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On Continuum Modelling the Interphase Layers
in Certain Two-Phase Elastic Solids

In this paper we propose a continuum model of a moving transition layer smoothly separating two different solid phases
of a certain elastic material continuum and we investigate some necessary conditions to its existence and propagation.
An application of this model to the analysis of wave propagation in micro-damaged media with open- and closed-micro
cracked phases is shown.

MSC (1991): 73K99, 73D99
1. Introduction

In the literature great interest is paid to the study of propagation of discontinuity surfaces in continuous media. Such
surfaces are introduced as models of a large variety of phenomena (cf. for instance [10]) including various kind of phase
transitions. When these phenomena need more detailed description the modelization is improved endowing the discon-
tinuity surfaces with more sophisticated structure, i.e. introducing suitable surface fields and postulating for them some
balance equations. Such an approach (for a more careful discussion see [6], [11], [12]) sometimes leads to some models
which are questionable from both the logical and physical point of view. On the other hand the passage from one
phase to the other may be not always abrupt. In this case the interface has to be regarded as a region to be modeled
as a three-dimensional interphase layer (see [6] and also the review paper [8] on mushy regions arising in phase transi-
tions) in which we can assume to deal with a certain mixture of both phases. This circumstance occurs also in some
particular cases of solid-solid phase transitions described for instance in [9]. Hence the question arises about the descrip-
tion of the properties of the material constituting the interphase layer and about the conditions under which this layer
can exist and propagate.

In this paper we propose a continuum model of a moving transition layer smoothly separating two different solid
phases of a certain elastic material continuum and we investigate some necessary conditions to its existence and propa-
gation. The term phase means here state of a considered continuum, characterized by a given constitutive equation.
The differences in material behaviour in different states of the solid body do not arise only because of structural phase
transitions (e.g. martensitic transformations, described on the micro-level by discrete models in {1—3]) but can be also
caused by the existence of different strain energy functions related to appropriate different classes of local deforma-
tions. Such a situation occurs, for example, if we consider a damaged medium in which micro-cracks are in different
regions (phases) all open, all closed or partly open and partly closed (cf. [4]): this last possibility characterizing the
interfacial region, in which a phase transition takes place.

The basic idea of our approach is that the phase transition occurs in a certain thin non-material (or following
the terminology of TRUESDELL [13] non-substantial) moving layer (the interphase layer), separating different phases of
the body, in which the strain energy function on a macro-level is not well defined. The main hypothesis is that the
interphase layer — on a micro-level — is constituted by an arrangement of two different phases forming a definite
banded quasi-periodic microstructure. After scaling this microstructure down we arrive at the macro-model of the
interphase layer representing a certain fine mixture of both phases. To this end we adapt the micro-macro modelling
procedure proposed in [5] for composite materials (the similarity between composite material structure and fine phase
mixtures was already noted in [3]). Hence on the macro-level the interphase layer is modelled as a shell-like region of
the medium, moving independently of the body motion. By means of an averaging procedure of this region over its
thickness (cf. [6]) this model in special cases can be simplified obtaining as model for the interface a discontinuity
surface, eventually endowed with material properties.

Intending to postpone the modelling of more complex phenomena, in this paper we will restrict ourselves to
describe those in which purely mechanical notions are needed (e.g. diffusion less solid-solid phase transformations):
non-mechanical notions as temperature or entropy are excluded from the present analysis.

The main results of this contribution can be stated as follows:

i) the material behaviour of the interphase layer depends not only on the material properties of both phases but also
on the propagation speed of the layer,

il) not every propagation speed of the interphase layer is possible,

ili) when the interphase layer does not propagate then the material properties of the interphase layer are similar to the
macro-properties of a micro-layered two component medium (cf. (7], [14]—[16]).
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2. Basic assumptions

We will assume that a continuum description of the motion of the considered body B is possible, so that it is possible
to establish in which phase a substantial particle of B presents itself.

2.1 Motion

Let B be placed in the reference position Bg C E where E is the set of places, whose tangent vector space is TE. In
the time interval I := [ty, t¢] a motion p maps By x I into E. Therefore

Yt el, p(-,t): Br — E. (2.1)
We will use the following notation:
Dy = p( ? t) ) ft = th € Lln (TE) 3 Bt = p(BPu t) ’

where Lin (TE) is the set of invertible linear transformations mapping TE into TE. When this will not lead to misun-
derstanding we will skip the index t in the introduced notations.

2.2 Strain energy

We will assume that two strain energy functions Wg(X, ) and Wi(X, -) defined in disjoined subsets ®*, @~ of
Lin (TE), respectively, are assigned to every substantial point X in Br describing the behaviour of the two possible
phases (denoted by + and —) for the considered continuum.

We will assume that at the micro-level almost every material point X, X € Bg, is present only in one of these
two phases, This means that either Vp,(X) € &7 or Vp,(X) € @~ (but not both) holds throughout the body except
possibly at some points, lines or surfaces in Bp.

However in certain regions the sets of the substantial points which present themselves in the phase + or — can
have a very complicated structure, being, for instance, composed by many disjoined connected parts whose length
dimensions can be neglected on the macro-level. We will refrain from the detailed description of all phenomena occur-
ring during the change of phase. Therefore we will pass to a macro-description of phase change and we will introduce
the concept of a certain ideal mixture of both phases constituting what will be called a non-substantial interphase layer
occupying respectively in the referential and spatial descriptions the regions B%(t) and B?. To be more precise we will
assume that:

i) The region By and consequently spatial region B; can be — on a macro-level and at every time instant t — parti-
tioned into three mutually disjoint subregions (which in general are non-substantial) B%(t) and BE(t) such that

Br = B(t)UBR(t)UB(t), B.=B'uB;UB/. (2.2)

In these regions the considered elastic material is present in different phases: the interphase layer occupies the
region BY(t) separating the regions B (t) occupied by the phases + and — respectively.

ii) Some macro-descriptors can be defined in B%(t) which allow the description of some of the more relevant interfacial
phenomena in terms of fields smoothly varying from one phase to the other.

2.3 Transition layer assumptions

We will assume, rephrasing [6], that:

2.3.1) The interfacial region B%(t) can be obtained by shifting along the normal a given surface 2. Referring to
[6] for more details, for seek of self containment, we recall that this means that if the surface | has parametric
representation r°(6, t), 8 = (8*, 8%) = IT there exists a surface scalar field &; such that

vX € B%(t) 31 (8, 6°)/X =%, t) + 6°n(, t); (2.3)

where n represents the normal vector field to X, and 6° € [~6,(0), 6:(6)]. The set obtained fixing in (2.3) 6° and
letting 6 vary we will call °-shifted surface from ;.

As a consequence of this assumption we can define a scalar vector field £{X, t) and a unit normal field n(X, t) in
BY(t) mapping every X € B%(t) into the unique 6 and normal (to ;) vector corresponding to it. We remark that, if
¢y is the field of the normal speed of the surface 2, then the following equality holds

a

&C (X, t) =ca(X, t). (2.4)
2.3.2) The boundary of B%(t) can be partitioned as follows:

OBy (t) = Zf UZT,

where X and X are the respectively d¢-shifted and (—ds)-shifted surfaces from X representing the surfaces dividing
+ and — phases, respectively, from the interphase (transition) layer.
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2.4 Assumption on the microstructure inside the interphase layer

2.4.1) e-micro-layers
In B%(t) coexist the two phases + and —. More precisely we will assume that — on a micro-level — the interfacial
region is constituted by thin micro-layers of constant thickness € each of which is partitioned into two sub layers of
varying thickness (denoted respectively et and &7) filled with phase + and — respectively. These micro layers and sub
layers are assumed to be obtained translating 2y along the normal. We will assume that
&= % with n>1,

and hence in our description of the microstructure of the interphase layer all terms of an order higher than & will be
neglected.

2.4.2) Some auxiliary definitions
For the time being assume t, 8, and ¢ fixed. When not causing misunderstanding we will simply use the symbol J for
the introduced thickness 6:(6).
Let ¢*(-), €7(-) be linear functions defined on the interval [-d, d] such that
e (=8) = (0) =0; et(0) = (-0)=¢.
Obviously we have that
Ve € -0, 4], e (0 +e (0 =¢.
Also we define on [—3, d] the functions

e (6% )

@ (6%) = Y @ (6°) = &) )

&

We partition the interval {—4, 4] into the n disjoined intervals, of constant length &,
L= (6] — & (6), 6] +&"(6)).

We can now define the function h? : [-d, 6] — R as the real-valued continuous function which
i) in every subinterval (87 — e (6%), 6%) (67,67 + ¢*(67)) of , (i=1,..., n) is linear with angular coefficients respec-
tively —¢*('63) and ¢~ ("6%) (for some ‘67 and "6? in ;)

~(6}) et (6}
ii) when 6° = 67 it attains the values i(—‘)e—g—(;) _

We remark that the choice of ‘67 and 767 can be made in order to assure the continuity of h® at points separating the
intervals I;. It is easy to see that neglecting terms of an order € we have that

et (63) =9 ('6?); @ (03 2 ("67) i=1,...,n.

The function hf will be called micro-shape function and — as will be explained below — plays an important role in the
modelling of the interphase layer.
In the sequel we shall also use the functions 0™, 0~ defined in [-d, ] and given by

—(p3

+(3) = -(0%) = e (6)

)= o (6=

which for 6° = 6? represent the percentage of the + and — phase inside the layer descibed by the interval I; included
in [-6, d].

2.4.3) Kinematic assumptions
The motion p of the body B inside the transition layer can be represented as the sum of a macroscopic part (i.e.
independent of €)

vtel, P(,t):Br— F,

and of a superimposed small disturbance D*
vtel, D*(-, t) : Bg — T(E)

caused by the micro-inhomogeneity of the transition layer which has the following form:
VX € BR(t), DX, t):=h%(X, t) Q(X, t).

In this last equation Q, which we will call descriptor of interfacial layer micro-structure, models the micro-state of
the considered substantial particle and h® is a suitable micro-shape function constant on every 6°-shifted surface
from 2.
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2.5 Fine phase mixture hypothesis

The macro-model of the interphase layer will be obtained — after using the kinematic assumption 2.4.3) — by means
of the limiting passage ¢ — 0 in all relations describing the mechanical behaviour of the media constituting the inter-
phase layer.

We will call the macro-model of the interphase layer obtained using the hypotheses introduced in this section
interfacial fine phase miztures. It has to be emphasized that, due to the properties of function h®, in this model all
relevant quantities smoothly vary in the passage from one phase to the other.

The validity of the above formulated modelling hypotheses needs to be tested by means of the comparison of the
subsequent theoretical predictions with experimental evidence. We are aware of the fact that they restrict the scope of
applicability of our model, which could be improved in some particular instances introducing more sophisticated micro-
shape functions and/or more descriptors of micro-structure.

3. Evolution equations

As we have stated before, we assume in this section that all quantities infinitesimal of order equal or greater than ¢ are
negligible.

This hypothesis restricts our treatment to interfaces for which the hypothesis of fine phase mixture holds.

Consequently et and & are negligible. This is not the case for the relative thicknesses ¢& and for the strain
modulators @* which remain constant when ¢ tends to zero.

The model resulting after this limit passage will introduce for the interfacial region B%(t) a microstructured
continuum with the internal variable Q. Every substantial macro-particle of this continuum contains both phases +
and —, in the proportion controlled by the macro-fields 6. The state of every macro-particle is determined by its
macro-strain tensor F and by the vector Q.

The evolution equations for macro-displacements and for Q are obtained postulating the principle of stationary
action for motions belonging to the class specified by the hypotheses of the previous section and neglecting in the
expression of the action all quantities infinitesimal together with e.

3.1 The action functional

We start expressing micro-deformation tensor f and the velocity field v in the referential description in terms of
macro-deformation tensor F := VP, the descriptor Q, the macro-velocity field V := P and the propagating speed of the
interfacial layer. Using the Hypotheses of subsection 2.4 and recalling that F and V are the derivatives with respect X
and time t of the function P, we obtain (quantities infinitesimal with & are neglected)

f:F+{_¢¢j+}Q®n=:{§fg:8;}, (3.1)
v=V+{;T}Vm; Qz%ﬁ?&%”’ (3.2)

where the symbol { } means that the equality holds respectively in the + or — phases.
We can now introduce the action functional & for the interphase layer occupying in the reference configuration
the region Bj(t):

oA =[x -P)dt, (3.3)

the kinetic energy " and the potential # being defined — on a micro-level — as follows (dVr and dAg are respectively
the volume and surface elements in the reference configuration):

A= [ ogv?dVr; 2= [ We(X, f)dVr+ [ tr-pdAg, (3.4)
By (%) B (1) 8Bl (1)

where the strain energy W is a function of the material point X and the strain f, it is equal to WE(X, -) or to
Wg(X, -) if X belongs respectively to phase 4 or —, gy is the mass density in the referential description and tg are the
external contact forces applied on the boundary of the interfacial transition layer, which we assume are independent of
the micro-structure of the layer.

Once the hypothesis of fine phase mixture is used neglecting all terms infinitesimal with &, with simple algebra
one obtains the following expression for the action functional

A= | JogVi+30rvciQ®dVr+ [ (Wr)(X,F,Q)dVr+ [ tg-PdAg, (3.5)
BY(t) BY(t) IBG (1)
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where ¢, is defined in eq. (2.4), w(6%) := 0*(6°) 0= (6°), we have assumed that the referential mass densities gff of
phase + and — are equal, and we have used the following denotations:

Or = Ok = OR; (3.6)
(Wr) (X, F, Q) := 0" (X) WE(X, fH(F, Q)+ 0~ (X) Wg(X, f~(F, Q). (3.7

The evolution equations for macro-placement P and the descriptor Q inside BY(t) are obtained assuming that the first
variation of the action &/ determined by equation (3.5) is vanishing.
1) Equation of motion
) dv o B B
Div Sg — 0 Frah 0 in Bp(t) and SgN=tg on JBy(t), (3.8)

where the vector field N is the unit normal to 8B} (t) and the (Piola-Kirchhoff) macro-stress-tensor Sg is determined
by the macro-constitutive relation

W
Sr(X, F, Q) = —%Fl>- (3.9)
2) Propagation condition
W .
<8QR> + QRl//CiQ =0 in B%(t) . (3.10)

We remark that equations (3.8)—(3.10) describe the behaviour of the interfacial continuum if the motion of the inter-
facial region B%(t) is known a priori. The equations governing the motion of this region has to be found modelling its
specific physical nature, as is done, in the particular instance treated there, in sect. 4.

It has to be emphasized that:

i) in the proposed macro-model the properties of the continuum constituting the interphase layer can be casily deter-
mined once the constitutive properties of phases + and — and the micro-structure functions ¢t are known;

ii) since ¢, is the relative velocity of the interfacial layer with respect to the referential space then the condition (3.10)
is Galilean invariant;

iii) equations (3.10) is an algebraic relation among Q, F, and c2. The definition of average strain energy implies that
using it one can express Q in terms of F and c2 and therefore that the strain energy can be regarded as a function
(Wr) of the macro-strain F and the speed c,. On the other hand the physically admissible domain for a strain
energy function is included in the set of independent variables for which the energy is positive: in particular this
implies that some restrictions have to be expected on possible speeds c,. In the next section we find, in the case of
transition layer in linear elastic solids, an explicit form of such a restriction.

iv) When we deal with a substantial layer the the speed ¢, is vanishing. The equations (3.8)—(3.10) reduces to those
found in [5] where some macro-models of micro-laminated materials are considered.

4, An application

In this section we want to apply the model developed up to now to the study of the propagation of a particular
interfacial layer.

More precisely we consider the micro-cracked material investigated in [4]: the considered solid body is assumed
damaged because of the presence of planar micro-cracks (parallel to the laminae interfaces) whose planes are character-
ized by a regular field n of unit vectors.

We assume that the region B can be partitioned into three regions: i.e. the region in which the micro-cracks are
open (phase +), that in which the micro-cracks are closed (phase —), and the interphase layer in which the micro-
cracks are partly closed and partly open.

In the interphase layer a macro-strain F and one macro-descriptor Q, following the procedure showed in the
previous section, are introduced.

In the considered instance the partitioning at the macro-level can be determined by means of the phase defining
function and thresholds

7: (X, F) € Bg x Lin (TE) > yx (F) =n(X) - F'Fn(X) ~1;  (y_,7,) € R* x RY,
Indeed we have that:
B (t)={X € Br/yx(VP(X,t)) > v}, Bf =p.(BL(t)),
B (t)={X € Br/yx(VP(X,t)) < —y_}, B =p(Bg(t)),
By(t)={X € Ba/rx(VP(X,t)) € (-=v_, 7,)},  Bl=p(By(t)).
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The physical interpretation of the function yx and the constants (y_, y,) is very easy: in the + phase micro-cracks are
open, in the — phase micro-cracks are closed, and in order to open or to close micro-cracks the stress needs a compo-
nent along n which respectively corresponds to the thresholds y, and y_. In points X in which

yx(f) € (=v_, v4),

we are in the part of the body where phase transition — on a macro-level — occurs: i.e. in the part of the body where
the knowledge of the strain F and the normal n is not sufficient to establish whether the micro-cracks are closed or
open. For the points in B%(t) the knowledge of the values of ¥ does not allow the unique determination of the strain
energy which in this sense is not well-defined (cf. [4]) at the macro-level until more the detailed description of the
structure of the interfacial layer allowed by the introduction of the vector field Q is added to our model. Indeed the
average strain energy (Wg) is not only a function of macro-strain F but also a function of the macro-descriptor Q.

We will limit ourselves to the case of a linear elastic micro-cracked material in which the vector field n is con-
stant and to the study of interphase layers propagation in the direction of n.

Therefore we will restrict our consideration to uniaxial strain states. In this case the strain energy functions Wy
and Wy (respectively the strain energy in the medium with open cracks and with closed cracks) and the sets of admis-
sible local deformations are given, in terms of the infinitesimal strain e, by

{¢+ :={e/n-en >e.}, Wi(e) =1E"(n-en)®,

& i={e/n-en<-e}, Wa(e)=LE (n-en), Y

where:

the positive constants ey, which we can call strain thresholds, play the role, in the case of linear elasticity, of the phase
defining thresholds;

the constants E* are positive and verify the relationship

E- > E*, (4.2)

which is simply physically interpreted recalling that once the cracks are open the stiffness of the material is lower than
in the case of closed cracks.

In the model discussed in [4] one can assume that the traction % required to open (close) all micro-cracks is
given by & =Ete, =E"e_.

In the sequel we will study the propagation of a disturbance of displacement in the direction of n. In other words we
will study the propagation of a longitudinal plane wave of displacements, opening (or closing) the micro-cracks, in which
the phase change occurs inside a thick layer whose micro-structure verifies the hypotheses listed in the previous section.

We will use the following denotation and hypotheses:

i) U is the component of macro-displacement along n, Ur, its derivative in the direction of n,
ii) we introduce only one micro-shape function and one vectorial macro-descriptor,

iii) Q is the component of the macro-descriptor vector along n,

iv) the interface layer is the union of planes orthogonal to n,

v) S is the normal stress n - Sgn.

The average strain energy for the considered continuum and displacement fields is easily evaluated once equation
(3.7) is recalled

(Wg) =3 B(Un)” + [E] yQUn + 3 By Q® (44)
with ¥ := Y0~ and where

E:=E'¢*+E o~ ; [E:=E —-E*; E:=E'¢ +E o". (4.5)
Therefore we obtain, using (3.9), the following expression for the normal stress S in terms of Q and Un,:

S = EU, + y[E]Q, (4.6)
while the propagation condition (3.10) becomes

£Q -+ [E]U,, - eac?Q = 0. (47)
Equation (4.7) allows to express Q in terms of U, and c?

E
Q= —(E_[Qﬁ@n, (4.8)

so that S can be expressed in terms of Uy, and c? as follows:

- [EP )
S=|E-y ————|Uy. .
( VE= OrC:P) (49)
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We will call interphase longitudinal modulus the quantity

2
E(c?) := (E -y @%) , (4.10)
RCn

which depends on the coordinate 6° inside the interfacial layer because in it the fields (see equation (4.5)) o= appear.
The interphase longitudinal modulus must be positive everywhere inside the interphase layer. This physical con-
dition implies the following restrictions on the propagation speed ¢, (recall condition 4.2):

orc®> <EY or o2 >E". (4.11)
The field U has to be found solving the hyperbolic equation which is implied by (3.8),
d’U )
Sa-0g Gz =0 in BS(t), (4.12)

where the expression (4.9) for S has to be substituted.

To (4.11) some boundary conditions must be added, together with some free-moving boundary conditions deter-
mining the position of Z; and the scalar &;. In particular we must assume that the following conditions must hold on
the surfaces X and 2, , which in the considered case are planar, together with X :

Un(&(t) + Or, t) = ey
3y Y .1
{U/n(g(t) + 64, t) =—€-, (4 3)
where £(t) represents the distance of 2; from a reference plane.
Moreover the displacements and normal stresses will be assumed to be continuous on £ and X .
U and S donotjumpon 2. (4.14)

Concerning condition (4.10) we remark that
i) interphase longitudinal modulus reduces to the effective modulus found in [4] when ¢, is vanishing;
il) when the speed ¢, tends to infinity the interphase longitudinal modulus tends to E;

E+
iii) when [|c,|| tends to v or to o respectively from lower or from higher values then respectively on 2 and on

2! the interphase longitudinal modulus vanishes.

The free moving boundary problem (4.12)—(4.14) seems to be interesting enough to deserve an accurate mathe-
matical analysis. In particular it will be interesting to determine the set of initial conditions for which condition (4.11)
is verified for all subsequent time instant and to examine under which condition the interphase layer initially present
disappears in a finite time, or when it does not disappear, eventually growing indefinitely.

5. Conclusions

In this paper we prove that for the family of interphase layer whose structure is described by the hypotheses listed in
sect. 3,
i) the material behaviour of the medium filling the interphase layer depends not only on the material properties of
both phases but also on the propagation speed of the layer,
ii) if one assumes that the interphase longitudinal modulus has to be always positive not every propagation speed of
the interphase layer is possible, '
iii) when the interphase layer does not propagate in the referential description then the material properties of the
substantial particles belonging to it are similar to the effective properties of a micro-laminated two component medium
(cf. [14]—[16]).

Moreover we particularize the general model introduced in sect. 3 to study the one dimensional propagation in
the direction of the layering of an interphase layer in the microcracked solid studied in {4].

We find a free moving boundary problem for the boundaries delineating the interphase layer and the field of
longitudinal displacements which seems to deserve mathematical interest.

References

1 CoLLiNs, C.; MITCHELL, L.: The computation of the austenitic-martensitic phase transition. In: PDEs and continuum models of
phase transitions. Lecture Notes in Physics 344. Springer 1988, pp. 34—50.

2 JaMes, R.; KINDERLEHRER, D.: Theory of diffusionless phase transitions. Ibid., pp. 51—84.

3 Ball, J. M.; James, R. D.: Fine phase mixtures as minimizers of energy. Arch. Rat. Mech. Anal. 100 (1987), 13—52.

4 WozNIAK, M.; WozNIAK, Cz.: Laminated media with interface defects. ZAMM 75 (1995) ST, 171-172.



526 ZAMM - Z. angew. Math. Mech. 77 (1997) 7

5
6

7
8

WoznNiaK, Cz.: A nonstandard method of modelling of thermoelastic periodic composites. Int. J. Engng. Sci. 25 (1987), 483—498.
DELL’'IsOLA, F.; KosINsKI, W.: Deduction of thermodynamic balance laws for bidimensional nonmaterial directed continua mod-
elling interphase layers. Arch. Mech. 145 (1993) 3, 333—359.

Wozniak, Cz.: Refined macro-dynamics of periodic structures. Arch. Mech. 45 (1993), 295—304.

RUBINSTEIN, L.: On mathematical models for solid-liquid zones in a two-phase monocomponent system and in binary alloys. In:
FasaNoO, A.; PRIMICERIO, M. (eds.): Free and moving boundary problems: Theory and applications. Vol. I. Pitman Publisher
1983, pp. 275-283.

MiLLER, C. A.; NEOGI, P.: Interfacial phenomena: Equilibrium and dynamic effects. Marcel Dekker NY 1987 (Surfactant Science
Series, Vol. 17).

Kosinski, W.: Field singularities and wave analysis in continuum mechanics. Ellis Horwood Lmt Publishers. Chichester 1986.
DELL’IsOLA, F.; RoMANO, A.: A phenomenological approach to phase transition in classical field theory. Int. J. Engng. Sci.
25 (1987), 1469--1475.

DELL’'ISOLA, F.; ROMANO, A.: On the derivation of thermomechanical balance equations for continuous systems with nonmaterial
interface. Int. J. Engng. Sci. 25 (1987), 1459—1468.

TRUESDELL, C.: Rational continuum mechanics. Academic Press, New York 1977.

BAKHVALOV, N. S.; PANASENKO, G. P.: Processes averaging in periodic media (in Russian). Nauka, Moscow 1984.

BENSOUSSAN, A.; LioNs, J. L.; PAPANICOLAU, G.: Asymptotic analysis for periodic structures. North Holland, Amsterdam.

Sun, C. T.; ACHENBACH, J. D.; HERRMANN, G.: Time-harmonic waves in a stratified medium propagating in the direction of
the layering. J. Appl. Mech. 35 (1968), 408—411.

Received September 13, 1995, accepted August 8, 1996

Addresses: Dr. FRANCESCO DELL’ISOLA, Dipartimento Ingegneria Strutturale e Geotecnica, Facolta’ d’Ingegneria, Universita’ di

Roma “La Sapienza”, Via Eudossiana 18, 1-00184 Roma, Italia; Prof. Dr. habil. CZESLAW W0zNIAK, IFTR Centre of
Mechanics Polish Academy of Sciences, Swietokrzyska 21, PL-00-043 Warszawa, Poland



