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ABSTRACT. In a recent work [@]7 Ionescu and Kenig proved that the Cauchy
problem associated to the Benjamin-Ono equation is well-posed in L2(R). In
this paper we give a simpler proof of Ionescu and Kenig’s result, which more-
over provides stronger uniqueness results. In particular, we prove uncondi-
tional well-posedness in H*(R), for s > i.

1. INTRODUCTION

The Benjamin-Ono equation is one of the fundamental equation describing the
evolution of weakly nonlinear internal long waves. It has been derived by Ben-
jamin [ﬂ] as an approximate model for long-crested unidirectional waves at the
interface of a two-layer system of incompressible inviscid fluids, one being infinitely
deep. In nondimensional variables, the initial value problem (IVP) associated to
the Benjamin-Ono equation (BO) writes as

(1.1) Opu + HO?u = udu
' u(z,0) = up(x),
where x € Ror T, t € R, u is a real-valued function, and J is the Hilbert transform,

(1.2) Hf(z) =p.v. 1 &dy.
Trr—y

The Benjamin-Ono equation is, at least formally, completely integrable [E] and thus
possesses an infinite number of conservation laws. For example, the momentum and
the energy, respectively given by

1 1 1
(1.3) M (u) :/’U,le', and E(u) = /|D§u‘2dz+ E/UBd:c,

2
are conserved by the flow of (L1]).

The IVP associated to the Benjamin-Ono equation presents interesting math-
ematical difficulties and has been extensively studied in the recent years. In the
continuous case, well-posedness in H*(R) for s > 2 was proved by Iorio [B] by
using purely hyperbolic energy methods (see also [ﬁl] for global well-posedness in
the same rage of s ). Then, Ponce [@] derived a local smoothing effect associated
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2 L. MOLINET AND D. PILOD

to the dispersive part of the equation, which combined to compactness methods,
3

enable to reach s = 5. This technique was refined by Koch and Tzvetkov [ and
Kenig and Koenig [@] who reach respectively s > % and s > %. On the other hand
Molinet, Saut and Tzvetkov [@] proved that the flow map associated to BO, when
it exists, fails to be C? in any Sobolev space H*(R), s € R. This results is based on
the fact that the dispersive smoothing effects of the linear part of BO are not strong
enough to control the low-high frequency interactions appearing in the nonlinearity
of (E) It was improved by Koch and Tzvetkov who showed that the flow map
fails even to be uniformly continuous in H*(R) for s > 0 (see [[f] for the same result
in the case s < —1/2.) As the consequence of those results, one cannot solve the
Cauchy problem for the Benjamin-Ono by a Picard iterative method implemented
on the integral equation associated to ) for initial data in the Sobolev space
H*(R), s € R. In particular, the methods introduced by Bourgain [H] and Kenig,
Ponce and Vega [@], [@] for the Korteweg- de Vries equation do not apply directly
to the Benjamin-Ono equation.

Therefore, the problem to obtain well-posedness in less regular Sobolev spaces
turns out to be far from trivial. Due to the conservations laws (L.J), L?(R) and
H? (R) are two natural spaces where well-posedness is expected. In this direction,
a decisive breakthrough was achieved by Tao [@] By combining a complex variant
of the Cole-Hopf transform (which linearizes Burgers equation) with Strichartz
estimates, he proved well-posedness in H!(R). More precisely, to obtain estimates
at the H!-level, he introduced the new unknown

(1.4) w = 0y Pypi (e_%F),

where F' is some spatial primitive of v and P,p; denotes the projection on high
positive frequencies. Then w satisfies an equation on the form

(1.5) Opw — 102w = — 0y Pyp (a;le_amu) + negligible terms.

Observe that, thanks to the frequency projections, the nonlinear term appearing
on the right-hand side of ([.§) does not exhibit any low-high frequency interaction
terms. Finally, to inverse this gauge transformation, one gets an equation on the
form

(1.6) u=2ierFw+ negligible terms.

Very recently, Burq and Planchon [E], and Ionescu and Kenig [@] were able to
use Tao’s ideas in the context of Bourgain’s spaces to prove well-posedness for the
Benjamin-Ono equation in H*(R) for respectively s > 1 and s > 0. The main
difficulty arising here is that Bourgain’s spaces do not enjoy an algebra property, so
that one is loosing regularity when estimating v in terms of w via equation ([L.g).
Burq and Planchon first paralinearized the equation and then used a localized
version of the gauge transformation on the worst nonlinear term. On the other
hand, Tonescu and Kenig decomposed the solution in two parts: the first one is the
smooth solution of BO evolving from the low frequency part of the initial data, while
the second one solves a dispersive system renormalized by a gauge transformation
involving the first part. The authors then were able to solve the system via a
fixed point argument in a dyadic version of Bourgain’s spaces (already used in
the context of wave maps @]) with a special structure in low frequencies. It is
worth noticing that their result only ensures the uniqueness in the class of limits of
smooth solutions, while Burq and Planchon obtained a stronger uniqueness result.
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Indeed, by applying their approach to the equation satisfied by the difference of two
solutions, they succeed in proving that the flow map associated to BO is Lipschitz
in a weaker topology when the initial data belongs to H*(R), s > i.

In the periodic setting, Molinet [E], [ proved well-posedness in H*(T) for
successively s > % and s > 0. Once again, these works combined Tao’s gauge
transformation with estimates in Bourgain’s spaces. It should be pointed out that
in the periodic case, one can assume that v has mean value zero to define a primitive.
Then, it is easy to check by the mean value theorem that the gauge transformation
in ([l.4) is Lipschitz from L? into L>. This property, which is not true in the real
line, is crucial to prove the uniqueness and the Lipschitz property of the flow map.

The aim of this paper is to give a simpler proof of Ionescu and Kenig’s result,
which also provides a stronger uniqueness result for the solutions at the L2- level.
It is worth noticing that to reach L? in [@] or [@] the authors substituted v in
(IL4) by the formula given in ). The good side of this substitution is that now
u will not appear anymore in ([L.4). On the other hand, it introduces new technical
difficulties to handle the multiplication by eF*¥/2 in Bourgain’s spaces. In the
present paper we are able to avoid this substitution which will really simplify the
proof. Our main result is the following

Theorem 1.1. Let s > 0 be given.
Ezistence : For all ug € H*(R) and all T > 0, there exists a solution

(1.7) we C([0,T); H*(R)) N X5~ n Laws4
of (1) such that
(1.8) w = 0z Pyni (e_%F[“]) e Yr.

where Flu] is some primitive of u defined in (B.3).

Uniqueness : This solution is unique in the following classes :

i) we L®(0,T[; L3(R)) N L*(0, T[xR) and w € X 2%
ii)  we L>*(0,T[; H*(R)) N LAWS4 whenever s > 0.
i) we L*(0,T[; H*(R)) whenever s > 1.

Moreover, u € Cy(R; L2(R)) and the flow map data-solution : ug — u is continuous
from H*(R) into C([0,T]; H*(R)).

Note that above H*(R) denotes the space of all real-valued functions with the

usual norm, X;’b and Y} are Bourgain spaces defined in Subsection @, while the
primitive F[u] of u is defined in Subsection B.1}.

Remark 1.2. Since the function spaces in the uniqueness class i) are reflexive and
since 8IP+hi(e*%F[“"]) converges to 8IP+hi(e’%F[“]) in L>(]—T,T[; L*(R)) when-
ever u,, converges to u in L (]—T,T[; L3(R)), our result clearly implies the unique-
ness in the class of L>°(] — T, T[; L*(R))-limits of smooth solutions.

Remark 1.3. It is worth noticing that for s > 0 we get a uniqueness class without
condition on w (see [ for the case s > 1).

Remark 1.4. According to iii) we get unconditional well-posedness in H*(R) for
1

s > 7. This implies in particular the uniqueness of the (energy) weak solutions

that belong to L= (R; H'/2(R)). These solutions are constructed by regularizing the
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equation and passing to the limit as the regularizing coefficient goes to 0 (taking into
account some energy estimate for the regularizing equation related to the energy
conservation of ([L.1])) .

Our proof also combines Tao’s ideas with the use of Bourgain’s spaces. Actually,
it follows closely the strategy introduced by the first author in [@] The main
new ingredient is a bilinear estimate for the nonlinear term appearing in (@),
which allows to recover one derivative at the L2-level. It is interesting to note
that, at the H?®-level with s > 0, this estimate follows from the Cauchy-Schwarz
method introduced by Kenig, Ponce and Vega in [[L6] (see the appendix for the
use of this method in some region of integration). To reach L?, one of the main
difficulty is that we cannot substitute the Fourier transform of u by its modulus in
the bilinear estimate since we are not able to prove that F~!(|a|) belongs Ly , but
only that u belongs to L;t . To overcome this difficulty we use a Littlewood-Paley
decomposition of the functions and carefully divide the domain of integration into
suitable disjoint subdomains.

To obtain our uniqueness result, following the same method as in the periodic
setting, we derive a Lipschitz bound for the gauge transformation from some affine
subspaces of L2(R) into L®(R) . Recall that this is clearly not possible for general
initial data since it would imply the uniform continuity of the flow-map. The main
idea is to notice that such Lipschitz bound holds for solutions emanating from initial
data having the same low frequency part and this is sufficient for our purpose.

Let us point out some applications. First our uniqueness result allows to really
simplify the proof of the continuity of the low map associated to the Benjamin-Ono
equation for the weak topology of L?(R). This result was recently proved by Cui
and Kenig [f[.

It is also interesting to observe that the method of proof used here still works
in the periodic setting, and thus, we reobtain the well-posedness result [@] in a
simpler way. Moreover, as in the continuous case, we also prove new uniqueness
results (see Theorem @ below). In particular, we get unconditional well-posedness
in H*(T) as soon as s > 3.

Finally, we believe that this technique may be useful for another nonlinear dis-
persive equations presenting the same kind of difficulties as the Benjamin-Ono
equation. For example, consider the higher-order Benjamin-Ono equation

(1.9) Orv — bIHO*v 4 ad3v = cv,v — dO, (VHILv + H(vO,v)),

where x, t € R, v is a real-valued function, a € R, b, ¢ and d are positive constants.
The equation above corresponds to a second order approximation model of the
same phenomena described by the Benjamin-Ono equation. It was derived by Craig,
Guyenne and Kalisch [ using a Hamiltonian perturbation theory, and possesses an
energy at the H'-level. As for the Benjamin-Ono equation, the flow map associated
to ([.g) fails to be smooth in any Sobolev space H*(R), s € R [4]. Recently, the
Cauchy problem associated to ([.g) was proved to be well-posed in H?(R) [L]]. In
a forthcoming paper, the authors will show that it is actually well-posed in the
energy space H!(R).

This paper is organized as follows: in the next section, we introduce the nota-
tions, define the function spaces and recall some classical linear estimates. Section
3 is devoted to the key nonlinear estimates, which are used in Section 4 to prove the
main part of Theorem EI, while the assertions ) and i) are proved in Section 5.
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In Section 6, we give a simple proof of the continuity of the flow-map for the weak
L?(R)-topology whereas Section 7 is devoted to some comments and new results in
the periodic case. Finally, in the appendix we prove the bilinear estimate used in
Section 5.

2. NOTATION, FUNCTION SPACES AND PRELIMINARY ESTIMATES

2.1. Notation. For any positive numbers a and b, the notation a < b means that
there exists a positive constant ¢ such that a < cb. We also denote a ~ b when
a < band b < a. Moreover, if a € R, a, respectively av_, will denote a number
slightly greater, respectively lesser, than a.

For u = u(x,t) € 8(R?), Fu = U will denote its space-time Fourier transform,
whereas F,u = (u)"=, respectively Fru = (u)"t, will denote its Fourier transform
in space, respectively in time. For s € R, we define the Bessel and Riesz potentials
of order —s, J7 and D, by

Jiu=9,((1+£)2Fu) and Diu=TF; (| Fou).

Throughout the paper, we fix a cutoff function 7 such that

neCER), 0<n<1, n_,,=1 and supp(n) C[-2,2].
We define
(€)= n(&) —n(2€) and  du(€) = $(27'€).
Any summations over capitalized variables such as N are presumed to be dyadic

with N > 1, i.e., these variables range over numbers of the form 2", n € Z,. Then,
we have that

S on(E) =1-n(26), Ve #0 and supp (o) € {3y < [¢ < 2N},
N

Let us define the Littlewood-Paley multipliers by
Pyu=5."(¢nFpu), and Psy:i= Y Px.
K>N
Moreover, we also define the operators Pr;, Py, P, and Pro by
Pp; = ZPN, Py = ZPN; Po=1- Py, and Pro=1- Ppuy.
N>2 N>8

Let P, and P_ the projection on respectively the positive and the negative
Fourier frequencies. Then

Piu=3,"! (X]Ri.’fmu),

and we also denote Pip; = P+ Phi, Prgyr = P+ Py, Prjo = P+ P, and Pyro =
Py Pro. Observe that Pp;, Py, P, and Pro are bounded operators on LP(R) for
1 < p < o0, while Py are only bounded on LP(R) for 1 < p < co. We also note that

Finally, we denote by U (-) the free group associated with the linearized Benjamin-
Ono equation, which is to say,

F. (U@ f)(€) = e T, f(¢).
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2.2. Function spaces. For 1 < p < oo, LP(R) is the usual Lebesgue space with
the norm || -||z», and for s € R, the real-valued Sobolev spaces H*(R) and W*P?(R)
denote the spaces of all real-valued functions with the usual norms

[fllms = [1T%ull2 and || fllwer = [|J3f ] Lo-

For 1 < p < 0o, we define the space Lr
1
3
1 ze = P fles + (D 1PN SI130)
N

Observe that when p > 2, the Littlewood-Paley theorem on the square function and
Minkowski’s inequality imply that the injection L? < L? is continuous. Moreover,
if w = u(x,t) is a real-valued function defined for € R and ¢ in the time interval
[0,T], with T > 0, if B is one of the spaces defined above and 1 < p < oo, we will
define the mixed space-time spaces L7 B,, respectively LY B,, by the norms

T 1 1
lullzg s, = ( / (-, t)ldt) " respectively ull = ( / -, t)fdt) "
0 R
For s, b € R, we introduce the Bourgain spaces X*°* and Z*° related to the

Benjamin-Ono equation as the completion of the Schwartz space §(R?) under the
norms

1/2
(2.1) lullxoo = ([ (4 Il ate r)Pasar)

(22) fullz-o = ( [ [t + e tertate, ar) “ac) "

1
2

(2.3) [ull zoo = [ Pioull zeo + (Z ||PNU|QZSJ>> :
N

and

(2.4) [ullys = llull yoq + [l zeo,

where (x) := 1+ |z|. We will also use the localized (in time) version of these
spaces. Let T' > 0 be a positive time and || - [[B = || - || x<», || - [| 700 01 || - [Jys. If

u:R x[0,T] = C, then
llull By := inf{[|@||p | &: R x R = C,t|rxp,1) = u}-
it is worth recalling that
Vi 25 < C([0,T); H¥(R)).
2.3. Linear estimates. In this subsection, we recall some linear estimates in Bour-

gain’s spaces which will be needed later. The first ones are well-known (cf. [E] for
example).

Lemma 2.1 (Homogeneous linear estimate). Let s € R. Then

(2.5) In@®U@)fllys <N lae-
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Lemma 2.2 (Non-homogeneous linear estimate). Let s € R. Then for any 0 <
§<1/2,

t
(26) Jae) [ U =000 oo S ol g
and
t
2.7) () / Ut =YgVt |y, S Il oy + gl 7o s

Proof of Lemmas and @ The proof of Lemmas and E is a direct conse-
quence of the classical linear estimates for X** and Z*° and the fact that

1/2
ull 0 = [ Poull 0 + (D 1 Pvulfes) .
N

Lemma 2.3. For any T > 0, s € R and for all f% <b<b< %, it holds

(2.8) lll oo S T Jlull -
The following Bourgain-Strichartz estimates will also be useful.

Lemma 2.4. It holds that

(2.9) ulles, < Nullza , < lul

X038
and for any T >0 andggbgé,

_3
(2.10) lull 2 . S T°5 ull o0

Proof. Estimate (E) follows directly by applying the estimate

lullzs , < [lul

z,t "

proved in the appendix of @], to each dyadic block on the left-hand side of (@)
To prove (R.1(), we choose an extension @ € X% of u such that ||| xor <
2[Jul| yo.b. Therefore, it follows from (B-9) and (p-9) that
T

3
XO’S,

~ ~ _3
lull s, < llallps, SHall oz S T 5 lull oo
O

2.4. Fractional Leibniz’s rules. First we state the classical fractional Leibniz
rule estimate derived by Kenig, Ponce and Vega (See Theorems A.8 and A.12 in

[L5]).

Proposition 2.5. Let 0 < a < 1, p, p1, p2 € (1,400) with p% + p% = % and
a1, az € [0,a] with o = ag + ag. Then,

(2.11) D2 (f9) = fDgg — gD f|| o S N1DT gllLe D2 f Lo

Moreover, for a; = 0, the value py = +00 is allowed.

The next estimate is a frequency localized version of estimate () in the same
spirit as Lemma 3.2 in [@] It allows to share most of the fractional derivative in
the first term on the right-hand side of (R.19).
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Lemma 2.6. Leta >0 and 1 < g < co. Then,
(2.12) | D2 Py (fP-029) | . SIDS fllLo DS gl Loz,
with 1 < q; < 00, q_11+qi2:% and oy > a, as > 0 and a; +as =1+ a.

Proof. See Lemma 3.2 in [P(]. O

Finally, we derive an estimate to handle the multiplication by a term on the form
et3F where F is a real-valued function, in fractional Sobolev spaces.

Lemma 2.7. Let2<qg< oo and 0 < a < %. Consider F1 and Fy two real-valued
functions such that u; = 0, F; belongs to L*(R) for j =1, 2. Then, it holds that

(2.13) 12 (X5 g) |20 < (1 + [lual|z2) | JE g Lo,
and
12 ((eF5 1 — eF572) g) | 1

(2.14) ; i
< (o = wall e+ e+ — 572 (1t ] 22) ) 129 o

Proof. In the case a = 0, we deduce from Hoélder’s inequality that
(2.15) e gllza < llgllza,

since F} is real-valued. Therefore we can assume that 0 < o < % and it is enough
to bound || D (e*371g)||La. First, we observe that
(2.16) DS (X571 g) || 0 < | DS (Pioe® 2 g)l|1a + || DS (Prie™2 T g) | Lo
Estimate (R.11]) and Bernstein’s inequality imply that

1S (Proe™ 2" g) | o
(217) +iFm a a +iF «
S Poe™> o= 1DZgllLe + |1 DZ Pioe™2 " | L= lgl e S NIJ7 gl La-

On the other hand, by using again estimate (2.11), we get that

1D (Prie™2 ™ g) Lo < || Prie™ 5 | Lo | DS gl + Nl gl por [| DS Prie ™55 || oo,
with qi =1_0q, L =aqa, sothat qil + qiz = %. Then, it follows from the facts that
[y is real-valued, 0, F; = u; and the Sobolev embedding that

1D (Paie® 5 9) [0 S I1DS gl o + T2 g 1al| DS 2 Phse® 71| 2
(2.18) S NJ2glze (1 + 10051 2)
S NI2glne (14 fJurlz2).

The proof of estimate (R.13) is concluded gathering (2.15)-(R.19).
Estimate (R.14) can be obtained exactly in the same way, using that

(2.19) (190 (eF2F — e* 5P| 2 < ffus — uallpz + [|eFE — 2R pacfuy | 2.
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3. A PRIORI ESTIMATES IN H*(R) FOR s > 0

In this section we will derive a priori estimates on a solution u to ([L.1)) at the H*-
level, for s > 0. First, following Tao in [@], we perform a nonlinear transformation
on the equation to weaken the high-low frequency interaction in the nonlinearity.
Furthermore, since we want to reach L2, we will need to use Bourgain spaces. This
requires a new bilinear estimate which will be derive in Subsection 3.2.

3.1. The gauge transformation. Let u be a solution to the equation in (Ell)
First, we construct a spatial primitive F' = F[u] of u, i.e. 0.F = u, that satisfies
the equation :

(3.1) O F = —HO?F + %(azF)?

It is worth noticing that these two properties defined F up to a constant. In order to
construct F' for u with low regularity, we use the construction of Burq and Planchon
in [{]. Consider ¢ € C§°(R) such that Jz (y)dy =1 and define

(32) Fa.t) = [ [ undz)ay+ 6o,
R Y
as a mean of antiderivatives of u. Obviously, 0, F = u and

O F(x,t) = /R?/)(y)(/m atu(z,t)dz)dy +G'(t)
= /]Rﬂ)(y)(/ym (— HPEu(z,t) + %az(u(zat)2))dz)dy+ c(t)

= —90,u(a.t) + gu(e. 7 + | (360 (o) = () guln.t )y +C'(0)

Therefore we choose G as
6= [ [ (=90 wuty,s) + ) 3,7 ayas
0o JR ’ 2 ’

to ensure that (B.1)) is satisfied. Observe that this construction makes sense for

u € L2 _(R?). Next, we introduce the new unknown

(3.3) W = P+M(67%F) and w=09,W = —%‘P_Hu-(e*%Fu).
Then, it follows from (B.])) and the identity H = —i(Py — P_) that
W + HOPW = O,W — id>W = f%PW (e 27 (8,F — id2F — %(QIF)Q))
= =Py (WP_9,u) — Pypi(Pioe 2" P_o,u),

since the term —P+;”'(P_;“-e_%F P_amu) cancels due to the frequency localization.
Thus, it follows differentiating that

(34)  Byw —i0%w = —8y Pypi(WP_9,u) — 0y Pypi(Poe™ 2T P_o,u).
On the other hand, one can write u as
u=F, = e%FeféFFm = Qie%Fﬁz (eféF)

= 23w — e%FPlo(e_%Fu) - e%FP,M(e_%Fu),

(3.5)
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so that it follows from the frequency localization
Pipru=2iPiyr(e2fw) — Pryr(Pipie?? Po(e”2Fu))

(3.6) 1- i
+ 2’L'P+H[ (P+H165F8IP_hie_5F).

Remark 3.1. Note that the use of P,y allows to replace ezt by PH”-e%F in the
second term on the right-hand side of (B.§). This fact will be useful to obtain
at least a quadratic term in |[ul|psz2 on the right-hand side of estimate B9 in
Proposition @

Then, we have the following a priori estimates on u in terms of w.

Proposition 3.2. Let 0 < s <1,0<T <1,0<60 <1 and u be a solution to
(IL1) in the time interval [0, T]. Then, it holds that

3.7) lullys-00 S llullgems + llullps NT7ullrs, -

Moreover, if 0 < s < i, it holds that

(3.8) 1 3ull e ra S lluollze + (1 + llull g rz) (lwllvg + llullZs z2),
for (p,q) = (00,2) or (4,4).

Remark 3.3. Tt is worth notice that (B.§) could be rewritten in a convenient form
for s > % (cf. [@])

Proof. We begin with the proof of estimate (@) and construct a suitable extension
in time @ of u. First, we consider v(t) = U(—t)u(t) on the time interval [0,T] and
extend v on [—2,2] by setting d;v = 0 on [—2,2] \ [0,7]. Then, it is pretty clear
that

10elloe, y = 10l sy, and Jlelze

for all » € R. Now, we define a(x,t) = n(t)U(t)v(t). Obviously, it holds

Hr S ||U||L39H;7

(3.9) |laflxs-11 < ||<9tv||L[27272]H;fl + HUIIL[{ZVZ]H;A S0l gz + 0l ooz
and
(3.10) [@llxso Slollez, , by S lollegems = lulligems -

Then, it is deduced interpolating between (@) and () and using the identity
Orv = HO2U (—t)u + U(—t)dyu = U (—t) [H@iu + atu},

that

(3.11) 1]l xe-o.0 < 100w+ HZull 13 g1 + llull e

for all 0 < # < 1. Therefore, the fact that u is a solution to ) and the fractional
Leibniz rule (cf. [@]) yield
lall oo < Nullzgers + lulls 172l s

which concludes the proof of (B.7) since @ extends u outside of [0, 77.

Next, we turn to the proof of (B.§). Let 0 <7 <1,0< s < 1, (p,q) = (0,2)
or (4,4) and u a smooth solution to the equation in ([.]). Since u is real-valued, it
holds P_u = Py u, so that

(3.12) [ S3ullzere S [[Proullpr s + | DaPrarullLe e
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To estimate the second term on the right-hand side of (B.19), we use (B.6) to
deduce that

D3 Perrulligey S | DiPemr (27 w)l| 1y o + | DiPrrs (Prnie ™ Po(e™ 2 0) |

[ Di Py (Prai e T 0, Popie™ 1) | 1

=1+ 1T+ 111
Estimates (R.1(}) and (R.13) yield
(3.13) IS (U ullpgr2) 17wl pers S A+ lulloger)llwllvz.

On the other hand the fractional Leibniz rule (cf. Lemma E), Holder’s inequality
in time and the Sobolev embedding imply that
11 % | D3 Prrie” | el Prio (ue™27) 55,
- + ||P+m-e%F||L;fI||D;’P+lo(uef%F)||L;Lg
S 100 Pinie? (| 1z 2| Prio (ue™ 2 ) || g 12
ST |ull} e
Finally estimate (R.19) with oy = a2 = (1 4+ s)/2 and ¢1 = g2 = ¢, Holder’s
inequality in time and the Sobolev embedding lead to
IS ||D:(nl+s)/2P+HI€%F||L?”Liq ||D§1+S)/2P—hi€_%FHLZT”L?J‘
) STAIDE H Peared |0 P g
STe ”a"bPJrHIe%F”L%"L%||8IP*hi67%F”L%°Li
ST lullfzrs,
since 0 < s < %. Therefore, we deduce gathering (B.13)-(B.19) that

s 1
(3.16) ID;Pyarullprrs S (1+ lullpgrz) (lwllyz +T% ullzr2)-

Next we turn to the first term on the right-hand side of () and consider the
integral equation satisfied by Prou,

t
(3.17) Prou = U(t)Prouo + / Ult — 1) Prods(u?)(7)dr.
0
First, observe that

1
[Proullrzrs S T7||Proullsre

Then, we deduce from (), using the fact that U is a unitary group in L? and
Bernstein’s inequality, that

1 1
1PLoullze s S T |luollzz + T7 105 Pro (u?) | e 2
(3.18) ST uollzz + T | Pro(u?) || pge s
< Nuollza + [lul3ze 2,

since 0 < T < 1.

Thus, estimate (B.§) follows combining (B.13), (B.16) and (B.1§). This concludes

the proof of Proposition @ (I



12 L. MOLINET AND D. PILOD

3.2. Bilinear estimates. The aim of this subsection is to derive the following
estimate on ||w||y :

Proposition 3.4. Let0 < T <1,0<s< % and u be a solution to (@) on the
time interval [0, T]. Then it holds that

5.19) lwllv; S 1+ lluollz2) luoll e + JullZs
| ol ovrs (lullzg ze + lull s, + ull-10):
The main tool to prove Proposition B.4is the following crucial bilinear estimates.

Proposition 3.5. Let s > 0. Then we have that
(|00 Pini (05 'wP-0,u)|

(3.20) X

Sl oy (lullze, + lullzs , + fullx 1),
and
(3 21) H(?IPJFM (8;1wP,81u)| Fso1

S wll oy (ullzz, + lullzs, + ullx-1a)-
Remark 3.6. Note that 9 1w is well defined since w is localized in high frequencies.

Proof. We will only give the proof in the case of s = 0, since the case s > 0 can
be deduced by using similar arguments. By duality to prove (B.2(0)) is equivalent to
prove that

(329) |1 S Ihlge ol oy (lullza, + s + ol s,
where
(3.23) I:/ %E(éﬁ)&1@(51771)5217(52772)611/,

D {o)z

(3.24) dv =d&d&drdr, &=E—&, m=1-7, o0 =1+&l&] i=1,2,

and

(3.25) D={(¢&,mm) eR [ €21, & >1and & <0},
Observe that we always have in D that
(3.26) &L >6>1 and & > &

In the case where |£2] < 1, we have by using Holder’s inequality and estimate (@)
that
Al _
HES —|W (&1, )| [u(62, m2)|dv
Rt (0)2

o~

\
S e 102D, ez,

()2

S Plzz Nwll ¢ llullzz ,-

Then, from now on we will assume that |[€3] > 1 in D.
By using a dyadic decomposition in space-frequency for the functions h, w and
u one can rewrite I as

(3.27) I= > Innm
N,N1,No
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with ¢
IN. Ny N, 5:/ WPNh(faT)f;IPle(fl;Tl)&QPNzu(f%TQ)dVa

D (0)2

and the dyadic numbers N, N; and Ns ranging from 1 to 4+o0co. Moreover, the
resonance identity
(3.28) o1 tor—o =&+ (- &)l - &l - =268
holds in D. Therefore, to calculate In n, n,, we split the integration domain D in
the following disjoint regions

1
Ann, = {( &, 7,m) €D | |o| > ENNQ},
1 1
(329) Byn, ={(& &, 7)) €D ||on] > GVNa ol < ENNQ},
1 1 1
Cnv, ={(& &, 7,1) €D | o] < ENNQ, lo1] < ENNQ ,|oa| > ENN2}’

AN Ny BN, Ny CN,No C .
and denote by IN,Nl,Nz’ IN7N17N2, INﬁle : the restriction of Iy n,,n, to each of

these regions. Then, it follows that

_ AN,y BN, Ny CN, Ny
IN,Nl,Nz = IN,Nl,NZ + IN,Nl,Ng + IN,Nl,NZ

and thus

(3.30) 1 < Ja] + [1 ]+ e

where

L AN, Noy L BN,No L CN, Ny
In= > LW, Is= > LyN%, and Te= Y I\,
N,N1,N2 N,N1,N2 N,N1,N2

Therefore, it suffices to bound ’IA ’, ’IrB ’ and }Ie ’ Note that one of the two following
cases holds:

(1) high-low interaction: Ny ~ N and Ny < Ny

(2) high-high interaction: Ny ~ Ny and N < Nj.
Estimate for ’I A ’ In the first case, we observe from the Cauchy-Schwarz inequality
that

In(Nyp)
m(2)

|1a] ~ ’/RZ?LZ 3 ¢ng<o>*%x{‘a‘E%NIZQ,j}S(m(a;lelwp,axpgijlu))dng’

N, =0

SRl || D23 M2(VE2 ) o,

Ny 520

F(Py (07" PrywP-0, Py syu) )|

£z’
Then, the Plancherel identity and the triangular inequality imply that

_ 2 \4
Lal S Bllez, S (Z?HPNI (a;lele,amPHNlu)\ y ) .

j=0  Ni ot

By using the Holder and Bernstein inequalities, we deduce that

al S Ielzz, 3 (3277 Pw,wlls 1ol )

j=20 Ny

1
2
Slhlez, (S 1Pvwlizs ) lulos
N

Nf=

(3.31)
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In the second case, it follows using the same strategy as in the first case, that
‘IA’ < HhHL;t
_ 2 N\
<3 (z (27 N)*@ININ) " [ Pomi, (0 P wP- 0. Pr) | )
7>0 N1 z,t
which implies using the Holder and Bernstein inequalities

[l S Illzz, S (D271 Pasll3s I Paull3s )

j=0 Ny
< 2 2
S ez, (D 1Pl ) llulos,,
Ny

Therefore, we deduce gathering (B.31)-(B.33) and using estimate (.9) that
(3.33) T4l < Wllzz ol o gl

(3.32)

Estimate for ’IB ’ By using again the triangular and the Cauchy-Schwarz inequal-
ities, we have in the first case that

I3 | < llwll o4
ZZN (N1279Ny) || Py, (05 Pyni P, R P8P~~)2 i
X 1 1) N1 +hid "Ny <0>% +0zL2-iN, U 2 )
j>0 x,t
where @(z, t) = u(—x, —t). Thus it follows from the Bernstein and Holder inequal-
ities that
1
2 3
2] S el goy 3 (027 0Pw (7 %) s NPl )
(3.34) =0 -

1
S ol o 3 (ZHPNl( >%) 17:,) Ihelles

In the second case, we bound ‘IB‘ as follows,

1] < ] o

1
'2

_ hoyV i
x Z <ZN1 2279 N, Ny )~ HPNI (8aPyni Py ]Nl( ) P+8IPN1u)’ )
7=>0
so that

. BNV 1
3] & ol oy 32 (2 Pavsm, Pooa(p) i I Pwovl )

i>0 N g
i ho\VY 3
(3.35) Sl oy 2 (ZHPQ JN1P+M(<U>%) 17: ) ullzs,
7>0

ﬁ 1
< llwll oy (EHPNl( 1) 1)) el

In conclusion, we obtain gathering (B.34)-(B-39) and using estimate (P.9) that
(3.36) [Is] < Il ol oy llull s -
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Estimate for }Ie}. First observe that

2
B30 1rel 5 [ 2 Pl 0 ) e
where
C= {(5,51,7',7'1) €D (&&,1,m1) € U GN,NZ}.
N,N»
Since |o2| > |o| and |o2| > |o1| in €, it follows from (B-28) that |o2| > [£€2|. Then,
(3.38) 66715 (02) T S 1

holds in é, so that

/f; T g
el 5 [ MEP ot mi g e, i

<U |§2|
3.39 Al \V R
o < I <L>'%) e IO@DY Nzl x-rs

S 1lzz  Nlwll g lullx -1

is deduced by using Holder’s inequality and estimate (E)
Therefore, estimates (§.30), (B.39), (B-36) and (B.39) imply estimate (B.29), which
concludes the proof of estimate (B.20).
To prove estimate (), we also proceed by duality. Then it is sufficient to
show that
(3.40) [T1S (D NowliZzree)* el oy (ullzz, + lullzs , + Il x-12),
N

z,t

where

— i T —1,&; - a . y
J—XN:/D <U>9N(§a VN (€)E7 0(Er, 1) EaTi(Ea, T2 )du,

and dv and D are defined in (B.24) and (B.2§). As in the case of I, we can also
assume that |&] > 1. By using dyadic decompositions as in (B.27), J can be
rewritten as
J = Z JIN, Ny, N2
N,N1,N,
where

TNy = / £ (O gn (€T Py (€1, ) Pyt 7o) v,
D <U>

and the dyadic numbers N, N; and N, range from 1 to +o0co0. Moreover, we will

AN, Ny BN, Ny CN, Ny _ .
denote by JN7N17N2’ JN7N17N2’ JN,N1 v, the restriction of Jy n, n, to the regions

AN.N,, By,n, and Cn n, defined in (B.2§). Then, it follows that

(3.41) 7] < [Tal + | J5] + [ Je],
where
A B (¢
Ja = Z JNf}]\}Jl\iQNW Jp = Z JN,J\]]\}Jl\izNz and Je := Z JN7NJ¥?N2 ’
N,N1,N2 N,N1,N> N,N1,N2

so that it suffices to estimate ‘JA‘, ‘JB‘ and ‘J@’.
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Estimate for }JA}. To estimate ’JA’, we divide each region Ay n, into disjoint
subregions

AN N, = {(&,&,7,m) EAn N, | 27° NN, < |o| < 27NN},
.Aq
for ¢ € Z4. Thus if J Nljvﬁ\@ denote the restrqiction of Jﬁﬁ\’,ﬁvz to each of these
A
regions, we have that Ja =3 0> n N, N, Jn 2y, In the case of high-low inter-
actions, we deduce by using the Plancherel identity Cauchy-Schwarz and Minkowski
inequalities that

|J-A| < ZZ Z ||gN1X{\<T\N2‘7N1N2}”LZT

g20 N1 N2<N;

X (2qN1N2)_1N1’

01 Py, wP_amPNzuH
L2

Tt
Moreover, we get from Holder’s inequality
1
l9miX{loi~2amney ez S (27N Na)2 (g, L2z
so that, the Cauchy-Schwarz inequality yields
12
Tal S0 > (NoNy )2 lgnillrzree 1Py wllzs [1Prsullps
N1 N2<N;

(3.42) IS ”U”Liyt Z ||gN1||L§L2°||PN1w||L3J
N1

1
S (X lom s Hlwlsg ulss,
N1

In the high-high interaction case, it follows from the Minkowski and Cauchy-
Schwarz inequalities that

al <03 D lanxioimeanny e |
q>0 N1 N<N;

X (2qNN1)_1N’ 9= Py, wP_ 8, Py, u

’Li

st

Moreover, we deduce from Holder’s inequality that
1
lgnx(oi~aanmiylicz S CINN)2([gnll L2 pee-
Then, the Cauchy-Schwarz inequality implies that

—1la—1 1
[Jal Y (N 27N 2 llgo-iw, oo 1w, wl s | vyl s

j=>0 N1
j 1 1
(3.43) SO 27 (Y Mgaanlere) * (D 1P wliZs ) llulle,
720 N1 Ny '

1
SO lgmillZzpe) * lwligs ullzs -
Ny

Then estimates (2.9), (B.42) and (B.43) yield

1
(3.44) al £ (32 NlgwlZzse)* ol goog lullza -
N
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Estimate for }JB} and }J@’. Arguing as in the proof of (), it is deduced that

781+ el 5 (1) zs, + N(E) Mg, )l o (i, + Tl

where g = 3"\ ¢ngn. Moreover, estimate (R.9) and Hélder’s inequality imply

1G55) Moz, +1(G5) o, 5 o™ omaz,
S (Z||<o—>-§gN||L;T)%
N
< (D llowlZzpe)®
N

-

so that
345)  [Jn] + el (S lanlgse) ol o (g, + ullxra).

Finally (B.41), (B.44) and (B-43) imply (B.40), which concludes the proof of esti-
mate (B-21)). O

Lemma 3.7. Let 0 < T <1,5>0, uy, ug € L(R; L*(R)) N L*(R?) supported
in the time interval [—2T,2T], and F1, F» be some spatial primitive of respectively
uy and ua. Then

HazPJrhi (Ploe_%F1 Pfaacul) ‘

Zso1
(3.46) + Hamp-i-hi (Ploe_%FIP—alul) ’XS 33 ||u1||L4 ’
and
02 Peni(Pro(e™ = ™57 P-0ya) 5.
(3.47) T HazPJrhi(PlO(eiéFl B 71F2)P Oy uz) ’Xs 1
i

— i

S (= wsllggers + e~ pz Jual ez ) luall e -

Proof. We deduce from the Cauchy—Schwarz inequality, the Sobolev embedding
171l e S ||f||L1+4 with 1+ ¢ , and the Minkowski inequality that

t

1z + 17 ey S Ul ge = [ EUEDD @ 3]
(3.48) ' ¢

s |IzuE0n > ©l e

S Hf”L}JrG'H;'
On the other hand, it follows from the frequency localization that
azPJrhi (Ploe_%prazu) = a:n]DJrLO (]Dloe_%prLOamu)-

Therefore, by using (B.4§), Bernstein’s inequalities and estimate (R.13), we can
bound the left-hand side of (B.46) by

(3.49) HPHO (Boe—%FP,Loazu)HLHe p2 ST0ue™ s Jlulza .
with 1 = 1 —¢, which concludes the proof of estimate (B.46) recalling that 9, F = u

and O < T < 1. Estimate (B.47) can be proved exactly as above recalling (2.19). O
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A proof of Proposition @ is now in sight.

Proof of Proposition . Let 0 < s < %, 0 < T <1 and let w and w be extensions
of u and w such that [[i||x-11 < 2[Jull y-11 and [[@]| ys1/2 < 2[|w]] ya1/2. By the
T T

Duhamel principle, the integral formulation associated to (p.4) reads
t
w(t) = n(t)w(0) — U(t)/ U(t — t")0p Pyni (nr0y "0 P- (npoyu)) (t')dt
0

*n(t)/o azPJrhi(Plo(nTei%F)Pf(nTamﬁ))(t/)dt/7

for 0 <t < T < 1. Therefore, we deduce gathering estimates (R.5), (2.7), (B.20),
(B21) and (B.46) that

lwllvs S lw©)llms + llullZs |+ llwll ozl (lullgerz + lullzs . + lullxzv)-

This concludes the proof of estimate (B.19), since

(3.50) lw(O) 1z S (|72 (e7 3 Ouo) || o S (1 + lluollz2) ol
follows from estimate ( and the fact that 0 < s < % g

4. PROOF OF THEOREM [L.1]

First it is worth noticing that we can always assume that we deal with data
that have small L?(R)-norm. Indeed, if u is a solution to the IVP ([L.1)) on the time
interval [0, 7] then, for every 0 < X < 0o, ux(z,t) = Au(Az, A\*t) is also a solution to
the equation in ([L.1) on the time interval [0, A\=27T] with initial data ug y = Aug(\-).
For € > 0 let us denote by B. the ball of L?(R), centered at the origin with radius
e. Since |ur(-,0)||2 = A2 ||ug||L2, we see that we can force ug,\ to belong to B,
by choosing A ~ min(e2||ug| 77, 1). Therefore the existence and uniqueness of a
solution of ([.)) on the time interval [0,1] for small L?(R)-initial data will ensure
the existence of a unique solution u to ([L.1)) for arbitrary large L?(R)-initial data
on the time interval T' ~ A? ~ min(|lug;3,1). Using the conservation of the
L?(R)-norm, this will lead to global well-posedness in L?(R).

4.1. Uniform bound for small initial data. First, we begin by deriving a priori
estimates on smooth solutions associated to initial data ug € H*(R) that is small in
L*(R) . It is known from the classical well-posedness theory (cf. [13]) that such an
initial data gives rise to a global solution v € C(R; H>*(R)) to the Cauchy problem
(IL1). Setting for 0 < T < 1,

(4.1) N (w) = max(lul o, 1 T3ulzs s el ),
T

it follows from the smoothness of u that T — N3.(u) is continuous and non de-
creasing on R* . Moreover, from (B.4), the linear estimate (2.7), (8-50) and (B.7) we
infer that limy_0+ N5 (u) < (14 |luollz2)||luollms - On the other hand, combining
(B-D-(B-9) and (B.19) and the conservation of the L2-norm we infer that

Np(u) £ (1+ lluollz2)lluoll 2 + (Np(w))? + (Np(u))*.

By continuity, this ensures that there exists g > 0 and Cy > 0 such that N (u) <
Coe provided |lugl|pz < & < go. Finally, using again (B.7)-(B.§) and (B.19), this
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leads to N3 (u) < ||uol|m= provided |lug||zz < e < .

4.2. Lipschitz bound for initial data having the same low frequency part.
To prove the uniqueness as well as the continuity of the solution we will derive
a Lipschitz bound on the solution map on some affine subspaces of H*(R) with
values in L H*(R). We know from [[L7 that such Lipschitz bound does not exist
in general in H*(R). Here we will restrict ourself to solutions emanating from initial
data having the same low frequency part. This is clearly sufficient to get uniqueness
and it will turn out to be sufficient to get the continuity of the solution as well as
the continuity of the flow-map.

Let 1, w2 € BN H*(R), s > 0, such that Prow1s = Props2 and let uy, uz be two
solutions to ([L.)) emanating respectively from ¢1, and ¢, that satisfy ([.I]) on the
time interval [0, 7], 0 < T < 1. We also assume that the primitives F} := F[u;] and
F5 := Flus] of respectively u; and us are such that the associated gauge functions
W1, wq, respectively Wa, we, constructed in Subsection , satisty (@) Finally,
we assume that

(4.2) N(u;) < Coe < Cpey.

First, by construction, we observe that since F(z) — F(y) = [”u(z)dz, it holds
Pro fyz udz = Pro (F(:I:)—F(y)) = ProF(z)—F(y). On the other hand, since Pro
and 0, do commute, we have 0, Pr,oF = Prou and, by integrating, f; Proudz =

ProF(x) — PrLoF(y). Gathering these two identities, we get

/ Proudz — PLO/ udz = F(y) — PLoF(y) = PurF(y),
y y

Plo/ udz = Plo/ Proudz.
y y
We thus infer that

Po(Fy — Fp)(z,0) = /Rz/J(y)Plo /m(ul — uz)(z,0)dzdy

which leads to

(4.3)

/ $(y)Pio / " Proer(2) — a(2)) (2. 0)dzdy = 0.
R

Y
Then, we set v = u; — ug, Z = W7 — W5 and z = w; — we. Obviously, z satisfies

Oz —i022 = — 0y Pypi (Wi P_0yv) — 0y Pypi (ZP-0yus)
— 8, Prni(Poe” 2T P_3,0) — 0, Pypi(Po (e 2T — e7372) P_ 9, uy).
Thus, we deduce gathering estimates @), (B-2d), (B-21)), (B.44) and (B_47|) that

Izllve S 2Ol + lwill o (Il 20 + ollzs, + lolzgers) + 0l |

+ lell sz (luallyorn + lusllzs | + luzllzers)
+ ([ollogerz + lle™2™ — e 2| e Y fJuz| 12
which implies recalling ([i.1)) and ([.2)) that

2F2HL00 .

(4.4) Nlellyy S U= ms+e(llvllx-ra+llvllps, +lvllpgers) +elle > —e”
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where, by the mean-value theorem,

120 S ler = eallae (14 Il + el )

+em O — e O oo |l e (14 (1l 22)
S ller = allae + [[F1(0) = F2(0)] e
On the other hand, the equation for v = u; — uy reads
1
O + H@gv = 581((111 + UQ)’U),
so that it is deduced from (B.11), (1)) and the fractional Leibniz rule that
45 ollxra S 10w+ HZvll oy + [vllgere S ellvllzs, + ollpgers.
Next, proceeding as in (B.g), we infer that
P+H]U = 2iP+H](€%FIZ) + 2’L'P+H]((€%F1 — €%FZ)’LU2)

+2iPygr (P_Hu-e%F1 GIPHO(e*%Fl — eiéFZ))

+ 2iP+H] (P+hi(€%F1 - 6%F2)81P+1067%F2)

+ 2iP+H] (PJFH]e%FlaIP, (6_%F1 - 6_%F2))

+ 2iP+H] (P+HI(€%F1 — e%Fz)amP_e_%FQ).

Thus, we deduce using estimates (R.14)), (R.19) and arguing as in the proof of
Proposition @ that

I Tzvllzrrs S (luillogerz + lluallogere) lvlloerz + (1 + utllzgere)llzllyy

x Y

+ (Ivllzgerz + 1

AP = B 1+

urllzer2)) well vy
%Fl — 6_%F2

+llullzgere (lvllogers + lle” Iz, luallnserz)

Q%Fl _Q%FZ

Iree luillzser2 ),

for (p,q) = (00,2) or (p,q) = (4,4), which implies recalling (J.9) that

+ ||U2||Lf°Lg(||U||L§°L§ + |

(4.6) | 750llpse 2+l J5vllpa | S Nzllve +elle 2 —e 272 o tefle ™ —e2 ™| poc .

x,1 "
Finally, we use the mean value theorem to get the bound

(4.7) ||ej[%F1 — ej[%FZHLao S |F - F2||L§f’1-

z,1 ™
The following crucial lemma gives an estimate for the right-hand side of (JL.7).
Lemma 4.1. It holds that

(4.8) [[F1(0) = F2(0) || < [lo1 — @all 2.
and
(4.9) [F1 = Follee, S lvllngere.

Proof. ([.g) clearly follows from (f.d) together with Bernstein inequality. To prove
(@) we set G = Fy — F>, G, = P,,G and G},; = Py;G. Then,

(4.10) 1Glleez, < MGiollzz, + [1Ghill e, -

z,1 —
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Observe that, from the Duhamel principle and (@), G, satisfies

G = % /0 Ut — T)Plo((ul + uz)v) (T)dr

Therefore, it follows using Bernstein and Hoélder’s inequality that
(411)  Guollzge, S lHur +u2)vllpery < (luallzgers + luzllers)vllpers-
On the other hand, the Bernstein inequality ensures that

(4.12) 1GhillLe, S N10:GhillLers S lvllzere,

z,1 "

since 0,G = v. The proof of Lemma @ is concluded gathering @), ()f
(.19). O

Finally, estimates ([L4)-([L9) lead to
12llvs + vl xs=r0 + lvllogemy + (1770l s
Sl = pallms +ellzllvy + vl xs-1a +llvllzgem; + 150l ),
Therefore we conclude that there exists 0 < 1 < &g such that

(4.13) I2llve + ol xs—r0 + 0l ms + 1500 0s S e — 2l as

z,1 "

provided u; and us satisfy (@) with 0 < e < &;.

4.3. Well-posedness. Let ug € B, N H*(R) and consider the sequence of initial
data {u}} € H*(R), defined by

(4.14) wh =T (X, Fouo), Vi > 20.

Clearly, {u})} converges to ug in H*(R). By the classical well-posedness theory, the
associated sequence of solutions {u’} is a subset of C'([0,1]; H>*(R)) and according
to Subsection @, it satisfies N¥(u?) < Coe1. Moreover, since PLOu{) = Proug for
all 7 > 20, it follows from the preceding subsection that

(415) o — o ogoms 4 u? — [ paggra A w? — 09 | ousn < lluh —uf |

Therefore the sequence {u’} converges strongly in L$*H®(R) N LiW** to some
function u € C([0,1]; H*(R) and {w,},;>4 converges strongly to some function w in
X#1/2 Thanks to these strong convergences it is easy to check that u is a solution
to (L.1]) emanating from uo and that w = Py;(0y (e~ “/2)). Moreover from the
conservation of the L?(R)-norm, u € C,(R; L?(R)) N C(R; H*(R)).

Now let @ be another solution of ([L.1]) on [0, 7] emanating from uo belonging to
the same class of regularity as u. By using again the scaling argument we can always
assume that [|@[|pger2 + [[af|ps < Coer. Moreover, setting w := Py (e,
by the Lebesgue monotone coﬁvergence theorem, there exists N > 0 such that
||P2N1D||XU,% < Cpe1/2. On the other hand, using Lemma R.}R.2, it is easy to

T
check that

0= Pan)il]

A

1~ ~ ~
3 S lwollze + NTHjallga  Nolzs , +lal3 |

ERT ~ ~
S uollze + NTF[[@l o llalles , + Iz
o ,
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Therefore, for T' > 0 small enough we can require that « satisfies the smallness
condition (f.3) with e; and thus by (f.13), @ = w on [0,7]. This proves the
uniqueness result for initial data belonging to B., .

Next, we turn to the continuity of the flow map. Fix ug € B, and A > 0 and
consider the emanating solution u € C([0, 1]; H*(R)). We will prove that if vg € B,
satisfies ||ug — vg|| s < &, where & will be fixed later, then the solution v emanating
from vy satisfies

(4.16) lu—vllen; <X
For j > 1, let u) and v} be constructed as in (J.14), and denote by u/ and v’ the

solutions emanating from ug and vg. Then, it follows by the triangular inequality
that

417)  lu—vllem < lu—wllzem + v = Vllzem; + v — o || em;.
First, according to ([L1J), we can choose jo large enough so that
[ — || oo mrs + lv — 0% || Lo < 2X/3.
Second, from the definition of u} and v} in ([.14) we infer that
—s|

l[uh — Vil s < 5% *Ilwo — voll = < 53756

Therefore, by using the continuity of the flow map for smooth initial data, we can
choose § > 0, such that

Wl >

Hujo _ ”jOHLfH; <

)

This concludes the proof of Theorem E

5. IMPROVEMENT OF THE UNIQUENESS RESULT FOR s > 0

In this section we prove that uniqueness holds for initial data ug € H*(R), s > 0,
in the class u € L HS N LAWS4. The great interest of this result is that we do
not assume any condition on the gauge transform of w anymore. Moreover, when
s > 1, the Sobolev embedding L H — LW+ ensures that uniqueness holds
in LF¥ H}, and thus the Benjamin-Ono equation is unconditionally well-posed in
H*(R) for s > 1.

According to the uniqueness result ¢) of Theorem m, it suffices to prove that
for any solution u to ([L1) that belongs to L HS N LAW™*, the associated gauge

i 1
function w = 9, Ppi(e~ 271 belongs to X%Q. The proof is based on the following
bilinear estimate that is shown in the appendix :

Proposition 5.1. Let s > 0. Then, there exists 0 < § < 15 and 0 € (%, 1), let us
say 0 = % + 4, such that
||P+hi(WP—aﬂcu)||X%,—%+26

(5.1)
SIWIgaes (1%l , + 1%l + fullxo o).

First note that by the same scaling argument as in Section @, for any given
e > 0, we can always assume that ||J*ul[zer2 + [|Jullps < e and by (B.7) it
follows that |lul| ys-s6 Se for 0 <0 < 1.
T
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Now, since u € L*°([0,T]; H*(R)) N L3W2* and satisfies ([L.1)), it follows that
ug € L=([0,T]; H*~%(R)). Therefore F := Flu] € L=([0,T]; H5'') and O,F €
L>=([0,T); HEY). Tt ensures that

loc
(5.2) W = Phi(e~3T) € L®([0, T); H*tY(R)) N LAWS T4 5 X10,
e~ 2 ¢ L°°([0,T); H:"') and the following calculations are thus justified:

loc
oW = atp+(e—%F) = _%Phi(Fte_%F)

i 1
5P (0 E 1 5 1Y)

and ) )
axxW = 8xxphi(67%F) = Phi (eiéF(*ZFz - %FII>)

It follows that W satisfies at least in a distributional sense,

(5.3) W —i0*W = —_IZ;M(WP_Gmu) — Pipi (Ploe_éFP_alu)
W(-,0) = Pypi(e2Flwol)

From (f.9) and Lemma P.6 we thus deduce that W € X3!, so that, by interpolation
with (-2), W e XJ/*'/*" But, u being given in LFH? N LAW:4 1 X37"% on
one hand gathering (R.6), the bilinear estimate (5.1)) and (B.49), we infer that there
1 —1/2,1
exists only one solution to (F.3) in X;/Q’ " Hence, w = 9, W belongs to X Y2t
—1/2,1
and is the unique solution to (@) in X, Y2t emanating from the initial data
wy = 0y Pyi(e”2F )y € L2(R). On the other hand, according to Proposition B4,
one can construct a solution to (@) emanating from wy and belonging to Y7, by
using a Picard iterative scheme. Moreover, using ([L.1]) and Lemma .4 we can easily

1
s—,5+

check that this solution belongs to X, b1 and thus by interpolation to X, —

XT_1/2’5+. This ensures that w = 9, Ppi(e~**/?) belongs to Y < X%UQ which
concludes the proof.

6. CONTINUITY OF THE FLOW-MAP FOR THE WEAK L%-TOPOLOGY

In [@ it is proven that, for any ¢ > 0, the flow-map uy — u(t) associated
to the Benjamin-Ono equation is continuous from L?(R) equipped with the weak
topology into itself. In this section, we explain how the uniqueness part of Theorem
enables to really simplify the proof of this result by following the approach
developed in [L1].

Let {uon}n C L?(R) be a sequence of initial data that converges weakly to
ug in L?(R) and let u be the solution emanating from wug given by Theorem
[L1 From the Banach-Steinhaus theorem, we know that {ug,}n is bounded in
L?(R) and from Theorem we know that {ugn}, gives rise to a sequence {uy, }r
of solutions to ([L.1]) bounded in C(]0,1]; L2(R)) N L*(]0, 1[xR) with an associ-

ated sequence of gauge functions {wy, }, bounded in X ? /2 Therefore there exist
v e L=()0,1[; L3(R)) N X7 N L4(J0,1[xR) and z € X"'/? such that, up to

the extraction of a subsequence, {uy,}, converges to v weakly in L*(]0, 1[xR) and
weakly star in L>°(]0, 1[xR) and {w, }, converges to z weakly in X?’l/Q. We now
need some compactness on {u,}, to ensure that z is the gauge transform of v. In

0,1/2

this direction, we first notice, since {wy,}, is bounded in X; / and by using the
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Kato’s smoothing effect injected in Bourgain’s spaces framework, that { Dg w,, },, is
bounded in L2L?. Let ng(-) := n(-/R). Using (B.6) and Lemma P.q we infer that

F[un]

1 1 i
| D2 Py rirtn|r2qo,1(x)-r,rl S | Dd Py (e? wnnR)HLim

+ || D2 Pyyy (P+hie%F[un]395131067%F[u"]) ||L§
1 i i
+ | D2 Pypyg (Pyre™mlo, P_ye= 2 Flunl) 2

1 i .
< 1D (wunn) 20 + D30 gl 5+ Junl;

1,z

But clearly,
1 1
1D (wnnr)llpzr; S C(R)([Diwnllrsrz + [lwnllrz )

1 3
and by interpolation || D e*[un] zs < llunllf> - Therefore, recalling that the u,
T 1,z

are real-valued functions, it follows that {u,}, is bounded in L2H% (] — R, R[).

Since, according to the equation ([[.I]), {9;us}y is bounded in LIH, 2, Aubin-
Lions compactness theorem and standard diagonal extraction arguments ensure
that there exists an increasing sequence of integer {ny}x such that u,, — v a.e. in
10, 1[xR and u — v* in L*(]0, 1[xR). In view of our construction of the primitive
Fluy) of u, (see Section B.I]), it is then easy to check that F[uy,,] converges to the
primitive F[v] of v a.e. in |0, 1[xR. This ensures that Pp;(e”2""n]) converges
weakly to Pypi(e=371) in L2(]0, 1[xR) and thus z is the gauge transform of v .
Passing to the limit in the equation , we conclude that v satisfies ) and belong
the class of uniqueness of Theorem @

Moreover, setting (-, -) for the L2 scalar product, by ([l.]]) and the bounds above,
it is easy to check that, for any smooth space function ¢ with compact support,
the family {¢ — (un,(t),#)} is uniformly equi-continuous on [0,1]. Ascoli’s theo-
rem then ensures that (up,(-), ) converges to (v(-), ¢) uniformly on [0, 1] and thus
v(0) = wg. By uniqueness, it follows that v = w which ensures that the whole
sequence {uy} converges to v in the sense above and not only a subsequence. Fi-
nally, from the above convergence result, it results that w, (t) — wu(t) in L2 for all
t€0,1]. O

7. THE PERIODIC CASE

In this section we explain how the bilinear estimate proved in Proposition @ can
lead to a great simplification of the global well-posedness result in L?(T) derived in
and to new uniqueness results in H*(T), where T = R/27xZ. With the notations
of [@] these new results lead to the following global well-posedness theorem :

Theorem 7.1. Let s > 0 be given.
Ezistence : For all ug € H*(T) and all T > 0, there exists a solution

(7.1) we C([0,T]; H¥(T)) N X5~ "' N LAW*4(T)
of (L) such that

(7.2) w = 0y Pypi (e_%a;lﬁ) eY?.

where

o 1
U= u(t,x—t][uo)—][uo and 07! := &,«EEZ*
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Uniqueness : This solution is unique in the following classes :

-

i) we L®()0,T[; L2(T) N L*(J0, T[xT) and w € X2

it)  we L>*(]0,T]; H% (T) N LAW 4(T) whenever s > 1.
i) we L*(]0,T[; Hz(T) whenever s > 1.
) and the flow map data-solution : ug — u is continuous

Moreover, u € Cy(R; L*(T)
I H

from H*(T) into C([0,T]; H*(T)).

Sketch of the proof. In the periodic case, following [@], the gauge transform
is defined as follows : Let u be a smooth 27-periodic solution of (BO) with initial
data ug. In the sequel, we will assume that u(t) has mean value zero for all time.
Otherwise we do the change of unknown :

(7.3) ity z) = u(t,x —t ]/uo) _ ]/uo ,

where {ug = 5= [Luo is the mean value of ug. It is easy to see that @ satisfies
(BO) with ug — fuo as initial data and since @ is preserved by the flow of (BO),
%(t) has mean value zero for all time. We take for the primitive of u the unique
periodic, zero mean value, primitive of u defined by

FO) =0 and F§) = o), ez’

The gauge transform is then defined by
(7.4) W= P, (e F'/?)

Since F satisfies

F2 1 F2 1
Ft+:}cFM=—z——fF2=—z——Po(F§> |

2 2 ¢ 2 2
we finally obtain that w = W, = —4 Py, (e /2 F,) = — £ Py (e7""/2u) satisfies
Wy *iwxx = *azphz[ zF/Q( (Fzz) - iPO(FQ))}
i 2
(7.5) = 9,Pini (WP_ (uz)) + T R(Fw

Clearly the second term is harmless and the first one has exactly the same structure
as the one that we estimated in Proposition E . Following carefully the proof of
this proposition, it is not too hard to check that it also holds in the periodic case
independently of the period A > 1. Note in particular that (@) also holds with
Li,t and X0% respectively replaced by Lf,A and Xf\)’%, A > 1, where the subscript
A denotes spaces of functions with space variable on the torus R/27\Z (see [{] and
also [20]). This leads to a great simplification of the proof the global well-posedness
in L*(T) proved in [1].

Now to derive the new uniqueness result we proceed exactly as in Section E
except that Proposition @ does not hold on the torus. Actually, on the torus it
should be replaced by
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Proposition 7.2. For s > i and all A > 1 it holds
(| Py rs (W P00

s+3.-%
X)\
7o) SIWHeopy (Mulog , + 12l + lullosn)
~ X§+§,§ x LT,)\ x LT,)\ X}S\* )
Going back to the proof of the bilinear estimate it easy to be convinced that the
above estimate works at the level s = 0+ in the regions A and B (see the proof of
Proposition ), whereas in the region € we are clearly in trouble. Indeed, when

s =0, ) has then to be replaced by
K5k PR3 02) 7~ [k R Ry Tyl

which cannot be bound when |kz| >> k. On the other hand at the level s = i it
becomes . s s .

|ktky ths (o2) ™M ~ |74y T SETE S
which yields the result.

With Proposition E in hand, exactly the same procedure as in Section E leads
to the uniqueness result in the class v € Li’?Hﬁ (T)n L4TWi’4(']T) and by Sobolev
embedding to the uniqueness in the class w € L7 H 2 (T), i.e. unconditional unique-
ness in H2(T). As in the real line case, it proves the uniqueness of the (energy)
weak solutions that belong to L>(R; H'/2(T)).

APPENDIX

Proof of Proposition . We will need that following calculus lemma stated in
L9y

Lemma 7.3. Let 0 < a_ < ay such that a_ + ay > % Then, for all p € R

(7.7) /R<y>*2“* (y— )2 dy S (u)~°,

%,812(1,76, ifaJr:%, and s = 2(ay +a-) — 1, if

at < % and € denote any small positive number.

where s = 2a_ if ay >

The proof of Proposition follows closely the one of Proposition E except in
the region os-dominant where we use the approach developed in [E] Recalling the

notation used in (B.24)-(B-2), we need to prove that
(7.8) (K| S WPlez NN, (lullzz, + lullzs, + llullx-ee),

x,t x,t

where

o) K- / _1{; £7) <f11>>;;]?(§1,ﬁ)§2<§2>Sﬂ(&z,w)d’/’

For the same reason as in the proof of Proposition @, we can assume that
|€2] < 1. By using a Littlewood-Paley decomposition on h, f and u, K can be
rewritten as

(7.10) K= Z KN Ny N,
N,N1,N2
with
K= [ L) <f11>2+ P (61, m)6a(E2) ™ Pru(€a, ),
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and the dyadic numbers N, N7 and N ranging from 1 to +o00. Moreover, we will
AN Ny KEN,NQ KQN,NQ

denote by Ky v v, Kn N, Ny» KN N, n, the restriction of Ky n,,n, to the regions
AN Na» Br.N, and Cy y, defined in (B.2§). Then, it follows that

(7.11) K| < [Ka| + |Kn| + [Kel,

where

AN, Ny L BN,Ny L CN, Ny
Z JN »N1,N2? Kp = Z KN7N11N2 and Ke = Z JN »N1,N2
N,N1,N2 N,N1,N» N,N1,N»

so that it suffices to estimate . Recall that, due to the structure

of D, one of the following case must hold:

(1) high-low interaction: Ny ~ N and Na < Ny

(2) high-high interaction: N; ~ Ny and N < Nj.
Estimate for ’K A’. In the first case, it follows from the triangular inequality,
Plancherel’s identity and Holder’s inequality that

RN s
Al 5 o () |
|Ka] < 1022 ;NZN AT (G )|,
N275+25
Sl 3 Y Tyl Nl( NP ) s IPvullns,
Ny 2<N1
<z Jlullzs ZN“ “|| Py, ( ) Iz

Then, it is deduced from the Cauchy—Schwarz inequality in V7 that

(7.12) |Kal < Iz (ZHPNl( T ) 1) s,

since s > 105. On the other, estimate ([.13) also holds in the case of high-high
interaction by arguing exactly as in (), so that estimate (@) yields

(7.13) |Kal S Illzs N1 £lzz ol

Estimate for ‘KB‘. The estimate

(7.14) [Ks| < Mhllez 1f1ez Mlullzs

follows arguing as in ([7.19).
Estimate for ‘K@‘. First observe that

-1 (14+6—s) 0
w15) el 5 [ SR o 2 e 0 e,

¢ (o)2 (o1)3+ (02)?  [&)
where

= {(6)6137-’7-1) S D | (536137-37-1) S U GN,NZ}-

N,N,
Since |o3| > |o| and |o2| > |o1| in e, (B.28) implies that |oa| > [£€2|. Applying
twice the Cauchy-Schwarz inequality, it is deduced that

1
K| £ sup (L(ea 7)) ISl lolsg, Il
2,72
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where 2i2(0—s) )
€| 212007 / 1€11€1]
L~ — 5el — > __d&id
c(&2:72) (02)20 €(ear) (0)1 49 (07) 120 §dr,
and

Cea, ) = {(&1,m) € R?| (,&1,7,m1) € €.

Thus, to prove that
(7.16) [Ke| S WPz, I fllzzlullx-oo,

it

is enough to prove that L (&2, 72) < 1 for all (&2, 72) € R?. We deduce from (ki)

and (B-2§) that

L5(62,72) S déy,

|§2|2+2(65)/ 1€]1&:] T
(02) 175 [, (o + 2665) 190

since 8 = 1+ 6. To integrate with respect to &1, we change variables

Mo = 02 + 2552 so that d‘LLQ = 2§2d§1 and |,LL2| S 4|O’2|.

Moreover, (B.26) and (B.29) imply that

|€]]&1] 7L |&o] 1H2O—)
€112

< |e€o|F T8 S oy [EHO

in C. Then,

o200~ /4“2 i~
La(6o,m) <2 Klisl g
¢(62,72) (02)1+2 (1) 140 H2

<0.2>%+9—s+45

<O-2>1+25

S < lo2)* 51,

since s — 36 > 0.

Finally, we conclude the proof of Proposition p.1] gathering (F.8), ([.11), (F.13),

(£.19) and (Z.19).
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