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Abstract We consider the problem of ezplicitly pricing and hedging an option written on a non-
exchangeable asset when trading in a correlated asset is possible. This is a typical case of incomplete
market where it is well known that the super-replication concept provides generally too high prices.
Here, following J.H. Cochrane and J. Sad-Requejo, we study valuation under No Good Deal (NGD)
Assumption. First, we clarify the notion of NGD. Then we compute a lower and an upper bound
for NGD price and show numerically that it can be significatively higher that the one previously
compute in the literature. We then propose several hedging strategies starting from NGD price
and show numerically that the minimum variance one is quite efficient.

Keywords No Good Deal - basis risk - mean variance hedging
JEL Classification Numbers C61 - C63 - G11 - G13

1 Introduction

In this paper, we provide new and concrete elements for pricing and hedging Basis Risk. We
consider the problem of an agent paying a derivative written on a risky asset V' on which trading
is not possible, not allowed or too costly. For example, an investor can sell an option on a stock
and prefer for liquidity reasons to hedge with an associated index; or in the commodities market
hedge with Fioul Oil 1% an option on Fioul Oil Straight Run 0,5%. In these cases, one considers
a more liquid asset S which is highly correlated with the underlying V' and then price and hedge
investing in S and cash only.

This is a typical incomplete market and the natural extension of No Arbitrage pricing, i.e.
replication, is the super-replication concept. But, in the Black-Scholes diffusion world, it is well
known that this lead to unreasonably high valuations. For example, the super-replication price of
a call option on a non-tradable asset is equal to the initial value of this asset, provided that it is
possible to buy it at the beginning of the trading period.

An alternative method has been introduced by (Cochrane and Saa-Requejo, 2001)): the No
Good Deal (NGD) pricing. The idea is to exclude from admissible strategies, portfolios which have
too high “Sharpe Ratio” because, similarly to arbitrage opportunities, good deals would quickly
disappear as investors would immediately grab them. But how should we define the Sharpe ratio?
In economic theory, the Sharpe ratio of a claim measures the degree to which the expected return
of the claim exceeds the risk free rate, as a proportion of the standard deviation of this claim. For
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dynamic strategy, the meaning of Sharpe ratio is not so clear and there exist different definitions in
the literature. We refer to |Cochrane and Saa-Requejo| (2001)), [Bjork and Slinko| (2006)), [Bayraktar
and Young (2008)) or [Kloppel and Schweizer| (2007)) among others.

Kloppel and Schweizer| (2007)) define Sharpe Ratio globally and find that this NGD constraint,
i.e. imposing a bound on the Sharpe ratio of any portfolio based on exchangeable claims, is equiva-
lent to a bound on the variance of the density of the pricing measures. Note that this definition of

Sharpe Ratio and No Good Deal price is linked to the notion of coherent risk measure and coherent
NGD utility function of |(Cherny| (2008).

Cochrane and Saa-Requejo| (2001) and |Bjork and Slinko| (2006 use an instantaneous notion
of Sharpe Ratio and the authors assert that the NGD constraint leads to a bound on the market
risk premium (considering both coverable and uncoverable risks). We remark that only a bound
on the coverable risk premium naturally appears and consequently, it seems that their notion of
NGD price is not directly related to instantaneous definition of Sharpe Ratio. We also show that
it is also not related to the global Sharpe Ratio.

We choose to define No Good Deal using a global Sharpe Ratio similar to the one of [Kloppel
and Schweizer| (2007). Then we introduce NGD price as the minimum initial wealth such that
there exists a strategy leading to a residual wealth (after delivering the claim) having a positive
coherent NGD utility function (see and ) As the super-replication price, the NGD price
can be dually represented by the supremum over all pricing measures with a bounded variance
by some constant related to the NGD constraint. The pricing measure (also called equivalent
martingale measure or EMM) can be represented by their densities which depend on the coverable
and uncoverable risk premium. This last quantity is a stochastic process, and it is not possible to
transfer our maximization constraint on it. In fact, if we set a bound on the market (coverable
and uncoverable) risk premium, then the global Sharpe Ratio is bounded but the reverse is not
true. Thus, we expect to find that the NGD price is higher that the one previously compute by
Cochrane and Saa-Requejo, (2001)). The optimisation problem associated to NGD constraint is
difficult to solve : we propose explicit upper and lower bounds for it and provide an analytical
recipe to compute them. Then we show that our lower bound can be significatively higher than
the prices computed by |[Cochrane and Saa-Requejo| (2001)) or |Bjork and Slinko| (2006) (which are
equal).

We then turn to the hedging issues. We first point out that in contrast to the super-replication
notion, no natural strategy appears from our No Good Deal concept. So we compare several hedging
strategies. First, we introduce very basic one as buy and hold and Black Scholes related to some
approximated option (see ) Then, we discuss the hedging criterium introduced by [Becherer
(2009), which is, in our context, related to the price introduced by |Cochrane and Saa-Requejo
(2001). His hedging strategy is such that the NGD price of |(Cochrane and Saa-Requejo| (2001) is
equal to the minimum, over all admissible strategies, of some adhoc risk measure of the replication
error (see ) First, we show that his hedging criterium does not apply to our NGD price :
the construction of an ad hoc risk measure in our NGD context is left to further study. From
our point of view, the drawback of [Becherer| (2009)) criterium is that it is not explicit (it could
be obtained as the numerical solution of a BSDE) and thus economically not easy to understand.
So we propose a quadratic criterium (but different from the NGD one), for which explicit and
fully calculable results are possible : to minimize the variance of the replication error under the
historical probability. This notion has been first introduced by |Duffie and Richardson| (1991)) and
Schweizer| (1992)) and extended by |Gourieroux et al.| (1998), and it leads to hedging and pricing
corresponding to Minimum Variance criterium. It is a quadratic minimization problem. The idea
is to project our derivative product on the set of all admissible payoffs induced by the tradable
asset S and the cash. Since those assets are not martingales under the historical probability, this
is not technically possible and therefore we will use the classical tool of change of numéraire. Our
contributions are the following : we propose a streamline proof with a direct derivation of the
“right” numéraire (without using the so called minimum variance measure) and solve explicitly
the minimum variance problem in cases of Basis Risk. We compute a closed form formula for both
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the hedging strategies and the error associated to these strategies. This error can be divided in
two parts.

Then we perform numerical experiments. We consider a non-exchangeable asset which is more
risky but provides higher returns than the exchangeable one. We are typically in the case of a very
liquid index and a less liquid constituent of this index. We compute the finale value of the different
hedging strategies and compare them through three points of view : probability of super-replication,
expected loss and VaR. We obtain that the strategy of Becherer| (2009) and the minimum variance
one have very similar results and that they perform better than the others strategies. Thus if we
want to obtain fully calculable and easy to interpret results, minimum variance strategy might be
a satisfying hedging criterium.

The rest of the paper is organized as follows: in section 2, we present the financial model. We
define the set of EMM, which must be in L? in our context. We relate the coverable and uncoverable
risk premium to the variance of densities of EMM. In section 3, we review the various notions of
“Sharpe Ratio” in the literature and their implication for No Good Deal price definition. In section
4, we discuss different prices for basis risk and provide some comparison results. Section 5 deals
with hedging strategy issues. The technical proofs of the paper are grouped in the Appendix.

2 The financial model

We consider the problem of pricing and hedging a derivative product written on a risky asset V,
on which trading is not possible. We assume that we can observe the price of V' at all times. We
will investigate the case where there exists a risky asset S, which is similar to V and traded in the
market. This similarity will be measured by the correlation between the respective risk sources of
the two assets. The financial market contains also a non-risky asset called S°.

Let (Wi)o<i<r and (W )o<i<r be two independent real-valued Brownian motion, defined on a
complete probability space (§2, F,P). We assume that,

ds) = SPrdt (1)
dSy = Si(psdt + osdWy) (2)
dVy = Vi(pvdt + ov (pdWy + /1 — p2dW})) (3)

where 7, ug, s, py and oy are R-valued coeflicients representing respectively the instantaneous
risk free rate, the drift and volatility of S and the ones of V. p is the correlation between risk
sources of the two assets (W and pW + /1 — p2W*) with —1 < p < 1.

We will use the notations hs = £2=" and hy = £ for Sharpe ratio (in the classical sense)
of the assets S and V respectively.

We introduce now some further useful notations. For any Brownian motion B, F¥ = {FF, 0 <
t < T} is the P-augmentation of the filtration generated by B. We shall denote by F; = .EWW*
for 0 <t < T and IF = FW'W" the flow of total information on [0, 7], where T > 0 is a finite time
horizon.

For any probability Q on (£2, F), L°(Q), L>°(Q), LP(Q) for p > 0 will represent respectively the
set of measurable, measurable and Q-almost surely bounded, and measurable and such that the

p-moment exists, random variables. For any Brownian motion B, L2, _(B) will be the space of F5

progressively measurable processes A such that fOT A2ds < +oc. Finally, if X is a semi-martingale,
L(X) is the set of progressively measurable processes integrable with respect to X (see for example
Protter| (1990), p134).

The expectation and the variance computed under P will be denoted by E and Var, the expec-
tation and the variance computed under Q will be denoted by E? and Var@.
Let us introduce the set of pricing measure

MEP)={Q~P : 5/5%is a Q martingale }.
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The Fundamental Theorem of Asset Pricing asserts that M¢(P) # () under some kind of no
arbitrage condition, see Delbaen and Schachermayer| (1994) El In our simple setup, it is easy to see
directly that M¢(PP) is non-empty (see below) and thus that the no arbitrage condition holds.

In the context of pricing under No Good Deal principle, we need to introduce the space

M2(P) = L*(P) n M°(P)J]
In order to characterize M?(P), we define Y} and Z3, for A € L2 (W, W*)), by

loc

T 1 T
Y} = exp / )\des*—f/ Mds (4)
0 2 0
1 T 1 (7
Z3 = exp —hSWT—§h§T+/ NedWJ — 5/ Nds | = 293 (5)
0 0

We also denote by A the set of A € L2 _((W,W*)) such that Z2 is a square integrable martingale.

loc

The number hg is interpreted as the risk premium of the hedgeable risk W and —\ as the risk
premium of the non-hedgeable risk W*. From now, we call Q* the probability measure such that
Z3 = dQ*/dP, for X € A. It is well known that M?(PP) (it is essentially Girsanov Theorem, see for
example Musiela and Rutkowski (2007))) is explicitly given by

d
M (P) = {(@|3/\€As.t. d(gzz%} (6)

and is non-empty. Thus the measure Q* are the so called pricing measure. Note that in a market
where only the information on the tradeable asset S is available (i.e. the filtration is V'), M?(P) =

{Q%}.

For the sequel, we need to express Var(Z3) for any \ € A.
Lemma 1 Let A € A, then

Var(Z3) = hsTEQ (efoT ’\id“”) -1, (7)
for some Q~P, Qe L2 (P). If X is a constant process we get that
Var(Z3) = e TAIT _ (8)

Note that a bound on the process A implies a bound on the L? moment of the density Z%. This
remark will be fundamental when defining the Sharpe Ratio of a wealth process.

Proof See Appendix

We now define the space of trading strategies in (S°,S) denoted by S. Two kinds of constraints
need to be impose on a strategy (#°,®') : (i) conditions such that the associated wealth X; :=
PVSY + @} S, is in L?(P) and (ii) conditions in order to avoid strategies leading to arbitrage.

Definition 1 A strategy (#°,®') € S is a R2-valued predictable process such that :
(i) the associated wealth process X is defined by X; := VSY + &}, € L*(P)
(i1) % is a Q-martingale under all Q € M?(P).

Definition 2 A strategy (9°,®') € S is self-financing in (SO, S) if and only if :
(@°,0") € L(5°,9)
?°dS° + 'dS = d (9°5° + 9'9) (9)

The set of such strategies is called As.

I In general this holds true for local martingale.
2 by Q € L%(P), we mean that the density of Q w.r.t. P is in L2.
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It is easy to see that if (#°,P!) € A, then we get
¢ S
X; =5 <X0 +/ @idsg> . (10)
0 s

3 Defining a Good Deal

Roughly speaking, a good deal is an asset or a strategy with a Sharpe ratio too high. Similarly to
arbitrage opportunities, good deals will quickly disappear as investors would use them in priority.
The idea of |Cochrane and Saa-Requejo (2001)) is thus to exclude good deals as well as arbitrage
opportunities. The question however is how to define the Sharpe ratio? In economic theory, the
Sharpe ratio of a claim measures the degree to which the expected return of the claim exceeds
the risk free rate, as a proportion of the standard deviation of this claim. To formalize this in
an abstract setup, there exists several definitions in the literature. We first analyze them in our
context and conclude which is the “right” definition to use.

The first definition, the so-called conditional instantaneous Sharpe Ratio can be found, for
example, in |Bjork and Slinko| (2006)) or Bayraktar and Young| (2008). Let X; be the value of a self
financing strategy at time t. The Sharpe ratio is defined, formally, by :

LE(%5/F) -7
sri(xy — MoK (11)
4/ Var (d))(it / .7-})

Note first, that the Sharpe ratio is not a number but a stochastic process. Clearly, the value of
the Sharpe ratio will depend upon the type of strategies which are allowed. In [Bjork and Slinko
(2006)), only trading in the non-risky asset S° and the exchangeable asset S are allowed. Let X
be the value at time t of a self-financing strategy (®°,8') € Ay : X; = #YSY + &} S;. Using the
self-financing condition and Equations (1) and (2)) :

us —r
t

dX; = ®%dS) + &;dS; = X, (r + &} S, ) dt + S Dy o 5dW;.

It follows that

dXe 2\ g MBS T dX, _\  Siblos
E < X, /ft) = (T+Q5tSt X, )dt and Var<Xt /]-'t) =73, dt

Thus

SRY(X,) = 257" g

gs
This last quantity is the Sharpe ratio (in the classical sense) of the risky asset S and the conditional
instantaneous Sharpe ratio (which is, in general, a stochastic process) reduces here to a number.
Bjork and Slinko| (2006) argue that they consider the Sharpe ratio of the entire economy (see their
Remark 3.4). As far as we understand, they only consider trading in the tradeable underlying
securities (S° and S) and in derivatives which can be attained by trading in those underlying
assets.

Bayraktar and Young| (2008]) also use the notion defined in but they consider the Sharpe
ratio of a portfolio consisting of the tradeable underlying assets and the derivative H they want to
price. The difference is major since the price of H depends on the non-tradeable asset V. In a first
time, they find the portfolio in the tradeable underlying securities that minimizes the local variance
of the global portfolio (including the derivative). The price of the derivative is then obtained by
fixing the instantaneous Sharpe ratio at some given value.

We now turn for the second kind of definition of Sharpe ratio, the so-called unconditional global
Sharpe Ratio which can be found in Kloppel and Schweizer| (2007]). The unconditional global Sharpe
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ratio of a claim measures the degree to which the expected return of the claim exceeds the expected
return computed under a risk neutral pricing measure, as a proportion of the standard deviation of
this claim. The definition is formally given for any claim X on (2, F,P) and depends on a measure

Q € M2(P).

E(X) - E¥(X)

2 _
SEAX,Q) = Var(X)

(12)

If X is constant or Var(X) = oo, we set SR?(X,Q) = 0. Note that the Sharpe ratio will be well-
defined if X € L?(P) (as Q € L?(P), the Cauchy Schwarz inequality implies that X € L*(Q)). For
Q € M°(P) let

C(Q)={X e L%P) : X~ € L®(P) and E%(X) < cc}.

This set can be interpreted as the set of claims, which are bounded from below (in order to
avoid doubling strategies) and such that their price under the pricing measure Q is finite and
thus affordable from E@[X] if we believe that the pricing measure is Q. It is easy to see that if
X eC(Q)N{X :E(X) < oo} C L'(P) the Sharpe ratio is also well-defined.

It is clear from the definition that this second notion of Sharpe ratio is intimately linked to
the choice of a pricing measure : if you believe the right pricing measure is Q, the Sharpe ratio
measures, in proportion of standard deviation, the excess between the expected value and the
price. It is also a global measure of the performance of a claim X. Moreover it has the following
remarkable property :

Proposition 1 Let Q € M?(P) then
sup SR*(X,Q) = /Var Z7.

XeC(Q)N{X E(X)<oo}

The proof can be found in the Phd Thesis of [Kloppel (2006) but for the ease of reading, we report
it below :

Proof First we prove that the supremum is less or equal to v/Var Zp. If X € C(Q) N{X :E(X) <
oo} \ L2(P) then SR?(X,Q) = 0 else as E(X) — E(X) = E[(X — E(X))(1 — Z7)], the required
inequality follows from Cauchy-Schwarz inequality. In order to prove that there is in fact equality,
consider the sequence X,, = E?[X] — Z71z, <y, then X,, € C(Q) N {X :E(X) < oc}. Moreover,

E ((Zrlz,<n(Z7 — 1))
Var(ZleTgn)

SRQ(XTHQ) =

)

which converges by Lebesgue’s Theorem to 1/ Var(Zr). Note that if the supremum is computed in
L?(P), then it is a maximum.

So, for a given pricing measure, imposing a bound on the Sharpe ratio SR? of all affordable claims
is equivalent to imposing exactly the same bound on the variance of the density of the pricing
measure. As already mentioned in the introduction, pricing under the No Good Deal assumption
requires to compute the supremum of the discounted claim under all the pricing measures when
excluding the Good Deals, i.e. when putting a bound on the Sharpe Ratio of all affordable claim.
With SR? definition, it means to compute the supremum of the discounted claim under all pricing
measures with a bounded variance. The result of Proposition [I] is thus very important for the
solution of our problem of pricing, since with the definition of SR!, it is not possible to achieve
the same conclusion : recall that SR'(X;) = hg. The information obtained using a bound on SR?
is thus richer than the one using SR'. So, we will choose to define the Sharpe Ratio SR? (see
equation (12)).

Below we clarify the restriction used for pricing under No Good Deal by |Cochrane and Saa-
Requejo| (2001) and Bjork and Slinko (2006 and explain why, in our opinion, it is not directly
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related to a restriction on the Sharpe Ratio defined by SR! or by SR?. First, we recall that
Cochrane and Saa-Requejo| (2001)) defined their No Good Deal pricing rule by imposing a bound on

A
e |(%
risk (recall Equation ) Bjork and Slinko| (2006]) also defined their No Good Deal pricing rule
by putting a bound on (A);.

The first question is how to relate a restriction on (\;); to a bound on SR! or SR?. As far
as we understand, the argument of Bjork and Slinko| (2006]), following |[Hansen and Jagannathan
(1991)), is to say that |[SRY(X;)| = |hs| < |(=hs, A¢)|r2. Then, instead of imposing a bound on the
Sharpe Ratio SR!(X;), they rather put a bound on |(—hg, A¢)|r2. This is of course mathematically
correct but, in our opinion, it is not economically meaningful because from the first definition of
Sharpe ratio, only a bound on hg, the risk premium on the coverable risk W, naturally appears.
Thus, imposing a bound on (\;); is not economically related to the Sharpe Ratio definition SR!.

The next question is then : is it mathematically equivalent to put a bound on SR? or on (\;);?
The answer is no, except when (\;); is a constant process (see Equation ({g])). In the general case,
as we only know that (\;); is progressively measurable, the story is completely different. From
Equation and Proposition [I} if one has a bound on \; then SR? is also bounded. But the
reverse is not automatically true. In fact, we will present in section counter-examples which
show that a price with constraint on SR? can be significatively greater than a price with constraint
on (A¢)s, the risk premium of the non-hedgeable risk. Note that we will present in section a
definition of No Good Deal, local in time, due to [Becherer| (2009) and show that, in our context,
it reduces to put a bound on (\;); going back to|Cochrane and Saa-Requejo| (2001) and Bjork and
Slinko| (2006)) definitions.

We now define a good deal of level 8 for a pricing measure Q € M¢(P) named shortly as

GD(B,Q).

Definition 3 Let 5 > 0 and Q € M*(P), X is a (8,Q)-good deal GD(5,Q) if X e C(Q)N{X :
E(X) < oo} and SR*(X,Q) > 3.

Following the economic literature, S will be chosen around 2 but we will also provide in the
numerical sections some studies on the variation of NGD price with respect to . Following the No
Good Deal literature, we will assume that :

Assumption 1 There exists Q € M?(P) and 3 > 0, such that there is no (83,Q)-good deal
(NGD(B,Q)), i.e. for all X € C(Q)N{X :E(X) < oo}, SR?(X,Q) < 3.

Remark 1 Under No Good Deal assumption there exists no claim such that —X € C(Q)N{X :
E(X) < oo} and SR*(X,Q) < —f. Else SR*(—X,Q) > 3 and —X is a Good Deal.

From Proposition |1} it follows that:

Theorem 1 Assumption[d] is equivalent to the existence of some > 0 such that

M2B(P) = {o eMP) : | Zr|2@ < V1 +52} £ 0.

Proof The first implication is a direct consequence of Proposition Now assume that M2#(P) # ()
for some 3 > 0 and choose Q € M?#(P). Then again by Proposition |1} for all X, € C(Q) N {X :

E(X) < oo}, SR*(X0,Q) < subxec(@)nix E(x)<oo} SBHX,Q) = VVar Zr < 8, and NGD(5,Q)
holds.

2
) } , which is equivalent to bound (\;)¢, the risk premium process on the non-coverable

4 Pricing Basis Risk
4.1 Introduction
In this section, we will investigate the notion of pricing for a contingent claim H depending on

the non-traded asset V' both from a theoretical and numerical point of view. Since the market is
imperfect, this notion must be clarified and we will study and compute several notions of price.
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A standard tool is the use of the super-replication price: intuitively, it is the minimal price
which ensures in any situation the hedgeability of H. Mathematically, it is defined as the minimal
initial wealth such that there exists a strategy leading to a terminal value almost surely over the
claim. For example, for a call option, since H depends on the non-traded asset, one can show that
the super-replication price is +oo if the investor is not endowed with at least one unit of V' (else
it is equal to Vp). E|

Another classical price in the incomplete literature is the mean variance price that will be
denoted by p)'V. This is the initial wealth that minimizes the quadratic hedging error (under
the historical probability) at expiration, i.e. the difference between the claim we want to evaluate
and the final value of his hedging strategy. This concept has been introduced by |[Follmer and
Sondermann| (1986)), in the martingale case. Further references and results on the optimal hedging
strategy are given in section [5.3] From a pricing measure point of view, it can also be defined as
the derivative’s price computed under the minimal variance measure Q° (see with A = 0)

0 (VT — K)+ _
pyV = EQ [SO =E[e""Z(Vr — K)4] . (13)
T
In Theorem [3] we will compute it explicitly (see ), and in Theorem [5| we will show that it is
actually the initial wealth that minimizes the quadratic hedging error.
We will compute in section |4.5| a quick and dirty approximations sometimes used in practice
when dealing with Basis Risk and consisting in using the evolution property of S starting from Vj

to induce the evolution of V' and price instead of the original option (Vp — K)4, (g—gST — K) ,
+
whose underlying is now the tradable asset S.

And of course, we will study the prices induced by the No Good Deal criterium we have studied
before. The one of [Cochrane and Saa-Requejo (2001)) and [Bjork and Slinko| (2006), called CSR
price (see (14)) and the one we propose called NGD price (see and (18)). This is done in the
next subsection. In particular, we will see that the NGD price is difficult to compute explicitly and
we will provide upper and lower bounds p§# and p§? (see (22)) and ) for it. We will present the
criterium for No Good Deal of Becherer| (2009) in section nd show that in our simple context,
it reduces to CSR price.

All the numerical experiments are given in subsection where we compute and compare the
different prices mention above and in particular the CSR price and our upper and lower bounds
pSE and pLP and exhibit various situations where our lower bound p4%, and thus the NGD price,
is significantly above the CSR price.

4.2 No Good Deal prices

The super-replication price has a so called dual representation ; it is equal to the supremum over
all pricing measure Q € M*(P) of the expectation of the discounted payoff, i.e. ]EQ(S%) The

T
definition chosen by |[Cochrane and Saa-Requejo| (2001)) and Bjork and Slinko| (2006)) following this
dual setting is

H
PSR () = sup B |25 (19)
AELE _((W,W*)), s.t. A€[—Amaz ymaz] T
where
1
AT — \/T In(1+ 82) — h%. (15)

3 In fact, if we start with a finite wealth X, since H depends on W* through the non-traded V, we have
that for any strategy (&0, ), ]P’[<POTS% + @pST < H| # 0. Now if the investor is endowed with one unit of V :
B(Vr > (Vr - K)4) = 1,
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Note that from Equation , if A = (\(w)) € [-Amaz A7) then Z3 € M?P(P) but the reverse
is not true in general, as already mentioned in section 3.

No rigorous justification is given by the authors for the choice of pricing rule as a dual
representation of some No Good Deal price. To do so, we need to use the notion of coherent risk
measure as already mention in [Kloppel and Schweizer| (2007) or |(Cherny| (2008)). We set u as the
coherent utility function E| related to the No Good Deal valuation, i.e.

u(X)= inf E© {X} (16)

The notion of hedgeability used in the super-replication price is now replaced by the notion of
having a positive coherent utility : the No Good Deal upper-bound price is the minimal initial
wealth such that there exists a strategy leading to a residual wealth having a positive utility. More
precisely, denoting by Xf = &S + &, 5, for & € A,

po(H) = inf{m € R | 3 € A, st. X = m and u(X%)—H) > 0}. (17)

Note that if u is identity we are back to the super-replication price definition.

Theorem 2 Under the Assumption[d], the dual representation of the No Good Deal price defined

in 18

H
po(H)= sup E® [0] . (18)
QEM?25(P) St

Proof Let @ € Ay, then using self financing , m being the initial value of the strategy @, we

get that
b _ 0 TS
XT - ST m + @t d@ .
0 t

Let Q € M%8(P), we get that EQ [g—?} =m.
T
And by 7 u (X%S - H) = M — SUPge A2.6 (P) EQ {%] . Thus,

H
po(H)=inf{mecR| 3¢ € Ayst. X =mandm > sup EC {0} .
QeM?28(P) St

Let & = $upge uiz.s(e) B [ 4| and @} = 0 for all t, then @ € Az and X = supge vie o) B2 [ 4.
Thus

Po(H) = supge pvg2.5(p) B {%} '
This concludes the proof.

Remark 2 In the super-replication theory, there exists so called super-hedging strategies such that
starting from the super-replication price and following some super-hedging strategy, H is fully
hedged. But in the case of No Good Deal Pricing, no particular strategy appears : for example,
Buy and Hold strategy in cash will do the job. We will discuss in section[5 some hedging criteria
starting with an initial wealth equal to the No Good Deal price.

4 Since M2 (P) is non-empty, Theorem 2.2 of|Cherny| (2008) ensures that u is a so-called coherent utility function.
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4.3 Explicit bounds for No Good deal price

The computation of the supremum in is not easy. From Revuz and Yor| (1994)), the probability
in the space M?#(P) can be represented by their densities, i.e. Z3 (see (6)). But since A is a
stochastic process, this optimization problem is difficult to handle.

In Theorem we propose to analyze the No Good Deal Price po(H) (simply denote by pg from
now). First, we provide some upper and lower bounds for py. The upper bound will be obtained by
removing the positivity assumption and relaxing the martingale condition on the pricing measure
density. To define our lower bound, we then assume that the risk premium A of the non-hedgeable
risk W* is independent of the hedgeable risk W. This allows us to fully compute the optimization
problem when relaxing the positivity assumption on the pricing measure density. Then in
order to obtain a equivalent martingale measure we just add the solution of .

Then we investigate the link between No Good Deal Price py and the price p§“F proposed by
Cochrane and Saa-Requejo| (2001) and by [Bjork and Slinko| (2006) (see ) We show that p§F
is always lower than our lower bound and thus the No Good Deal Price. We provide results for
Call option but similar ones could be obtained for any claim H that has a closed form price in the
Black and Scholes framework.

Theorem 3 Let H = (Vp — K)4. Assume that Assumption || holds and that +1In(1 + 82) > h%.
There exists some lower bound py® and some upper bound p§P such that

Py " > po > pg” > pg T > ppV. (19)
We have an explicit formulation for p§B, p¥ B, pb'V and p§S% :
Py =epy 4+ (1 - e)e TE(Z7Y U H), (20)

where € € (0,1), Y% js defined in Lemma @ Let

B= /(1482 r -1, (21)
then
pUB — pMV erTehéT/2ﬁ\/E {52 ~E(H | ]-"‘T”)ﬂ, (22)
Moreover,
PV = e "' BS(Vy, T, K, py — ovphs, ov), (23)
p§ " = e ""BS(Vo, T, K, piv — ovphs + oy A" \/1 — p2, o) (24)

where the functional BS gives a kind of Black-Scholes price as a function of the initial price of the
stock, the residual maturity and the strike of the option, the drift and the volatility of the stock : see
Equation in the Appendiz for the precise definition and see for the definition of \™%*.

Proof We first introduce a “degenerated” version of pg, called pg, defined as the supremum of the
discounted payoff over particular pricing measure in M?#(P). In fact, we assume that the risk
premium process on non-coverable risk W*, \| is a constant number. Note that for this price, it is
strictly equivalent to put a bound on A or on SR?, i.e. Var(Zr) (see equation )

A H
po(H) = Sup E [Z%SO]
ZNEM?2:B(P) s.t. A€R T

Step 1: Computation of py
We begin by choosing a A € R, and by computing

po =E[e7"Z3(Vr — K)4]. (25)
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As X is a constant process, we have seen (equation (§)) that Zp € M?#(P) if and only if
HZT||L2(1P) _ e%(hszr)\Q)T < 1 TR e e [_/\mam,/\mam]’
see for the definition of A™%*. Thus,

A A
Po = sup bo-
Ag[—Amaz ymaz]

From Girsanov Theorem (see for example Revuz and Yor| (1994)), for any process (A;)t,
t
W := W, + hgt and W™ := W} — / Asds (26)
0

are standard Brownian motion under Q* defined by .
Thus, for all constant A, the process V satisfy the stochastic differential equation:

dVy = Vi((py — oy phs + ov A/ 1 — p2)dt + Gv(det)\ +v1- p2thA’*)). (27)

We denote by 7* the drift of this process, i.e.

" = py — oyphs + oy A1 — p2.

From Appendix , we are able now to state that the quantity p) is given by a Black-Scholes
type formula:
py = ¢ "TBS(Vo, T, K, 1, o). (28)

First, this allows us to compute p)!V :

po' = pb =E [T Zy(Vr — K)1] = e TTTBS(Vo, T K 1 o).
Now we remark that BS is an increasing function of 1 (see Appendix (58])) and consequently pp is
increasing in A . Back to our optimization problem pg, we get that

=e "TBS(Vy, T, K, iy — oy phs + oy AN"\/1 — p2, oy,

po=  sup  p=p)
Ag[—amaz ymaz]

and thus py > pdfV.

Step 2: Computation of pOCSR
The proof is based on a comparison theorem for the solution of stochastic differential equations.

For a progressively predictable process \;, following the proof of step 1, we know that the process

V* follows the SDE replacing A by A;. As A\ (w) <A™ applying a comparison Theorem (see

proposition 2.18 p.293 of Karatzas and Shreve, (1991)), we obtain that V;* < V;, P — p.s, where the

process V; satisfies

dVy =V, ((,uv —oyphs +oyy/1— p? X" dt + UvdUt*) ,

with Vo = Vp and U; = pdW + /1 — p2dW;”* a Brownian motion under the probability Q*.
Thus,
EQ [e7" T (VR — K) 1] <EQ [e7T(Vp — K)4].
We compute the right hand side of this inequality using equation (see Appendix) and obtain
that
EQ [e_rT(VT — K)A =e ""BS(Vy, T, K, iy — ovphs + oy A™ /1 — p2 ov)

Since po < p§°*, step 1 shows that equality holds

pgSR = pg = e_’"TBS(VmT7 K, py — oyphs + oy A"/ 1 = p2 ov). (29)

Step 3: Definition and computation of p{¥
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Define
UB H
pg = sup E\Z 5 (30)
Z, EZ? <1+ 82 ST
E(z|FY) =25
Intuitively, this is an upper bound because we remove the positivity assumption and relax the
martingale one on the pricing density Z. Note that the assumption E (Z | F}¥') = Z3. is equivalent
to S/S° is martingale with respect to the hedgeable information only. We are going to prove that

holds.
UB

D is an upper bound: we show that any element Q* € M5 (P) satisfies the constraints of
Problem As E(Z2)? <1+ 82, using , we get that

T
£(z | 7) = A 07 | ) -4z 14 [ e |7 ) - 2

see, for the last equality, exercise 3.20 of Revuz and Yor| (1994) p199.
ZYB s the optimal solution of problem : Let

H—E(H]| 7y

ZUB = 70 4 5T/ .
\/IE (12— (1| 7))

We show first that ZUP satisfies constraints of Problem It is straightforward that E (ZYZ | F}V)
= Z3.. Furthermore, since H — E (H | 7}V) is orthogonal to F}" and thus orthogonal to Z9. :
E[H-E(H|FY))
E[H?-E(H | FY)’|
T (1452 —ehT =14 62,

because E [HE(H | F}¥ )| =E [E (H | ]—'}CV)]2 and using successively and .
Now, we prove that ZUB reaches the maximal value of Problem

E(H?) ~E [HE(H | F}')]
\/IEI 12— E (1 | FY)’]

= E (Z0.H) + ehiT/Zﬁ\/]E 2~ (H | FY)?).

E(Z7P) = E(Z§)” + "7 = E(29) + M5TR°

E(ZVPH) = E(Z9H) + ¢"57/23

Let Z such that EZ? <1+ 8% and E (Z | F}¥') = Z9., we get that
E(ZH)=E[Z(H—E(H | F1'))] +E [ZE (H | 71)]
=E[(Z-2p) (H-E(H| 7)) +E[E(Z| F7)E(H | F1)]

)
)
E(

<E(Z%H) +ehsT/25\/E H-E(H|FM)]* =

< \VE1Z- 2P \/E[H—E(H | F¥)]* +E(20H
ZUBH),
H

where we have use successively that Z% is orthogonal to H — IE( | FYY ), Cauchy-Schwartz in-

equality and
E[Z- 70" =E(Z)* - 2B (222) + E (23)*
<1+ 822 (E(Z | F¥) 28) +E(22)
<1482 —E(22)° =1+ 2 — 3T = 5732
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Step 4: Definition and computation of pi?

The definition of the lower bound is a little more tricky. We first reformulate our problem using
the probability QZ". Q%' is defined by dQZ’ /dP = (2%)2 /E(Z2)2 = (22)2e~"57 (see (§)). This is
the so called minimum variance probability (see section . It will be used in quadratic hedging
part of the paper. Using Bayes formula and recalling definition of Y (see (4))), we get that

H H 0 H
| 7hgy] = | gg| = vt [ 2y
T T T

We now rewrite the constraints of problem :
E [(2r)°] = [(29)*(v2)?] = " TEY [(v)?]
Using the definition of , we get that
E[(Z3)) <148 & B (2] <145 (31)

We now assume that A, the risk premium of the non-hedgeable risk W*, is independent of the
hedgeable risk W. Then Y2 € F}¥" and thus

H 2_, 20 H 2 _, 20 z0 | H «
E [Z%SO] = ehs—TRQ {Y{)Zo] = (hs—TREQ [YT’\EQ {ZO | FJ ” :
T T T

z0 * . 0 .2
We now compute E? [% | FYY } using Q°. As dQ? /dQ° = ZRe hsT,

EY [T 29 | FYY]
B [em"57 29 | F”]

z0 | H * 12 0 *
107 !

because EQ” {e‘hgTZ% \ ]-":‘ﬁv*} = e METEY [Z9] = e METE [(Z%)Q =1
EQ’ [H | F¥"] is fully calculable. If we rewrite V; with Q° (see 1)

2
_ _v 0
‘/t — %eav\/ﬁw; X e(,U«V ovphs 2 >T+O'VPWT.

Then,
0 * (0] * *
B [m | 7| =59 [ — )4 | A ] = 0(95), (2)
with
o pha— T ) Ty o
Y(z) = EY (Voec’vﬂ“’” X e<w Vot )TJF o K) ]
+

0

2 2
—oyphs—(1—p?) T — 2"—V>T+a w2
(Voeov /1_p2me<uv vphs—(1—p*) = —p° = veWr g .
+

Therefore 9 can be expressed with a Black-Scholes type formula (see in Appendix):

— 2
1/’(5”) =BS (VOGO'V 1*P217T7 Ka nv = O'VP]’LS - (1 - p2)02V,GVp) :

Note that we get similarly, for all Y € F}¥’ "

0 E _ efrT QZO *
B |28y gg| = 7B ruwi) (39)
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So going back to our optimization problem

A
po = sup e "TEQ [(Vr — K)4]
Q* € M>A(P)
At € .FtW*
—7r ZO *
= sup eTEY [V (W3] (34)
A€ FVT

]EQZO (Y%\)Z < 1+Bz

0
=7 sup. e TEQ” [Yop(Wi)] (35)
y>o0 B v=1
0
E” y2 <148

We now able to state our new optimization problem used for the computation of the lower
bound of Problem (18| (we relax the positivity Assumption on Y).

0
pi = s e TEY [Yy(Wy)] (36)
v>0 5%y =1
0
E7 2 <1432

Let Y'9°" be the solution of problem [36{ (see Lemma below) then eY2""" 4 (1 —¢)Y 4" satisfies
conditions of problem (the two first conditions are obviously satisfied and the third one comes
directly from Cauchy-Schwartz inequality) for some ¢ > 0. From ,

e—rTEQZO [Ydown¢(W;)] _ e—rTE [ZgydownH]

and recalling , , and , we get that

max \maw

z0 max
e TEY [V p(Wi)| = e TEIZ3Y2"™ H] = pi)

Amaz __ _CSR

:e_rTBS(‘/OaT7K,n 7UV)_pO

So we have found a lower bound for py :
po > epSE 4 (1 — )e " TE[Z2Y %vn H]

It remains to find a solution for problem [36] : this is done in the lemma below which proof is
postponed in Appendix [6.1.3

Lemma 2 The solution of Problem[3q is :

— ZO *
if 1 _'BW >0 then
\/ Var®” (W)

€\ QZO * - z0
Ydown =1 + B¢(WT) ;[::0 (w(WT)) and pgown —_ E(w(wjf)) + B\/\m
Var®” (W)

5 The equality between problems and comes from the following observations : let Y °P* be the solution
of problem , and Yfpt = EQZO (Y"pt \ ]-'tW*>. As (Yfpt)t is a L2 (QZO,}'W*)-martingale, from Theorem of
martingale representation (see for example |Revuz and Yorl (]1994')) there exists k; € LZ _(W*) such that dYtOPt =
kedW;. Let A" = ki /Y,P" (note that Y,2P' > 0), A?P* € FV™. By Ito formula Y2P* = Yo% + [T AP Y Prawy =
1+ fOT )\?pthOptth* = Y%OM. Thus \°P? satisfies condition ofﬂ and problem is lower than problem Let A
satisfying condition of [34] then ij‘ satisfies condition of |35 and thus the two problems are equal.
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— ZO *
if 1 ,ﬁw <0 then

VVar®?” (W)

down __ (w(W%)_a)-‘r down __ 2\2 QZO *\
Y = e g e, P e AP O

0Zz° * 2
57 (p(Wi)—a)?

=1+ 3%
(E@zo (w(W;-)—a)+)2 +p

where there exists a positive number o such that

Step 5: Proof of pj? > p§S" First as already note Y2 satisfies the constraints of Problem
which implies that pdown > pOCSR. Thus, using the definition of p{?

pr _ pg‘SR — (1 _ E) (pgoum _pg'SR) > 0.

4.4 Dynamic No Good Deal pricing

In the literature, in particular in Kloppel and Schweizer| (2007) and Becherer| (2009)), dynamics
conditions of No Good Deals are proposed. We will focus on the work of Becherer| (2009) since he
proposes a hedging criterium linked to his No Good Deal price. In order to compare his condition
with our No Good Deal principle, we first present its dynamic formulation. For a measure Q €
M2(P), let

E(X|F) — EUX|F)
Var(X|]:t) )

SR} (X,Q) = (37)

With C;(Q) = {X € L°(P) : X~ € L>*(P) and E®(X|F;) < oo}, similarly as in Proposition for
Q € M?(P) we get that

Z
ess sup SR?(X,Q) =/ Var (T}"t) a.s. ,
X€C,(QN{X E(X|F)<oo} Z

and we can define the dynamic No Good deal set by

2
M2Bdum(p) = {Q e M*P) : E ((?) ]—}) <1467 as., V< T} with (38)
t

Br=1/(1+p82)"T -1 (39)

We choose this definition for 8; because it is coherent with definition [3]: for ¢ = 0, we go back to
E ((Zr)?) <1+ 2 which is Theorem

We will define our No Good deal price as before : let u; be the coherent utility function related
to the No Good Deal valuation (see also Kloppel and Schweizer| (2007)),

X
_ ; Q
u(X) = ess @e/\/t?lgfdw(u») E {S% |.7:t] . (40)

Then

pe(H) = essinf{Xt | 3P € Ay st. X! = X, and w (X —H) >0 as. } (41)
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Then under the Assumption that M2 (P) #£ (), the dual representation of the dynamic No
Good Deal price defined in is

H
pi(H) = ess sup SOEC {Sol}—t} a.s. . (42)
QeM2.5.dun(P) T

The proof is very similar of the one of and thus omitted. The generalization of the definition
chosen by |Cochrane and Saa-Requejo| (2001)) and Bjork and Slinko| (2006) is the following

H
pSR(H) = ess sup SR {Z’\

T‘S'O|'Ft:| a.s. , (43)
QreM2:B.dyn (P), s.t. (A\y)E[—Amaz \maz] T

see for the definition of A™".
Theorem 4 Let H = (Vp — K).. Assume that M>%4"(P) 3£ O and that % In(1+ 5%) > h%. Then

pe(H) > p&SF = e " TUBS(V,, T — t, K, py — oy phs + oy A™/1—p2 oy) a.s.  (44)

where the functional BS give a kind of Black-Scholes price as a function of the initial price of the
stock, the residual maturity and the strike of the option, the drift and the volatility of the stock : see
Equation in the Appendiz for the precise definition and see for the definition of \"™%*.

Proof Using the same line of arguments as in step 1 and 2 of Theorem [3] it is easy to see
that p¢SF(H) is also equal to the supremum of the discounted payoff over pricing measure in
M?28:4y7 (P such that A is a deterministic process. In fact, in this case

x| H . 1 T
SOE® |:50|]:t:| =e "(T-t)pBg (V,g,T—t7 K,y —avphs—l—avx/l—pzﬁ/t )\sds,av) .
T

As BS is increasing in his drift term, the maximum of SYEQ” [Sﬁo\]—}} on A will be attained for
T
AN 2
maximum value of = ftT Asds. Remarking that ((2?) |]-"t> — hE(T=0+[" Aids e Dynamic
t

= tT A2ds < (A™Ma)2 (see for the definition of A™%).

As from Cauchy Schwartz inequality, = | tT Asds < \/ 7 ftT A2ds, the maximum in

No Good Deal condition implies that

H
ess sup StOE [Z%o}
QreM?2:8:dyn (P, s.t. A\ €R Sr

is also attains by A™*. Then the second step follows and the proof is complete.

We now turn to [Becherer| (2009) definition : he generalizes the No Good Deal principle be mean of
conditions, local in time, on the relative entropy of the martingale measure : namely, for a given
process [ and all stopping time 71, 75 with 73 <75 < T :

E (— log gﬁ ]—"7_1> < %E (/ lsd8|.7:7—1> . (45)

1

In order to be coherent with our setup, we choose I constant equal to \/h% + (Apaz)? = 1/ = In(1 + 52),

then from Proposition 4.0.11 in Becherer| (2009), we get that a martingale measure Q* satisfies
the No Good Deal principle defined in if and only if |\ < A™%*. Moreover, it is easy to see
(see his Theorem 5.0.15) that in this context, the NGD price of [Becherer| (2009)) is given by .
So we are back to the definition given by |Cochrane and Saa-Requejo| (2001)). This shows that, in
our setup, the condition given by [Becherer| (2009) generalizes the CSR condition and turns again
to bound the risk premium of the non hedgeable risk.
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4.5 NGD price can be strictly higher than CSR price
4.5.1 Framework

We will compute and compare the CSR prlce deﬁned by Cochrane and Saa Requejo| (2001)), (see

(14)) and our upper and lower bounds p§? and p{® (see and ) and exhibit various
situations where our lower bound p§®, and thus the NGD prlce see ), is significantly above

the CSR price. In all figures, our lower bound will be denoted by “NGD LB”, ou upper bound
by “NGD-UB”, the CSR price by “NGD-CSR”. By extension, we will call them the NGD prices.
The two main parameters of our problem are § and the correlation p. The first one measures if a
strategy is a good deal and thus has to be excluded from the market and the second one measures
the similarity of the two assets V' and S. We will show numerically and analytically the convergence
of the NGD prices with respect to both parameters.

We will also compare our results with different notions of prices. The minimum variance price
(see and (23)) that we have already characterized (in all figures it will be denoted by “MV-
Price”). We will also consider a price which is used sometimes in practice when dealing with
Basis Risk. As we consider that the processes V and S are highly correlated, as a quick and dirty
approximation, one can use the evolution property of S (i.e. the drift pg and the volatility og)
starting from V; to induce the evolution of V' and price instead of our original option (Vpr — K),

(VO Sr— K ) whose underlying is now the tradable asset S. Therefore, one can approximate the

option price by the Black-Scholes price of this claim, denoted S-BS;:
\% S
S5-BS; =e " TN 2BS (S, T —t, K=2 r.0g). (46)
So Vo

In the sequel, it will be designated as the “S-BS Price”.

Finally, we look at the “real” Black-Scholes price of the contingent claim, denoted by V-B.S;. This
is the price of an option on V in a market constituted by S° and V, when V is tradable. Of course,
this price has no economic sense in case of Basis Risk. It is given by

V'BSt = e—T(T—t)EQV [(VT - K)+ | ]:t] = e_r(T_t)BS(V;fa T - taKa T, O-V)a

where the probability Q" is the martingale probability for V, i.e.

dQY 1
aQ” = exp (—hv(pWT + V1= p2Wp) — 2h%/T> .

dp

As the preceding, we will note it “V-BS Price”.
We will perform our computation for the set of parameters described in table [I The parameters

py lov |Vo| ps | og |So|r | T
0.04/0.32|15[0.0272{0.256|100(2%(0.25

Table 1: Set of parameters

are choose such that V' is more risky than S (i.e. the volatility is higher) but provides a higher
return (the drift is also higher). We choose to start from a different initial stock value as this is the
case for a stock and an index, for example. But experiments performed with similar initial stock
value lead to the similar conclusions.

Economic literature asserts that a reasonable value for 8 is 2 (see for example |(Cochrane and
Saa-Requejo| (2001))) and as we are interested in hedging basis risk, we will choose assets which are
well correlated, p = 0.8 at least.
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In figure [T} we plot the different prices w.r.t p for three different values of 3 : 0.6, 2 and 3.4, and
different values of K (at, in and out the money, i.e. K = 15,10 or 20). The correlation p belongs
to [0.1,0.95] with step size of 0.05. Figure [2| shows the price as a function of 8 with fixed p. We
choose 8 in [0.6; 3.4] with a step size of 0.2 and p equals successively 0.2, 0.5 and 0.8.

4.5.2 Prices comparaison

We observe first that the NGD prices (p§Z, pi? and pg SRY are considerably smaller than the
initial value of the stock, which is equal to 15 in our example. Note that, this bound is not always
the super-replication price because the underlying asset is not tradable. But in the case where the
investor is endowed with a unit of V', it is clearly the super-replication cost.

Next, it appears clearly in figure |1 and [2| that the CSR price pOC SE i strictly below our lower
bound p§® and thus the NGD price. For the following situation, which is economically meaningful
: highly correlated assets (p = 0.8) and 8 = 2 and an at the money option, py? = 3.1 and
ptP = 2.59 while p§{®% = 2.37 : thus the lower bound is 8.4% over the CSR price. Beside this
economically classical case, we note that the CSR price is strictly smaller than lower bound p?
in most of the cases especially when the option is at and out the money. The gap between both
prices is 21% for 8 = 3.4, K = 17.5 and p = 0.4 (p§*® = 2.136 while p5? = 2.597) and can even
reach a value of 25%.

With our set of parameters, the “V-BS Price” is close to the “MV-Price” but this is not
true in general. For example if we put og = 0.02 and p = 0.8, “MV-Price”= 0.08 while “V-BS
Price”= 0.48. Similarly, “S-BS Price” is very low in our example. This comes from the choice of
the volatility of V' which is much higher than those of S (recall that BS function is increasing with
volatility). Thus, in our example, “S-BS Price” clearly underestimate the price of the option.

4.5.3 Variation of prices with p and

Figures |1| and [2 show that NGD prices (p§?, p§® and pg SE) decrease with p and increase with 3.
This is true theoretically for CSR price. Recall formula and observe that “BS” is an increasing
function of the drift (see appendix (58))) and that this drift, equal to py — oy phs+oy A% /1 — p?
(see ([15]) for the definition of A™%*), is clearly increasing in 8 and decreasing in p. It is also clear
that pg © increases with 3 : see equation . The growth of pg B in p or the variation of péB in
both parameters are theoretically less clear.

Let us consider the limit cases in 3. Note that the NGD price pq is clearly increasing in 3 as
M2 (P) (see Theorem 1| and (I8)) : when 3 goes to infinity, M*#(P) tends to M?(P) and thus
po converges to the super-replication price. In the opposite case (in Theorem 3), we assume that
B > Vel —1 = 0.014 with the chosen parameters. In this limit case, 3 = 0 (see (21))) and
Ama = 0 (see (1)) thus p§Sf = p}™™" = p§ = p§® (see (22), and (24)). It follows that all
No Good Deal prices : p§'Z, po, pOCS R and p{®? (from ) converge to MV Price as observed in

ﬁgurewhen f goes to VehsT —1 =0.014.

We also observe that all No Good Deal prices (including pg) converge to MV price when p — 1.
We show below that this is theoretically correct. It is quite clear from and that the
CSR price converges to MV price. But without referring to our Theorem, when p = 1, the non-
exchangeable asset V' depends only on W, which is now the single source of risk : the market is
complete and the set M?(P) is reduced to Q°. Thus, the contingent claim (Vr — K), is perfectly
replicable and it price under the unique equivalent measure QU is the MV Price. For the upper
bound, since H depends only on W, E[H|F}] = H and thus p§® = p{’V" (see (22))). From (19),
we deduce the convergence result for the lower bound pi® and also for the NGD price py.
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Fig. 1: Evolution of prices w.r.t. p for different values of 5 and K.
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5 Hedging basis risk

The preceding section allows us to propose a price compatible with the No Good Deal criterium.
But as mentioned in Remark[2] there is no natural hedging strategy associated to our No Good Deal
criterium. As it is essential, when pricing, to give a hedging strategy, we will study in this section
several hedging criteria and compare them numerically. We will first introduce simple strategies :
buy and hold and Black Scholes ones. Then, we will consider the hedging criterium introduce
by [Becherer| (2009) and which is related to his NGD definition (see (45])). But as this hedging
criterium is not explicit, we will propose a well known, easy to apprehend one : the minimum
quadratic error criterium. In order to compare all those criteria, we will compute the value of the
associated strategies Xﬁtmt starting from the previous studied prices: Xy will be successively equal
to the minimum variance price, the CSR price and the mid price of our lower and upper bound
that we will call from now NGD price.

5.1 Simple Strategies

We first introduce two buy and hold, naive, strategies :

— Buy and Hold in cash (“BaHCash”): we put all the initial wealth Xy in cash, thus XZE‘IHC‘”}‘ =
X()@TT.

— Buy and Hold in S (“BaHS”): we put all the initial wealth X, in the risky tradable asset S,
thus XjBia’HS = X()ST/S().

Then, we consider the Black-Scholes strategy (“BS”) linked to the so called “S-BS” price (see (46))).

Starting from “S-BS” price at time 0 and following a Black-Scholes strategy we replicate at time

T, the payoff (g—gST - K) . The difference between the initial wealth Xy and the price “S-BS”
+

is put in cash. Thus X2% = (g—gST - K) + (Xo — S-BSp)e™™.
+

5.2 Becherer hedging criterium

We have already detail the No Good Deal criterium used by Becherer| (2009) (see ), which in
our simple setup, reduces to CSR condition. We now turn to his hedging condition. His hedging
strategy @7 is obtained such that the No Good Deal price at time ¢ (here the CSR price, see ([43)))

is the minimum over all admissible strategies in risky asset ®! of p;(He " — ftT #1dS,), where p;
is an ad hoc risk measure and Sy = e7"%S;, i.e,

T
ptCSR = ess iqgllfpt (He_rT —/ @id§5> (47)
t

T
= i (He_TT —os / e—rsssqsgaBde)) :
t

This risk measure is not constructed directly from no good deal condition as but rather
chosen to be the right risk measure which allows to holds. This risk measure is not explicitly
computable but should be obtained numerically as a BSDE solution (see remark 5.0.18.5 in|[Becherer
(2009)). The optimal solution @7 is also obtain as a BSDE solution but this one can be easily
solve in our context : the optimal strategy in the risky asset is given by

oLP = Ule*T(Tft)Jr(uvwvthav\/17P2/\maz)(Tft)? (48)
gs t

11— 2
XN(dl(V;‘/vT - ta K7 Hy — thsl% CTV)) <p + h5p>

A’I"I’LU,CE
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Recall that this trading solution is optimal for the CSR price, not for the NGD price. The con-
struction of an ad hoc risk measure, adapted to NGD price, is left to further studies.

But as already seen in the pricing section, the NGD criterium is much more difficult to handle
than the condition on the non hedgeable risk premium A as in |(Cochrane and Saa-Requejo| (2001))
and Becherer| (2009). So it seems worthy to study an another hedging criterium. As the objective of
this paper is to obtain explicit, easy to understand and to implement results, both for the price and
the hedging strategy, we choose to study a well known criterium in incomplete market literature :
the minimal quadratic error criterium. This criterium and the No Good deal one are connected
since they rely on quadratic (but different) criteria. We will see in the numerical application that
the result obtained by the Becherer optimal strategy starting from CSR price and the one using
the minimal quadric error optimal strategy are very similar.

5.3 Minimal quadratic error hedging

In this section, we present concrete hedging results for the minimal quadratic error criterium.
For a given initial wealth Xy, we want to find the self-financed strategy in the tradable assets
that minimizes the quadratic error (under the historical probability), i.e. the difference between
the claim and the final value of the strategy. This concept has been introduced by [Follmer and
Sondermann| (1986) in the martingale case. It is also study by [Duffie and Richardson| (1991)) and
by |Schweizer| (1992)). The general proof was given by |Gourieroux et al.[(1998]). Let H = (Vpr — K) 4,
then H belongs to L?(P) and mathematically, we want to solve the optimization problem:

v(H) = @OgGAQ E [H — (83.5% + %.57)]*. (49)
Via a change of numéraire, we transform the initial problem in order to obtain (local) martingales
and perform a projection argument based on the Galtchouk-Kunita-Watanabe theorem. The tech-
nical Theorem [6]and all the related tools are given in Appendix section[6.2] The contribution of our
proof is the following : the choice of the numéraire U follows directly from the martingale property
of the risky assets: we don’t need to use the so-called optimal variance measure. The numéraire U
the associated change of measure and brownian motions are given by:

U, = e—hsWt+(7'—3/2h§)t7 (50)
dQU/d]P; — ¢~ 2hsWr—2h3T (51)
WY =W, + 2hst, and W;Y = Wy (52)

The theorem below gives the explicit solution to the minimal quadratic hedging in the context of
Basis Risk.

Theorem 5 The solution of Problem[{9 is given by

U |os + hg /t L; 1 Ly
O — ZL TS TSy hsK, = )dw? ) —— ( hgK, —
¢ 9 [ - ( o+ (s + T, W, s \fish + g, (53)

U L t L;
L — hsKi + p=L) —hg | X / hsK; + p=L ) awl )| . 54
+ 755 [( s t-l—pUt S o+ ; S z+PUl 1 (54)

The minimum is equal to

and

v(H) = BT [ (e""BS(Vo, T, K, oy — ovhsp, o) — Xo)°

+(1—pPEY (/OT (2)th> ] (55)
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where

efr(Tft)
K = ——BS(V;,T ~ . K py — ovhsp,ov)
t

Lt - O'Ve_T(T_t)Jr(#V_JVhsp)(T_t)‘/tN(dl (‘/h T - ta K7 Hv — O'VhSP7 UV))7
and BS and dy are defined in FEquation @

Proof See Appendix

Remark 3 Note that K,U;, = e "T-YBS(V;,T — t, K,y — ovhsp,ov) is the Black- Scholes
price of a call on V with strike K and maturity T, if the pricing measure is Q°. This can occur
in two contexts : the first one is the minimal variance martingale measure criterium. This is also
the case, if V is tradable (i.e. the market is complete) and if e~ "'V; is a Q°-martingale (which is
implied by py — ovhsp = r). In this case, the process Ly represents the “Delta” of this option.

If we want to find the minimal initial wealth p,,; needed to perform the quadratic hedging, it is
clear from Equation that popr = e "' BS(Vy, T, K, py — ovhgp,oy) and of course we get
back to the Minimum Variance price p}!V" (see ) But as our initial capital is the No Good

Deal Price pg, the optimal quadratic error is higher than the one starting with capital p}V : we

have an extra term equal to e(r—h®T (péwv — po)Q.

5.4 Numerical Results

In order to quantify the hedging error we adopt three points of view : probability of super-
replication, expected loss and Value at Risk.

For the probability of super-replication, we evaluate P[X2!"% > (V7 — K).]. It is economically
meaningful but has two drawbacks. The first one is theoretical : even if the probability is close
to one, the loss might be huge. Moreover, from a numerical point of view, the usual estimator of
a probability is very unstable: as it integrates a “one or nothing” function, two close trajectories
could lead to significantly different results.

For the expected loss, we compute E[((VT - K); — X“T%mt) ]. This is the classical expected
shortfall risk measure. It allows to evaluate the size of the loss, but does not tell how often this
loss occurs. From a numerical view point its estimation is more stable.

Both preceding notions are deeply dependent on the level chosen for the initial wealth (“price
effect”). If one starts with a significatively higher initial wealth, one will do much better in terms
of super-replication and expected losses.

As the NGD prices might be five times higher than the minimum variance one, we expected
that both the probability of super-replication and expected losses will perform better starting
from NGD prices. To overcome this drawback, we introduce the Value At Risk risk indicator and
compute the VaR of the loss at 99%, i.e. the value v such that

PX2" — (Vp — K)4 > —v] = 99%.

Formally, it is the value we have to add to our strategy to replicate the derivative with a probability
equal to 99%. It is also the maximal loss, with probability 99% arising from following the strategy
XStrat and delivering the option (Vy — K),. VaR is a widely used measure of risk.

We plot the results of the simulation in figures |3| and |4 with § = 2 and K = 15. We choose
these values because it is reasonable from an economical point of view for 5 and because the results
of simulations do not change a lot for in or out the money derivatives or other values of 3.

In order to interpret our numerical results, note that better situations are characterized by
probability of super-replication close to 1, small expected loss and low VaR.
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Fig. 3: Comparison of the probability of super-replication and expected loss for the different strategies starting from “MV-
Price”, “NGD-CSR” and the middle of “NGD-LB” and “NGD-UB”.
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Fig. 4: Comparison of the value at risk for the different strategies starting from “MV-Price”, “NGD-CSR” and the middle
of “NGD-LB” and “NGD-UB”.

We can classify our strategies in two categories : the first one contains the “naive” Buy and
Hold strategies (“BaHCash” and “BaHS”) and the second the more elaborated ones : the strategy
of (“NGD-B”), the minimum variance strategy “NGD-MV” and the Black-Scholes
strategy “BS”. We see in figures |3| and El that each category have a similar behavior (except for
the super-replication criterium).

We first remark that the strategies “NGD-B” and “NGD-MV” have slightly better results than
the other ones, especially when the correlation is high, which is satisfying in the context of Basis
Risk. Starting from “NGD-CSR” or from “NGD” the probability of super-replication are close to
one, the expected loss and the VaR are small. We also remark that the strategy of
and the minimum variance one have very similar results. This intends to prove that the numerical
impact is not significant between those two strategies. Thus, if we want to obtain fully calculable
and easy to interpret results, the minimum variance strategy might be a satisfying alternative.

Next, as expected, the results obtained starting from initial prices “NGD-CSR” and “NGD”
are very similar : only the level varies. For a correlation of 0.8, the ratio between “NGD” divided
by “NGD-CSR” is equal to 1.2 and in average (on the strategy) the probability of super-replication
increases of 4%, the expected loss decreases of 35% and the VaR decreases of 19% when starting
from “NGD” instead of “NGD-CSR”.
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Fig. 5: Histogram of the loss for “NGD-MV?” strategy for the three different prices and K = 15,
B=2and p=0.8

We now observe the dependence in p. First when p is small all strategies seem to perform
similarly : note that this is not true in general choosing another set of parameters. When p increases,
the prices “NGD-CSR”, “NGD-B” and “MV” should decrease (see section . We see that for
our set of parameters, “MV” remains almost constant. Now, in the strategies “BaHCash” and
“BaHS”, the correlation appears only in the initial wealth. Thus starting from X equal to “NGD-
CSR” and “NGD” and recalling the definition of our risk measures, it is clear that the probability
of super-replication should decrease, the expected loss and the VaR should increase with the p.
Starting from ‘MV” price, the three risk measures should not vary a lot. This is what we observe
in figures [3] and

In contrast to buy and hold strategies, “NGD-B”, “NGD-MV” and “BS” intend to approach
( a.s. for “BS”, in a quadratic way for “NGD-MV” and according to the risk measure p, for
“NGD-B”) the optional call payoff. When p increases, both risky assets S and V become similar
in term of risk, thus it seems natural that the risk of loss arising from hedging a call written on
V with a strategy in S should decrease. Thus we should observe an increase of the probability
of super-replication and a decrease of the expected loss and the VaR. Considering figures [3] and
we note that this is true for expected loss and VaR but it is less clear for the probability
of super-replication. This is even definitively not true for “NGD-B” and “NGD-MV” strategies
starting from “MV” price. For “NGD-MV” recall that the minimum variance principle implies
to minimize the variance of loss, thus we expect to get a loss which is similar to a Dirac mass in
zero : this is confirmed by numerical experiments (see left of figure [5)). When evaluating numerically
a loss which is similar to a Dirac mass, it is intuitive that the associated probability should be
around 1/2 (and the expected loss around 0). Note that starting from a price other than “MV” the
distribution of loss is not centered around 0 any more (see figure [5)) and we don’t have the same
numerical problem.

Now, for the probability of super-replication starting from NGD prices, the results are not so
clear. Following the “NGD-MV” or the “NGD-B” strategies, the probability seems to be more or
less constant and following “BS”, it seems to be decreasing. Note that there are still numerical
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issues associated to the evaluation of a probability which are combined with the “price effect”.
Finally, we remark that the three sophisticated approaches “NGD-MV”, “NGD-B” and “BS” allow
to overcome the fact when p increases the prices decreases : even if we start with less cash, we
perform a better hedging.

6 Appendices
6.1 Technical results
6.1.1 On Black-Scholes formula

We recall the following formula which is analogous to the Black-Scholes formula. All proofs are
omitted since they are completely similar to the one of Black-Scholes model which can be found
for example in Musiela and Rutkowski| (2007) (starting from p.94).

Let Y be a geometric Brownian motion, with drift n and volatility ¢, i.e.

@2

Then, the function BS(Y;, T — t, K, 7, ¢) defined by
BS(Y,, T —t,K,n,¢) =E[(Yr — K)1 | Fi],
can be explicitly expressed as
BS(Y,, T~ t,K,n,¢) = Yie" TN (dy) — KN (dy) (56)
wherd?]

bl

)+ s %)

In
di =di(Ye, T —t,K,n,¢) = ( jdo=do(Ye, T —t,K,n,0) =d1 —pVT —1

VT —t
By Ito Formula, one can show that
dBS(Y;, T —t,K,n,¢) = " TN (d,)Y,dW,. (57)
O (T — Ko ) = (T = KATd) > 0, (58)

The last equation implies that the Black-Scholes function BS is increasing w.r.t. 1.

6.1.2 Proof of Lemmal]]

Proof Let A € A, since Z3 is a martingale, EZ3 = Z3 = 1. We define the following process
t t
Z} = exp (—QhSWt — 2h3t + 2/ AdWE — 2/ Aﬁds) .
0 0

Z* is a Doléans-Dade process and thus a continuous local martingale (see [Karatzas and Shreve
(1991), p.191). We are going to show that Z* is a martingale.

We clearly have that Z < (Zt)‘)z7 Vt € [0, 7). Since Z* is a square integrable martingale, the Doob
maximal inequality (see Karatzas and Shreve| (1991), Theorem 1.3.8 p.14) implies that

2
E ( sup Zf‘) < 4E[(Z%)2] < +o00.
te[0,7]

2
—x2/2

mdm

6 N is the normal distribution function, i.e. N'(d) = filoo
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Let 7 be a stopping time such that P(0 <7 < T) = 1, then Z} < SUPy¢(0,7) Z}. So we deduce that

2
=E ( sup Zt’\> < +o00.

t€[0,T]

<E| sup Z{\

E | sup Zﬁ‘
t€[0,T]

T€[0,T]

<E l sup (Zt)‘)2
t€[0,T)

Thus Z* is a continuous local ‘martingale of class (DL) (see Karatzas and Shreve, (1991)), definition
1.4.8 p.24). This shows that Z* is a martingale (see |[Karatzas and Shreve| (1991), problem 1.5.19
(i) p.36) and thus E (Z%) = 1. Then, we can define the following probability measure

dQ/dP = Z3.
Using Bayes Formula

E((Z))?) = E2 (ehZSTﬂ%uT A?dS) thus, Var(Z3) = e"3TEL <efoT A?dS) -~

6.1.3 Proof of Lemma[g

We will prove the following lemma for ease of exposure. Let X € L?, X > 0 such that X1x+¢ has
a density with respect to Lebesgue measure and v a positive number.

ot = sup  E[YX] (59)
Y >0, EY =1
EY? < 1+4+2

Lemma 3 The solution of Problem[59 is :
if 1 — 'y\)% >0 then Y°oPt =1 +7)\(/;E%) and pd’* = E (X) + v/ Var X.

if 1 — fyf% < 0 then Y°Pt = % and p?* = a + (1 +7)?E (X — @), , where there exists

a, a positive number, such thaﬂ

E(X —a)’
m =1+~2 (60)

Proof If 1 — w\f\% > 0, then it is straightforward that EY°P!X = E (X) +~v+/Var X. Let Y such

that Y >0, EY = 1 and EY? < 1 4 42 then VarY < 42 and by Cauchy-Schwartz inequality
E(YX)E (Y — EY)(X — EX)) + EX < VVar XV/Var Y + EX < yv/Var X + EX = E[Y°PtX].

To prove that Y°P! is the optimal solution of (59)), it remains to verify that it satisfies the con-

: EX X : .
straints. Y°P! =1 — ~ A T 7/m=x 2 0 by assumption (recall that X > 0). The two others
constraints are straightforward.

If1- ’y% < 0, assume that there exists a such that condition is satisfied. Then it is
straightforward that
E[(X —a), (X —a+a)] E(X —a)
E[YortX] = + = el 14 ~E(X —
[ ) E(X —a), OH—IE(Xfa)Jr at(+7I)EX —a),

using condition Let Y such that Y > 0, EY =1 and EY? < 1 + ~? then by Cauchy-Schwartz
inequality and condition

E[YX] = <Y(Xfa)+ +a+E(Y (X —a)lxca) < VEX — )2 VEY? +
<VI+P2VI4+92E(X — ), +a=E[YPX]

7 The term E2[A] denotes (E[A])2
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Y°Pt is thus optimal solution for [59| because that it satisfies the constraints (see condition .
. . . . . E(X—z)2
It remains to prove that there exists some o such that condltlonls satisfied. Let f(z) = ﬁ

N
then f(0) = \I/Ea{)? +1 < 14 ~2 by assumption. Below we show that there exists ag > 0 such that

fag) > 1+ ~2, thus by continuity of f there will exist some o > 0 such that f(a) =1+ 2. We

prove first that there exist «g such that P (X > «p) = ﬁ Such an «q exists because

E(X) 2m2 2 2 |: 2]
1—-—y—= <0 & Var[X1 <y E“[X1 < E[X“1 < +1E | X 1
T ar[X1x 0] < 1?E*[X1x>0]  E[X?1x>0] < (12 + DE | X (vIx50)

= E[X%1x50] < (72 + DE [X?1x50] P(X > 0),

2

by Cauchy Schwartz inequality. Thus P(X = 0) < 117 and by continuity of  — P(X < z), for
x > 0 there exists ag such that P(X < ap) = % Then by Cauchy Schwartz inequality,

E* (X — o), = E*(X1xsa,) — 200P(X > ag)E(X1x5a,) + agP* (X > ag)

<P(X > ap)B(X? 1 xsa,) — 200P(X > a0)E(X1x54,) + dP?(X > ap)
1

< m (EX21X>0¢0 —2090EX1x50, + a%}P’(X > aO))
1 2
< WE (X — a0)+ .

Thus f(ag) > 1+ +? which concludes the proof.

6.2 Results on Mean Variance Hedging

In a first time, we will consider the case of a general contingent claim H. Of course, when we study
quadratic hedging we have to assume that:

Assumption 2 The contingent claim H belongs to L?(P).

Mathematically, we want to solve the optimization problem 9] The first question is whether this
problem admits a solution or not? The answer is yes and we will construct it explicitly. In fact, from
the definition of Ay, we can see directly that the solution exists. It is well known that L?(P) is an
Hilbert space under the inner product (.|.) defined by (X]Y) = E(XY') and the associated norm ||.|.
The set {@%.5%+PLS7 |(2°, ') € Az} is a linear closed subset of L?(PP) (see|Delbaen and Schacher-
mayer| (1996) Thm. 2.2.) Thus Problem admits a solution by an Hilbert space projection The-
orem (see for example Luenberger| (1969)). The natural ideal followed by Duffie and Richardson
(1991)) and later by [Schweizer (1992) is to use orthogonality and say that #°~ and ®'" are solutions
of Problem@if and only for any (@0, &') € Ay, (H — (789 + &1 7.57)|8%.59. + $+.S7) = 0. This
leads to a PDE (see Equation 3.1 in [Schweizer| (1992) for example) which is not straightforward
to solve explicitly. The other natural idea is to use a projection argument and to get the explicit
projection of H on S° and S. But as S° and S are not martingale this is not technically possible.
So we follow the idea of |Gourieroux et al.| (1998) and transform the initial problem in order to get
(local) martingales and achieve the projection argument.

Assumption 3 We assume that there exists a numéraire U, i.e., an IF-adapted, positive semi-
martingale such that 1/U is also a semi-martingale and Uy = 1, satisfying Ur € L*(P).

We first rewrite problem 9] using from self-financing property with respect to U. A strategy
(@°,®1) € S is U-self-financing in (%U, %) if and only if : (#°,®') € L (%0, %) and $°d (%O) +
Pld(2)=d (M) . We call AY the set of such strategies. Then if (#°, &) € AY, we get

U
t SO t S
Xy =U | X Pld—= old=—= ).
t t(o-i-/o SUS-i-/O SUS>
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Under Assumption [3, Ay = AY : there is equivalence between different notions of self-financing.
The proof is this result is very similar to Proposition 3.2. in |Gourieroux et al.| (1998) and omitted.
Now, we can rewrite our problem as follows :

2
H T S9 S
H)= inf E|U2[=—-[X / PVt Qldt)
U( ) (éo,qlﬁrll)eAg T (UT ( ot 0 < U, * Ui

2
H 59 S
— inf EW2HEY | = _ | X / P42t + pld2t
(450,915111)EAg ( T) UT ot 0 Ut + Ut

where the probability QU is defined by dQV /dP = UZ/E(U%). The idea is to find the right U such
that S and S are QU (local) martingale and thus be able to do the projection of L Ty on %0 and %
(by Galtchouk Kunita-Watanabe Projection Theorem, see for example [Jacod (1979)) Contrary to

Gourieroux et al.| (1998)), we do not introduce the so-called variance- optunal martingale measure

)

in order to solve our problem but we show directly that the fact that S and S are QU (local)
martingale imposes a particular form on U (see Lemmal 4| below). We then solve the problem using
Galtchouk-Kunita-Watanabe Projection Theorem for a general H (see Theorem@ and Ito calculus
for a call option (see Theorem [f)).

Lemma 4 Let U such Assumption@ holds. We further assume that In(U) is an Ito process, i.e.
there exist progressively measurable processes a, A in L (W, W*)) and ¢ € L([0,T]) such that

dUt = Ut (&tth + Atth* + Ctdt).

Then, 5—2 and % are local martingale under the measure (@UA defined by dQUA /dP = (U%)2 /E (U%)2
if and only if a; = —hg and ¢, =1 — \? — h%, i.e.

* 2 2
Ut>\ — o~ hsWit [g XadW =3/2(ht+ [ Nods)+rt (61)
. L, SU S UA 3
If X\ is deterministic, then Zx and x are Q7 -martingale.

Proof To show that A and UA are local martingales under the measure QU , we are going to
compute the stochastlc differential equation satisfied by these processes and see under which con-

ditions they have no drift term. We set two processes WU and W*U" which, thanks to Girsanov
Theorem will be Brownian motions under the probability QUA:

WU = W, — 2a,t, W™ = Wy — 2\t (62)
Then, the processes U*, S, and S° satisfies:
AU} = U (atdWF A dWT T (e + 202 + 2Af)dt)
ds, = S, ((r + oshs + 2a08)dt + anWtUA)
dsp = rS2dt

Thus, by Ito formula applied to f(x,y) = £, we have
50 S0 50 50 50 _—
dU—} = Ut/\dt— Ut AU} + Ttd< U> >= U—} [(T—ct —a2 = 2\2)dt — ardWP" — \dW] ] ,
and
S, ds S, S, 1
ds = 0= LU} + Shd < UM > ——5d < S,U> >,
U; Ui U} U} up

t t

S *
=0 [(’" +oshs + a;05 — ¢ — af — A})dt + (o5 — a)dW[ — Nd W }
t
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Thus, these processes are local martingale if and only if

r+oshs +aios —c;—a? =X =0and r —¢; —a? — X2 =0 (63)

T Sto 2 T St 2
— ] dt< d — | dt < 0. 64
/0 (U*) o /o (U3> = \s

The 1nequaht1eb in ) hold true because 2 ox ? and A are continuous. The unique solution of this
system (63)) is ¢; = r — )\t h and a; = —hs Wlth these parameters, the process Ut)‘ is the same
as those described by . We also get that

Sl(f] SO U>‘,*

() e ran]
St - St U™ x

d (U,?) = {(05 +hg)dWU — AdW] } (66)

Note that if A is such that

N T SO 2 N T S 2
EQ” / (g\) dt < oo and EQ” / (i) dt < oo,
o \Uj o \Ui
5; and A are QU martingale (see Musiela and Rutkowski (2007) p571). This is for example the
case Wlth deterministic A.

From Lemma [4] we get an explicit form for the numéraire U* but there are still a lot of possible
choices. In a first time, we can restricted our attention to constant process A : this allows us to

compute E[U2] and E[U%Q]. We choose to use the particular numéraire U° and thus solve

v(H) = inf E((U§)2)E@UO lg)— <X0+/0 (@%52 +451d5t ) (67)

)
(2°,81)eAy’ T Uy}

Two reasons motivate this choice. The first one is a financial argument : going back to Equation
(61), the only process U which is replicable from the tradeable assets (i.e. which does not depends
on W*), and thus can be called a numéraire from a financial point of view is U°. The second reason
is the mathematical tractability, see Remark [4]

From now on, we will write U for U°, recall equations , and . The following Theorem
gives the solution to Problem for general H.

Theorem 6 Assume that Assumption[Zholds. Consider the following Galtchouk-Kunita- Watanabe
decomposition (@0H @1 ) for 0 <t < T

H v ( H SP S, ¢
EQ” (f) — EQ () /qSOHd /@1 H g2t /de*’U. 68
UT‘ t Ur u U, 1 (68)

Then Problem (@) 18 equivalent to

o (H S B
E — | —Xo| +E bidt | +
UT 0

EQ” (/OT (hs(dito’H - @?)‘Z{ + (05 + hs)(®1H —d)) 21) dt)] (69)

If (%1 oL H) ¢ AY | then &0 = ¢OH and & = &V are solutions of Problem . The minimum

s equal to
2 v H 2 U T
UT 0

inf E(U?
(@0,415111)6A2U (U7)
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Proof We have to solve . Let Ky = EQ” (UiTLFt), using Galtchouk-Kunita-Watanabe decom-
position on the QU martingale K under Assumption |2, we get that

H Sp t S,
K, = E®’ () / @) g2l / G2l LRI 0<t<T,
¢ Ur 0 u )y b ==

where R¥ is a L2?-martingale orthogonal to S—O and £ 7, e < R, “?J >=0and < RF 2t >=0.

t U,
Thus as K7 = UiT problem @ can be rewrite as

H 59
H)= inf EW2EY [ (=) _-x / P01 _ g0)q2L
v(H) wo B (UF) o ot | ( ) i

T om St
+/ (6,7 — &))d— + RY}
0 U,

(E@” <£;) = X0>2 + (RY)? (70)

0

= inf E(U?
(¢O,g;eAg (Ur)

+EY V @~ )at

S,
+ opt — @1dt
0 U /( )

U

As 5= and S are not orthogonal, we can not continue directly the computation. We have to decom-
pose thls two processes on WY and W*V which are orthogonal (see equation (62)) for definition
of those processes). Since R¥ is a square integrable martingale, the Theorem of Martmgale rep-
resentation (see for example D. Revuz and M. Yor) asserts that there exists some progressively

measurable processes a and b such that E fOT a?dt < 400 and fOT |be|dt < +o0 :
t t
RY — / adWl + [ baw; v
0 0
Recalling equation and with A = 0, the orthogonality conditions lead to

S Sy
Ut “the=0 and atﬁ(hs +0g) =0.

Thus a; = 0 and RH = fot bldVVl*’U. Replacing R in equation and using again and
with A =0

v/ H 2 U T 2
v(H) = inf  E(U2) {EQ <—>7X0} +EC (/ btth*’U) +
(#0,81)eAY Ur 0

ov ([T 0.H _ 50\5¢ S o\
E hs(®; *Qs)*JF(USJrhS)(Q5 —&})— ) dW]
0 Ut Ut

2 T
inf  E(U2) {]EQU <£> fxo} +EQY (/ b?dt) +
(20, 81)eAY Ur 0

QU T 0.H 0y SF 1LH St
E hs(@," — @5)— + (05 + hs) (P - o) — dt
0 Ut Ut

The minimum is clearly obtain for (#°,#') € AY such that hg(@) — @?)% + (05 + hg) (@ —

B} 5t = 0QY —p.s. It (%, 01H) € AY, then @° = @*H and &' = &1 are solutions of Problem
49
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If we want to hedge some practical examples of derivative H, we have to perform the Galtchouk-
Kunita-Watanabe of EQ” (U£T|.7-'t) and find explicitly (%, @VH b). This will be done by Ito

Formula. We will compute explicitly the solution for a call option on the non-traded asset, i.e.
H = (Vr — K)4, in Theorem [

Remark 4 If we choose to solve Problem[67 with X # 0 instead of A = 0, we are not able to find so
easily a self-financing strategy, which achieves the minimum. In fact when X # 0, in Problem[6Y the
strategy (°, @) also appears in the second term. So if for minimizing we put to zero both integrals,
we get two equations and thus a unique strategy as a solution. Unfortunately, this strategy is not
self-financed. Thus we have to introduce the self-financing constraints and then minimize the sum
of the integrals (and not put each of them to zero). This problem is not mathematically tractable.

6.2.1 Proof of Theorem[]]

Proof Using the results of Theorem [f] it is sufficient to compute the Galtchouk- Kunita-Watanabe
decomposition of the process K;. We first remark that K can be rewritten using Bayes Formula as

e (Vi KL L\ BV - K7
K; = E ( Ur |ft> T EUSR)

As from , U, = e~hsWit(r—3h3)t _ Z?e(“h%)t and QU is defined in by dQ°/dP = Z2. We
obtain using Bayes Formula again that

E (Ur(Vr — K)|F) = e TD0EY (Ve — K) 4| F).
As
E (UT2|]:t) _ e—2hgwt+(2r73h§)T+2h§(Tft) _ Ut2€(2r7h§)(T7t), (71)

we get that

o r(T-1) EY ((Vp — K)+|}_t)'

K, —
t U,

But, the process V under the probability Q°, is a geometric Brownian motion, and we can achieve
these decomposition using the Black-Scholes formula. In fact

dv;
—L = pyVidt + ov Vi (pdWy + /1 — p2dWy;)

Vi
= (uy — ovhsp)Vidt + oy Vi(pdW? + /1 = p2dW;0).

The processes W9 and W%* are Brownian motion under Q° (see Equation for definition). It
follows from Black-Scholes formula that

e—r(T—t)

Kt = TBS(V;HT - t7K7 uv — UVhSP7 UV)
t

and by formula

dBS(V;hT - tha pv — UVh/Spa OV)
= oy etV =ovhsD )TV N (dy) (pdW) + /1 — p2dW;0),
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where we used the short notation dy for di(V;, T — ¢, K, uy — oyhgp,oy). Using Integration by
part formula,

—r(T—t)
dK; = er(BS(Vt, T —t, K,y — ovhsp,ov)) +
t
efr(Tft)
BS(Vy, T —t, K, py — ovhsp, UV)dT +
t
efr(Tft)
d< TaBS(WaT - taKvuV - thsvav) >
t
Using Ito formula,
—r(T—t) —r(T—t)
e e
d = h%dt + hgdW}
U, U, (hsdt + hsdW?)
Thus
efr(Tft) efr(Tft)
d< ——— BS>=cv=ovhs))T=t5 ho— — VN (d)dt
Ut Ut
And

e—r(T—t)

dK, = [tht + e(”V_UVhS”)(T_t)UVphgiU

ViN (d; )] dt + hs Ky dW} +
t

r(T
Uve(ﬂv—ovhsp)(T—t)eTW N (dy)(pdW0 + /T = p2dW;™°)
t

—r(T—t)

= ( hsK; + pa-Ve(HV*UVhSP)(T*t)ei
U

—r(T—t)

/1 — pQUve(HV*thSP)(T*t)eT‘/tN(dl) w; U

t

VtN(dl)) dwl +

See Equation (52) for definition of WY and W*V : WV = W0 + hgt and W,” U = WP. So we get
that

L L
dK; = (hSKt + pUt> thU + 41— intth&U (72)
t t
with
L, = Uve_r(T_tH'(“V_”Vhsp)(T_t)Vt/\/'(dl). (73)

Going back to the Galtchouk-Kunita-Watanabe of K;, we are looking for ®%# @®LH and b
such that

S0 S
di; = 8P a=t + o=t 4+ b dw;Y
e Ut U, +bidWy

0
hSStqsOH (hg+aS)S P awl b dwiY
U, U,

recall Equations (65)) and with A = 0. Comparing with equation (72]), we obtain that
Sy St
hg— ¢ @0 H (hs + 0'5') @1 H _ hsK; + pfl5 (74)
U U,
b= /1— Pt
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Recall from Theorem |§| that we are looking for (% ¢L.H) € AY. So we impose the self financing
condition

QOH?} +¢1,H%_X0+/¢0H /¢1Hdﬁ
t t

t

P S,

:X0+/ hs ZLO)H + (hs + og)-d ) awl
0 Ui Ui

t L
:Xo+/ <thz+pU>dWl ,
0

where we have use Equation to get the last equality. Using equation again, we get that

U; |os+ hs t L;
et = —L 12528 x, / hs K. aw? hsK; + p—
SO[ g ( o+ ; s l+PU ! os s t'l‘PUt
U, L, k L
o, = hsK —hs | X / hs K+ p— | dW/
" 73S, K s t"‘pr) S( 0o+ ; ( s z-H)Ul) l
In order to prove that (%, d1H) ¢ AY it remains to prove that (¢0-H @1H) ¢ L ((%0, %)),
ie.
T 2 SO T 2 SO 2
0,H AN 0,H\" 2 (Ot
/0 (qst >d<U>t /0 (gbt )hS<Ut> dt < oo

LH oo 1,H 2 [ Ot
/0 (qst ) d< 2 > /0 (@t ) (hs + 05) (Ut> dt < oo

This holds true because @?’H, o} " , S2. S, and Uy are continuous on [0, 7T].
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