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Abstract

We consider the problem of pricing and hedging an option written on a non-
exchangeable asset when trading in a correlated asset is possible. This is a typical
case of incomplete market where it is well known that the super-replication concept
provides generally too high prices. Here, following J.H. Cochrane and J. Saa-Requejo,
we study valuation under No Good Deal (NGD) Assumption. First, we clarify the
notion of NGD for dynamic strategies, compute a lower and an upper bound and prove
that in fact NGD price can be strictly higher that the one previously compute in the
literature. We also propose a hedging strategy by imposing criterion on the variance
of the replication’s error. Finally, we provide various numerical illustrations showing
the efficiency of NGD pricing and hedging.

1 Introduction

In this paper, we provide new elements for pricing and hedging Basis Risk. We consider
the problem of an agent receiving (or paying) a derivative written on a risky asset V' on
which trading is not possible, not allowed or costly. For example, for liquidity reasons, an
investor can sell an option on a stock and prefer to hedge with the associated index, or
in the commodities market hedge with Fioul Oil 1% an option on Fioul Oil Straight Run
0,5%. In all these cases, one considers a more liquid asset S which is highly correlated
with V and then price and hedge investing in S and cash only.

This is a typical incomplete market and the natural extension of No Arbitrage pricing,
i.e. replication, is the super-replication concept. But, in the Black-Scholes diffusion world,
it is well known to lead to unreasonably high values. For example, the super-replication
price of a call option on a non-tradable asset is equal to the initial value of this asset
provided that it is possible to buy it at the beginning of the trading period.

Another method has been introduced by Cochrane and Saa-Requejo (2001): the No
Good Deal (NGD) pricing. The idea is to exclude from admissible strategies, portfolios
which have too high “Sharpe Ratio” because, similarly to arbitrage opportunities, good
deals would quickly disappear as investors would immediately grab them. How should we
define Sharpe ratio? In economic theory, the Sharpe ratio of a claim measures the degree



to which the expected return of the claim exceeds the risk free rate, as a proportion of the
standard deviation of this claim. For dynamic strategy, the definition of Sharpe ratio is
not so clear and there exist different versions in the literature. We refer to [Cochrane and
Saa-Requejo (2001)), [Bjork and Slinko (2006)), Bayraktar and Young (2008]) or |[Kloppel and
Schweizer| (2007)) among others.

Kloppel and Schweizer (2007) define Sharpe Ratio globally and find that the NGD con-
straint, i.e. imposing a bound on the Sharpe ratio of any portfolio based on exchangeable
claims, is equivalent to a bound on the variance of the density of the pricing measures.
Note that this definition of Sharpe Ratio and No Good Deal price is linked to the notion
of coherent risk measure and coherent NGD utility function |Cherny| (2008]).

Cochrane and Saa-Requejo (2001) and Bjork and Slinko| (2006) use an instantaneous
notion of Sharpe Ratio and the authors assert that the NGD constraint leads to a bound on
the market risk premium (considering both coverable and uncoverable risks). We remark
that only a bound on the coverable risk premium naturally appears and consequently, it
seems that their notion of NGD price is not directly related to instantaneous definition of
Sharpe Ratio. We also show that it is also not related to the global Sharpe Ratio.

We choose to define No Good Deal using a global Sharpe Ratio similar to the one
of Kloppel and Schweizer| (2007). Then we introduce NGD price as the minimum initial
wealth such that there exists a strategy leading to a residual wealth (after delivering
the claim) having a positive coherent NGD utility function (see and (17)). As the
super-replication price, the NGD price can be dually represented by the supremum over
all pricing measures with a variance bounded by a constant which is linked to the NGD
constraint. The pricing measure (also called equivalent martingale measure or EMM)
can be represented by their densities which depend on the coverable and uncoverable risk
premium. This last quantity is a stochastic process and it is not possible to transfer our
maximization constraint on it. In fact, if we set a bound on the market (coverable and
uncoverable) risk premium, then the global Sharpe Ratio is bounded but the reverse is
not true. Thus, we were not able to solve the maximization problem induced by NGD
pricing. We propose some upper and lower bounds for it and provide an analytical recipe
to compute them. Then we show that our lower bound can be significatively higher than
the prices computed by |Cochrane and Saa-Requejo, (2001) or Bjork and Slinko| (2006])
(which are equal).

One aspect that has not been developed so far (to our knowledge) is the hedging
strategy associated to No Good Deal prices. We first show that in contrast to the super-
replication notion, no natural strategy appears from the No Good Deal concept. To
overcome this drawback, we propose to impose a hedging risk criterion. Since the market
is incomplete, it can not lead to pure replication strategies. Thus we propose to minimize
the variance of the replication error under the historical probability. This notion has
been first introduced by [Duffie and Richardson| (1991)) and |Schweizer| (1992)) and extended
by |Gourieroux et al| (1998), and it leads to hedging and pricing referred to Minimum
Variance. It is a quadratic minimization type problem and the idea is thus to project our
derivative product on the set of all admissible payoffs induced by the tradable asset S and
the cash. Since those assets are not martingales under the historical probability, this is
not technically possible and therefore we will use the classical tool of change of numéraire.
We obtain a closed form formula for the hedging strategies and the error associated to
these strategies. This error can be divided in two parts. The first one is an initial wealth



effect linked to the fact that we don’t start from the Minimum Variance price. The second
is zero when the two assets are perfectly correlated and is the variance of the error linked
to the non-coverable risk.

In the last part, we perform numerical experiments. We consider a non-exchangeable
asset which is more risky but provides higher returns than the exchangeable one. We are
typically in the case of a very liquid index and a less liquid constituent of this index. We
first compute and compare NGD prices : the price of |Cochrane and Saa-Requejo| (2001)
(or Bjork and Slinko| (2006)) and our lower and upper bounds. We also analyze the sense
of variation of NGD prices and their convergence. Secondly, we compute our minimum
variance strategy and compare it to other possible hedging strategies such as the buy and
hold or Black-Scholes strategies. The comparison is made through three points of view :
probability of super-replication, expected loss and VaR. We find that our strategy leads
to better results.

The rest of the paper is organized as follows: in section 2, we present the financial
model. We define the set of EMM, which must be in L? in our context. We relate the
coverable and uncoverable risk premium to the variance of densities of EMM. In section
3, we review the various notions of “Sharpe Ratio” in the literature and their implication
for No Good Deal price definition. In section 4, we provide comparison between those No
Good Deal prices and especially, we show that they can be strictly different depending
on parameters of the model. Section 5 deals with computation of the minimal variance
hedging strategy. Section 6 is devoted to numerical experiments. The technical proofs of
the paper are grouped in the Appendix.

2 The financial model

We consider the problem of pricing and hedging a derivative product written on a risky
asset V' on which trading is not possible or not allowed. We assume that we can observe
the price of V' at each time. We will investigate the case where there exists a risky asset
S, which is similar to V' and is traded in the market. This similarity will be measured by
the correlation between the respective risk sources of the two assets. The financial market
contains also a non-risky asset called S°.

Let (Wi)o<t<r and (W;)o<i<7 be two independent real-valued Brownian motion, defined
on a complete probability space (2, F,P).

asy = SPrdt (1)
dS; = St(,usdt + Udet) (2)
dVy = Vi(pydt 4 ov(pdWi + /1 — p?dWY)) (3)

where

e 1 is the R-valued instantaneous risk free rate,
e ug and og are R-valued drift and volatility of .S,
e uy and oy are R-valued drift and volatility of V,

e pis the correlation between risk sources of the two assets (W and pW ++/1 — p2W*),
with —1 < p < 1.



We will use the notations hg = “i—;r and hy = ”gi;r for Sharpe ratio (in the classical
sense) of the assets S et V respectively.

For any Brownian motion B, FP = {FP 0 <t < T} is the P-augmentation of the
filtration generated by B. We shall denote F; = fXV’W* for 0 <t < T and IF = FWW+*
the flow of total information on [0,7], where 7" > 0 is a finite time horizon.

We also introduce the following notation : for any probability Q on (22, F), L°(Q),
L>(Q), LP(Q) for p > 0 will denote respectively the set of measurable, measurable and
Q-almost surely bounded, and measurable and such that the p-moment exists random

variables. For any Brownian motion B, L (B) will be the space of FP progressively

measurable processes A such that fOT Mds < +oo.

The expectation and the variance computed under P will be denote by E and Var, the
expectation and the variance computed under Q will be denote by E? and Var@.
Let us introduce the set of pricing measure

MEP) = {Q~P : 5/S%is a Q martingale }.

The Fundamental Theorem of Asset Pricing asserts that under some kind of no arbitrage
condition M¢(P) # (), see Delbaen and Schachermayer| (1994) E In our simple setup it is
easy to prove directly that M¢(P) is non-empty (see below) and thus that no arbitrage
condition holds.

In the context of pricing with the No Good Deal principle, we need to introduce the space

M2(P) = L*(P) n Me(P)P

We will see in Lemma that M?(PP) is also non-empty. To this end we have to precise the
set of pricing measure. Let A € L2 ((W,W*)), we define Z5 and Y3 by

loc

1 T e
Z5 = exp (-hSWT—2h§T+ /0 AsdWS =5 /0 Agds> (4)
= ZyYp (5)

hg is interpreted as the risk premium of the hedgeable risk W and —\ as the risk premium
of the non-hedgeable risk W*. From now, we call Q* the probability measure such that
Z3 = dQ*/dP, for A € L2 _((W,W*)). We show in Lemma (1| below that Q* is a so called

loc
pricing measure, i.e. Q* € M¢(P). Note that in a market where only the information on

the tradeable asset S is available (i.e. the filtration is F''), M?(P) = {Q}.

Lemma 1. We denote by A the set of A € L2 (W, W*)) such that Z3 is a square integrable

loc

martingale. The space M?(P) is explicitly given by

d
M2(P) = {Q | IN €A s.t. d% :Z%} (6)
and s non-empty.
Proof. See Appendix O

'Tn general this holds true for local martingale.
2 by Q € L?*(P), we mean that the density of Q w.r.t. P is in L.



For the sequel, we need to express Var(Zj):) for any A € A.

Lemma 2. Let A € A then
Var(Z3) = h3TEQ (efoT /\Eds) -1, (7)

where . .
dQ/dP = exp <—2hSWt — 2h%t 42 / AsdWE —2 / Azds> .
0 0

If \ is a constant process we get that
Var(Z}) = e"st\T _q, (8)

Note that a bound on the process A implies a bound on the L? moment of the density Zj):.
This remark will be fundamental when defining the Sharpe Ratio of a wealth process.

Proof. See Appendix [7.2.2] O

We now define the space of trading strategies in (SY,S) denoted by S. Two kinds of con-
straints need to be impose on a strategy (®°, ®!) : (i) conditions such that the associated
wealth X; = ®YSY + ®;S; is in L?(P) (ii) conditions in order to avoid strategies leading
to arbitrage.

Definition 1. A strategy (®°, ®') € S is a R®>-valued predictable process such that :
(i) the associated wealth process X defined by X; := ®9SY + ®1S; € L?(P)
(ii) )Sf—tg is a Q-martingale under all Q € M?(P).

The technic of numéraire change is a classical tool in Finance. The main idea is to
express the financial assets in units of another asset called numéraire. In general, this
asset is a bank account or some bonds but theoretically it could be any process U such
that Assumption [T] below is satisfied.

Assumption 1. A numéraire U is an IF-adapted, positive semi-martingale such that 1/U
s also a semi-martingale and Uy = 1.

For example S° satisfied Assumption [l We define the notion of self financing with respect
to some numéraire U.

Definition 2. A strategy (®°, ®') € S is U-self-financing in (%O, %) of and only if :

S0 5
oY P! L=, =
(@7, @) «€ <U,U>

wa(§)n(s) - o2

The set of such strategies is called Ag.



Note that if X is a semi-martingale, L(X) is the set of progressively measurable processes
integrable with respect to X ( see Protter| (1990), p134).
Then if (®°, ®!) € AY, then we get

S9 t S
X, = U <X0+/ <1>0dU / ) dU5> (10)
If U; = SY, we obtain the classical wealth representation
X, = S <X0 +/ @Sds > (11)
S0

A 1-self-financing strategy is called shortly self-financing and the set of such strategies is
called As. The following Lemma gives the equivalence between notion of self-financing:

Lemma 3. Under Assumptz’on Ay = AY
Proof. See Appendix O

Note that, under Assumption if (®°, ®!) € Ay then equation holds.

3 Defining a Good Deal

Roughly speaking, a good deal is an asset or a strategy whose Sharpe ratio is too high.
Similarly to arbitrage opportunities, good deals will quickly disappear as investors would
use them in priority. The idea of |[Cochrane and Saa-Requejo (2001) is thus to exclude
good deals as well as arbitrage opportunities. How should we define the Sharpe ratio? In
economic theory, the Sharpe ratio of a claim measures the degree to which the expected
return of the claim exceeds the risk free rate, as a proportion of the standard deviation
of this claim. To formalize this in an abstract setup, there exists several definitions in
the literature. We first analyze them in our context and conclude which is the “right”
definition to use.

The first definition, the so-called “conditional instantaneous Sharpe Ratio” can be
found, for example, in Bjork and Slinko| (2006) or Bayraktar and Young| (2008)). Let X;
be the value of a self financing strategy at time ¢. The Sharpe ratio is defined by :

in(spr)
SRI(X) = (12)
Var (%/}%)

Note first, that the Sharpe ratio is not a number but a stochastic process.

Clearly, the value of the Sharpe ratio will depend upon the type of strategies which
are allowed. In Bjork and Slinko| (2006) , only trading in the non-risky asset S° and the
exchangeable asset S are allowed. Let X; be the value at time ¢ of a self-financing strategy
(@0, ®1) € Ay : Xy = ®YSP + ®1S;. Using the self-financing condition and Equations

and:

dX; = 0%dSY + ®/dS; = ®VrSYdt + ®}dS; = r(Xy — B} Sp)dt + B} Si(psdt + o5dWy)
— (Xt <7‘ + &} S, “SX_ ’">> dt + Sy ® o 5dW;

t
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Thus

dXy 1g MS—T
E(—* = o
(Xt /.Ft> (7"+ tSt Xt >dt
1 dX, _ Sp(®})*o%
7 Var ( X, /.7-}) = X2 dt
SRY(X,) = HETT gy
os

This last quantity is the Sharpe ratio (in the classical sense) of the risky asset S and the
conditional instantaneous Sharpe ratio (which is, in general, a stochastic process) reduces,
in fact, to a number. Bjork and Slinko| (2006]) argue that they consider the Sharpe ratio of
the entire economy (see Remark 3.4). As for as we understand, they only consider trading
in the tradeable underlying securities (S° and S) and in derivatives which can be attained
by trading in those underlying assets.

Bayraktar and Young (2008)) also use the notion defined in but they consider the
Sharpe ratio of a portfolio consisting of the tradeable underlying assets and the deriva-
tive H they want to price. The difference is major since the price of H depends on the
non-tradeable asset V. In a first time, they find the portfolio in the tradeable underlying
securities that minimizes the local variance of the global portfolio (including the deriva-
tive). The price of the derivative is then obtained by fixing the instantaneous Sharpe ratio
at some given value.

We now turn for the second kind of definition of Sharpe ratio, the so-called uncon-
ditional global Sharpe Ratio which can be found in Kloppel and Schweizer| (2007). The
unconditional global Sharpe ratio of a claim measures the degree to which the expected
return of the claim exceeds the expected return computed under a risk neutral pricing mea-
sure, as a proportion of the standard deviation of this claim. The definition is formally
given for any claim X on (€2, F,P) and depends on a measure Q € M?2(P).

E(X) - E%(X)
Var(X)
If X is constant or Var(X) = co, SR?(X,Q) = 0. The Sharpe ratio will be well-defined if

X € L*(P) (as Q € L?(P), the Cauchy Schwarz inequality implies that X € L'(Q)).
For x € R and Q € M¢(P) let

C(z,Q) = {X € L°(P) : X~ € L®°(P) and E¥(X) < z}.

SR*(X,Q) = (13)

This set can be interpreted as the set of claims, which are bounded from below (in order
to avoid doubling strategies) and such that their price under the pricing measure Q is less
than x and thus affordable from z if we believe that the pricing measure is Q. It is easy to
see that if X € C(z,Q)N{X :E(X) < oo} C L'(P) the Sharpe ratio is also well-defined.

It is clear from the definition that this second notion of Sharpe ratio is intimately
linked to the choice of a pricing measure : if you believe the right pricing measure is Q
and if you consider a claim which is affordable from some initial wealth, then the Sharpe
ratio measures, in proportion of standard deviation, the excess between the expected value
and the price. It is also a global measure of the performance of a claim X. Moreover it
has the following remarkable property, which is reported without proof in [Kloppel and
Schweizer| (2007) :



Proposition 1. Let Q € M?(P) and x € R then

sup SR*(X,Q) = /Var Zr.

XeC(z,Q)N{X E(X)<oo}

Proof. First we prove that the supremum is less or equal to /Var Zp. If X € C(z,Q)N{X :
E(X) < 0o} \ L%(P) then SR?(X,Q) = 0 else as E(X) —EQ(X) = E[(X —E(X))(1 - Z7)],
the required inequality follows from Cauchy-Schwarz inequality. In order to prove that
there is in fact equality, consider the sequence X,, = x—Z71z, <y, then X, € C(z,Q)N{X :
E(X) < co}. Moreover,

_ E((Zrlzr<n(Zr — 1))

SR*(X,,Q) ;
Var(ZTlgTSn)
which converges by Lebesgue’s Theorem to +/Var(Z7). O

So, for a given pricing measure and an initial wealth, imposing a bound on the Sharpe
ratio SR? of all affordable claims is equivalent to imposing exactly the same bound on the
variance of the density of the pricing measure. Note that the bound does not depend on
initial wealth (which could be chosen equal to 0). As already mentioned in the introduc-
tion, pricing under the No Good Deal assumption requires to compute the supremum of
the discounted claim under all the pricing measures when excluding the Good Deals, i.e.
when putting a bound on the Sharpe Ratio of all affordable claim. With SR? definition, it
means to compute the supremum of the discounted claim under all pricing measures with
a bounded variance. The result of Proposition [1]is thus very important for the solution of
our problem of pricing, since with the definition of SR!, it is not possible to achieve the
same conclusion; recall that SR'(X;) = hg. The information obtained using a bound on
SR? is thus richer than the one using SR'. So, we will choose to define the Sharpe Ratio
by equation , i.e. with SR

Below we clarify the restriction used for pricing under No Good Deal by |Cochrane and
Saa-Requejo| (2001) and |Bjork and Slinko| (2006) and explain why in our opinion it is not
directly related to a restriction on the Sharpe Ratio neither defined by SR!' nor by SR2.
First, we recall that |Cochrane and Saa-Requejo| (2001) defined their No Good Deal pricing
rule by imposing a bound on %E [( % )2] , which is equivalent to a bound on the process
risk premium on the non-coverable risk (A); (recall Equation for definition of (A¢)¢).
Bjork and Slinko| (2006)) also defined their No Good Deal pricing rule by putting a bound
on (A¢)e.

The first question is how to relate a restriction on (\;); to a bound on SR! or SR2.
As far as we understand, the argument of Bjork and Slinko (2006), following Hansen
and Jagannathan (1991), is to say that |[SR'(X;)| = |hs| < |(—hs, A¢)|gz. Then, in-
stead of imposing a bound on the Sharpe Ratio SR!(X;), they rather put a bound on
|(—hs, A\t)|rz. This is of course mathematically correct but, in our opinion, it is not eco-
nomically meaningful because from the first definition of Sharpe ratio only a bound on
hg, the risk premium on the coverable risk W, naturally appears. So imposing a bound
on (\¢); is not economically related to the Sharpe Ratio definition SR!.

The next question is then : is it mathematically equivalent to put a bound on SR?
or on (A\);? The answer is no, except when ()\;); is a constant process (see Equation



(8)). In the general case, as we only know that (\;); is progressively measurable, the
story is completely different. From Equation and Proposition |1} if one has a bound
on \; then SR? is also bounded. But the reverse is not automatically true. In fact, we
will present in section 4 a counter-example which shows that a price with constraint on
SR? can be significatively greater than a price with constraint on the risk premium of the
non-hedgeable risk (A\;);.

We now define a good deal of level § for a pricing measure Q € M€(P) named shortly
as GD(f,Q).

Definition 3. Let 8 > 0 and Q € M*(P), X is a (8,Q)-good deal GD(3,Q) if Iz € R
such that X € C(x,Q)N{X :E(X) < oo} and SR*(X,Q) > S.

Following the No Good Deal literature, we will assume that

Assumption 2. There exists Q € M?(P) and 3 > 0, such that there is no (3, Q)-good deal
(NGD(B,Q)), i.e. for allx € R and X € C(z,Q) N{X :E(X) < o}, SR?(X,Q) < 5.

From Proposition [1] it follows that:

Theorem 1. Assumption @ 1s equivalent to

MA@ = {Q e M2B) : | Zrlpae < V1T B2} £0.

Note again that the initial wealth does not influence No Good Deal notion and doesn’t
appear in the characterization above.

Proof. The first implication is a direct consequence of Proposition [Il Now assume that
MZB(P) # () and choose Q € M?*B(P) then again by Proposition [1} for all z € R and
X €C(z,Q)N{X E(X) < oo},

SR*(X,Q) < sup SR*(X,Q) = +/Var Zy < 8,

XeC(z,Q)n{X E(X)<oo}

and NGD(3,Q) holds. O

We end this section by remarking that there exists arbitrage opportunities which are
not good deals. In a general context, it is thus necessary to have Assumption [2] together
with a No Arbitrage Opportunity Assumption.

Consider a Cox-Ross-Rubinstein model of one period where the exchangeable asset
is equal to Sy at time 0 and Spu with probability 0 < p < 1 and Spd with probability
0<1—p<1, where d < u, at time 1. We also assume the existence of a non-risky asset
equal to 1 at time 0 and 1 + r at time 1. We assume that d > 1 4+ r. We consider the
claim X7 which is obtained at time 1 from the following strategy at time 0 : buy one unit
of risky asset and finance this by getting short of Sy units of non-risky asset. The value
of this strategy is equal to 0 at time 0 and X; = S; — Sp(1 +7) at time 1 and is clearly an
arbitrage opportunity. Now consider a probability measure (g, 1 — g), it is easy to see that

p—q
V(1 —p)

For example if ¢ > p, for all 5, X is not a (5, ¢)-good deal. If g < p, it is sufficient to
choose 8 such that 8 > —22— in order to show that X7 is not a (8, ¢)-good deal.

v/p(1-p)

SRZ(XMQ) =



4 No Good Deal Pricing

In this section, we will investigate the notion of pricing for a contingent claim H depending
on the non-traded asset V. Since the market is imperfect, this notion must be clarified. A
standard tool is the use of the super-replication price: intuitively, it is the minimal price
which ensures in any situation the hedgeability of H. Mathematically, it is defined as the
minimal initial wealth such that there exists a strategy leading to a terminal value almost
surely over the claim. For example, for a call option, since H depends on the non-traded
asset, one can show that the super-replication price is +oo if the investor is not endowed
with at least one unit of V' (else it is equal to Vp). E|

The super-replication price has a so called dual representation ; it is equal to the
supremum over all pricing measure Q € ME®(P) of the expectation of the discounted
payoff, i.e. E@(S%)

The deﬁnitioTn chosen by |Cochrane and Saa-Requejo (2001) and Bjork and Slinko
(2006) is the following

p H
po(H) = sup E [Z%SO} ’ (14
AELlro (W,W*)), s.t. A€[—Amaz \maz] T
where
max 1
S \/T In(1 + 52) — hg. (15)

Note that from Equation (7), if A = (A¢(w)) € [-A™%, A\™%7] then Z3 € M>P(P) but the
reverse is not true in general, as already mentioned in section 3.

No rigorous justification is given by the authors for the choice of pricing rule as
a dual representation of some No Good Deal price. To do so, we need to use the notion
of coherent risk measure as already noticed in |[Kloppel and Schweizer| (2007) or |Cherny
(2008). We set u as the coherent utility functionEI related to the No Good Deal valuation,
ie.

w(X)= inf E© [)f)] : (16)
QeEM?28(P) St

The notion of hedgeability used in the super-replication price is now replaced by the notion
of having a positive coherent utility : the No Good Deal upper-bound price is the minimal
initial wealth such that there exists a strategy leading to a residual wealth having a positive
utility. More precisely,

T T
pO(H):inf{m€R| J® € As S.t.u<m+/ @?d5%+/ @%dSt—H> 20}. (17)
0 0

Note that if u is identity we are back to the super-replication price definition.

3In fact, if we start with a finite wealth X, since H depends on W* through the non-traded V, we
have that for any strategy (®°,®), P[®3.5% + ®rSr < H] # 0. Now if the investor is endowed with one
unit of V. : P(Vpr > (Vpr — K)4) = 1.

4Since M?P (P) is non-empty, Theorem 2.2 of |Cherny| (2008) ensures that u is a so-called coherent
utility function.
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Theorem 2. Under the Assumption[3, the dual representation of the No Good Deal price
defined in 18

po(H)= sup EO [] | (18)

Proof. Let ® € Ay, then from Lemma |3, ® € A5 0, and using self financing Equation @
and , m being the initial value of the strategy ®, we get that

T T T
me [ st [ okas, = absh oy =t (mo [ olals).
0 0 0 ¢

Let Q € M?8(P), as S% is deterministic, we get that
T T
EQ [m + / YdSy + / @%dSt} = S%m.
0 0
And from Definition of u, see ,

T T H
u <m+/ @?dS?—i—/ ®;dS, —H) =m— sup EU [] :
0 0

Qem2@)  LST
Thus
H) = inf R| 30 € Ay s.t. m > ge |2 19
po(H) = inf<{meR] € Ayst.m>  sup 0 (19)
QeM?2:58(P) T
H
= sup EQ [0].
Qem2b®) ST
This concludes the proof. ]

Remark 1. In the super-replication theory, there exists so called super-hedging strategies
such that starting from the super-replication price and following some super-hedging strat-
eqy, H is fully hedge. But in the case of No Good Deal Pricing, no particular strategy
appears : see Equation . For example, Buy and Hold strategy will do the job. In the
next paragraph, we will introduce some hedging criterion starting with an initial wealth
equal to the No Good Deal price.

The computation of the supremum in is not easy. From Revuz and Yor| (1994)),
the probability in the space M?P(P) can be represented by their densities, i.e. Z (see
Lemma . But since A is a stochastic process, this optimization problem is difficult to
handle.

In Theorem (3} we propose to analyze the No Good Deal Price py(H) (simply denote
by po from now). First, we provide some upper and lower bounds for the No Good Deal
Price pg. The upper bound will be obtain by removing the positivity assumption and
relaxing the martingale condition on the pricing measure density. To define our lower
bound, we assume that the risk premium A of the non-hedgeable risk W* is independent
of the hedgeable risk W. This allows us to fully compute the optimization problem

11



when relaxing the positivity assumption on the pricing measure density. Then in order to
obtain a equivalent martingale measure we just add the solution of .

Then we investigate the link between No Good Deal Price py and the price pg proposed
by |Cochrane and Saa-Requejo| (2001) and by Bjork and Slinko| (2006)) (see ([14))). We show
that the No Good Deal Price can be strictly greater than pg. Note that this is possible
for the Call option but also for any claim H that has a closed form price in the Black and
Scholes model.

We also introduce a “degenerated” version of pg, called pg, defined as the supremum
of the discounted payoff over particular pricing measure in M?#(P). In fact, we assume
that the risk premium process on non-coverable risk W* A, is a constant number. We
introduce this price because with this restriction, it is strictly equivalent to put a bound
on X or SR?, i.e. Var(Zr) (see Equation )

R H
po(H) = sup E {ZF}SO]
Z7eM?B(P) s.t. AeR T

Theorem 3. Assume that In(1+ %) > h%, H = (Vo — K) and Assumption@ holds.
Let

B = \/(1 + B2)e hsT — 1. (20)
Then
pbP =epo+ (1 —e)e " TE(ZIY P H) < py < pP = e TE(ZVB H),
where ¢ € (0,1), YU s defined in Lemma |4 and

H-E(H|FY)

ZUB  _ Z%+eh§T/2B .
\/IE 12— (1 | VY]

Moreover,

po = po=po=e"TBS(Vo, T, K, py — ovphs + oy X"\/1 — p?, o) (22)

where the functional BS give a kind of Black-Scholes price as a function of the initial
price of the stock, the maturity and the strike of the option, the drift and the volatility of
the stock : see Equation in the Appendix for the precise definition and see for

the definition of A" . Finally
Py " > po > pi? > po, (23)
and there exists some situations where pg > pé“B > Po.

Proof. Step 1: Computation of pg
We begin by choosing a A € R, and by computing

) =E [e_TTZ%(VT - K)+] . (24)
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As ) is a constant process, we have seen (equation (8))) that Zy € M?B(P) if and only if

1Z7 || 2y = e2PEAIT < /T4 B2 & A € [-Amar, ymaz],
see for the definition of A"**. Thus,

A
Po = sup Do
)\E[_)\maz)\maz}

From Girsanov Theorem (see for example Revuz and Yor| (1994)), for any process (A\¢)s,
t
W =W, + hgt and WtA’* =W - / Asds (25)
0

are standard Brownian motion under Q* defined by .
Thus, for all constant A, the process V satisfy the stochastic differential equation:

Vi = Vi((pv = ovphs + ov A1 = p)dt + oy (pdW) + /1 = p2dW)™)). (26)

We denote by 1 the drift of this process, i.e.

n = py — ovphs + oy /1 - p?.

From Appendix , we are able now to state that the quantity p(’)\ is given by a Black-
Scholes type formula:

pé = e "TBS(Vy, T, K, n, o). (27)
Note that BS is an increasing function of 1 (see Appendix (51))) and consequently pj) is
increasing in A . Back to our optimization problem pg, we get that

max

Po = sup pé = Do
Ae[_kmaz)\maz]

= e "T'BS(Vy,T, K, py — ovphs + oy A™\/1 — p2, o).

Step 2: Computation of pg

The proof is based on a comparison Theorem for solution of stochastic differential
equations. In fact, for a progressively predictable process \;, following the proof of step
1, we know that the process V* follows the SDE (26) replacing A by A;. As M\(w) <
AT applying a comparison Theorem (see proposition 2.18 p.393 of |[Karatzas and Shreve
(1991)), we get that V» < V;, P — p.s, where the process V; satisfies

dV; = W ((Mv —oyphs + oy 1 — p2 A dt + avdUt*) ,

with Vo = Vp and U} = pdW + /1 — p2th*”\ a Brownian motion under the probability
Q*. Thus,

£ [e‘rT(Vf\ - K)+] <EQ [ T(Vr — K),].

If we compute the right hand side of this inequality using equation (see Appendix),
we obtain that

EQ [e_TT(VT — K)+] = e "TBS(Vy, T, K, iy — oy phs + oy A™®\/1 — p2, o)

13



Thus as pg < pg, step 1 shows that

Do = Po = e_TTBS(%a T K, py — UVPhS + O-V)"maZ V31— sz UV)' (28)
Step 3: Definition and computation of pr
Define
UB _ H
po = sup E|Z5 (29)
Z, BZ% <1+ B2 ST

E(Z|FY) =23
Intuitively, this is an upper bound because we remove the positivity assumption and relax
the martingale one on the pricing density Z. Note that the assumption E (Z ] F%V ) = Z%
is equivalent to S/SY is martingale with respect to the hedgeable information only. We
are going to prove that

p " = p8+e‘TTe"2ST/2B\/E [HQ_E(HW’}V)Q}’ (30)

see with A = 0 for a definition of pj.
pUB is an upper bound: we show that any element Q* € M?P(IP) satisfies the constraints
of Problem As E(Z3)? <1+ 2, using , we get that

T
E(2) | FY) = A8 (v} | YY) = 208 (1 v [ awpaw; ;;v) .

see, for the last equality, exercise 3.20 of Revuz and Yor| (1994).

ZYB s the optimal solution of problem : First, we show that ZUP (see (21))) satisfies
constraints of Problem It is straightforward that E (Z UB | ]-":‘ﬂ/ ) = Z9. Furthermore,
since H — E (H | ]-“%V ) is is orthogonal to F%V and thus orthogonal to Z:(} :

2
o E[H ~E(H] 7))
E[H2 - (H | FY)’]
_ eh§T+(1+BQ)_eh25T:1_I_52’

because E [HE(H | F}¥)] =E [E (H | .F%V)]Q and using successively (8)) and .
Now, we prove that ZYP reaches the maximal value of Problem

B(20PH) — E(Zp)+ dr2p B U0) ZE [TECT] 7))
\/E (12— E (0 | 7)Y

— E(Z0H)+ eh%T/%\/E 72— E (0 | 7).

E(ZUP)? = E(Z9) + =E(Z9)? + "7 32

Let Z such that EZ% < 1 + 32 andIE(Z|]:¥/):Z%, we get that
E(ZH) = E[Z(H-E(H|FY))]+E[ZE(H |F})]
= E[(Z-20)(H-E(H|F)]|+E[E(Z|F)E(H|F})]

VE[Z - 20\E[H —E (H | FY))* + E (23H)

IN

< E(Z0H)+T2B\E[H —E(H | F)) =E(2V7H),
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where we have use successively that Z% is orthogonal to H—E (H | f:‘ﬁv ), Cauchy-Schwartz
inequality and

E[Z-23]° = E(2)?-2E(220) +E(22)?
< 1+8°—2B(E(Z|F¥)Z2) +E(22)°
< 1+ —E(Z) =14 5% — 3T = 3752

Step 4: Definition and computation of péB

The definition of the lower bound is a little more tricky. We first reformulate our prob-
lem using the probability QZ°. QZ" is defined by dQZ" /dP = (29)2/E(Z9)% = (Z9)2e hsT
(see (8])). Note that this kind of probability will be used in quadratic hedging part of the
paper. Using Bayes formula and recalling definition of Y, (see (5))), we get that

H oy H 2 _,. z0 H
5| zigg| = e | gy | = et v o]
T T T

We now rewrite the constraints of problem ((18]) :
E[(Zr)] = E [(22(7)?] = "TES” [(v27?]
Using the definition of /3 , we get that
E[(Z)] <1468 & B ()] <145 (31)

We now assume that A, the risk premium of the non-hedgeable risk W*, is independent of
the hedgeable risk W. Then Yf‘ € ]-':Iﬁv " and thus

H 2 z0 H 2 A z0 | H *
] - e - e ]
T T T

0 *
We now compute EQ” [Z% | FV } using Q° (see with A = 0). As dQ?’/dQ° =
29011 '
8 [tz ]

_ 12 *
50 [ 23| 7Y

0 H * *
T

because EY’ [e‘hQSTZ:Or | ]'HW*} = ¢ h5TEQ [Z%] = e TR [(Z%)Q =1
EQ [H | ]-"ZIF/V *] is fully calculable. If we rewrite V; with Q" (see ):
0_2
Vo — Vreov VISR Wi e(HV_UVPhS_TV)T‘f‘O'VPWqQ
t= Vo .
Then,

BV [H | A =B (v - K)4 | FE | = 0w, (32)
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$(z) = EY (VOBUV 1—P2w><e("v‘””"5‘QV)”MW%‘K) ]
L +

2 2
—oyphg—(1—p2) 2L —p2 2V T w2
_ EQO (Voeov /1_p2$6(ltv oyphs—(1—p*)5—p 2) +ovp T_K> ]
+

Therefore ¢ can be expressed with a Black-Scholes type formula (see in Appendix):
— 2
w(x) = BS <‘/Oegv 17p217T7 K7 Hv — vahs - (1 - P2)02V70VP> -

Note that we get similarly, for all Y € ]_-¥V i

H 0
s |Zvgg] = T o) (33)
T
So going back to our optimization problem

_ A
po > sup e "TEQ [(Vp — K) 4]
Q* € M2F(P)
A € FVT

0
- sup TEY V(W) (34)
)\t c .Ft‘/v*
EQZO (Y%)Q S 1+BQ

Sy sip e TEY V(W) (35)

0
Yy >0 E® y =1
0 _
EQ? v2 <14 32

We now able to state our new optimization problem used for the computation of the
lower bound of Problem [1§| (we relax the positivity Assumption on Y).

_r 20 %
Py = sup e TEY [V (W) (36)
y >0, E7 vy =1
]EQZo Y2 <1+ 52
Let Y9" be the solution of problem [36{ (see Lemma below) then eY72"™"" 4 (1 —g)Ydown

satisfies conditions of problem [35| (the two first conditions are obviously satisfied and the
third one comes directly from Cauchy-Schwartz inequality). From ,

0
efrTEQZ [Ydownw(wjt)} — efrTE [Z%YalownH}

5The equality between problems and comes from the following observations : let Y°P be the
0 * *

solution of problem , and Y, ' = EY” (Y””t | 7Y ) As (YY), is a L? (QZO,}'W )-martingale, from
Theorem of martingale representation (see for example Revuz and Yor| (1994)) there exists k; € LZ,.(W*)
such that dY;?"" = k:dW;. Let AP' = k;/Y,°"" (note that Y,”** > 0), \??" ¢ FV". By Ito formula
YPt =Y 4+ fOT ANPEY P AW = 1+ fOT NPYY PP AW = Y27 Thus A" satisfies condition of@ and
problem is lower than problem Let A satisfying condition of [34] then Y satisfies condition of
and thus the two problems are equal.
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and recalling , , and , we get that

0 max max max
TR V2w = e TEIZY™ H] = b}
= ¢ "TBS(Vo, T, K, n""" ,ov) = o

So we have found a lower bound for pg :
po > epo+ (1—e)e ™ E[ZIY ]
It remains to find a solution for problem [36|: this is done in the lemma below which proof

is postponed in Appendix
Lemma 4. The solution of Problem[34 is :

Z

0
= EQ7 (p(wy))

if1—p e > 0 then
VarQ (W)
0
Ydoum _ 1+Bw(WY*“) _EQZ (w(WYﬁ))
0
Var®” (W)
_ 0

piet = E (W) + By Var®” (W),
. _ ge?’ (v(W3))
zfl—BZ—O < 0 then

Var® y(Wz)

Ydown _ (w(W;:) — Oé)+
B (u(W) — a)

+
plw = ot (1+BPEQ” ($(W5) - a).,

where there exists a positive number o such that

EY (p(W5) — )2 R

(B9 (w(Wf) - ),

Step 4: Proof of péB > po First we note that Yf‘mw satisfies the constraints of Problem
which implies that pg"“’” > po. Thus, using the definition of pOLB

p6® —po = (1 =)™ —ho) 2 0.
There exits situations where the inequality is strict :

Example 1. Computations have been made with puy = 0.04, oy = 0.32, pus = 0.0272,
og = 0.256, Vo = 15, Sp = 100, K =15, r =0.02, T =0.25, 8 = 2 and p = 0.8. Those
parameters are the one used in our numerical section and represent a meaningful economic
situation (see details in section 6). With these parameters, po = 2.37 while pr = 2.59.
The lower bound of the No Good Deal price is 8.4% higher than py. In section 6, we will
provide other examples with higher gap.
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O]

Remark 2. Using the same line of arguments as in step 1 above, it is easy to see that
po(H) is also equal to the supremum of the discounted payoff over pricing measure in
M2P(P) such that )\ is a deterministic process. In fact, in this case

H 1 (T
E {Z%SO} =e¢ "TBS (VO,T, K, uy —oyphs + JVT/ Aedtn/1 — p2,av> )
T 0

As BS is increasing in his drift term, the mazimum in A of E [Z%Sﬂo} will be attained
T

for mazimum value of % fOT Aedt. Using Equation , the constraint

1 T
1Z2 ]l 2y = e2P3THO M) < \/TH R & T,// A2dt < Amee
0
1 fOT A\?dt, the mazimum in

T
H
sup E [Z%O]
Z2EM2B(P) s.t. M ER

As from Cauchy Schwartz inequality, 7 fOT Aedt <

1s also attains by A",

5 Minimal quadratic error hedging

The preceding section allows us to propose a price compatible with the No Good Deal
criterion. But as mentioned in Remark [1} there is no natural hedging strategy associated
to this criterion. In this section, we will consider the criterion of minimizing the quadratic
error. For a given initial wealth X, we want to find the self-financed strategy in the
tradable assets that minimizes the quadratic error (under the historical probability), i.e.
the difference between the claim and the final value of the strategy. This concept has been
introduced by Follmer and Sondermann| (1986), in the martingale case. It is also study by
Duffie and Richardson| (1991) and by Schweizer| (1992). The general proof was given by
Gourieroux et al| (1998)). In a first time, we will consider the case of a general contingent
claim H. Of course, when we study quadratic hedging we have to assume that:

Assumption 3. The contingent claim H belongs to L*(P).

Mathematically, we want to solve the optimization problem:

e : 0 ¢0 1 2
v(H) = ((boyggeAQE[H—(<I>TST~|—<I>TST)] (37)
T 2
= inf E|H— (X ®VdS? + dlds )} , 38
ot B[# (X0t [ (@tast + atas) (39)

for the second equality, we denote by Xy = ®959+ @3Sy and use the self-financing equation

@.

The first question is whether this problem admits a solution or not? The answer is
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yes and we will construct it explicitly. In fact, from the definition of A, we can see
directly that the solution exists. It is well known that L?(P) is an Hilbert space under
the inner product (.|.) defined by (X]Y) = E(XY) and the associated norm ||.||. The
set {935 + ®L57 (@0, @) € Ay} is a linear closed subset of L?(P) (see Delbaen and
Schachermayer (1996) Thm. 2.2.) Thus Problem admits a solution by an Hilbert
space projection Theorem (see for example Luenberger (1969)). The natural ideal followed
by Duffie and Richardson (1991) and later by Schweizer| (1992) is to use orthogonality and
say that PO and ®'" are solutions of Problem if and only for any (®°, ®!) € As,
(H — (9°78% + ®17.57)|99.5% 4+ ®4.S7) = 0. This leads to a PDE (see Equation 3.1 in
Schweizer (1992) for example) which is not straightforward to solve explicitly. The other
natural idea is to use a projection argument and to get the explicit projection of H on
S% and S. But as S° and S are not martingale this is not technically possible. So we
follow the idea of (Gourieroux et al. (1998) and transform the initial problem in order to
get (local) martingales and achieve the projection argument. Let U be a numéraire, such
that Assumption [1| and Ur € L?(P), then from Self-financing Equation and Lemma

we can rewrite our problem as follows :
H SP St
U (——- (X Vd ®/d
T<UT < 0+/o < Ut+ Ut)))]

H SY S,
_ inf EUQE@U[—<X +/ <<I>0d +<I>dt)>] ,
(<1>°,<}>r11)6«4§] U1) Ur 0 0 U Uy

where the probability QU is defined by dQU /dP = U2 /E(U2). The idea is to find the right

U such that %0 and % are QU (local) martingale and thus be able to do the projection of
U—HT on %0 and % (by Galtchouk-Kunita-Watanabe Projection Theorem, see for example
Jacod| (1979)). Contrary to Gourieroux et al. (1998), we do not introduce the so-called
variance-optimal martingale measure in order to solve our problem but we show directly
that the fact that %0 and % are QU (local) martingale imposes a particular form on U
(see Lemma [5| below). We then solve the problem using Galtchouk-Kunita-Watanabe
Projection Theorem for a general H (see Theorem {]) and Ito calculus for a call option
(see Theorem . The proofs of both Theorems are essentially technical and postponed to
Appendix.

v(H) = inf E
(®0,01)eAY

Lemma 5. Let U such Assumptionl 1| holds and U € L*(P). We further assume that In(U)
is an Ito process, i.e. there exist progressively measurable processes a, A in Lloc((W, wW*))
and ¢ € L'([0,T)) such that

AU} = UM ardWy + MNdW + cidt).

Then, 5—2 and % are local martingale under the measure QUA defined by dQUA/dIP’ =
(U%)Q/E (U%)2 if and only if a; = —hg and ¢; = r — \} — hS, i.e.

t * t
U{\ — o hsWit [y AsdW; —3/2(h%t+ [y /\gds)+rt' (39)

If X\ is deterministic, then 2 and A are @U -martingale.
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Proof. See Appendix O

Remark 3. If we do not assume that U is an Ito process but only that %0 and % are
QY local martingale, then one can easily shows using Bayes formula that the probability
Q™Y defined by dQ™V /dP = Ur/E(Ur) El, belongs to M®(P) E Thus there exists some
progressively measurable process A such that dQ%Y /dP = Z% (recall Equation for the
Definition of Z%) and the final value of U comes from an Ito process.

From Lemma [5, we get an explicit form for the numéraire U* but there are still a lot
of possible choices. In a first time, we can restricted our attention to constant process A :
this allows us to compute E[U3] and IE[U{F\2]. We choose to use the particular numéraire
U and thus solve

o[ H T SO S 2
o(H)= inf E(U2)HEY [ - (X +/ B0d2 4 gt )] 10

Two reasons motivate this choice. The first one is a financial argument : going back to
Equation , the only process U* which is replicable from the tradeable assets (i.e. which
does not depends on W*), and thus can be called a numéraire from a financial point of
view is U°. The second reason is the mathematical tractability, see Remark

From now on, we will write U for U, thus

Ut _ 67h5Wt+(7’73/2h%)t7 (41)

dQU/d]P) — €—2h5WT—2h%T' (42)

see for the last equation.
We define the following two processes WU and W*V which, thanks to Girsanov Theorem
will be Brownian motions under the probability QU:

WU =W, + 2hgt, W,V = Wy (43)
The following Theorem gives the solution to Problem for general H.

Theorem 4. Assume that Assumption[3 holds. Consider the following Galtchouk-Kunita-
Watanabe decomposition (&1 LI ) for 0 <t < T

H H ¢ SO t S t *
(1) () [l [ Lo

Then Problem s equivalent to
inf  E(U%)

v H 2 v (T
[EQ ()—XO} +EQ (/ b,?dt>+
(@0,81)eAY Ur 0

2
EQY </T (hs@?’H _ @?)ig + (05 + hs) (@) = (I)%)St) dt)] <45)
0

Ui

5Q%Y is the variance optimal probability used by |Gourieroux et al. (1998).
"This is true only if S° is deterministic, which is not the case of Lemma
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If (9% @1H) ¢ AY then @0 = @%H gnd &' = &7 are solutions of Problem . The

minimum s equal to
H 2 r
e ()" ([ 0]
T 0

Proof. See Appendix O

If we want to hedge some practical examples of derivative H, we have to perform the
Galtchouk-Kunita-Watanabe of E2” (U%J}'t) and find explicitly (®% &1 p). This will
be done by Ito Formula. We will compute explicitly the solution for a call option on the
non-traded asset, i.e. H = (Vp — K)4, in Theorem

’U(H) _ 6(27"—@29)’11

Remark 4. If we choose to solve Problem [{0 with X\ # 0 instead of A\ = 0, we are not
able to find so easily a self-financing strategy, which achieves the minimum. In fact when
A # 0, in Problem the strategy (®°, ®') also appears in the second term. So if for
minimizing we put to zero both integrals, we get two equations and thus a unique strategy
as a solution. Unfortunately, this strateqy is not self-financed. Thus we have to introduce
the self-financing constraints and then minimize the sum of the integrals (and not put each
of them to zero). This problem is not mathematically tractable.

Theorem 5. If H = (Vp — K), the solution of Problem s given by

U, [og+ hg t L 1 L,
@O — LTSS [y / hslK + p=t Y awV ) —— [ heK; + p=t 46
t S,?[ s < o+ ; s z+pUl ] s S t+pUt ,  (46)

and

Ut Lt t Ll
ol — hel; + p=L) —he [ X / heK) + p=L ) awV )| . 4
; 535, [( s t+PUt) s( o+ ; < s 1+PUZ Wi (47)

The minimum s equal to

’U(H) = e(QT_h%)T [ (e_TTBS(‘/Oa T? Kv nyv — UVhSp’ UV) B X0)2

+(1-p?)EY (/OT <1Ui>2dt> ] (48)

where

e—r(T—t)
K; = ———BS(W;,T —t,K,puy — ovhsp,ov)

Ui
Ly = oye "I 0Huv=ovhs) TN (dy (V,, T — t, K, py — ovhsp,ov)),
and BS and dy are defined in FEquation (@

Proof. See Appendix O
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Remark 5. Note that KUy = e "T=YBS(V;,T — t,K, iy — ovhsp,ov) is the Black-
Scholes price of a call on 'V with strike K and maturity T, if the pricing measure is
Q. This can happen in two contexts : the first one is the minimal variance martingale
criterion. This is also the case, if V is tradable (i.e. the market is complete) and if e "V,
is a QV-martingale (which is implied by wy — ovhsp = r). In this case, the process Ly
represents the “Delta” of this option.

If we want to find the minimal initial wealth p,, needed to perform the quadratic
hedging, it is clear from Equation that popr = e "T'BS(Vo, T, K, pv — ovhsp,ov). It
is the so called Minimum Variance price : p8 in our notation (see . But as our initial
capital is the No Good Deal Price pg, the optimal quadratic error is greater than the one
starting with capital p,,: : we have an extra term equal to e(2r=h3)T (Popt — po)z.

6 Numerical Results

This section will be divided into two parts. We first investigate the pricing issue applying
the results of section 4. We will compute and compare NGD prices (the price defined by
Cochrane and Saa-Requejo| (2001) and our bounds : see Theorem 3]) and also other notions
of price as minimum variance price and price derived from Black-Scholes methodology (see
below). Furthermore, we will show numerically and theoretically convergence of NGD
prices with respect to the correlation p between the risk sources and also the limit Good
Deal level .

Secondly, we compute the strategy found in section 5 and compare it to other possible
strategies as Buy and Hold or Black-Scholes (recall that no natural hedging strategy is
linked to No Good Deal price). This comparison is made through three kinds of risk
measures : probability of super-replication, expected loss and Value at Risk.

6.1 Pricing
6.1.1 Framework

We will consider various prices in our numerical experiments. Section 4 tell us that we
are not able, so far, to find a “tractable” formula for the No Good Deal price. Thus, we
will compute the bounds pg B and pOLB as defined in Theorem We intend to exhibit
various situations where pr (and thus the NGD price) is above the NGD price defined
by |Cochrane and Saa-Requejo| (2001)), see equation . In all figures, the first one will
be denoted by “NGD-UB” (resp. “NGD-LB”) for the upper (resp. lower) bound, and the
second by “NGD-CSR”.
We will also be interested in the value of p8 defined by equation (24) whose explicit
expression is given in equation (for A = 0). This price is known as the minimal
variance price and is defined as the derivative’s price computed with the minimal variance
measure Q0 (see/Gourieroux et al.[(1998))). It will be denoted in the figures by “MV-Price”.
We also consider a price which is used sometimes in practice when dealing with Basis
Risk. As we consider that the processes V' and S are highly correlated, one can use the
evolution property of S (i.e. the drift ug and the volatility og) starting from Vj to induce

the evolution of V. Thus, we consider a new option, whose payoff is (g—gST - K ) and
Jr
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whose underlying is the tradable asset .S. Therefore, we can compute the Black-Scholes
price of this claim, denoted S-B.S;:

S—BSt = G_T(T_t)EBS St;T_tuK&7ra US .
So Vo

In the sequel, it will be designated as the “S-BS Price”.

Finally, we look at the “real” Black-Scholes price of the contingent claim, denoted by
V-BS;. This is the price of an option on V in a market constituted by S° and V', when
V is tradable. Of course, this price has no economic sense in case of Basis Risk. More
precisely, it is defined by

V-BS; = e "TVEQ [(Vp - K)y | Fil = e "TOBS(V,, T — t, K, 7, 0v),

where the probability QY is the martingale probability for V, i.e.
dQV / 2T/ * 1 2
W = exp —hV(PWT + 1— 1% WT) — §hVT .

As the preceeding, we will note it “V-BS Price”.
We will perform our computation for the set of parameters described in table[l] The idea

pwy | ov | Vo | ps os | So | r | T
0.04 1 0.32 | 15| 0.0272 | 0.256 | 100 | 2% | 0.25

Table 1: Set of parameters

is that V' is more risky than S (i.e. the volatility is higher) but provides a higher return
(the drift is also higher). We choose to start from a different initial stock value as this is
the case for a stock and an index, for example. But experiments performed with similar
initial stock value lead to the same kind of conclusion.

The two main parameters are 5 and the correlation p. The first one measures if a
strategy is a good deal and thus has to be excluded from the market and the second one
measures the similarity of the two assets V' and S. Economic literature asserts that a
reasonable value for /3 is 2 (see for example Cochrane and Saa-Requejo (2001))) and as we
are interested in hedging basis risk, we will choose assets which are well correlated, p = 0.8
at least.

In figure |1} we plot the different prices w.r.t p for three different values of 8 : 0.6, 2
and 3.4, and different values of K (at, in and out the money, i.e. K = 15,10 or 20). The
correlation p belongs to [0.1,0.95] with a step size equal to 0.05. Figure [2] is the same,
swapping the role of § and p. We choose 3 in [0.6; 3.4] with a step size equal to 0.2 and p
equals successively 0.2, 0.5 and 0.8.

6.1.2 Value of prices

We observe first that the NGD prices are considerably smaller that the initial value of
the stock, which is equal to 15 in our example. Note that, this bound is not always the
super-replication price because the underlying asset is not tradable. But in the case where
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Figure 1: Evolution of prices w.r.t. p for different values of § and K.
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the investor is endowed with a unit of V', it is clearly the super-replication cost. The higher
is the correlation between both assets, the smaller are the NGD prices. For example, if
B=2, K=15 p=0..8 then p§y? = 3.1 and p}® = 2.59 while py = 2.37

One of the main result of section 4 is that “NGD-CSR” is strictly below “NGD-LB”
in some situations, which appears clearly in figure [1| and For the following situation,
which is economically meaningful : highly correlated assets (p = 0.8) and 8 = 2 and an
at the money option, the lower bound is 8.4% over “NGD-CSR”. Beside this economically
classical case, we note that “NGD-CSR” is strictly under “NGD-LB” in most cases espe-
cially when the option is at and out the money. The gap between both prices is 21% for
B =34, K=17.5and p = 0.4 (pp = 2.136 while pr = 2.597) and can even reach a value
of 25%.

With our set of parameters, the “V-BS Price” is close to the “MV-Price” but this is
not true in general (for example if we put g = 0.02 and p = 0.8, “MV-Price”= 0.08 while
“V-BS Price”= 0.48). Similarly, “S-BS Price” is very low in our example. This comes
from the choice of the volatility of V' which is much higher than those of S (recall that
BS function is increasing with volatility). Thus, in our example, “S-BS Price” clearly
underestimated the price of the option.

6.1.3 Variation of prices with p and

Note from figures [1] and [2| that NGD prices decrease with p and increase with 8. This
is an expected result for “NGD-CSR”: see formula and observe that “BS” is an
increasing function of the drift (see appendix (51))). As this drift is equal to py — oy phg+
oy A"\ /1 — p2, which is an increasing function of 8 and a decreasing function of p, the
result is straightforward. It is also clear that pg B increases with 8 : see equation .
The growth of pg B in p or the variation of pOLB are theoretically less clear.

Now we investigate the limit cases in 5. Note that pg is clearly increasing in 5 as
M?P(P) (see Theorem [1|and see (I8)) : when /3 goes to infinity, M?#(P) tends to M?(P)
and thus pg converges to the super-replication price. In the opposite case, in Theorem 3,
we assume that § > V/ eh$T — 1 = 0.014 with our parameters. In this limit case, § = 0
(see (20)) and A™** = 0 (see (15))) thus py"" = p) = p§? (see (30)). It follows that all
NGD prices : “NGD-UB”, “NGD-LB” and “NGD-CSR” but also pg converges to “MV
Price” as observed in figure 2]

We observe that all No Good Deal prices (including pg) converge to “MV Price” when
p — 1. We show below that this is theoretically correct. It is clear from that “NGD-
CSR” converges to p, i.e. “MV-Price”. But without refering to our Theorem, when p = 1,
the non-exchangeable asset V' depends only on W, which is now the single source of risk :
the market is complete and the set M?(PP) is reduced to Q°. Thus, the contingent claim
(Vr — K)4 is perfectly replicable and it price under the unique equivalent measure Q°
is “MV-Price”. For the upper bound, since H depends only on W, E[H|F}| = H and
thus pg B — i . From , we deduce the convergence result for the lower bound
“NGD-LB” and also for pg.
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6.2 Hedging

It is essential when pricing to give a hedging strategy. As previously mentioned, with
the notion of No Good Deal, no natural strategy is singled out. Thus, this part presents
three simple meaningful strategies to be implemented and compares them to our strategy
found in section 5. This will allow us to evaluate its quality. We denote by X%tm’f the
final value achieves using the strategy “Strat” and starting with an initial wealth Xy. Xo
will be successively equal to “MV Price”, “NGD-CSR” and “(NGD-UB+NGD-LB)/2”
(denoted by “NGD” in the following). We choose this value for NGD price because it can
be interpreted as a mid price. The strategy “Strat” is one of the following :

e Buy and Hold in cash (“BaHCash”): we put all the initial wealth Xy in cash, thus
Xj@aHCash — XoeTT.

e Buy and Hold in S (“BaHS”): we put all the initial wealth X in the risky tradable
asset .S, thus X:]ﬁaHS = XoS71/50.

e Black-Scholes (“BS”): starting from “S-BS” price at time 0 and following a Black-
Scholes strategy we replicate at time 7" the payoff

Vo
— - K .
(SOST )+

The difference between the initial wealth Xy and the price “S-BS” is put in cash.
Thus X535 = (g;gST - K>+ + (Xo — 8-BSp)e'T.

e No-Good-Deal (“NGD”): starting from X, we follow the strategy obtained in section
5 (see Theorem [5).

To measure the hedging error we adopt three points of view : probability of super-
replication, expected loss and Value at Risk. For the probability of super-replication,
we evaluate P[X2% > (Vi — K);]. It is economically meaningful but has two draw-
backs. The first one is theoretical : even if the probability is close to one, the loss might
be huge. Moreover, from a numerical point of view, the usual estimator of probability
is very unstable because as it integrates a “one or nothing” function : two close tra-
jectories could lead to significantly different results. For the expected loss, we compute
E[((Vr — K)4 — Xgtrat) J. This is the classical expected shortfall risk measure. It al-
lows to evaluate the size of the loss, but does not tell how often this loss occurs. From
a numerical view point its estimation is more stable. Both preceding notions are deeply
dependent on the level chosen for the initial wealth (“price effect”). If one starts with a sig-
nificatively higher initial wealth, one will do much better in terms of super-replication and
expected losses. As the “NGD” might be five times higher than “MV-Price”, we expected
that probability of super-replication and expected losses will perform better starting from
“NGD?” prices. To overcome this drawback, we introduce the Value At Risk risk indicator
and compute the VaR of the loss at 99%, i.e. the value v such that

P[Xis:trat _ (VT _ K)+ > —1}] = 99%.

Formally, it is the value we have to add to our strategy to replicate the derivative with a
probability equal to 99%. It is also the maximal loss, with probability 99% arising from
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XStrat and delivering the option (Vi — K),. VaR is a widely used

following the strategy
measure of risk.

We plot the results of the simulation in figures [3] and [4] with 8 = 2 and K = 15. We
choose these values because they are reasonable from an economical point of view for 5 and
because the results of simulations do not change a lot for in or out the money derivatives.
We only study the variation in p since 5, contrary to p, influences our strategy “NGD”
only through the initial wealth X (see and ([47).

In order to interpret our numerical results note that better situations are characterized

by probability of super-replication close to 1, small expected loss and low VaR.

We first remark that our strategy has slightly better results, especially when the cor-
relation is high, which is satisfying : starting from “NGD-CSR” or from “NGD” the
probability of super-replication are close to one, the expected loss and the VaR are small.

We can classify our strategies in two categories : the first one contains the “naive”
Buy and Hold strategies (“BaHCash” and “BaHS”) and the second the more elaborated
one : the minimum variance strategy “NGD” and the Black-Scholes strategy “BS”. We
see in figures [3] and [4] that each category have a similar behavior.

Next, as expected, the results obtained starting from initial prices “NGD-CSR” and
“NGD?” are very similar : only the level varies. For a correlation of 0.8, the ratio between
“NGD” divided by “NGD-CSR” is equal to 1.2 and in average (on the strategy) the
probability of super-replication increases of 4%, the expected loss decreases of 35% and
the VaR decreases of 19% when starting from “NGD” instead of “NGD-CSR”.

We now observe the dependence in p. First when p is small all strategies seem to
perform similarly : note that this is not true in general choosing another set of parameters.
When p increases, the prices “NGD-CSR”, “NGD” and “MV” should decrease (see section
6.1.3). We see that for our set of parameters, “MV” remains almost constant. Now, in
the strategies “BaHCash” and “BaHS”, the correlation appears only in the initial wealth.
Thus starting from X, equal to “NGD-CSR” and “NGD” and recalling the definition of
our risk measures, it is clear that the probability of super-replication should decrease, the
expected loss and the VaR should increase with the p. Starting from ‘MV” price, the three
risk measures should not vary a lot. This is what we observe in figures |3 and

Contrary to buy and hold strategies, “NGD” and “BS” intend to approach (p.s. for
“BS” and L? for “NGD”) the optional call payoff. When p increases, both risky assets S
and V become similar in term of risk, thus it seems natural that the risk of loss arising
from hedging a call written on V with a strategy in .S should decrease. Thus we should
observe an increase of the probability of super-replication and a decrease of the expected
loss and the VaR. Looking at figures [3| and [4] we see that this is true for expected loss
and VaR. For the probability of super-replication, this is definitively not true for “NGD”
strategy starting from “MV” price. Recall that the minimum variance principle implies
to minimize the variance of loss, thus we expect to get a loss which is similar to a Dirac
mass in zero : this is confirmed by numerical experiments (see left of figure . When
evaluating numerically a loss which is similar to a Dirac mass, it is intuitive that the
associated probability should be around 1/2 (and the expected loss around 0). Note that
starting from a price other than “MV” the distribution of loss is not centered around 0

28



Probability of super-replication, MV Price, K=15 Expected Loss, MV Price, K=15

15 F 45 07 - ]
-m-BaHCash
0,95 -
~A-BaHS 4 06 4
0,9 —<-BS
-#-NGD
085 v price 35 05 35
F3 g 804 L3 g
£ 1 £
s g £
s = 203 L5 2
b
~#-BaHCash
2 02 —-BaHS 2
—<BS
15 01 ~-NGD 15
——MV Price
05 ; g - T T 1 0 ; g - g - T T 1
0 01 0,2 03 04 05 06 07 08 0,9 1 0 01 0,2 03 04 05 0,6 07 038 0,9 1
Rho Rho
Probability of super-replication, NGD-CSR Price, K=15, Beta=2 Expected Loss, NGD-CSR Price, K=15, Beta=2
1 F 45 0,7 45
0,95
4 0,6 4
09
0,85 - " 35 05 35
3 2 - ]
3 £ 8 04 BaCash R
e = —+-BaHS =
-m-BaHCash g § —BS 2
~4-BaHS F25 e E 03 —o-NGD 25 g
~4-BS ——NGD-CSR Price
0,65 - ~8-NGD 2 02 2
06 | ——NGD-CSR Price
] 01 15
055 "’—"‘-\.\\
05 - - - v - “1 0 . - . r 1
0 01 0,2 03 04 05 0,6 07 08 0,9 1 0 01 02 03 04 05 06 0,7 08 0,9 1
Rho Rho
Probability of super-replication, NGD Price, K=15, Beta=2 Expected Loss, NGD Price, K=15, Beta=2
1 45 07 45
0,95 -
sa 06 - La
09 -
0,85 35 05 35
-=-BaHCash
08 2 —-BaHS
H -3 g 804~ L3 g
g £ H —<Bs £
3 075 1 s § -+-NGD ]
g 00 25 2 go3 —NGD Price 25 2
065 -m-BaHCash |, . L,
4-BaHS g
06 4B
—&-NGD 15 01 15
055 - — ———
——NGD Price M\.
05 1 0 1
0 01 0,2 03 04 0,5 06 07 08 0,9 1 0 01 0,2 03 04 05 0,6 07 08 0,9 1
Rho Rho

Figure 3: Comparison of the probability of super-replication and expected loss for the different strategies starting
from “MV-Price”, “NGD-CSR” and the middle of “NGD-LB” and “NGD-UB”.
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Figure 4: Comparison of the value at risk for the different strategies starting from “MV-Price”, “NGD-CSR” and
the middle of “NGD-LB” and “NGD-UB”.

any more (see |5)) and we don’t have the same numerical problem.

For the probability of super-replication starting from NGD prices, the results are less
clear. Following the “NGD” strategy, the probability seems to be more or less constant
and following “BS”, it seems to be decreasing. Note that there are still numerical issues
associated to the evaluation of a probability which are combined with the “price effect”.
Finally, we remark that our two sophisticated approaches “NGD” and “BS” allow to
overcome the fact when p increases the prices decreases : even if we start with less cash,
we perform a better hedging.

7 Appendices

7.1 On Black-Scholes formula

We recall the following formula which is analogous to the Black-Scholes formula. All proofs
are omitted since they are completely similar to the one of Black-Scholes model which can

30



Histogram of Loss, MV Price Histogram of Loss, NGD-CSR Histogram of Loss, NGD

0.89 0.8 0.8

0.67 0.6 0.6

0.4 0.47 0.4

0.2 0.2 0.2

Figure 5: Histogram of the loss for the three different prices and K = 15, f = 2 and
p=0..8

be found for example in Musiela and Rutkowski (2007)) (starting from p.94).
Let Y be a geometric Brownian motion, with drift » and volatility ¢, i.e.

802
Yie:YoeXp<(17—2>t+90Wt>.

Then, the function BS(Y;, T —t, K,n, ¢) defined by
BS(Y;, T —t,K,n,¢) = E[(Yr — K) | Fi],
can be explicitly expressed as
BS(Y,, T —t,K,n.9) = Yie"""IN(d1) — KN (do) (49)
where
I (3%) + (n+5) (T -t)

VT —t
dOZdO(an_thanagp) = dl_gva—t

d 67332/2
N(d) = /_ md:ﬁ

By Ito Formula one can show that

dBS(Y;, T —t, K, n,¢) = " T=ON (d1) Y, dW;. (50)
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Moreover, we get that

0BS

o (VT = 1K 1.0) = (T KN (do) > (51)

which implies that the Black-Scholes formula is an increasing function of 7.

7.2 Proofs
7.2.1 Proof of Lemma [

Proof. We begin with the inclusion C in (@
Let Q € M?(P), as Q is equivalent to P, there exists two processes A and v in LZ (W, W*))
such that (see Musiela and Rutkowski (2007) p577 Prop B.2.1) :

d@ t 1 t 5 t 1 t
iy [ SdWs — = d AedWZX — = [ Nids ).
d]P) |-7:t eXp (/(; ’7 2 /0 fYS S + A S 2 /0' S S

Under the probability Q, we can defined the Brownian motion W, (see Girsanov Theorem)
by

t
Wg = W; —/ Ysds
0

From Equation , we get that

dsS;

< - (us + osy)dt + ogdW,.
t

Using Ito formula it is easy to see that

Sy Sy
d@ = o ((ps + osye — r)dt + ogdW)).
¢ t
As S/S0 is a Q-martingale, we get that the drift term is equal to zero and thus v, = —hg.
So we have proved that le% = Z%. To achieve the proof of the first inclusion, remark that

as % € L*(P), we get that A € A by definition of A . For the reverse inequality, let A € A

and Q" such that % = Z%. Following the same line of arguments as above, we get that

S5 S

A
5,7? O-SST?th )

where W? is a Brownian motion defined in .
Using Ito formula again and Fubini-Tonelli Theorem, one get that

Q* g St ? 2mQ 4 205 W) -0t 2 4 Q* [ 205W}—0c2t
E L) at) = SiE e2osWi=obtg ) =2 [ R (est s)dt
0 St 0 0

T o2T
2 e’st —1
= sg/ e’stdt = S§§——— < o0,
0 g
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2
recall that E(e!"t) = e'z!. Thus % € L?(Q*) and S/S° is not only a local martingale but

a real Q*-martingale (see Musiela and Rutkowski| (2007) p571).
To finish the proof of the reverse inequality, we note that from the Definition of A, % €

L?(P). Tt remains to prove that A, and thus M?(P), is non-empty. Consider some constant
process A, using , we get that E((Z2)?) < oo and thus any constant A belongs to A. [

7.2.2 Proof of Lemma 2

Proof. Let A € A, since Z% is a martingale, EZ} = ZS‘ = 1. We define the following
process

t t
Z} = exp (—QhSWt — 20t + 2/ AdW} — 2/ Aids) :
0 0

Z* is a Doléans-Dade process and thus a continuous local martingale (see Karatzas and
Shreve| (1991)), p.191). We are going to show that Z* is a martingale.

We clearly have that Zt)‘ < (Zﬁ)z, Vt € [0,T]. Since Z A is a square integrable martingale,
the Doob maximal inequality (see Karatzas and Shreve (1991), Theorem 1.3.8 p.14) implies
that

A ’ A\ 2
E( sup 2| <4E ZT) | < +00.
t€[0,T]

(
Let 7 be a stopping time such that P(0 < 7 < T) = 1, then Z} < SUPseo,7] Z}. So we

deduce that
2
E =E < sup Z,f‘) < +o0.

< E| sup ZtA

t€[0,T]

sup Zﬁ‘

T€[0,T] t€[0,T]

<5 s (2)

Thus Z* is a continuous local martingale of class (DL) (see Karatzas and Shreve| (1991),
definition 1.4.8 p.24). This shows that Z* is a martingale (see Karatzas and Shreve
(1991), problem 1.5.19 (i) p.36) and thus E (Z3) = 1. Then, we can define the following
probability measure

dQ/dP = Z3.
Using Bayes Formula
E((Z%)Q) _ E@ (ehgT-&-fg/\gds)
Thus

Var(Z3) = eh$TEQ (efoT ’\gds) — 1.
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7.2.3 Proof of Lemma [3|
The proof is inspired from |Gourieroux et al.| (1998]) Proposition 3.2.

Proof. We first prove that Ay C AY. Let (8°,®') € Ay, we set ®1" = @il‘éﬂﬂqmgn for

i=0,1and X = ®)"S% + ®"S,. Then dX;* = ®"dSY + &, "dS, and from definition
of integrability with respect to (S°,S) (see Protter (1990), p.134), we get that

t
/ <(1>0 ndSl + <I>1 ndS) semﬂ;art / ((I)?dSlO + <I>}dSl) .
0

n—-+00 0

Noting that X} = Xq for n big enough, we deduce that
t : t
X=Xy + / ((I)?’"dSlO + @}’"dsl) seml A X + / (®)dS) + @} dS)) (52)
0 n——+o0o 0

Using the integration by part formula

d il dX + X/'d ! +d< —, X}

v,) ot T\ U !
As dX]P = @)"dS) + ;" dS;, we get that d < -, X >= &P"d < £, S0 > +&,;"d <
Ut’St >. Using again the integration by part formula we get that d < U%,S? >=

d (%) — (UitdSO + S9d (i)> and a similar expression for d < U%’ S; >. Thus, we deduce

that : d (%) Ond< ) + <I>1 "d (St> . Thus, recalling ,

i =0 (s [ (st (F) +atva (7))
t 0 0 l Ul Ul

t
semi. mart. x| / (®PdS} + @7dS;)
0

nHJroo

and

t SO S, . N t
q)O,nd ‘I)l nd semi. mar X, / (I)OdSO q)lds Cx.
/O < : <Ul>+ <U1>> njoo Ut( o+ 0 ( 100 + @ l) 0

Thus, as the right hand side of the last equation is a semi-martingale, (®°, ®!) € L

((7.7)) ana
t SO S 1 t
/o<q>0d(Uz>+q)ld<Ui>> = U<X0+/ (cb?dslo+<1>}d5l)>—xo
1

- (@787 + @5)) — Xo,

using that (®°, ®!) € As. Thus we get that (®°, ') € AY. For the reverse inequality, the
proof is similar using the following integration by part formula :

Xxn Xxn xr
d(Ut >_ tht+Utd< >+d<t,Ut>.
U, U,

34



7.2.4 Proof of Lemma [

We will prove the following lemma for ease of exposure. Let X € L?, X > 0 such that
X1x~0 has a density with respect to Lebesgue measure and v a positive number.

Pt = sup E Y X] (53)
Y >0, EY =1
EY2 <1 ++42
Lemma 6. The solution of Problem [53 is :
if 1— \/7) > 0 then
X —-E(X)
YOpt — 4"
! v Var X
pP' = E(X)+~VVar X.
zfl—'yx/g < 0 then
yort (X — O[)+
E(X —a),’

pgpt = a+(1+’y)2E(X—a)+,

where there exists o, a positive number, such thaﬁ

m = 1+42 (54)

Proof. 1f 1 —7% > 0, then it is straightforward that EY°P!X = E (X)+~+v/Var X. Let

Y such that Y > 0, EY =1 and EY? < 1+ 4?2 then VarY < 2 and by Cauchy-Schwartz
inequality

E(YX) = E(Y —EY)(X —EX))+EX <VVarXvVarY + EX
< yVVar X +EX = E[YP'X].

To prove that Y°P! is the optimal solution of (53)), it remains to check that it satisfies the

constraints. Y =1 — \/afi < 77 var < > 0 by assumption (recall that X > 0). The

two others constraints are straightforward.
If1—v EY) 0, assume that there exists o such that condition is satisfied. Then

v/ Var X
it is straightforward that
E[(X —a), (X —a+a)] E(X —a)?
E [y X] = + = s 1+ ~2)E(X —
[ ] E(X —a), a+E(X—a)+ a+ (1+~99)E( o),

using condition Let Y such that Y > 0, EY =1 and EY? < 1 + ~? then by Cauchy-
Schwartz inequality and condition

EYX] = E(Y(X—a),)+a+E(Y (X —a)lxc)

< E(Y(X-a),) +a<\/EX—a)i\/EY2+oz
< V149214 92E(X —a), +a =E[YPX].

8The term E?[A] denotes (E[A])?
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Y P! is thus optimal solution for [53| because that it satisfies the constraints (see condition

51).

It remains to prove that there exists some o such that condition is satisfied. Let

N2
f(z) = % then f(0) = \I@r)? +1 < 14~2 by assumption. Below we show that there

exists ap > 0 such that f(ag) > 1++2, thus by continuity of f there will exist some a > 0
such that f(a) = 1 ++2. We prove first that there exist ag such that P (X > ap) =
Such an «g exists because

E (X)
! _’y\/VarX

1
1+~42-

<0 & Var[X1X>0] < ’}/2E2[X1X>0]

& E[X*1xs0] < (7P + 1DE [X (\/ 1X>0>2]
= E[X*1xs0] < (2 + 1)E [X?1x50] P(X > 0),

2

by Cauchy Schwartz inequality. Thus P(X = 0) < L and by continuity of z — P(X <

1+~2
x), for z > 0 there exists ap such that P(X < ap) = % Then by Cauchy Schwartz
inequality,
E* (X —ao), = E*(X1lxsa,)—200P(X > ag)E(X1xsay) + ogP*(X > ag)
< P(X > ag)E(X L xsay) — 200P(X > a0)E(X1x5q,) + 0dP?(X > ag)
1
< I " (EX?1x5ay — 200EX Lx50, + gP(X > o))
1 2
< WE (X — Oéo)+ .
Thus f(ag) > 1+ +? which concludes the proof. O

7.2.5 Proof of Lemma [{

Proof. To show that 5—2 and % are local martingales under the measure QUA, we are
going to compute the stochastic differential equation satisfied by these processes and see
under which conditions they have no drift term. We set two processes WU and wU*
which, thanks to Girsanov Theorem will be Brownian motions under the probability QUA:

WU = W, — 2at, W = Wy — 2\t (55)
Then, the processes U?, S, and S° satisfies:
) = U (atthUA F AW 4 (e + 242 + 2A§)dt)

as, = S, ((r + oghs + 2a08)dt + anWtUA)
ds? = rSPdt
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Thus, by Ito formula applied to f(x,y) = g, we have

0
d‘ig = Sdt—S dUt+S—d<UA>t
Us Ut U Ut
5? 2 2 U UM *
= U—t)\ (r—c —a; — A\p)dt — a dWy ™ — \dW, )
and
S s, S S
d = - thUt+—td<U’\>t——d<SU >,
Ui ug o up U
S *
= [+ oshs +aws — e — af = N)dt + (o5 — a)dW — Ndw],
t

Thus, these processes are local martingale if and only if

r+oghs +awos —ci—a? =X =0 and r—c;—aZ— A2 =0 (56)
T s go 2 T S, 2
/ <&> dt < oo and / ()\) dt < oo. (57)
0 Ut 0 Ut

The inequalities in hold true because gA and U are continuous. The unique solution

of this system isc,=r— M\ — hS and a; = —hg. With these parameters, the process
U} is the same as those described by (39). We also get that

S,? . SO U)‘,*

d<w> - [h AW — \dW, ] (58)
St . St U/\ U)\’*

d (W) = 7 [(as + hg)dWE — AdW, } (59)

Note that if A is such that

x T 0\ 2 x T 2
EY / (53) dt < oo and EY / <S’;> dt < oo,
0 Ut 0 Ut

5—2 and % are QU" martingale (see Musiela and Rutkowski (2007) p571). This is for
example the case with deterministic A. O

7.2.6 Proof of Theorem [4]
Proof. The result of section [5] shows that we have to solve (see (40))

o(H)= inf E@U2EY [;I—<X0+/O <I>0dSO /(I)dSt>] (60)

(®0,01)c AY T Ut Ut

Let Ky = EQ” <U£T\]-"t>, using Galtchouk-Kunita-Watanabe decomposition on the QU
martingale K under Assumption [3] we get that

H t SP S
:E@U<UT>+/O ?HdUl /0 }HdUiJer, 0<t<T,
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0
where RY is a L?-martingale orthogonal to %O and = , ie. < Rfl,% >= 0 and <

RE, % >= 0. Thus as Kr = U—h; problem can be rewrite as

H SY
H) — inf  EU2)EY |EQY (=) — X / X _ oY
o) =it B [ ) - o+ [ (@b —apalt
T 2
o [T e ]
0 U,
v H 2 2
= inf E(UA <IE@ ()—X) + (R 61
oy (U7) U, 0 (R7) (61)
T 0 T 2
+ g / (<1>3H—<1>§2)d5}+/ (<1>§’H—<1>})d§
0 Ue o Ut

As %0 and % are not orthogonal, we can not continue directly the computation. We have
to decompose this two processes on WY and W*V which are orthogonal (see equation
for definition of those processes). Since RY is a square integrable martingale, the
Theorem of Martingale representation (see for example D. Revuz and M. Yor) asserts that
there exists some progressively measurable processes a and b such that E fOT aZdt < +o0

and [ |by|dt < +oo
t ¢
RI = / adWy + / bWV
0 0
Recalling equation and with A = 0, the orthogonality conditions lead to
S S,
Ut “Lhe=0 and atﬁi(hs +o0g)=0.

Thus a; = 0 and R = fo bldW . Replacing R¥ in equation and using again
and ( . with A =0

2 T 2
: 2 o (2 _ QY *,U
v(H) (q>0,$rll)feAg E(U7) UE <UT> X0:| +E (/0 by dWy > +
2
QY g 0,H 0 S 1 JH Sy
E hS((I) - & )f-l-(a's—Fhs)( — ¢! ) th
0 Ut Ut
2 T
[EQU (H> - Xo] +EY (/ bfdt) +
UT 0
T 0
B / hs (@)1 — @?)i + (05 + hs) (@, — @ )St dt
0 Ui Ui

The minimum is clearly obtain for (99, &) € AY such that hg(®Y" — <I>0) -+ (05 +
hs)(@y — @2 =0 QY —p.s. If (@04 @) € AV then 90 = @ i and @' = L are
solutions of Problem B7 O

= inf E(U2
(29,21)eAY ( T)
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7.2.7 Proof of Theorem 5

Proof. Using the results of Theorem [4] it is sufficient to compute the Galtchouk- Kunita-
Watanabe decomposition of the process K;. We first remark that K can be rewritten
using Bayes Formula as

_owov (V= K)y _ EUr(Vr — K)+|Ft)
Ke = E ( Ur |ﬂ>— E (Ur?|F)

As from , Uy = e~hsWet(r=3hg)t _ Z?e(“h%)t and QO is defined in by dQ°/dP =
Z%. We obtain using Bayes Formula again that

E(Ur (Vi — K4 |F) = e T00R (Vi — K, | F).

E (U72|F) = e~ 2hsWit(2r—Sh§)T+2h3(T~t) — [72(2r—h3)(T—1) (62)

we get that

K, = e T EY (Ve — K)4|F)
U, ’

But, the process V under the probability Q°, is a geometric Brownian motion, and we can
achieve these decomposition using the Black-Scholes formula. In fact

av;
Vt =y Vidt + oy Vi(pdWy + /1 — p2dW;)
t
= (v — ovhsp)Vidt + oy Vi(pdWy + /1 — p2dW;™).

The processes W0 and W%* are Brownian motion under Q° (see Equation for defini-
tion). It follows from Black-Scholes formula that
efr(Tft)

Kt = TBS(V;SaT_thaﬂ\/—UVhSIOaO—V)
t

and by formula
dBS(Vy, T —t, K, uy — oyhgsp,ov)
= Uve(uv—avhsﬂ)(T—t)Vt/\/‘(dl)(detO +4/1— p2th*:0)’

where we used the short notation d; for d;(V;, T —t, K, py —ovhgp, oy). Using Integration
by part formula,

—r(T—t)
th = er(BS(‘/t,T—t,K,/J,V _JVhSp7UV>) +
t
efr(Tft)
BS(V;h T-tK, wy — UVhSP> GV)dT +
t
e—r(T—t)
d< T,BS(V},T —t,K,uy —oyhgp,oy) > .
t
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Using Ito formula,

—r(T—t) efr(Tft)

e
d = hdt + hgdW)
U, U, (hisdt + hsdWy)
Thus
o—T(T—t) e (T e—r(T—t)
d<-———,BS> = emv=ovhsn)T=t)5 ppg ViN (dy)dt
U, U,
And
—r(T—1)
dK, = |h3K,+etv=ovhsDT=0g0 pp & i ViN(dy)| dt + hs K dWP +
e—T(T—t)
oyelv—ovhs)(@-n€ o VN (d1) (pdWP + /1 = p2dW;°)
hep)(T—ty€ "L U
— hSKt_i_po-ve(ﬂV*UV sp)(T— )TVtN(dl) dwl +
t

e—T(T—t) o
/1 — p2oyeltv—ovhsp)(T-1) - ViN (dy)dW,"
t

See Equation ([43) for definition of WY and W*V : W = WP + hgt and W, o =W. So
we get that

dK; = (hSKtw

) AW 4+ /1 — dW* o (63)

U
with
L, = UVS_T(T_t)+(“V_thsp)(T_t)‘/tN(dl). (64)

Going back to the Galtchouk-Kunita-Watanabe of K;, we are looking for ®%# oLH
and b such that

SP

dK, = <I>0HdU

S
1,H *,U
+ob dUertth

SY S, i
= (hs2LdM 4+ (hg + og) 2Ll ) aWwl + bdw; Y
Ut Ut

recall Equations and with A = 0. Comparing with equation , we obtain that

S9 Si L
hs UttchH (hg—i—os)Ut(I)lH = hﬂ(ﬁpi (65)
Ly
b = V1-p2t
t P U,
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Recall from Theorem 4| that we are looking for (% &) ¢ AY. So we impose the self
financing condition

SY S, t SY t S
0,H 1,H 2t 0,H 1,H ;91
P, itt”)t T = X0+/0<1>l dUll+/0(I)l dil
! SP —o.m S| 1,1 U
= Xo+ hsfq)l’ —|—(h5—|—05)f¢l’ dVVl
0 U U
t Ll .
= Xo+ hSKH'Pﬁ awy,
0 1

where we have use Equation to get the last equality. Using equation again, we
get that

U; |og+ hg t L 1 Ly
POH — ZL TS TS x / hsK) + p=2 ) dwVl | —— ( hgK, + p=
: S?[ s < o+ ; S z+PUl ! o3 s t“‘PUt

ol _ Ui hK+5 —h X+/thK+leWU
t USSt Sy PUt S 0 0 S\ pUl 1

In order to prove that (®%H ®LH) ¢ AY it remains to prove that (@ ®LH) ¢ [

(&) 1o
[y a< S o = [M ()i () a <o
[y acSs = [M (@) s vos2 () ar< oo
0 0

This holds true because @?’H, <I>tl ’H, SY. S, and Uy are continuous on [0, T]. ]
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