Jo = 3272, sjmg; + No. This proves Theorem B4 O

5. PROOF OF LEVINSON’S THEOREM

In this section, we shall use Theorem P.1 to prove a Levinson’s theorem for
potentials with critical decay. First, we have to verify that the conditions (R.1),
and (2.4) — (2.9) hold. In the last section, we have seen that (R.§) is satisfied if
po > max(6,n + 2).

Under the assumption ([[.4), the Hamiltonian P, is positive, and it is well known
that P and Py have no embedded positive eigenvalues, and the spectrum of P and Py
is purely absolutely continuous on ]0, +o0].

Using Theorem B.] with N = 0, one has for s > 2, z small with 3z > 0,
C

| 2|

| ()" R(2) ()" |I<

(5.1)

We deduce that the negative eigenvalues of P can not accumulate at 0. Indeed, let ¢
be an eigenfunction of P associated with an eigenvalue A € [—4,0[, § small. It is well
known that that ¢ decays exponentially. So, using (b.I]) with z = X\ + e, we obtain

1 . C .
— [l (@) w\!sm!\m ¢, (5.2)
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which gives the contradiction when € — 0.

At least, for pg > n and k > Z, it is well known that (R.1)) holds, (see for example, [P7],
Theorems 1.1 -1.2).

Now, let us prove the following elementary lemma in order to verify (2.9) :

Lemma 5.1. Assume pg > n. Then, for every f € C§°(R), there exists C > 0, such

that :

| T [(R(=) — Ro(2))F(P)] | < %

uniformly in z € C with |z| large and z ¢ o(P).
Proof. For z ¢ o(P), using the resolvent identity, we have :
(R(2) = Ro(2))f(P) = —R(2)VRo(2)f(P)
= —R()VER(2)f(P) = R(2)V Ro(2)V R(2) f (P).
Let fi1 € C§° such that fif = f. Using the cyclicity of the trace, we obtain :

Tr [(R(z) — Ro(2))f(P)] = (1) + (2),

with
(1) = ~T(R()f1(P)) (i(P)V) (R(=)f(P))], (5.3)
2) = ~Te[(R(=)f1(P)) (fi(P)(x)~ %)
(2) FVRy(2)V{2)?) ()" F fu(P)) (R(2)f(P))] (5.4)

For |z| large, 3z # 0, we have ([@]),
(@) VRy(2)V{2) ' ||= O(l=|1/%).

Moreover, by the spectral theorem,

1

| B P) = gy = O

The lemma follows now from the fact that (x)f%o fi1(P) is a Hilbert-Schmidt operator
and f1(P)V is of trace class. O

In the same way, using Theorem B.f with N = 0, one has for 2z ¢ o(F), | z | small, and
s>1,po>n+2,

Tr[Ro(2)(f(P) = f(P0))] = Tr[{w)*(Ro+ O(] 2 [)) ()"
(@) (f(P) — f(Fo))(z)°]
= 0. (5.5)

Then, the assumption (B.7) is satisfied.

In order to obtain a Levinson theorem, we have also to prove that &’'()\) is integrable on
10,1]. We have the following result :

Theorem 5.2. Under the conditions of Theorem [[.4, for some ey > 0,
g =0 (A1), alo. (5.6)
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Proof. We shall prove that
AT g(n) e £2(j0, 1)) = (L'(0,1])", (5.7)

or equivalently,

3050, Vi e C(0, 1)), \/R N0 g0) o) dA | < Cllglh.  (58)

Let us consider g € C3°(]0,1[;R) and f € C§°(R;R) such that f = 1 on [0,2], so we
have fg = g. For A €]0,1] and € > 0, we have :

Tr [R(\ +i€) f(P) — Ro(A +i€) f(Py)] (5.9)
= Tr [(R(A +i€) — Ro(A +i€)) f(P)] + Tr [Ro(A +ie) (f(P) — f(Fo)]-
By the definition of the SSF,

Tr [R(A +i€) f(P) — Ro(\ +ie) f / (s a_f (s, A +i€) ds, (5.10)
where we have set
Fls. A +ie) = — Al_ — f(5) (5.11)
Thus, the left hand side of (@) is given by
(LHS) / £(s) 7— / (s oA i f/(s) ds. (5.12)

Using ([.70) and (@), the rlght hand side of (.9) satisfies for a suitable real constant
c,

___J ¢ r(A e
(RHS) = A+ e + (A + i€) log(\ + ie) +r(Ae), (5.13)
where
FAO = O (A+id ) +Tx [Ro(A+ie) (F(P)— f(P)]  (5.14)
= O (A7) [ alo. (5.15)
Thus, we have obtained that
Jo C
T = e T rigtesni g T e T, (5.16)
where
o) = [ &) e ) ds (5.17
b(A,e) = /R &(s) s—)\—ie f(s) ds. (5.18)

We shall multiply (5.16) by g(\) and we shall integrate over \. First, we remark that

[earaaman = - [ ewro( ] ﬁ(ﬁ) o) dr)
_ /Rg < A_SHE d>\>d (5.19)
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Thus,

/RT(/\,G) g(A) d\ = /R)\ioie g(\) dA—/R(AH,E)Sg(AHE) g(\) dA
[/ ﬁ SO i) ds
/ §(s </ )\—s—i—ze g(N) d>\> ds. (5.20)

Taking the imaginary part in (f.20) and using that
1
lim Im ——— =7 )= 21
i Im S = T Oy, (5.21)
we obtain easily
liﬁ)llm r(A€) g\) dh = / £(s) (f9)(s) ds. (5.22)
€ R R

Now, we remark that :

/R £(s) (f9)'(s) ds = /R £(s) g/(s) ds = — /R €(s) g(s) ds,  (5.23)

since ¢ € C*(]0,+oo[). Then, we choose g(s) = s'=%¢(s) with ¢ € C§°(]0,1[), and
using (p.14), we have proved (b.§). O

Now, we are able to prove a Levinson’s theorem for critical potentials. To do it, we
recall that if v satisfies ([L.J), one has the high energy asymptotics, (25|, Theorem 1.2) :

)~ e AT XN o oo, (5.24)
j>1
This implies in particular that the condition (R.9) is satisfied. We also need the following

asymptotics which comes from the functional calculus on pseudodifferential operators
(see Y], Theorem 1.1): Let y € S(R), with xy =1 in a neighborhood of 0. We have :

P P0

Tr [x(5) — () Z Bj R¥ 7, R— oo, (5.25)

where the coefficients 3; are distributions on x and is calculable, in principle, in terms
of the symbols of P and F.

The main result of this section is the following :

Theorem 5.3. Assume pg > max(6,n + 2). Then, we have :

. 2]
| €)= 3o NE) = N )+ B (5.20
0 —

where B, /5 depends only on n, v and V. If n is odd, (3,5 = 0. If n is even, ¢, = 0.

Proof. Let x € C§°(R) such that x(A\) = 1 in a neighborhood of 0. We use Theorem P.]
with f(\) = X(%)- The proof is divided in two steps.
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Case 1. The dimension n is odd.

We first compute the second term on the left hand side of (R.10) as follows :

5] (3]

- i / — = i / _ 5—1-j ,/OO ﬁ 21—y
[ x@ema = [T em Yoo Al m e [t i
o 5] (3]
=[x 0 =S A e Sy R,
0 j=1 7j=1

/O T N0 NI A = (W o) Y (3 dy) BE T HO(R) (5.27)
j=1 j=1
Whereezl—g+[g]>0.

Now, let us study the left hand side of (§.27). We have :

By Theorem (.9, £'(\) is integrable on ]0, 1, thus
1

(5]
: A / : S _ ! / N5 —1—j
A, [, MR 0= e 4 = [0 =3 a1 an (529)

In the same way, (5.24) implies

3]
1) =) e AT <o, (5.29)
j=1
with v = 2 — § + [§] > 1. Therefore,
oy (5] 0 (3]
lim Y(Z)EN) = ¢, Az d) = N =Y e AT an
P ) (7)€ HJ ] . [£'(N) j:1] ]
It follows that
~ ] . 2]
lim Y(Z)[EN) = ¢ Az d)\:/ g = e A2 dN. (5.30
L A (R)[();] ] O[()j:1] ] (5.30)

Taking R — o0 in both sides of (5.27), we deduce that 3; = d;. Thus, we get the
Levinson’s Theorem for odd dimension :

o 3]
/ (EN) = e ATy dh = —(NV + 7). (5.31)
0 =
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Case 2: The dimension n is even.

First, let us study the case n = 2. Using Theorem P.1], we have as previously :

LD N D N ¢l
| @ e s [T o -1
1 oo N dA
= —(N—+J0)+51+O(§)—01/1 X(E)T (5.32)
We take R — +o0 in (p.39), and remarking that
0N dA

we deduce ¢; = 0 and we have obtained the Levinson theorem in dimension n = 2 :

/ "0y dh =~V + o) + B, (5.31)
0

Now, assume n > 4. We write n = 2p with p > 2. We define for 1 < j <p—1,

d; = cj/ x(t) =1 at. (5.35)
0

As for the case n = 2, we obtain easily :

| ) eo - o v | @ eo - L

— } 1 AL dA
- —(N_+Jo)+;(ﬁj—dj) R 4+6,+0(5) ~a [ x(3) T (630

As previously, we take R — o0 in (p.3d) and we deduce that §; = d; and ¢, = 0.
Therefore, we get the Levinson’s theorem for even dimension:

00 p—1
/ €)= 3¢ W) dh = (N + Jy) + By, (5.37)

O

Remark 5.4. Of course, the values of 3, appearing in the Levison theorem are indepen-
dent of the cutoff function x. We can use the functional calculus on pseudodifferential
operators ([]) with the Hamiltonians Py = —A + v(z) — V(x) and P = —A + v(z), to
compute 3.

If f € C3°(R), we recall that f(tP) — f(tPy) is a vt-admissible operator, i.e

f(AP) = f(th) = Op s (as(t)), (5.38)
with ’
ap(t) ~ ag; to. (5.39)
j>1

The symbols ay ; are defined as
2j—1

api(.8) =Y (-Ddjp(x.&) fH(E), (5.40)

k=1
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where the d;j, are universal polynomial functions on & which do not depend on f. For
example, one has

doi(z,6) = V(x), dop(,§) =0, dag(z,§) =0. (5.41)
dii(xz,&) = 0, dya(z,§) =2v(z Wi(x) — V3(z), (5.42)
das(z,§) = 232 z) & —2) 05V (z) &&;, (5.43)
1<J
d4,k(.%', ) =0 Zf 4 < k < 7. (5.44)
When t — 0,
Tr [f(tP) — f(tP)] ~t72 Y Byt (5.45)
j>1
with
4] 1
B; :(277)— / / daj 1 (2,€) fP(E?) dr de. (5.46)
As a consequence, if we set,
27Tn/2
Yn = Vol (S 1 5.47
(5" = Fugy (5.47)
where I is the well-known Gamma function, we can show :
e In dimension n =2 :
__1 m
B = oyt 5 /R V() dr. (5.48)
e In dimension n =4 :
_ 1 m 2
Bo = G 2 /R4(2v(x)V(x) Vi(x)) du. (5.49)
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