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Abstrat. We present a new method for estimating the frontier of a multidimensional

sample when the onditional distribution funtion dereases at a polynomial rate to zero in

the neighborhood of the frontier. The estimator is based on a kernel regression on high mo-

ments. It is assumed that the order of the moments goes to in�nity while the bandwidth of

the kernel goes to zero. We give onditions on these two parameters to obtain the asymptoti

normality of the estimator. The good performane of the estimator is illustrated on some

�nite sample situations.
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1 Introdution

Let (X1, Y1), . . . , (Xn, Yn) be n independent opies of a random pair (X, Y ) suh that their

ommon density has a support de�ned by

S = {(x, y) ∈ Ω × R; 0 ≤ y ≤ g (x)} ,

where Ω is a ompat subset of R
d. The unknown funtion g is alled the frontier. We address

the problem of estimating g. In Girard and Jaob (2008), a new estimator is introdued based

upon kernel regression on high power-transformed data. In the partiular ase where Y given

X = x is uniformly distributed it is proved that this estimator is asymptotially Gaussian

with the minimax rate of onvergene for Lipshitzian frontiers. From the pratial point
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of view, ompared to the numerous extreme-value based estimators (Gardes (2002), Ge�roy

(1964), Girard and Jaob (2003a, 2003b, 2004), Girard and Menneteau (2005), Menneteau

(2008)), projetion estimators (Jaob and Suquet (1995)), or pieewise polynomial estimators

(Korostelev and Tsybakov (1993), Korostelev et al (1995), Härdle et al (1995)) this estimator

does not require a partition of the support S. When the onditional distribution of Y given

X is not uniform, this estimator is still onvergent (Girard and Jaob (2008), Theorem 1)

but su�ers from a strong bias on �nite sample situations (Girard and Jaob (2008), Table 1).

Under monotoniity assumptions, the frontier an also be interpreted as the endpoint of Y

given X ≤ x. Spei� estimation tehniques have been developed in this ontext, see for

instane Deprins et al. (1984), Farrel (1957), Gijbels et al. (1999) or Aragon et al. (2005),

Cazals et al. (2002), Daouia and Simar (2005) for the de�nition of robust estimators.

In this paper, we investigate the more general ase where the onditional distribution

funtion of Y given X = x is

F (y|x) = 1 − (1 − y/g(x))α(x), ∀ y ∈ [0, g(x)].

Here, α is a positive funtion driving the behavior of the distribution tail of Y given X = x in

the neighborhood of its endpoint g(x). If α(x) < 1 then the density of Y given X = x tends

to in�nity as y → g(x) whereas it tends to 0 in the ase α(x) > 1. The intermediate ase

α(x) = 1 orresponds to the uniform distribution already investigated in Girard and Jaob

(2008) where the density has a jump at the endpoint. In the general ontext of extreme-value

theory, the onditional distribution of Y given X = x is said to belong to the Weibull max-

domain of attration with extreme-value index −1/α(x). Our aim is to estimate the frontier

g when α is unknown. In the next setion, we introdue an estimator based on a kernel

regression on high moments of the variable of interest Y . Similarly to Girard and Jaob

(2008), this tehnique enables us to avoid the partitioning of S. In Setion 3 the estimator

is proved to be asymptotially Gaussian. Some simulations are proposed in Setion 4 to

illustrate the e�ieny of our estimator and to ompare it with the one of Girard and Jaob

(2008). Our main result is proved in Setion 5 and auxiliary results are postponed to the

Appendix.

2 Constrution of the estimator

To motivate the onstrution of our estimator, �rst onsider the unonditional ase where

α(x) is onstant, but not neessarily 1 and g is also onstant equal to θ. The distribution

funtion F an thus be rewritten as

Fθ, α(y) = 1 − (1 − y/θ)α, ∀ y ∈ [0, θ].
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If Z is a random variable with distribution funtion Fθ, α, then

µp := E|Z|p = p

∫ ∞

0

tp−1
P(|Z| > t) dt = α θp B(p + 1, α)

where B(x, y) =

∫ 1

0

tx−1(1 − t)y−1 dt is the Beta funtion. Therefore

µp+1

µp
= θ

p + 1

p + 1 + α

whih leads to the equation

1

θ
= (p + 2)

µp+1

µp+2
− (p + 1)

µp

µp+1

or more generally, for N ∈ N \ {0}, to:

1

θ
=

1

N

N∑

k=1

[
(p + k + 1)

µp+k

µp+k+1
− (p + k)

µp+k−1

µp+k

]

=
1

N

[
(p + N + 1)

µp+N

µp+N+1
− (p + 1)

µp

µp+1

]
.

Coming bak to the onditional ase, the idea of our estimator is the following: let (pn) be

a sequene tending to +∞, (hn) a positive one onverging to 0 and x ∈ R
d. Then

1

ĝn(x)
=

1

rn

[
(pn + rn + 1)

µ̂pn+rn
(x)

µ̂pn+rn+1(x)
− (pn + 1)

µ̂pn
(x)

µ̂pn+1(x)

]
(1)

is an estimator of 1/g(x) where (rn) is a positive sequene of real numbers greater than or

equal to 1 and

µ̂pn
(x) =

1

n

n∑

k=1

Y pn

k Khn
(x − Xk)

is a kernel estimator of µpn
(x) = E(Y pn |X = x). Here Kh(u) =

1

hd
· K

(u

h

)
where K is a

probability density on R
d and h a window-width. Intuitively, the use of the window-width

hn allows to selet the pairs (Xk, Yk) suh that Xk is lose to x while the use of the high

power pn gives more weight to the Yk lose to g(x). Let us also highlight that, ompared

to the estimator suggested in the further work of Girard and Jaob (2008), Setion 6, our

proposition (1) does not require the knowledge of α(x). Moreover, it bene�ts from an expliit

formulation whih is not the ase of estimators de�ned by optimization problems (Girard et al.

(2005)) suh as loal polynomial estimators (Hall et al. (1998), Hall and Park (2004), Knight

(2001)). Finally, although our estimator ĝn(x) is based on kernel regressions, lassial results

do not apply (see for instane Ferraty and Vieu (2005), Theorem 6.11) sine the ondition

pn → ∞ indues tehnial di�ulties.

3 Main result

In all the sequel rn will be hosen as rn = apn + b with a > 0 or a = 0 and b ≥ 1. Let us

denote by f the density funtion of X. To establish the asymptoti normality of ĝn(x), the

following regularity assumptions are needed:
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(A1) ∃δf , εf , ηf > 0 ∀x, y ∈ R
d : ‖x − y‖ < δf ⇒ |f(x) − f(y)| ≤ εf‖x − y‖ηf .

(A2) ∃δα, εα, ηα > 0 ∀x, y ∈ R
d : ‖x − y‖ < δα ⇒ |α(x) − α(y)| ≤ εα‖x − y‖ηα .

(A3) ∃δg, εg, ηg > 0 ∀x, y ∈ R
d : ‖x − y‖ < δg ⇒ |g(x) − g(y)| ≤ εg‖x − y‖ηg .

Let B the unit ball of R
d. We shall also assume that

(A4) The support of K is inluded in B and

∫

B

K3(x) dx < ∞.

Note that (A4) implies that ∀ q ∈ {1, 2, 3},
∫

B

Kq(x) dx < ∞.

Our main result an now be stated:

Theorem 1. Suppose (A1−A4) hold. For all x ∈ R
d suh that f(x) > 0, n p

−α(x)
n hd

n −→ +∞
and pn h

ηg
n −→ 0 as n → ∞, we have:

√
n p−α(x)/2+1

n hd/2
n

(
ĝn(x)

g(x)
− 1

)
d−→ N

(
0,

‖K‖2
2 V (α(x), a)

f(x)

)
, as n → ∞

where ‖K‖2
2 =

∫

B

K2(x) dx and

1. If a > 0,

V (α(x), a) =
α(x) + 1

a2 Γ(α(x))

[
2−α(x)−2 − 2

(1 + a)α(x)+1

(2 + a)α(x)+2
+ 2−α(x)−2(1 + a)α(x)

]
.

2. If a = 0,

V (α(x), 0) = lim
a→0

V (α(x), a) =
2−α(x)−4

Γ(α(x))
· (α3(x) + 2α2(x) + 3α(x) + 2).

Note that, if we set x ∈ Ω, the sequenes hn(x) = n−1/(d+ηgα(x)) and pn(x) = εn nηg/(d+ηgα(x))

an be hosen, where (εn) is an arbitrary sequene of positive real numbers tending to 0. How-

ever, this requires a preise knowledge of the funtion α whih is often unrealisti. Remarking

that Ω is a ompat subset of R
d and that α is ontinuous under the assumption (A2), one

an de�ne α∞ = maxΩ α and set hn = n−1/(d+ηgα∞) and pn = εn nηg/(d+ηgα∞). In the uni-

form ase (that is, when α is onstant equal to 1), with suh hoies, the rate of onvergene

of the estimator is then ε
1/2
n nηg/(d+ηg), whih is also, up to the fator εn, the optimal rate

of onvergene for the estimator presented in Girard and Jaob (2008). In the next setion,

we shall thus use suh sequenes to ompare Girard and Jaob's estimator to the moment

estimator.

The asymptoti variane of the estimator also involves the multipliative fator V (α(x), a).

The hoie of an �optimal� value for a by minimization of V (α(x), a) is a di�ult task sine

it depends on the unknown value of α(x). One an observe on Figure 1 that, for α(x) ≤ 2,

V (α(x), .) is a dereasing funtion and thus large values of a should be preferred. These

results are now illustrated on �nite sample situations.
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4 Numerial experiments

In this setion, we limit ourselves to unidimensional standard uniform random variables X.

(Ω = [0, 1] and d = 1). The behavior of the estimators is illustrated on samples with size

n = 500 on four situations obtained by ombining two models for both g and α. The �rst

frontier

g1(x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 + exp

(
−60

(
x − 1

4

)2
)

if x ∈
[
0, 1

3

]

1 + exp

(
− 5

12

)
if x ∈

]
1
3 , 2

3

]

1 + 5 exp

(
− 5

12

)
− 6 exp

(
− 5

12

)
x if x ∈

]
2
3 , 5

6

]

6x − 4 if x ∈
]
5
6 , 1

]

is ontinuous but not di�erentiable at x = 1/3, x = 2/3 and x = 5/6. The seond one

g2(x) =

(
1

10
+ sin(πx)

)[
11

10
− 1

2
exp

(
−64

(
x − 1

2

)2
)]

is in�nitely di�erentiable. The �rst funtion α(x) onsidered is the onstant α1 = 1.25 and

the seond one is α2(x) = 1.25 + | cos(4πx)|.
The uniform kernel is hosen:

K(x) =
1

2
1[−1, 1](x)

with assoiated bandwidth h
(m)
n = 2σ̂(X)/n1/(1+α∞) and p

(m)
n = n1/(1+α∞)/

√
ln(n), where

σ̂(X) is the empirial standard deviation of X. These sequenes are hosen aording to the

remark below Theorem 1. Note that the multipliative onstant σ̂(X) has been suggested by

Girard and Jaob (2008), whereas the onstant 2 was empirially hosen. Two versions of the

moment estimators are onsidered. The �rst one is based on a onstant number of moments,

rn = 35 (a = 0, b = 35), and is denoted by ĝ
(m, c)
n . The seond one is based on a variable

number of moments, rn = 15 p
(m)
n (a = 15, b = 0), and is denoted by ĝ

(m, v)
n . The onstants

have been hosen after intensive simulations. These two estimators are ompared to ĝ
(gj)
n

proposed by Girard and Jaob (2008) with h
(gj)
n = 4σ̂(X)/

√
n and p

(gj)
n =

√
n/ ln(n). On

eah of the four onsidered situations, 500 repliations of the sample are simulated whih

permits to ompute the minimum, maximum and mean L1− errors assoiated to eah esti-

mator. Results are reported in Table 1. It appears that, as soon as α inreases, performane

of all these estimators derease, sine the simulated points are getting more and more distant

from the frontier. Let us highlight that, in all the onsidered situations, the hosen onstants

give satisfatory results. Moreover, in all ases, both moment estimators ĝ
(m, c)
n and ĝ

(m, v)
n

yield better results than ĝ
(gj)
n , the estimator of Girard and Jaob (2008). These results are

illustrated on Figure 2�5. On eah of the upper panels, the best estimates, i.e. the estimates

that yield the smallest L1− errors in Table 1, ĝ
(gj)
n , ĝ

(m, c)
n and ĝ

(m, v)
n are superimposed to the
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frontier g. Similarly, the worst estimates are depited on the lower panels, i.e. the estimates

that yield the largest L1− errors in Table 1.

Note also that in three situations over four, the best estimator is ĝ
(m, v)
n , the estimator

with a variable number of moments whose L1 error is smaller than ĝ
(m, c)
n . The essential

advantage of ĝ
(m, v)
n is that, for α ≤ 2, its asymptoti variane is smaller than that of ĝ

(m, c)
n

(for all a), as illustrated on Figure 1. Thus, taking a = 15 allows us to build pointwise

on�dene intervals for the frontier that are signi�antly tighter in the ase where α is small,

but just a little larger in the extreme ases.

5 Proof of Theorem 1

Our goal is to prove that the random variable

ξn(x) =
g(x)

‖K‖2

√
f(x)

V (α(x), a)
· √n p−α(x)/2+1

n hd/2
n ·

(
1

ĝn(x)
− 1

g(x)

)

onverges in distribution to a standard Gaussian random variable. Theorem 1 is then a

simple onsequene of this result. The proof of this result is divided into two parts whether

a = 0 or not.

1. Let us onsider the ase a > 0. The �rst step onsists to use Lemma 3 in order to

linearize ξn(x):

ξn(x) =

[
ζ(1)
n (x) +

(
µpn+1(x)

µ̂pn+1(x)
− 1

)
ζ(2)
n (x) +

(
1 +

rn

pn + 1

)(
µpn+rn+1(x)

µ̂pn+rn+1(x)
− 1

)
ζ(3)
n (x)

]

× un, a(x)

rn
(1 + o(1)).

Now, Lemma 2 yields

ξn(x) =
un, a(x)

rn

[
ζ(1)
n (x) + oP(ζ(2)

n (x)) + oP(ζ(3)
n (x))

]
(1 + o(1))

and to onlude the proof, it is su�ient to establish that

un, a(x)

rn
ζ(1)
n (x)

d−→ N (0, 1), (2a)

C(2) un, a(x)

rn
ζ(2)
n (x)

d−→ N (0, 1), (2b)

C(3) un, a(x)

rn
ζ(3)
n (x)

d−→ N (0, 1), (2)

where C(2) and C(3) are suitable onstants. Note that in fat, (2b) and (2) are stronger

than what is neessary, but their proofs are similar to (2a). In all the sequel, the following

notations will be used

Z
(n, c, j)
k (x) = Y cpn+j

k Khn
(x − Xk),

µcpn+j(x) = E(Z(n, c, j)(x)),

νp(x) = µ̂p(x) − µp(x).
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To prove (2a), remark that ζ
(1)
n (x) an be expanded as the sum of independent and entered

random variables: ζ
(1)
n (x) =

∑n
k=1 S

(1, a)
n, k (x) with

S
(1, a)
n, k (x) =

1

n

[
Z

(n, 1, 0)
k (x), Z

(n, 1, 1)
k (x), Z

(n, 1+a, b)
k (x), Z

(n, 1+a, b+1)
k (x)

]
A(1)

n (x), (3)

A(1)
n (x) =

[
a
(1)
n, 0(x), a

(1)
n, 1(x), a

(1)
n, 2(x), a

(1)
n, 3(x)

]t

,

a
(1)
n, 0(x) = −1,

a
(1)
n, 1(x) =

µpn
(x)

µpn+1(x)
,

a
(1)
n, 2(x) =

(
1 +

rn

pn + 1

)
µpn+1(x)

µpn+rn+1(x)
,

a
(1)
n, 3(x) = −

(
1 +

rn

pn + 1

)
µpn+1(x)µpn+rn

(x)

µ2
pn+rn+1(x)

,

where At stands for the transposed matrix of A. In order to use Lyapounov's entral limit

theorem (see e.g. Billingsley, 1979, p. 312), it remains to prove that

n∑

k=1

1

[Var(ζ
(1)
n (x))]3/2

E|S(1, a)
n, k (x)|3 −−−−→

n→∞
0, (4)

whih requires to ontrol Var(ζ
(1)
n (x)) and E|S(1, a)

n, k (x)|3. The variane an be rewritten as

Var(ζ(1)
n (x)) =

1

n

[
w(pn, pn)(x) +

(
1 +

rn

pn + 1

)2 µ2
pn+1(x)

µ2
pn+rn+1(x)

w(pn + rn, pn + rn)(x)

−2

(
1 +

rn

pn + 1

)
µpn+1(x)

µpn+rn+1(x)
w(pn, pn + rn)(x)

]

where

w(spn + t, upn + v)(x) =

[
−1,

µspn+t(x)

µspn+t+1(x)

]
Mn(s, t, u, v)(x)

[
−1,

µupn+v(x)

µupn+v+1(x)

]t

and Mn(s, t, u, v)(x) is the 2 × 2 ovariane matrix de�ned by

Mn(s, t, u, v)(x) =


 E(Z(n, s, t)(x)Z(n, u, v)(x)) E(Z(n, s, t)(x)Z(n, u, v+1)(x))

E(Z(n, s, t+1)(x)Z(n, u, v)(x)) E(Z(n, s, t+1)(x)Z(n, u, v+1)(x))


 .

Therefore, sine Lemma 1 provides an asymptoti expansion of the matrix Mn(s, t, u, v)(x),

it is su�ient to ompute an asymptoti expansion of µspn+t(x)/µspn+t+1(x). The use of

Lemma 1 and tedious omputations lead to

Var(ζ(1)
n (x)) ∼ a2‖K‖2

2 f(x) Γ2(α(x) + 1)V (α(x), a)
1

n

1

hd
n

g2pn(x) p−α(x)−2
n . (5)

Now, fousing on the third moment, Hölder's inequality yields

n3
E|S(1, a)

n, 1 (x)|3 ≤ 4 · E|a(1)
n, 0(x)Z

(n, 1, 0)
1 (x) + a

(1)
n, 1(x)Z

(n, 1, 1)
1 (x)|3

+ 4 · E|a(1)
n, 2(x)Z

(n, 1+a, b)
1 (x) + a

(1)
n, 3(x)Z

(n, 1+a, b+1)
1 (x)|3.
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The next step onsists in applying Lemma 4 to eah term of the right-hand side of the

inequality. To this end, let us onsider the funtions

H
(1, a)
n, 0 (u) = −1,

H
(1, a)
n, 1 (u) = α(x)u,

H
(1, a)
n, 2 (u) =

(
1 +

rn

pn + 1

)
grn(x)

µpn+1(x)

µpn+rn+1(x)
,

H
(1, a)
n, 3 (u) = −

(
1 +

rn

pn + 1

)
grn(x)

µpn+1(x)

µpn+rn+1(x)
· α(x)u

1 + a
,

and note that there exist two sequenes of measurable funtions (χ
(a)
n, 1) and (χ

(a)
n, 2) uniformly

onvergent to 0 on [0, 1] suh that

max
u∈B

∣∣∣a(1)
n, 0(x) + a

(1)
n, 1(x) g(x − hnu) y

∣∣∣ ≤ |H(1, a)
n, 0 (y)|(1 − y) +

|H(1, a)
n, 1 (y)|

pn
+

χ
(a)
n, 1(y)

pn
,

max
u∈B

∣∣∣a(1)
n, 2(x) + a

(1)
n, 3(x) g(x − hnu) y

∣∣∣ ≤ 1

grn(x)

[
|H(1, a)

n, 2 (y)|(1 − y) +
|H(1, a)

n, 3 (y)|
pn

+
χ

(a)
n, 2(y)

pn

]
.

Sine

grn(x)
µpn+1(x)

µpn+rn+1(x)
∼ (1 + a)α(x),

the funtions H
(1, a)
n, j , j ∈ {0, 1, 2, 3} are bounded on [0, 1], uniformly in n, and thus Lemma 4

entails that

E|S(1, a)
n, 1 (x)|3 = O(n−3 · g3pn(x) · p−3−α(x)

n · h−2d
n ). (6)

Combining (5) and (6), onvergene (4) follows from the ondition np
−α(x)
n hd

n → ∞ and

therefore (2a) holds.

Proofs of (2b) and (2) are ompletely similar sine ζ
(2)
n and ζ

(3)
n an be rewritten as

ζ(2)
n (x) =

1

n

n∑

k=1

[
Z

(n, 1, 0)
k (x), Z

(n, 1, 1)
k (x)

] [
a
(2)
n, 0(x), a

(2)
n, 1(x)

]t

,

ζ(3)
n (x) =

1

n

n∑

k=1

[
Z

(n, 1+a, b)
k (x), Z

(n, 1+a, 1+b)
k (x)

] [
a
(3)
n, 0(x), a

(3)
n, 1(x)

]t

,

with lear de�nitions of the sequenes a
(j)
n, i(x), i = 0, 1, j = 2, 3. Applying Lemma 4 with

H
(2, a)
n, 0 (u) = −1,

H
(2, a)
n, 1 (u) = α(x)u,

H
(3, a)
n, 0 (u) = grn(x)

µpn+1(x)

µpn+rn+1(x)
,

H
(3, a)
n, 1 (u) = −grn(x)

µpn+1(x)

µpn+rn+1(x)
· α(x)u

1 + a

yields E|S(j, a)
n, 1 (x)|3 = O(n−3 · g3pn(x) · p−3−α(x)

n · h−2d
n ), j = 2, 3. Lyapounov's entral limit

theorem then gives the onvergene. The �rst part of Theorem 1 is therefore established.
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2. Now, we shift to the ase a = 0 whih is analogous to the previous one, but this time the

asymptoti expansions have to be more preise. The omputations are therefore muh more

ompliated, but all the details an be found in Girard et al. (2010). At �rst sight, it an

appear somewhat odd as the ase a = 0 orresponds to the simple ase of a onstant value of

the sequene rn. However, heuristially, in the ase a > 0, our estimator is a Césaro mean of

the estimators onsidered in the ase a = 0. As a onsequene, the onvergene of the latter

is expeted to be harder to study than that of the former.

In the ase a = 0, we obtain, using Lemma 3,

ξn(x) =
un, 0(x)

b

[
ζ(1)
n (x) +

(
µpn+1(x)

µ̂pn+1(x)
− 1

)
ζ̃(2)
n (x)

]
(1 + o(1))

+
un, 0(x)

b

[(
µpn+b+1(x)

µ̂pn+b+1(x)
− µpn+1(x)

µ̂pn+1(x)

)
ζ(3)
n (x)

]
(1 + o(1))

+
un, 0(x)

pn + 1

(
µpn+b+1(x)

µ̂pn+b+1(x)
− 1

)
ζ(3)
n (x)(1 + o(1)).

We shall therefore establish that

un, 0(x)

b
ζ(1)
n (x)

d−→ N (0, 1), (7a)

un, 0(x)

[
µpn+1(x)

µ̂pn+1(x)
− 1

]
ζ̃(2)
n (x)

P−→ 0, (7b)

un, 0(x)

[
µpn+b+1(x)

µ̂pn+b+1(x)
− µpn+1(x)

µ̂pn+1(x)

]
ζ(3)
n (x)

P−→ 0, (7)

un, 0(x)
1

pn + 1

[
µpn+b+1(x)

µ̂pn+b+1(x)
− 1

]
ζ(3)
n (x)

P−→ 0. (7d)

Using representation (3), Var(ζ
(1)
n (x)) has to be expanded up to order o(p

−4−α(x)
n ). Indeed,

omparing the two versions of Lemma 3 whether a = 0 or not, it appears that in the latter

the right-hand side of Lemma 3 is divided by rn instead of b, a onstant, when a = 0. This

explains why in this ase, the variane has to be expanded to a higher order. To this aim,

remark that

Var(ζ(1)
n (x)) =

1

n
A(1)

n (x)t Bn(x)A(1)
n (x)

where Bn(x) is the 4 × 4 ovariane matrix de�ned by

Bn(x) =


 Mn(1, 0, 1, 0)(x) Mn(1, 0, 1, b)(x)

Mn(1, b, 1, 0)(x) Mn(1, b, 1, b)(x)


 .

From (8) in the proof of Lemma 1, Stirling's formula (see e.g. Abramowitz and Stegun, 1965,

p. 257) and Triomi and Erdelyi (1951), we dedue that

Var(ζ(1)
n (x)) ∼ ‖K‖2

2 f(x) Γ2(α(x) + 1)V (α(x), 0) b2 1

n

1

hd
n

g2pn(x) p−α(x)−4
n .
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These tedious omputations are detailed in Girard et al. (2010). Like in the ase a > 0,

our aim is now to apply Lyapounov's entral limit theorem whih requires the order of

E|S(1, 0)
n, k (x)|3. This an be obtained from Lemma 4. Setting

H
(1, 0)
n, 0 (y) = −1 − yb

1 − y
,

H
(1, 0)
n, 1 (y) =


α(x) +

∫

B

Ln(x, u)
[
Jn(x, u) + pn Gn(x, u)

]
K(u) du

∫

B

Ln(x, u)K(u) du




[
y
1 − yb

1 − y
+ byb

]
,

+pn max
u∈B

∣∣∣∣
gb(x − hnu) − gb(x)

gb(x)

∣∣∣∣ yb + pn max
u∈B

∣∣∣∣
g(x − hnu) − g(x)

g(x)

∣∣∣∣ y
1 − yb

1 − y
+ byb

H
(1, 0)
n, 2 (y) = −α(x)y +

[
(b − 1)b

2
α2(x) +

[
b(b − 1) − b(b + 1)

2

]
α(x) − b

]
yb

−
[
b(b + 1)

2
α2(x) +

[
b2 − (b + 1)(b + 2)

2

]
α(x) − b

]
yb+1,

there exists a sequene of measurable funtions (χ
(1, 0)
n ) uniformly onvergent to 0 on [0, 1]

suh that

max
u∈B

∣∣∣a(1)
n, 0(x) + a

(1)
n, 1(x) g(x − hnu) y + a

(1)
n, 2(x) gb(x − hnu) yb + a

(1)
n, 3(x) gb+1(x − hnu) yb+1

∣∣∣

≤ |H(1, 0)
n, 0 (y)|(1 − y)2 +

|H(1, 0)
n, 1 (y)|

pn
(1 − y) +

|H(1, 0)
n, 2 (y)|

p2
n

+
χ

(1, 0)
n (y)

p2
n

.

For all b ≥ 1, the funtion y 7→ (1 − yb)/(1 − y) is bounded on [0, 1], so that the funtions

H
(1, 0)
n, j are bounded on [0, 1] uniformly in n. Lemma 4 then yields

E|S(1, 0)
n, 1 (x)|3 = O(n−3 g3pn(x) p−6−α(x)

n h−2d
n )

and onsequently (7a) holds.

Let us ome bak to the proof of (7b)�(7d) and remark that ζ̃
(2)
n (x) =

∑n
k=1 S

(2, 0)
n, k (x) where

S
(2, 0)
n, k (x) =

1

n

[
Z

(n, 1, 0)
k (x), Z

(n, 1, 1)
k (x), Z

(n, 1, b)
k (x), Z

(n, 1, b+1)
k (x)

]
A(2)

n (x),

and

A(2)
n (x) =

[
a
(2)
n, 0(x), a

(2)
n, 1(x), a

(3)
n, 0(x), a

(3)
n, 1(x)

]t

.

Similarly to the ase a > 0, diret omputations lead to

Var(ζ̃(2)
n (x)) ∼ ‖K‖2

2 f(x) Γ2(α(x) + 1)Ṽ (α(x), 0) b2 1

n

1

hd
n

g2pn(x) p−α(x)−4
n

with

Ṽ (α(x), 0) =
1

Γ(α(x))
· 2−α(x)−4 · (α3(x) − 2α2(x) + 3α(x) + 6).

To apply Lyapounov's entral limit theorem, the order of E|S(2, 0)
n, 1 (x)|3 has to be determined.
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To this aim, Lemma 4 is used with

H
(2, 0)
n, 0 (y) = −1 − yb

1 − y
,

H
(2, 0)
n, 1 (y) =


α(x) +

∫

B

Ln(x, u)
[
Jn(x, u) + pn Gn(x, u)

]
K(u) du

∫

B

Ln(x, u)K(u) du




[
y
1 − yb

1 − y
+ byb

]

+pn max
u∈B

∣∣∣∣
gb(x − hnu) − gb(x)

gb(x)

∣∣∣∣ yb + pn max
u∈B

∣∣∣∣
g(x − hnu) − g(x)

g(x)

∣∣∣∣ y
1 − yb

1 − y
,

H
(2, 0)
n, 2 (y) = −α(x)y +

[
(b − 1)b

2
α2(x) −

[
b(b + 1)

2
+ b

]
α(x)

]
yb

−
[
b(b + 1)

2
α2(x) −

[
b +

(b + 1)(b + 2)

2

]
α(x)

]
yb+1,

after remarking that there exists a measurable sequene (χ
(2, 0)
n ) uniformly onvergent to 0

on [0, 1] suh that

max
u∈B

∣∣∣a(2)
n, 0(x) + a

(2)
n, 1(x) g(x − hnu) y + a

(3)
n, 0(x) gb(x − hnu) yb + a

(3)
n, 1(x) gb+1(x − hnu) yb+1

∣∣∣

≤ |H(2, 0)
n, 0 (y)|(1 − y)2 +

|H(2, 0)
n, 1 (y)|

pn
(1 − y) +

|H(2, 0)
n, 2 (y)|

p2
n

+
χ

(2, 0)
n (y)

p2
n

.

It follows that E|S(2, 0)
n, 1 (x)|3 = O(n−3 g3pn(x) p

−6−α(x)
n h−2d

n ) whih yields (7b). Proofs of (7)

and (7d) use the same method and are therefore omitted. Finally, sine

µpn+1(x)

pn + 1

un, 0(x)

b
∼ g(x)

‖K‖2

√
f(x)

V (α(x), 0)

√
n p−α(x)/2+1

n hd/2
n ,

the seond part of Theorem 1 is established.
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Appendix A: Auxiliary results

The �rst result of this setion is tehnial and only useful for the proof of our next lemmas

and of the main theorem.

Lemma 1. For all x ∈ R
d suh that f(x) > 0, u ∈ B and n ∈ N

∗, let

Jn(x, u) = α(x − hnu) − α(x)

Gn(x, u) = 1 − g(x − hnu)

g(x)

Ln(x, u) =
f(x − hnu) Γ(α(x − hnu) + 1)

f(x) Γ(α(x) + 1)
exp [−pnGn(x, u) − ln(pn)Jn(x, u)] .

Suppose (A1 − A4) hold and pn h
ηg
n −→ 0 as n → ∞. Then, there exist two real numbers δ1

and δ2 suh that for all q ∈ [1, 3],

hd(q−1)
n

E(Y pn Kq
hn

(X − x))

Γ(α(x) + 1) f(x) gpn(x) p
−α(x)
n

=

∫

B

Ln(x, u)

[
1 +

δ1

pn
− pn

2
G2

n(x, u)

]
Kq(u) du

− 1

pn

∫

B

Ln(x, u)
Jn(x, u)

2
[α(x − hnu) + α(x) + 1] Kq(u) du

+
δ2

p2
n

∫

B

Kq(u) du + o(p−2
n ).

Most of the time, in the proofs, a weaker result, whih is a orollary of the previous lemma,

is enough:

Corollary 1. Let us denote, for all integers i and j,

ϕ(n, c, i)(x) = α(x) gcpn+i(x)B(cpn + i + 1, α(x))

ψ(n, c, c′, i, j)(x) = α(x) g(c+c′)pn+i+j(x)B((c + c′)pn + i + j + 1, α(x))

13



Suppose (A1−A4) hold and pn h
ηg
n −→ 0 as n → ∞. Then, for all x ∈ R

d suh that f(x) > 0,

we have

E(Z(n, c, i)(x)) ∼ ϕ(n, c, i)(x) f(x)

E(Z(n, c, i)(x)Z(n, c′, j)(x)) ∼ 1

hd
n

ψ(n, c, c′, i, j)(x) f(x) ‖K‖2
2

Cov(Z(n, c, i)(x), Z(n, c′, j)(x)) ∼ Γ(α(x) + 1)f(x)‖K‖2
2

g(c+c′)pn+i+j(x) ((c + c′)pn)−α(x)

hd
n

.

The quantity µ̂cpn+k(x)/µcpn+k(x) appears at several plaes in the linear expansion of ξn(x)

given in Lemma 3 below. The orollary we have just stated allows us to prove its onvergene

in probability to 1.

Lemma 2. Suppose (A1 −A4) hold. For all x ∈ R
d suh that f(x) > 0, n p

−α(x)
n hd

n −→ +∞
and pn h

ηg
n −→ 0 as n → ∞, we have:

µ̂cpn+k(x)

µcpn+k(x)
= 1 + oP(1).

Our next lemma onsists in linearizing the quantity ξn(x).

Lemma 3. Let (pn) be an arbitrary sequene of positive real numbers tending to +∞. Two

ases are onsidered.

i) If a > 0 then

ξn(x) =

[
ζ(1)
n (x) +

(
µpn+1(x)

µ̂pn+1(x)
− 1

)
ζ(2)
n (x) +

(
1 +

rn

pn + 1

)(
µpn+rn+1(x)

µ̂pn+rn+1(x)
− 1

)
ζ(3)
n (x)

]

× un, a(x)

rn
(1 + o(1))

where

ζ(1)
n (x) = −νpn

(x) +
µpn

(x)

µpn+1(x)
νpn+1(x)

+

[
1 +

rn

pn + 1

]
·
[

µpn+1(x)

µpn+rn+1(x)
νpn+rn

(x) − µpn+1(x)µpn+rn
(x)

µ2
pn+rn+1(x)

νpn+rn+1(x)

]

ζ(2)
n (x) = −νpn

(x) +
µpn

(x)

µpn+1(x)
νpn+1(x)

ζ(3)
n (x) =

µpn+1(x)

µpn+rn+1(x)
νpn+rn

(x) − µpn+1(x)µpn+rn
(x)

µ2
pn+rn+1(x)

νpn+rn+1(x)

and un, a(x) =
1

‖K‖2 Γ(α(x) + 1)gpn(x)

√
1

f(x)V (α(x), a)

√
n pα(x)/2+1

n hd/2
n .
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ii) If a = 0 then rn = b and

ξn(x) =
un, 0(x)

b

[
ζ(1)
n (x) +

(
µpn+1(x)

µ̂pn+1(x)
− 1

)
ζ̃(2)
n (x)

]
(1 + o(1))

+
un, 0(x)

b

[(
µpn+b+1(x)

µ̂pn+b+1(x)
− µpn+1(x)

µ̂pn+1(x)

)
ζ(3)
n (x)

]
(1 + o(1))

+
un, 0(x)

pn + 1

(
µpn+b+1(x)

µ̂pn+b+1(x)
− 1

)
ζ(3)
n (x)(1 + o(1))

where

ζ̃(2)
n (x) = −νpn

(x) +
µpn

(x)

µpn+1(x)
νpn+1(x) +

µpn+1(x)

µpn+b+1(x)

[
νpn+b(x) − µpn+b(x)

µpn+b+1(x)
νpn+b+1(x)

]

and un, 0(x) =
1

‖K‖2 Γ(α(x) + 1)gpn(x)

√
1

f(x)V (α(x), 0)

√
n pα(x)/2+2

n hd/2
n .

Finally, the following result provides the asymptoti order of the third moments appearing

in the proofs.

Lemma 4. Suppose (A1 − A4) are satis�ed and pn h
ηg
n −→ 0 as n → ∞. Let k ∈ N,

(bn, j)n∈N∗, 0≤j≤k be real numbers and x ∈ R
d suh that there exist an integer m, sequenes

of measurable funtions (Hn, j), 0 ≤ j ≤ m, uniformly bounded on [0, 1] and a sequene of

measurable funtions (χn) uniformly onvergent to 0 on [0, 1] with

max
u∈B

∣∣∣∣∣∣

k∑

j=0

bn, j gj(x − hnu) yj

∣∣∣∣∣∣
≤

m∑

j=0

Hn, j(y)

pj
n

(1 − y)m−j +
χn(y)

pm
n

Let us onsider

Sn(x) =

k∑

j=0

bn, j Z
(n, c, j)
1 (x).

Then, E|Sn(x)|3 = O(n−3 g3cpn(x) p
−3m−α(x)
n h−2d

n ).

Appendix B: Proof of the auxiliary results

In all the proofs, C(x) will be a generi notation for onstants.

Proof of Lemma 1. By de�nition of the Beta funtion,

h
d(q−1)
n

E(Y pn Kq
hn

(X − x))

α(x)gpn(x)B(pn + 1, α(x))f(x)

∫

B

Kq(u) du

=

∫

B

Qn(x, u)
Γ(pn + 1 + α(x))

Γ(pn + 1 + α(x − hnu))

gpn(x − hnu)

gpn(x)

Kq(u)∫

B

Kq(u) du

du (8)
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where Qn(x, u) =
f(x − hnu) Γ(α(x − hnu) + 1)

f(x) Γ(α(x) + 1)
. Sine h

ηg
n pn → 0 as n → ∞, we have

sup
u∈B

ln(pn) |Jn(x, u)| ≤ εα hηα
n | ln pn| = εα

[
hηg

n pn

]ηα/ηg | ln pn|
p

ηα/ηg
n

−→ 0

and

sup
u∈B

pn |Gn(x, u)| ≤ pn εg
h

ηg
n

g(x)
−→ 0

as n → ∞, whih implies that Jn(x, u) = o(1/ ln(pn)) and Gn(x, u) = o(1/pn) uniformly in

u ∈ B. Applying Stirling's formula, simple alulations yield

Γ(pn + 1 + α(x))

Γ(pn + 1 + α(x − hnu))
=e− ln(pn)Jn(x, u)

[
1− Jn(x, u)

pn

[
1

2
+

α(x − hnu)+α(x)

2

]]
+ o(p−2

n ),

uniformly in u ∈ B. We then dedue that

gpn(x − hnu)

gpn(x)
= exp(pn ln(1 − Gn(x, u)))

= exp(−pnGn(x, u))
[
1 − pn

2
G2

n(x, u)
]

+ o(p−2
n )

uniformly in u ∈ B. Now, aording to Triomi and Erdélyi (1951), for all κ and ι, there

exist two real numbers δ1(κ, ι) and δ2(κ, ι) suh that

Γ(x + κ)

Γ(x + ι)
= xκ−ι

[
1 +

δ1(κ, ι)

x
+

δ2(κ, ι)

x2
+ o

(
1

x2

)]
.

Consequently, setting δ1 = δ1(1, α(x) + 1) and δ2 = δ2(1, α(x) + 1), we have

B(pn + 1, α(x)) = Γ(α(x)) p−α(x)
n

[
1 +

δ1

pn
+

δ2

p2
n

+ o

(
1

p2
n

)]
.

Sine Γ is lipshitz on any ompat set in R+ \ {0}, the funtion y 7→ Γ(α(y) + 1) is loally

Hölderian with exponent ηα. This is also the ase for the funtion y 7→ f(y) Γ(α(y) + 1)

with exponent min(ηf , ηα). Condition h
ηg
n pn → 0 and the results above on Gn and Jn hene

imply that Ln(x, u) = 1 + o(1/ ln(pn)) uniformly in u ∈ B. It is then su�ient to use the

asymptoti expansion above in (8), and to use the equality

∫

B

Ln(x, u)
δ2

p2
n

Kq(u) du =
δ2

p2
n

∫

B

Kq(u) du + o

(
1

p2
n

)

to onlude the proof of Lemma 1.

Proof of Corollary 1. The proof is a diret onsequene of Lemma 1 and is therefore

omitted.

Proof of Lemma 2. Note that
bµcpn+k(x)
µcpn+k(x) − 1 is a entered random variable. Therefore to

establish its onvergene in probability to 0, it is su�ient to prove that its variane tends

to 0. Corollary 1 yields

Var

(
µ̂cpn+k(x)

µcpn+k(x)
− 1

)
=

Var(µ̂cpn+k(x))

µ2
cpn+k(x)

∼ C(x) · 1

n p
−α(x)
n hd

n

16



whih tends to 0 under the ondition n p
−α(x)
n hd

n → ∞.

Proof of Lemma 3. Let us �rst remark that, from Corollary 1,

ξn(x) =
µpn+1(x)

pn + 1
un, a(x) ·

(
1

ĝn(x)
− 1

g(x)

)
(1 + o(1)). (9)

If a > 0, we have

1

ĝn(x)
− 1

g(x)
=

1

rn

[
(pn + rn + 1)

µ̂pn+rn
(x)µpn+rn+1(x) − µpn+rn

(x) µ̂pn+rn+1(x)

µ̂pn+rn+1(x)µpn+rn+1(x)

−(pn + 1)
µ̂pn

(x)µpn+1(x) − µpn
(x) µ̂pn+1(x)

µ̂pn+1(x)µpn+1(x)

]

=:
1

rn
[∆(1)

n (x) − ∆(2)
n (x)]

with

∆(1)
n (x) :=

pn + rn + 1

µpn+rn+1(x)
· µpn+rn+1(x)

µ̂pn+rn+1(x)
·
(

νpn+rn
(x) − µpn+rn

(x)

µpn+rn+1(x)
νpn+rn+1(x)

)
,

∆(2)
n (x) :=

pn + 1

µpn+1(x)
· µpn+1(x)

µ̂pn+1(x)
·
(

νpn
(x) − µpn

(x)

µpn+1(x)
νpn+1(x)

)
,

and onsequently,

µpn+1(x)

pn + 1
· ∆(1)

n (x) =

(
1 +

rn

pn + 1

)
µpn+rn+1(x)

µ̂pn+rn+1(x)
· ζ(3)

n (x),

µpn+1(x)

pn + 1
· ∆(2)

n (x) = −µpn+1(x)

µ̂pn+1(x)
· ζ(2)

n (x).

Replaing in (9) and remarking that

ζ(1)
n (x) = ζ(2)

n (x) +

(
1 +

rn

pn + 1

)
ζ(3)
n (x)

lead to the �rst part of Lemma 3. To prove the seond part (a = 0), we only have to remark

that ζ̃
(2)
n (x) = ζ

(2)
n (x) + ζ

(3)
n (x).

Proof of Lemma 4. We only prove the ase c = 1 sine the result an be obtained by

replaing pn by cpn. Let ω : R × R
d → R+ be the funtion de�ned by

ω(y, u) =
α(u)

g(u)

(
1 − y

g(u)

)α(u)−1

1[0, g(u)](y).

We get

E|Sn(x)|3 =
1

n3

∫

Rd

∫

R

∣∣∣∣∣∣

k∑

j=0

bn, j ypn+j Khn
(x − u)

∣∣∣∣∣∣

3

ω(y, u) f(u) du dy

=
1

n3h2d
n

∫

B

∫ 1

0

∣∣∣∣∣∣

k∑

j=0

bn, j ypn+j gpn+j(x − hnu)

∣∣∣∣∣∣

3

K3(u)Ψ(y, x − hnu)f(x − hnu) du dy

17



where Ψ : [0, 1] × R
d → R+ is the funtion de�ned by Ψ(y, u) = α(u) (1 − y)

α(u)−1
. From

ondition h
ηg
n pn → 0 as n → ∞, we obtain

n3
E|Sn(x)|3
g3pn(x)

≤ cn(x)

h2d
n

∫

B

∫ 1

0

∣∣∣∣∣∣

k∑

j=0

bn, j yj gj(x − hnu)

∣∣∣∣∣∣

3

K3(u) y3pn Ψ(y, x−hnu) f(x−hnu) du dy

where cn(x) → 1 as n → ∞. From the assumptions on bn, j and Hölder's inequality, it follows

max
u∈B

∣∣∣∣∣∣

k∑

j=0

bn, j yj gj(x − hnu)

∣∣∣∣∣∣

3

≤ (m + 2)2




m∑

j=0

|Hn, j(y)|3
p3j

n

(1 − y)3m−3j +
|χn(y)|3

p3m
n


 .

Therefore, let us �rst onsider, for j ∈ {0, . . . , m},
∫

B

∫ 1

0

|Hn, j(y)|3
p3j

n

(1 − y)3m−3j K3(u) y3pn Ψ(y, x − hnu) f(x − hnu) du dy

≤ p−3j
n sup

[0, 1]
n∈N

∗

|Hn, j |3
∫

B

B(3pn + 1, 3m − 3j + α(x − hnu))α(x − hnu)K3(u) f(x − hnu) du

≤ C(x) p−3j
n sup

[0, 1]
n∈N

∗

|Hn, j |3 B(3pn + 1, 3m − 3j + α(x))α(x) f(x)

∫

B

K3(u) du

∼ C(x) p−3m−α(x)
n

following the lines of the proof of Lemma 1. Seondly,

∫

B

∫ 1

0

|χn(y)|3
p3m

n

K3(u) y3pn Ψ(y, x − hnu) f(x − hnu) du dy

≤ p−3m
n max

[0, 1]
|χn|3

∫

B

B(3pn + 1, α(x − hnu))α(x − hnu)K3(u) f(x − hnu) du

≤ C(x) p−3m
n max

[0, 1]
|χn|3 B(3pn + 1, α(x))α(x) f(x)

∫

B

K3(u) du

∼ C(x) max
[0, 1]

|χn|3 p−3m−α(x)
n .

As max[0, 1] |χn| → 0 when n → +∞, it follows that (n3 g−3pn(x) p
3m+α(x)
n h2d

n E|Sn(x)|3) is

bounded and the result is proved.
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Parameters ĝ
(m, c)
n ĝ

(m, v)
n ĝ

(gj)
n

α(x) = α1

Frontier g1 0.082 [0.054, 0.137] 0.083 [0.051, 0.143] 0.091 [0.043, 0.161]

Frontier g2 0.048 [0.036, 0.068] 0.047 [0.034, 0.068] 0.050 [0.033, 0.074]

α(x) = α2(x)

Frontier g1 0.141 [0.091, 0.202] 0.140 [0.089, 0.203] 0.246 [0.175, 0.326]

Frontier g2 0.099 [0.072, 0.128] 0.097 [0.072, 0.126] 0.101 [0.069, 0.142]

Table 1: Mean L1− errors and [minimum, maximum℄ L1− errors assoiated to the estimators

in the four situations.
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Figure 1: Graphs of the funtions a → V (α, a). Solid line α = 1.25, dashed line α = 1.75,

dashed-dotted line α = 2, dotted line α = 2.25.
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Figure 2: The frontier g1 (solid line) and its estimates when α(x) = α1. Top: best estimates,

bottom: worst estimates. Dashed line: Girard & Jaob estimator ĝ
(gj)
n , dashed-dotted line:

moment estimator ĝ
(m, c)
n with rn = 35, dotted line: moment estimator ĝ

(m, v)
n with rn =

15 p
(m)
n .
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Figure 3: The frontier g2 (solid line) and its estimates when α = α1. Top: best estimates,

bottom: worst estimates. Dashed line: Girard & Jaob estimator ĝ
(gj)
n , dashed-dotted

line: moment estimator ĝ
(m, c)
n with rn = 35, dotted line: moment estimator ĝ

(m, v)
n with

rn = 15 p
(m)
n .
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Figure 4: The frontier g1 (solid line) and its estimates when α(x) = α2(x). Top: best

estimates, bottom: worst estimates. Dashed line: Girard & Jaob estimator ĝ
(gj)
n , dashed-

dotted line: moment estimator ĝ
(m, c)
n with rn = 35, dotted line: moment estimator ĝ

(m, v)
n

with rn = 15 p
(m)
n .
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Figure 5: The frontier g2 (solid line) and its estimates when α = α2(x). Top: best estimates,

bottom: worst estimates. Dashed line: Girard & Jaob estimator ĝ
(gj)
n , dashed-dotted line:

moment estimator ĝ
(m, c)
n with rn = 35, dotted line: moment estimator ĝ

(m, v)
n with rn =

15 p
(m)
n .
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