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Abstract

A dynamic passive controller for thin plate vibrations is here presented. The vibrations damping is obtained by uni-

formly distributing an array of piezoelectric elements on the host plate, and by interconnecting their terminals via a

passive electric circuit.

The use of an electric network having the same structure as the plate equations (i.e., plate analog network) assures a

multiresonant and broad band electromechanical coupling. The governing equations of the proposed network are

derived by paralleling the Lagrangian functional of a discretized Kirchhoff–Love plate with that of a lumped, lossless

and reciprocal circuit. A possible realization of the plate analog network is also proposed under the form of a circuit

constituted by capacitors, inductors and transformers only. The appropriate insertion of optimized resistors in the

found analog circuit allows for effecting multimodal damping of forced oscillations.

The efficiency of the proposed strategy is validated through the analysis of a realistic simply supported plate. Exact

solutions are computed for interesting mechanical disturbances.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The increasing interest in lightweight structures has

given new stimuli in the vibrations control research field.

Indeed, lightweight structures are inclined to undergo

excessive vibrations which limit the structural perfor-

mances and accelerate the degradation processes. Piezo-

electric transducers in conjunction with appropriate

control circuits represent successful and widespread de-

vices for structural vibrations suppression.

During the last two decades, several control strate-

gies based on piezoelectric ceramics together with elec-

tric circuits have been proposed. In the so-called

‘‘electronic damping’’ (see, e.g., [11,14]) a set of piezo-

electric devices is placed on a host structure to simulta-

neously sense and control mechanical oscillations. The

deformation of the sensors results in electrical signals,

which are conditioned by suitably-designed feedback
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electronics and then applied to the actuators. In this

framework, the piezoelectric transducers� driving re-

quires complex power amplifiers and associated precise

sensing electronics. Furthermore, the presence of an ac-

tive controller can induce instability in the closed-loop

system. Spillover phenomena can also be introduced,

inducing dramatic oscillations of the structure at high

frequencies. The ‘‘electronic damping’’ may also be real-

ized (as experimentally shown in [13]) by a digital con-

troller, using a computer and an analog digital

conversion card.

An interesting development of ‘‘electronic damping’’

has been proposed in [3,15,19], where the design of opti-

mal distributed electronic active controllers is addressed.

The approach outlined in [3] includes a distributed array

of piezoelectric elements periodically positioned over a

host structure and a distributed interconnecting (active)

electronic circuit. The distributed sensors and actuators

are employed to sense the deformation of the flexible

structure and to exert control actions at every location,

respectively. The purpose of the distributed electronic

circuit is to extract the complete state of the plant from

the sensors, to optimally condition these signals, and to

feed the actuators at high voltages. The resulting smart

structure is able to efficiently suppress mechanical vibra-

tions induced by broadband disturbances. Nevertheless,

the intrinsic active nature of the controller and the com-

plexity of the required circuitry may limit its technical

feasibility and exploitation in industrial applications.

In [12] the possibility of damping mechanical vibra-

tions by means of a single piezoelectric transducer posi-

tioned on a structural element and shunted with

completely passive electrical circuits is investigated. If

the piezoelectric element is shunted with an RL imped-

ance, the passive network combined with the inherent

capacitance of the piezoelectric transducer behaves as

a vibration absorber, and induces a damped electrome-

chanical beating. The resonance can be tuned so that

the piezoelectric element acts as a vibration absorber.

An efficient single-mode control of structural vibrations

is achieved whenever the resonant circuit is tuned to the

mechanical mode to be suppressed. Nevertheless, the

efficiency of the electromechanical coupling strongly de-

pends on the position of the transducer over the host

structure. Moreover, the technical feasibility of the pas-

sive piezoelectric controller proposed in [12] is limited,

since unrealistically large inductances are required to

produce low-frequency electrical resonance with the

small inherent capacitance of the piezoelectric

transducer.

In order to overcome these drawbacks without com-

promising the advantages featured by passive control

the concept of Piezo-ElectroMechanical (PEM) struc-

tures has been introduced (see, e.g., [7,2,21]). Within this

framework it is proposed to position a distributed array

of piezoelectric elements on a host structure and to inter-

connect their electric terminals via an appropriate dis-

tributed passive electric circuit. In [26] it is shown that

the maximum energy transfer rate between the mechan-

ical and electrical subsystems is obtained by exploiting

analog networks (in the sense specified e.g., in [5]). In-

deed, when the electric controller is governed by the

same equations of the mechanical structure, a multires-

onant coupling is accomplished. Furthermore, the simi-

larity in between the mechanical and electric modal

shapes assures a substantial energy transfer for any ini-

tial condition. Nevertheless, the problem of finding tech-

nologically convenient realizations of analog networks

for common structural elements is often very compli-

cated. Similar synthesis problems have been addressed

during the fifties dealing with the so-called analog com-

puters (see, e.g., [20,23]).

A first archetype of a PEM plate, using a suboptimal

electric controller can be found in [27], where it is pro-

posed to interconnect the electric terminals of each pair

of adjacent transducers via a floating RL impedance.

The main advantage of this strategy is the drastic reduc-

tion of employed optimal inductances, thus making con-

ceivable the realization of a truly passive network.

Nevertheless a multimodal control is not yet guaranteed

and it is only possible to effectively damp only one

mode.

In [1] it is shown that by using negative inductors it is

possible to realize an analog circuit of the Kirchhoff–

Love (K–L) plate. Nevertheless, negative inductors are

active elements and have to be simulated by electronic

circuits.

In the present paper we address the following (inter-

related) problems:

1. synthesizing an analog circuit of a K–L plate consti-

tuted solely by passive elements;

2. modelling the piezo-composite thin plate, comprised

of the given host plate and the array of periodically

distributed piezoelectric elements;

3. modelling the Piezo-ElectroMechanical plate consti-

tuted by the piezo-composite plate coupled to the

analog circuit;

4. analyzing the free vibrations of non-dissipative sim-

ply supported PEM plates;

5. completing the electric circuit with suitable resistors

in order to assure a broadband suppression of forced

oscillations;

6. designing a realistic PEM plate and studying its

behavior when excited by external disturbances.

2. Synthesis of a completely passive circuit analog to a

Kirchhoff–Love plate

In this section we design a lumped electric circuit

analog to a Kirchhoff–Love plate which
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• is governed by finite dimensional Lagrange

equations;

• is constituted by completely passive elements, i.e., cir-

cuits in which no external feeding is needed;

• can be tuned to the structural vibration frequencies

using very low (and therefore technically realizable)

nominal impedances.

To our knowledge a circuit with the listed features is

not available in the literature. We underline that such a

circuit represents an analog computer applicable for

studying thin plate vibrations.

2.1. Lagrange functional governing the motion of K–L

plates

Let us consider a homogeneous square K–L plate,

the vibration of which is governed (see, e.g., [10]) by a

Lagrange functional

Lm ¼ T m � Um ð1Þ
defined on a set of admissible displacement fields. The

strain and kinetic energies appearing in (1) are, respec-

tively, given by

Um ¼ S
2

Z
X
ððo11uÞ2 þ ðo22uÞ2 þ 2mðo11uÞðo22uÞ

þ 2ð1� mÞðo12uÞ2ÞdX;

and

Tm ¼ qh
2

Z
X
_u2 dX:

The meanings of the introduced symbols are

S ¼ h3E
12ð1�m2Þ ; bending stiffness; h, thickness; E, Young�s

modulus; m, Poisson ratio; X, plate domain; u, mid-sur-

face deflection; q, mass density per unit volume; super-

imposed dot, derivative with respect to the time t.

Moreover, we have introduced a system of Cartesian

coordinates (x1,x2) on the plate reference configuration

X and denoted by o1, o2 the derivatives with respect to

x1, x2 variables, respectively.

The K–L plate is an infinite dimensional mathemati-

cal model. In order to synthesize one among its lumped

circuital analogs we introduce a finite set of Lagrange

parameters describing—in an approximate way—the

state of the plate: the set of deflections sampled at fixed

grid points in the plate reference configuration. Let us

label the generic point of the grid by the subscripts

(Æ)i,j, so that the value at this point of a generic scalar

field f will be denoted by fi,j. The step of the grid (as-

sumed to be equal along both x1 and x2 directions) will

be denoted by e. Consistently, the spatial derivatives of

the field f will be approximated by the following finite

differences operators:

o1fð Þi;j �
1

e
D1fð Þi;j ¼

fiþ1;j � fi;j
e

;

o2fð Þi;j �
1

e
D2fð Þi;j ¼

fi;jþ1 � fi;j
e

;

o11fð Þi;j �
1

e2
D11fð Þi;j ¼

fiþ1;j � 2f i;j þ fi�1;j

e2
;

o22fð Þi;j �
1

e2
D22fð Þi;j ¼

fi;jþ1 � 2f i;j þ fi;j�1

e2
;

o12fð Þi;j �
1

e2
D12fð Þi;j ¼

fiþ1;jþ1 � fi;jþ1

� � � fiþ1;j � fi;j
� �

e2
:

ð2Þ
Forward differences are applied when approximating

differential operators which present odd differentiation-

orders with respect to one variable, while centered finite

differences are used when even differentiation-orders are

present. Obviously, different choices are possible each

one leading to different analog circuital topologies. We

explicitly remark that the chosen discretization scheme,

with an extremely course ‘‘stencil’’ (see, e.g., [24]), will

lead to a simple electric analog circuit.

Next, we discretize the K–L plate Lagrange func-

tional by expressing (1) by suitable Riemann sums.

Therefore, the discretized deformation energy Um
d and

kinetic energy T m
d of the K–L plate, can be expressed by

Um
d ¼ S

2e2
X
i;j

½ðD11uÞ2i;j þ ðD22uÞ2i;j þ 2mðD11uÞi;jðD22uÞi;j

þ 2ð1� mÞðD12uÞ2i;j�;

T m
d ¼ qh

2
e2

X
i;j

ð _uÞ2i;j: ð3Þ

The approximating discrete Lagrangian system that

we consider is close to the K–L plate model like the dis-

crete differences are close to the derivatives: the Lag-

range functionals considered in both models are likely

to be sufficiently close when suitable regularity condi-

tions on displacement fields are assumed. We leave to

a more accurate mathematical treatment a precise state-

ment of such regularity conditions and error estimates

(see, e.g., [24]).

2.2. Electric analog

It is well known (see, e.g., [5]) that for any given qua-

dratic Lagrangian, say

Lm
d :¼ Tm

d � Um
d ;

it is possible to synthesize a lumped circuit governed by

it. This can be done at least in two different ways:

1. paralleling generalized displacements with flux-

linkages,
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2. paralleling generalized displacements with stored

charges.

When the first (second) analogy is considered, ki-

netic (strain) energy is associated with electric (mag-

netic) energy and strain (kinetic) energy is paralleled

by magnetic (electric) energy. In what follows we will

refer to the first option. Indeed, we will associate to

every node of the sampling grid a so-called principal

node (denoted by ni,j) of the analog circuit. The time-

integral wi,j of its potential drop with respect to ground

(i.e., the flux-linkage) will correspond to the deflection

ui,j. By noticing that the kinetic energy T m
d in (3)2 de-

pends only on the sampled velocities, it is easy to see

that an array of equal capacitors, connecting each prin-

cipal node to ground, provides the needed electric en-

ergy. Consequently, the elastic energy Um
d in (3)1

(including differences among sampled displacements)

may be paralleled by the magnetic energy Ue
d stored

into a multiterminal network, constituted by a set of

inductors and transformers, interconnecting the princi-

pal nodes. Transformers do not store energy, they sim-

ply connect the nodes ni,j to some suitable extra

auxiliary ones. The flux-linkages of these auxiliary

nodes are expressed in terms of the flux-linkages wi,j
by means of exactly those finite differences determining

the dependence of Um
d on the deflections ui,j.

Because of the existing analogy, the synthesized elec-

tric circuit will be coupled to the plate only in dynamic

conditions: it is an open problem to determine a static

analog for K–L plate.1

In Fig. 1 it is presented one of the possible topologies

for the aforementioned multiterminal network (corre-

sponding to the i, j node) capable of realizing an electric

analog of the K–L plate. In Fig. 2 the connection among

different modules is shown.

Let us try to give, in few steps, a brief explanation of

the proposed analog circuit, remarking the role played

by each electric component:

1. The electric energy stored in a generic capacitor C

(see Fig. 3) depends quadratically on the voltage

across its terminals as follows:

T e ¼ 1

2
C _wa � _wb

� �2

:

Since the capacitor in Fig. 1 connects ni,j to ground

(i.e., wa = wi,j, wb = 0) the total electric energy due

to the entire analog circuit is

T e
d ¼

C
2

X
i;j

ð _wÞ2i;j; ð4Þ

which is analog to the kinetic energy in (3)2.

Fig. 1. Elementary module of the circuit analog to the K–L plate.

1 The difficulties in finding a static analog for KL plate resides in

the impossibility of realizing a transformer in DC (direct current).
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2. An electric transformer does not stores energy, and it

simply imposes a linear constraint among the flux-

linkages at its terminals (referring in particular to

the configuration in Fig. 3): 2

wa2 ¼
wb1 � wa1

n
: ð5Þ

The two transformers interconnecting ni,j to ni+1,j
and ni,j+1 in Fig. 1 provide auxiliary nodes having

flux-linkages proportional to the first-order finite

differences: (D1w)i,j/n and (D2w)i,j/n. The other three

transformers interconnect these auxiliary nodes to

provide further nodes exhibiting flux-linkages pro-

portional to the second-order differences: (D11w)i,j/
n2, (D22w)i,j/n

2, (D12w)i,j/n
2. These last nodes may be

properly interconnected to inductors storing the

magnetic energies analog to the strain energy contri-

butions appearing in (3)1.

3. The magnetic energy stored in an inductor L depends

quadratically on the flux-linkage difference across its

terminals (see again Fig. 3):

Ue ¼ 1

2L
wa � wbð Þ2;

hence it is easy to see that the inductors L1, L2 and L3

in Fig. 1 store the following amounts of magnetic

energy:

Ue
1 ¼

1

2L1n4
ððD11wÞi;j � ðD22wÞi;jÞ2;

Ue
2 ¼

1

2L2n4
ððD11wÞi;j þ ðD22wÞi;jÞ2;

Ue
3 ¼

1

2L3n4
ðD12wÞ2i;j:

Finally, the total magnetic energy obtained as the

sum of the all contributes of each module can be rear-

ranged as follows:

Ue
d ¼

1

2n4
L1 þ L2

L1L2

X
i;j

D11wð Þ2i;j þ D22wð Þ2i;j
"

þ 2
L1 � L2

L1 þ L2

D11wð Þi;j D22wð Þi;j

þ L1L2

L3 L1 þ L2ð Þ D12wð Þ2i;j
#
; ð6Þ

which can be made analog to the deformation energy

derived in (3)1, by a proper setting of the electric

parameters.

In order to derive a set of relations between the con-

stitutive parameters of the considered plate and the

nominal values of the used electric elements, we have

to render the electric Lagrangian proportional to the

mechanical one.3 By comparing (3)2 with (4) and (3)1
with (6) we get

1

2n4
L1 þ L2

L1L2

¼ k
S
2e2

;
C
2
¼ k

qh
2
e2;

L1 � L2

L1 þ L2

¼ m;
L2L1

L3 L1 þ L2ð Þ ¼ 2 1� mð Þ;

k being an arbitrary positive constant. Simple algebra al-

lows us to get the following constraints on the electric

impedances and transformers turns-ratios:

2 Let us explicitly remark that, by denoting with I1 and I2 the

currents flowing through the transformers ports, by using the

constraint (5) and by imposing the condition of no-energy-

absorption

I1 _wa1 � _wb1

� �
þ I2 _wa2 ¼ 0;

it follows that

�nI1 þ I2 ¼ 0:

3 A constant of proportionality in between the two Lagrang-

ian guarantees that the electric and mechanical systems are

governed by the same equations.

Fig. 2. Sketch of the connection topology among the analog

circuital modules.

Fig. 3. Electric components used in the analog circuit: capac-

itor, transformer, inductor.
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L1

L2

¼ 1þ mð Þ
1� mð Þ ;

L1

L3

¼ 4; n4L1C ¼ 2qh
S 1� mð Þ e

4: ð7Þ

Once the constitutive properties of the given plate,

the capacitance C and the turns-ratio n have been cho-

sen, from (7) we can easily claim that the needed induc-

tances decreases rapidly as the grid becomes more

refined. Let us note that the introduction of transform-

ers in the circuital analogs allows for the synthesis of a

completely passive circuit analog (which was not possi-

ble in [1]).

3. Modelling PEM plates

Once the synthesis of the electric analog circuit has

been worked out, the problem of using it to optimally

control plate vibrations has to be tackled. To this aim,

we assume that two uniform arrays of piezoelectric ele-

ments are positioned on both the surfaces of the given

host plate. The dimensions of each piezoelectric patch

are lp · lp · d, d being the distance between the elec-

trodes. Each piezoelectric element is poled in the trans-

verse direction and its geometric center is coincident

with the i, j grid-point. The pair of elements located in

correspondence of the i, j node, on the upper and lower

surfaces, are parallel connected to form a so called

‘‘bending’’ transducer, as shown in Fig. 4.

A PEM plate is conceived by substituting to the

capacitor appearing at node ni,j of the analog circuit,

the bending transducer located in correspondence of

the i, j grid point. This electric interconnection is due

to the Norton representation of a piezoelectric element,

in other words: a capacitor in parallel connection with a

current generator driven by the time rate of mechanical

deformation. In [27] the theoretical reasons underlying

the optimality of analog circuits in multimodal vibration

control are discussed. We limit ourselves here to state

that an analog circuit is able to resonate at every natural

frequency of the given structural element, and to exhibit

exactly the same modal shapes.

In the present section, we will tackle the following

problems:

1. modelling the piezo-composite thin plate, including

the given host plate and the array of periodically dis-

tributed piezoelectric elements;

2. modelling the non-dissipative Piezo-ElectroMechani-

cal plate resulting from the coupling of the piezo-

composite plate and the analog circuit.

3.1. Transducers modelling

In the present subsection, we will derive an extremely

simple model of the considered surface-bonded piezo-

electric elements by assuming that the piezoelectric

sheets are much thinner than the host plate (d � h).

Therefore, we will assume that each piezoelectric ele-

ment is under plane stress conditions (along x1, x2 direc-

tions), that the electric field is constant and stays in

the thickness direction, and that perfect bonding condi-

tion holds at the transducers-plate interphases. These

hypotheses are well-grounded whenever negligible bond-

ing layers can be obtained (see, e.g., [6]) and thin piezo-

electrics are used (see, e.g., [25]).

Let us explicitly remark that we are interested in

modelling piezoelectric transducers, i.e., simultaneously

modelling sensing and actuating behaviors. Therefore,

in order to get consistent theories, one has to make com-

patible hypotheses on the electrical and mechanical vari-

ables. For instance, when also the piezoelectric layers are

assumed to undergo Kirchhoff–Love displacement

fields, for consistency, the electric field cannot be re-

garded to be constant and much more complicated

problems arise (see, e.g., [22]).

Let us consider the general three-dimensional consti-

tutive relations for a transversely-isotropic material

(Hermann–Maugin class 1mm, see, e.g., [17,18]), with

the poling direction along the x3 axis (thickness

direction):

Fig. 4. Top and side views of the elementary cell of the piezo-composite plate.
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¼

SE
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SE
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SE
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13 SE
33 0 0 0 0 0 d33

0 0 0 SE
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44 0 d15 0 0
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11�SE

12
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0 0 0

0 0 0 0 d15 0 eT11 0 0

0 0 0 d15 0 0 0 eT22 0

d31 d31 d33 0 0 0 0 0 eT33

2
6666666666666664

3
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�

r1

r2

r3

s23
s13
s12
E1

E2

E3

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;

;

where ei and cij are the engineering strains, Di the electric

displacement components, ri the normal stresses, sij the
shear stresses, Ei the electric field components, SE

ij the

elastic compliances, dij the piezoelectric coefficients and

eTij the dielectric permittivities. In the case of plane stress

(along x1, x2 directions) and electric field non-zero only

in the direction x3 of transverse isotropy the previous

constitutive relations reduce to

e1
e2
c12
D3

8>>><
>>>:

9>>>=
>>>;

¼

SE
11 SE

12 0 d31

SE
12 SE

11 0 d31

0 0 2 SE
11 � SE

12

� �
0

d31 d31 0 eT33

2
6664

3
7775

r1

r2

s12
E3

8>>><
>>>:

9>>>=
>>>;
:

When solving for the stresses and the electric dis-

placement, we obtain

r

D3

� �
¼ Kmm �Kme

KT
me Kee

� �
e

E3

� �
; ð8Þ

where rT ¼ fr1 r2 s12 g indicates the non-zero com-

ponents of the stress tensor and eT ¼ f e1 e2 c12 g the

non-zero engineering strains (superscript T denotes

matrix transposition). The electromechanical ‘‘stiffness

matrices’’ appearing in (8) are given by

Kmm ¼
kmm mpkmm 0

mpkmm kmm 0

0 0 kmm
2

1� mp
� �

2
64

3
75; Kme ¼ kme

1

1

0

8><
>:

9>=
>;;

Kee ¼ eT33 �
2d2

31Ep

1� mp

	 

; kmm ¼ Ep

1� m2p
; kme ¼ d31Ep

1� mp
;

where we have used the more familiar notation:

SE
11 ¼

1

Ep
; SE

12 ¼ � mp
Ep

;

involving the Young�s modulus Ep and Poisson ratio mp.

The electric field at the i, j element, assumed to be

constant in the thickness direction, may be expressed

in terms of the voltage, say Vi,j ( _wi;j), by

E3 ¼ � V i;j

d
Recti;j;

where RECTi,j indicates the characteristic function de-

fined by

Recti;j ¼
1; jx� xij 6 lp=2; and jy � yjj 6 lp=2;

0; elsewhere:

�

The charge stored in the i, j bending transducers is

given by (see, e.g., [4])

Qi;j ¼
Z
I3

Z
X
D3Recti;j dXdx3;

where

I3 ¼ � h
2
� d;� h

2

� �
[ h

2
;
h
2
þ d

� �
:

Therefore, using (8) we obtain the following relation for

the capacitance C of each bending piezoelectric trans-

ducer, under no-strain conditions:

C ¼ 2Kee

l2p
d
:

When dealing with variational formulation for the

dynamics of piezoelectric materials, several approaches

may be adopted. In what follows, we will choose the

displacement and the flux-linkage to be the electrome-

chanical kinematical descriptors of the considered piezo-

electric arrays (see, e.g., [9]). Therefore, the Lagrangian

for the i, j bending transducer, say ðLpÞi;j, is expressed
by

Lpð Þi;j ¼ T pð Þi;j � Hpð Þi;j;
where (Tp)i,j denotes the kinetic energy and (Hp)i,j the

enthalpy (see, e.g., [16]).

From the given assumptions on the stress and strain

fields (plane stress along x1 and x2 and electric field in

the thickness direction), electric field, and electric dis-

placement field, the enthalpy becomes

ðHpÞi;j ¼
Z
X

Z
I3

Recti;j
1

2
eTKmme� eTKmeE3

�

� 1

2
KeeE2

3

�
dx3 dX:

Let us observe that the stress fields and electric dis-

placement can be derived from the enthalpy by

r1 ¼
o Hpð Þi;j
oe1

; r2 ¼
o Hpð Þi;j
oe2

; r12 ¼ 2
o Hpð Þi;j
oc12

;

D3 ¼ � o Hpð Þi;j
oE3

:
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By assuming perfect bonding at the plate-transduc-

ers� interphase, it is easy to relate the kinematics of the

patch i, j to the kinematics of the host plate:

e1 ¼ � h
2
o11uRecti;j; e2 ¼ � h

2
o22uRecti;j;

c12 ¼ �ho12uRecti;j: ð9Þ

Therefore, the enthalpy becomes

Hpð Þi;j ¼
Z
X
Recti;j d

h
2

	 
2

kmm o11uð Þ2þ o22uð Þ2
h(

þ2mp o11uð Þ o22uð Þþ 2 1� mp
� �

o12uð Þ2
i)

dX

þ
Z
X
Recti;j hkme o11uþ o22uð Þ _wi;j �

Kee

d
_w
2

i;j

� �
dX:

On the other hand, the kinetic energy becomes

T pð Þi;j ¼ d
Z
X
Recti;jqp _u

2 dX;

where qp denotes the volumetric density of mass of the

piezoelectric material.

The Lagrangian of the piezo-composite plate, say

Lp�c, can be expressed as the sum of (1) and the total

contributions of the piezoelectric arrays, by

Lp�c ¼ Lm þ
X
i;j

Lpð Þi;j;

which yields

Lp�c ¼ 1

2

Z
X

qhþ 2qpd
X
i;j

Recti;j

" #
_u2 dX

� 1

2

Z
X
ðo11uþ o22uÞ2 S þ d

h2

2
kmm

X
i;j

Recti;j

" #
dX

�
Z
X
ððo12uÞ2 � ðo11uÞðo22uÞÞ

� Sð1� mÞ þ d
h2

2
kmmð1� mpÞ

X
i;j

Recti;j

" #
dX

�
X
i;j

Z
X
Recti;jhkmeðo11uþ o22uÞdX _wi;j

þ 1

2
C

X
i;j

_w
2

i;j: ð10Þ

In order to be tuned to the mechanical oscillations,

the analog circuit (where the set of capacitors has been

substituted by the piezoelectric inherent capacitances)

has to be designed to take into account the additional

stiffness and mass due to the presence of the piezo-array.

3.2. Complete Lagrangian of non-dissipative PEM plates

In order to get some qualitative informations about

PEM plates behavior, in some circumstances of interest

in engineering applications, we can consider the limit for

the number of transducers going to infinity. Such a for-

mal procedure may have some direct applicative interest

in vibration control of mechanical modes the wave-

lengths of which are much greater than the size of the

transducers. In this case the homogenized model ob-

tained after performing the aforementioned formal limit

may be useful also for quantitative prevision of the

behavior of PEM plates. We believe that the rigorous

mathematical proof given for a similar problem in

[3,15] may be adapted to the case at hand. However,

the homogenized model may also be of use in a prelimin-

ary dimensioning and/or as a first step in an iterative

modelling procedure aiming to account more precisely

for the discrete lumped nature of analog circuits.

The idea of using homogenized models instead of dis-

crete ones is often used in mechanics and theory of cir-

cuits. Indeed, a truss modular structure and the lumped

realization of a telegraphist transmission line, which

are naturally described by finite dimensional Lagrangian

systems, are commonly and effectively studied using

PDEs obtained by suitable homogenization procedures.

It is reasonable to assume that the Lagrangian of the

homogenized piezo-composite plate (10) becomes

Lp�c
hom ¼ qt

2

Z
X

_u2 dX� St

2

Z
X
ððo11uÞ2 þ ðo22uÞ2

þ 2mtðo11uÞðo22uÞ þ 2ð1� mtÞðo12uÞ2ÞdX
� g

Z
X

_wr2udXþ c
2

Z
X

_w
2
dX;

with

r2u ¼ o11uþ o22u; qt ¼ qhþ 2qpdg
2;

1

St
¼ 1

S
g2 þ 1

S þ dh2

2
kmm

1� g2
� �

;

1

St 1� mtð Þ ¼
1

S 1� mð Þ g
2

þ 1

S 1� mð Þ þ dh2

2
kmm 1� mp

� � 1� g2
� �

;

c ¼ C
e2
;

g
St

¼ hkme

S þ dh2

2
kmm

g2; g ¼ lp
e
:

The physical meanings of the parameters of the

piezo-composite plate above introduced are qt, effective
mass per unit surface; St, effective bending stiffness; mt,
effective Poisson ratio; c, effective capacitance per unit

surface; g, effective piezoelectric coupling; g, piezoelec-
tric covering factor.

On the other hand, the total magnetic energy of the

homogenized electric (6) becomes
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Ue
hom ¼ 1

2
Se

Z
X
ððo11wÞ2 þ ðo22wÞ2 þ 2mtðo11wÞðo22wÞ

þ 2ð1� mtÞðo12wÞ2ÞdX;
where in order to guarantee the multiresonance condi-

tion, the electric parameters are chosen according to

(7) upon substituting S with St, m with mt, qh with qt
and introducing

Se ¼ L1 þ L2

n4L1L2

e2:

The total Lagrangian of the resulting homogenized

PEM plate is given by

LPEM
hom ¼ Lp�c

hom � Ue
hom:

The equations of motion, together with the admissi-

ble boundary conditions are obtained by setting to zero

the first variation of the total action between two pre-

scribed time instants ti and tf, say Ahom, on the set of

isochronous motions:

dAhom ¼ 0;

where

Ahom ¼
Z tf

ti

LPEM
hom dt:

By computing the first variation of A and after several

applications of Green�s theorem we get 4

dAhom ¼ �
Z tf

ti

Z
X
½ðStr4uþ qt€uþ gr2 _wÞdu

þ ðSer4wþ c€w� gr2 _uÞdw�dXdt

þ
Z tf

ti

Z
x1

ð½Stðo22uþ mto11uÞ � g _w�o2du

þ ½�Stðo222uþ ð2� mtÞo112uÞ þ go2 _w�duÞdx1 dt

þ
Z tf

ti

Z
x1

ð½Stðo22wþ mto11wÞ�o2dw

þ ½�Stðo222wþ ð2� mtÞo112wÞ�dwÞdx1 dt

þ
Z tf

ti

Z
x2

ð�½Stðo11uþ mto22uÞ � g _w�o1du

� ½�Stðo111uþ ð2� mtÞo122uÞ þ go1 _w�duÞdx2 dt

þ
Z tf

ti

Z
x2

ð�½Stðo11wþ mto22wÞ�o1dw

� ½�Stðo111wþ ð2� mtÞo122wÞ�dwÞdx2 dt:
By setting to zero the first variation of Ahom, we ob-

tain the following evolution equations:

Str4uþ qt€uþ gr2 _w ¼ 0;

Ser4wþ c€w� gr2 _u ¼ 0;

(
ð11Þ

together with the following homogeneous boundary

conditions:

at an x1 ¼ constant edge:

o11wþ mto22w ¼ 0 or o1w ¼ 0;

o111wþ 2� mtð Þo122w ¼ 0 or w ¼ 0;

St o11uþ mto22uð Þ � g _w ¼ 0 or o1u ¼ 0;

St o111uþ 2� mtð Þo122uð Þ � go1 _w ¼ 0 or u ¼ 0;

8>>>><
>>>>:

at an x2 ¼ constant edge:

o22wþ mto11w ¼ 0 or o2w ¼ 0;

o222wþ 2� mtð Þo112w ¼ 0 or w ¼ 0;

St o22uþ mto11uð Þ � g _w ¼ 0 or o2u ¼ 0;

St o222uþ 2� mtð Þo112uð Þ � go2 _w ¼ 0 or u ¼ 0:

8>>>><
>>>>:

ð12Þ
For future developments, it is convenient to non-

dimensionalize Eqs. (11) by introducing u0, w0, t0 and

l0 defined as characteristic deflection, flux-linkage, time

and length, respectively. Therefore, Eqs. (11) become 5

r4uþ a4€u� b2r2 _w ¼ 0;

r4wþ a4€wþ b2r2 _u ¼ 0;

(
ð13Þ

4 The main integration results used to derive the aforemen-

tioned evolution equations and boundary conditions are in

terms of two smooth functions f and h:

d
1

2

Z
X
ðr2f Þ2 dX

� �
¼

Z
X
½o11ðr2f Þ þ o22ðr2f Þ�dfdX

þ
Z
x1

½o2ðr2f Þdf � ðr2f Þdðo2f Þ�dx1

þ
Z
x2

½�o1ðr2f Þdf þ ðr2f Þdðo1f Þ�dx2;

d
1

2

Z
X
ðo12f Þ2 dX

� �
¼

Z
X
ðo1122f Þdf dXþ

Z
x1

ðo112f Þdf dx1

�
Z
x2

ðo122f Þdf dx2;

d
1

2

Z
X
ðo11f Þðo22f ÞdX

� �
¼

Z
X
ðo1122f Þdf dX

þ 1

2

Z
x1

½ðo112f Þdf � ðo11f Þdðo2f Þ�dx1

þ 1

2

Z
x2

½�ðo221f Þdf þ ðo22f Þdðo1f Þ�dx2;

d
Z
X
ðr2f ÞhdX

� �
¼

Z
X
½ðr2f Þdhþ ðr2hÞdf �dXþ

Z
x1

½ðo2hÞdf

� hdðo2f Þ�dx1 þ
Z
x2

½�ðo1hÞdf

þ hdðo1f Þ�dx2:

5 Since it does not cause misunderstandings, the same

notation will be adopted also for the dimensionless governing

equations.
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where

a4 ¼ qt

St

l40
t20
; b2 ¼ �g

1

St

ffiffiffiffi
qt

c

r
l20
t0
;

and u0 and w0 have been chosen according to

w0

u0
¼

ffiffiffiffiffi
St

Se

r
�

ffiffiffiffi
qt

c

r
;

in order to preserve the gyroscopic coupling.

4. Simply-supported PEM plates

4.1. Free undamped vibrations

In the present subsection, the free vibrations of sim-

ply supported PEM plates will be studied. By a simply

supported PEM plate, we mean a simply supported

piezo-composite plate controlled by the aforementioned

analog circuit subjected, itself, to simply supporting elec-

trical boundary conditions. The electromechanical

boundary conditions are

at an x1 ¼ constant edge:

o11w ¼ 0;

w ¼ 0;

o11u ¼ 0;

u ¼ 0;

8>>>><
>>>>:

at an x2 ¼ constant edge:

o22w ¼ 0;

w ¼ 0;

o22u ¼ 0;

u ¼ 0;

8>>>><
>>>>:

which are admissible in the sense of (12). Let us under-

line, that there are not mixed electromechanical bound-

ary conditions. The electrical boundary conditions are

chosen to mimic the mechanical ones, prescribed by

the external fixed constraints, as suggested by [26].

The electromechanical fields (u,w) can be expressed

as follows:

uðx1; x2; tÞ ¼
P

h;kphkðtÞmhkðx1; x2Þ;
wðx1; x2; tÞ ¼

P
h;kqhkðtÞmhkðx1; x2Þ;

(
ð14Þ

where phk(t) and qhk(t) are the time depending Fourier

coefficients of the normalized eigenfunctions mhk(x,y)

coming from the eigenvalue problem

r4mhk ¼ k4hkmhk ;

with the simply supporting boundary conditions:

at an x1 ¼ constant edge:
o11m ¼ 0;

m ¼ 0;

(

at an x2 ¼ constant edge:
o22m ¼ 0;

m ¼ 0:

(

The computation of the modal characteristics mhk
and khk leads to

mhk x1; x2ð Þ ¼ 2 sin hpx1ð Þ sin kpx2ð Þ; k4hk ¼ p4 h2 þ k2
� 
2

;

where the characteristic length l0 has been chosen equal

to the plate edge l. Let us mention the following proper-

ties of mhk: they are orthonormal, i.e.,Z
X
mhkmnl dX ¼ 1 if h; kð Þ ¼ n; lð Þ and 0 otherwise

and they are simultaneously eigenfunctions of the Lapla-

cian operator with Dirichlet boundary conditions, i.e.,

r2mhk ¼ �k2hkmhk:

Introducing the previous expansions (14) into (13)

and projecting onto the given basis, it is easy to derive

the following infinite set of ODEs governing the electri-

cal and mechanical Fourier coefficients phk(t), qhk(t)

k4hkphk þ a4€phk þ b2k2hk _qhk ¼ 0;

k4hkqhk þ a4€qhk � b2k2hk _phk ¼ 0;

(
h; kð Þ 2 N2: ð15Þ

We underline that in this instance of PEM plate, the

(h,k) mechanical mode remains uncoupled to other

modes after the introduction of the control network.

Therefore, no spillover phenomena occur. The electri-

cally simply supported edges can be synthesized by con-

necting to ground the corresponding nodes of the

boundary modules.

Each of the coupled ODEs in (15), can be conve-

niently written in the first-order state-space form:

_xhkðtÞ ¼ AhkxhkðtÞ;
xhkð0Þ ¼ x0hk;

ð16Þ

where the vector variable xhk, the state space matrix Ahk
and the initial conditions x0hk are

xhk ¼

phk
qhk
_phk
_qhk

8>>><
>>>:

9>>>=
>>>;
; Ahk ¼

0 0 1 0

0 0 0 1

� k4hk
a4 0 0 � b2

a4 k
2
hk

0 � k4hk
a4

b2

a4 k
2
hk 0

2
66664

3
77775;

x0hk ¼

p0hk
q0hk
_p0hk
_q0hk

8>>>><
>>>>:

9>>>>=
>>>>;
: ð17Þ

The solution of (17) can be expressed in the following

form:

xhkðtÞ ¼ eAhk tx0hk ¼ Vhke
V�1
hk AhkVhk t V�1

hk x
0
hk

� �
; ð18Þ

where the columns of the matrix Vhk are the eigenvectors

of the matrix Ahk. The set Xhk of eigenvalues (ordered as

a four-dimensional complex vector) of Ahk has the fol-

lowing simple form:
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Xhk ¼ I

xc
hk � xm

hk

� xc
hk � xm

hk

� �
xc

hk þ xm
hk

� xc
hk þ xm

hk

� �

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
;

in which ‘‘I’’ is the imaginary unit, and the so-called car-

rier and the modulating frequencies xc
hk and xm

hk defined

by

xc
hk ¼

k2hk
a4

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ 4a4

q
; xm

hk ¼
1

2
k2hk

b2

a4
; ð19Þ

have been introduced. We explicitly remark that the

eigenvalues in Xhk consist of two pairs of purely imagi-

nary complex conjugate numbers because of the as-

sumed absence of dissipative phenomena. From (19) it

may be noted that the ratio
xm
hk

xc
hk
is completely mode-inde-

pendent, i.e.,

xm
hk

xc
hk

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 a4

b4

q :

Moreover, the eigenvectors matrix Vhk and its inverse

V�1
hk are given by

Vhk ¼

I �I I �I

1 1 1 1

�xm
hk �xc

hk �xm
hk �xc

hk xc
hk �xm

hk xc
hk �xm

hk

I xc
hk þxm

hk

� � �I xc
hk þxm

hk

� �
I �xc

hk þxm
hk

� � �I �xc
hk þxm

hk

� �

2
6664

3
7775;

V�1
hk ¼ 1

4xc
hk

I �xc
hk þ xm

hk

� �
xc

hk � xm
hk �1 �I

�I �xc
hk þ xm

hk

� �
xc

hk � xm
hk �1 I

�I xc
hk þ xm

hk

� �
xc

hk þ xm
hk 1 I

I xc
hk þ xm

hk

� �
xc

hk þ xm
hk 1 �I

2
666664

3
777775:

Let us explicitly derive the solutions of (16) for two

significative initial conditions.

• Initial purely mechanical deformation of the PEM

plate on its (h,k)-mode:

u x1; x2; 0ð Þ ¼ p0mhk x1; x2ð Þ;

thus

x0hk ¼

p0
0

0

0

8>>><
>>>:

9>>>=
>>>;

and x0ij ¼

0

0

0

0

8>>><
>>>:

9>>>=
>>>;

8 i; jð Þ 6¼ h; kð Þ:

Consequently the general solution (18) becomes

u x1; x2; tð Þ

¼ p0 cosxc
hkt cosx

m
hktþ

xm
hk

xc
hk

sinxc
hkt sinx

m
hkt

	 

mhk x1; x2ð Þ:

For the sake of completeness we report the unique

non-vanishing Fourier coefficients vector xhk:

xhk ¼

p0 cosxc
hkt cosx

m
hkt þ

xm
hk

xc
hk
sinxc

hkt sinx
m
hkt

� �
p0 cosxc

hkt sinx
m
hkt � xm

hk
xc
hk
sinxc

hkt cosx
m
hkt

� �
p0

xm
hkð Þ2� xc

hkð Þ2
xc
hk

sinxc
hkt cosx

m
hkt

p0
� xc

hkð Þ2þ xm
hkð Þ2

xc
hk

sinxc
hkt sinx

m
hkt

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
:

In Fig. 5 the evolutions of p11(t) and q11(t) for an ini-

tial deformation on mode (1,1) for the considered

aluminum PEM plate described in Appendix A. Let

us remark that the evolution in Fig. 5 shows a beat-

ing/amplitude modulation phenomenon between the

electrical and mechanical subsystems: by using the

language of the theory of signals we can say that

the effect of the piezoelectric distributed coupling to-

gether with the analog circuit introduces an ampli-

tude modulation of the mechanical signal, in which

the carrier frequency xc
hk is close (when b is small)

to that of the uncoupled mechanical mode and the

modulating frequency xm
hk is proportional to the cou-

pling effectiveness (see definitions (19)).

• Point impact at the plate center. This correspond to

assign an initial velocity v0 to the central point of

the plate surface: 6

Fig. 5. Time evolution of p11 and q11 for an initial unitary mechanical deflection on mode (1,1).

6 The symbol d represent the Dirac delta generalized function.
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_u x1; x2; 0ð Þ ¼ v0d x1 � 1

2

	 

d x2 � 1

2

	 

¼

X
h;k

_p0hkmhk x1; x2ð Þ

hence the initial conditions for the modal evolution

become

x0hk ¼

0

0

_p0hk
0

8>>><
>>>:

9>>>=
>>>;
;

where the Fourier coefficients _p0hk are

_p0hk ¼ v0

Z
X
d x1 � 1

2

	 

d x2 � 1

2

	 

mhk x1; x2ð ÞdX

¼ v0mhk
1

2
;
1

2

	 

¼ v02 sin

hp
2

	 

sin

kp
2

	 


¼ v02 �1ð Þðh�1Þ=2 1� �1ð Þh
2

" #
�1ð Þðk�1Þ=2 1� �1ð Þk

2

" #

and the solution (18) becomes

u x1; x2; tð Þ ¼
X
h;k

_p0hk
xc

hk

sinxc
hkt cosx

m
hkt

	 

mhk x1; x2ð Þ:

For the sake of completeness we report the generic

Fourier coefficients vector xhk:

xhk ¼

_p0hk
xc
hk
sinxc

hkt cosx
m
hkt

_p0hk
xc
hk
sinxc

hkt sinx
m
hkt

_p0hk cosxc
hkt cosx

m
hkt � xm

xc
hk
sinxc

hkt sinx
m
hkt

� �
_p0hk cosxc

hkt sinx
m
hkt þ xm

xc
hk
sinxc

hkt cosx
m
hkt

� �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;
:

4.2. Optimal attenuation in forced vibrations

The results of the analysis of non-dissipative PEM

plates, presented in the previous subsection, assess the

rapidity of the energy transfer from the mechanical to

the electrical form (and vice versa). These high perfor-

mances are mainly due to the internal resonance estab-

lished in between the mechanical and the electrical

subsystems.

In this section, we will consider the effect of electrical

dissipation on mechanical forced oscillations, and estab-

lish optimal resistances to be inserted in the analog cir-

cuit. Towards this goal, we introduce an external

mechanical disturbance, say f(x1,x2, t), and an electrical

dissipation in (13) as follows:

r4uþ a4€u� b2r2 _w ¼ f ;

r4wþ a4€wþ b2r2 _uþD _w
h i

¼ 0;

8<
:

where D indicates an arbitrary self-adjoint, positive

semi-definite operator sharing the same eigenfunctions

of $4. The assumptions on the nature of the electric dis-

sipation lead to the following advantages:

• proportional damping: the modal shapes of the dissi-

pative PEM plate are the same of those of the non-

dissipative one;

• a simple realization of the dissipative circuit using

only resistors is possible.

Consequently, we introduce the modal forcing term

fhk in (16) and introduce the modal electric damping

chk in the state matrix Ahk of (17):

_xhkðtÞ ¼ AhkxhkðtÞ þ 0 1 0 0f gT fhk;

Ahk ¼

0 0 1 0

0 0 0 1

� k4hk
a4

0 0 � b2

a4
k2hk

0 � k4hk
a4

b2

a4
k2hk � chk

a4

2
66666664

3
77777775
:

Next, we introduce the modal mobility Hhk(x) de-

fined as the ratio of the Fourier transform (denoted by

F) of the modal mechanical velocity to the Fourier

transform of the modal force, i.e.,

Hhk xð Þ

¼F _phk½ �
F fhk½ �

¼ a4Ix �a4x2þk4hkþIchkx
� �

a8x4�Ia4chkx3þ �2a4k4hk�b4k4hk
� �

x2þIchkk
4
hkxþk8hk

;

ð20Þ
where x indicates the dimensionless angular frequency.

The optimization problem we want to solve is to find

chk minimizing the maximum value 7 of jHhkj. Once the

optimal expression of the modal electric dampings chk
are known, we can construct the optimal dissipation

operator D½ _w� from its spectral representation

D _w
h i

¼
X
h;k

chk

Z
X

_w x1; x2; tð Þmhk x1; x2ð ÞdX
� �

mhk x1; x2ð Þ:

ð21Þ
Following [8], it can be shown that there exists two

points: Shk ¼ðxS
hk; jHhkðxS

hkÞjÞ and T hk ¼ðxT
hk; jHhkðxT

hkÞjÞ
(called fixed points) independent of the damping param-

eter chk. These two fixed points may be found be equat-

ing jHhkj2 evaluated when chk ! 1 (absence of the

7 This optimality criterion is often called H1 optimization

(see, e.g., [28]).
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analog circuit) with jHhkj2 evaluated when chk = 0 (non-

dissipative PEM), namely,

xT;S
hk ¼ k2hk

2a4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a4 þ b4

� � � b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8a4 þ b4

qr
;

Hhk xS
hk

� ��� �� � Hhk xT
hk

� ��� �� ¼
ffiffiffi
2

p
a4

b2k2hk
:

In order to minimize the maximum of jHhkj, we com-

pel jHhkjto attain its maxima at the fixed point frequen-

cies xT;S
hk ; i.e.,

d

dx
Hhkj j

����
x¼xS

hk

¼ 0;
d

dx
Hhkj j

����
x¼xT

hk

¼ 0;

which yields

chk ¼
ffiffiffi
3

2

r
b2k2hk; max

x2R
Hhk xð Þj j ¼

ffiffiffi
2

p
a4

b2k2hk
: ð22Þ

From the representation (21) and the optimal estima-

tion for the damping parameters in (22), the optimal

electrical dissipative operator becomes

D _w
h i

¼ �
ffiffiffi
3

2

r
b2r2 _w: ð23Þ

In Fig. 6 we show the frequency responses jH11j of
the considered PEM plate for different electric dampings

c11: optimal (solid), vanishing (dash-dotted), infinity

(dashed).

Using a synthesis procedure similar to the one used

to obtain the analog circuit in Fig. 1 we get the circuit

sketched in Fig. 7, where from (23) the optimal resis-

tance R is given by

R ¼ � 1

g

ffiffiffi
2

3

r ffiffiffiffi
qt

c

r
:

Let us remark that the found dissipative network as-

sures the optimal suppression of forced oscillation for

any mechanical mode.

5. Conclusions

In this paper a novel passive technique for damping

multimodal vibrations of thin plates has been developed.

The proposed methodology is based on the concept of

Piezo-ElectroMechanical structures (see, e.g., [7]), i.e.,

coupling the host structure to its electric analog, exploit-

ing distributed piezoelectric transduction. The analog

circuit may be regarded as a dynamic controller which

resonates at the same frequencies as the host structure

and, in addition, responds by driving every transducer

with the electric potential needed to suppress the excited

mechanical modal shapes.

The problem of finding a completely passive realiza-

tion of the analog circuit of a Kirchhoff–Love plate was,

to our knowledge, unsolved (see, e.g., [1]) before the

present work. The derivation of the model of the PEM

plate was done by constructing a global Lagrangian

for the resulting electromechanical system constituted

by the piezo-composite plate and the analog network.

In this way it was possible to rigorously derive the set

of admissible boundary conditions for both the mechan-

ical and electrical variables. The free vibrations of a non-

dissipative simply supported PEM plate under different

initial conditions were studied and analytical results

were exhibited. Finally, the problem of determining

optimal resistors to be inserted in the analog circuit

for broadband suppression of mechanical disturbances

was solved.

All the numerical simulations were performed on an

aluminum simply supported plate. The presented results
Fig. 6. Absolute value of the modal mobility function for mode

(1,1).

R

R

Fig. 7. Sketch of the analog circuit endowed with optimal

dissipation.
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show the practical effectiveness and technical feasibility

of the proposed device in the multimodal suppression

of mechanical disturbances.

Further developments of this work will include the

analysis of PEM plate subjected to more complicated

boundary conditions and the developments of PEM thin

shells. Even if the fundamental equations of arbitrarily

constrained PEM plate were derived in this paper, we

believe that great efforts will be needed when studying

free oscillations and optimizing resistive networks for

not simply-supported edges. Indeed, in the general case

mixed electromechanical boundary conditions arise

and the optimal dissipative operator may not be a differ-

ential one.
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Appendix A

All the numerical results shown on the plots pre-

sented in the previous sections have been realized con-

sidering a square plate made of aluminum, whose

geometry is described in Table 1. The plate is assumed

to be covered, on both the faces, by 5 · 5 piezoceramic

transducers (number T110-H4E-602 Piezo Systems,

Inc.) having the properties listed in Table 2. The corre-

sponding values for the analog circuital elements are

computed in Table 3.

The characteristics quantities used in the non-dimen-

sionalization are reported in Table 4 (the characteristic

time has been chosen equal to the period of oscillation

of the first mode of the simply supported piezo-compos-

ite plate).
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