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Abstract. We study infinitesimal deformations of a porous linear elastic body saturated with an
inviscid fluid and subjected to conservative surface tractions. The gradient of the mass density of the
solid phase is also taken as an independent kinematic variable and the corresponding higher-order
stresses are considered. Balance laws and constitutive relations for finite deformations are reduced
to those for infinitesimal deformations, and expressions for partial surface tractions acting on the
solid and the fluid phases are derived. A boundary-value problem for a long hollow porous solid
cylinder filled with an ideal fluid is solved, and the stability of the stressed reference configuration
with respect to variations in the values of the coefficient coupling deformations of the two phases is
investigated. An example of the problem studied is a cylindrical cavity leached out in salt formations
for storing hydrocarbons.

Key words: solid–fluid mixture, conservative tractions, principle of virtual power, partial tractions,
fluid-filled cylindrical cavity, stability analysis.
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C.A. Truesdell, a superb teacher and an excellent friend.

1. Introduction

Simple models of a mechanical system comprised of a deformable porous solid
matrix filled with a compressible fluid have been developed by Fillunger [22],
Biot [11], Truesdell [40] and Müller [30]. In these works a spatial point is simul-
taneously occupied by all constituents. This is readily comprehensible for gaseous
mixtures [30] and fluid solutions [41].

Observations on fluid saturated solids have shown higher values of fluid per-
colation through pores of the solid matrix than that predicted by the aforestated
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models (see, e.g., [13] or [33]). The increase of percolation is possibly not only due
to the higher externally applied pressure but also due to the opening of pores in the
vicinity of the boundary (see [17]). This provides a justification for endowing the
theory of mixtures with the volume fraction concept (see, e.g., [18]); this additional
scalar parameter can describe the nonstandard dilatation effects (see, e.g., [38]) as
follows. Once the mixture is modelled from a microscopic point of view and the
reference configuration of the solid matrix is required to be periodic, then those
dilatations of pores which do not involve global deformations of cells are captured
by the volume fraction.

In this paper we consider a binary mixture involving a second gradient solid
and a perfect fluid; we refer the reader to [23, 24, 28] for the relationship between
micro-structural and second gradient theories. Our approach is close to that of the
volume fraction concept as the latter reduces to the former once a suitable con-
straint among the enlarged set of state parameters is assumed [34]. For example,
for an incompressible solid constituent, it is easy to see [25] how a mixture model
endowed with the volume fraction concept transforms into a binary mixture whose
solid constituent has second gradient constitutive relations. After formulating a
general problem, we study deformations of a porous hollow linear elastic cylinder
filled with a perfect fluid. In particular, by assuming that the internal energy density
can be split into a part involving first gradient of the displacements and a part
involving second order gradients of displacements, we perform parametric analy-
sis of the density profiles of the solid matrix with respect to a suitable energetic
coupling coefficient between the solid and the fluid. We limit our analysis to the
case when the external tractions applied on both constituents are conservative and
can be derived from a potential.

We also discuss stability of the prestressed reference configuration of the hollow
cylinder with respect to perturbations of the aforementioned energy coupling coef-
ficient; an energetic criterion is proposed for this analysis. The distance in the space
of mixture configurations is described in terms of the total energy which equals the
sum of the mixture deformation energy and the potential of surface tractions.

Batra et al. [5–9] have analyzed numerically finite transient thermomechanical
deformations of a homogeneous body with the Cauchy stress and higher-order
stresses depending upon gradients of deformation.

2. Formulation of the Problem

Material particles of the fluid and the solid are identified respectively by their posi-
tion vectors X(f) and X(s) in fixed reference configurations �f

0 and �s
0. We presume

that, at any time t , particles of both constituents occupy the same position x in the
present configuration �. The velocity v(α) (α = f, s) of the material particle X(α)

is defined by

vα = d(α)u(α)(X(α), t)

dt
, (1)
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where d(α)/dt denotes the material time derivative following the motion of Xα and
u(α) is the displacement of the αth constituent from its reference configuration. Let
ρ(f) and ρ(s) denote, respectively, the apparent mass densities of the fluid and the
solid; then the mass density ρ of the mixture equals ρ(f) + ρ(s). The mean or the
barycentric velocity v of the mixture is defined by

ρv = ρ(f)v(f) + ρ(s)v(s). (2)

Details of the theory of mixtures are given in [13, 19, 27, 29–31, 33, 40].

2.1. BALANCE LAWS

We presume that there is no interconversion of mass between the solid and the
fluid. In the spatial description of motion, the balance of mass for each constituent
is given by

d(α)ρ(α)

dt
+ ρ(α) div v(α) = 0, (3)

where div v = tr(gradv), and grad denotes derivatives with respect to coordinates
in the present configuration. We use the principle of virtual power to derive the
balance of linear momentum and the boundary conditions for each constituent.
That is, we postulate that∫

�

(
m(s) · v̄(s) + m(f) · v̄(f) + T(s) · ∇v̄(s) − p(f) div v̄(f) + �(s) · ∇∇v̄(s)

)
dV

=
∫
�

(
b(s) · v̄(s) + b(f) · v̄(f)

)
dV

+
∫
∂�

(
t(s) · v̄(s) + t(f) · v̄(f) + τ (s) · ∂ v̄(s)

∂n

)
dA. (4)

Here m(α) is the bulk solid-fluid interaction force, T(s) the partial Cauchy stress in
the solid, p(f) the hydrostatic pressure in the fluid (we assume that the fluid is ideal;
therefore partial Cauchy stress in it is spherical), �(s) the second-order stress in
the solid, ∇ the gradient operator with respect to coordinates in the present con-
figuration, b(α) the density of partial body forces, t(α) the partial surface tractions,
τ (s) the traction corresponding to the second-order stress tensor in the solid, v̄(s)

the virtual velocity in the solid that vanishes on the part of the boundary of the
solid where essential boundary conditions� are prescribed, v̄f the virtual velocity
in the fluid that vanishes on the part of the boundary of the fluid where essential
boundary conditions are specified, a · b the inner product between tensors a and
b of the same order, and ∂v(s)/∂n is the directional derivative of v(s) along the
outward unit normal n to the boundary ∂� of �. The effect of inertia forces is
� For a boundary-value problem with field equations involving derivatives of order 2m, boundary

conditions involving derivatives of order at most (m−1) are called essential; others are called natural.
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included in the density of body forces. The physical meaning of �(s) and τ (s) can be
described in a way similar to that done in different contexts in [20, 23]. We note that
the external action τ (s) can be regarded as the sum of two different contributions,
the first one is a doubly normal double force, i.e., an external areal action which
works on the rate of opening, (∇v(s) · n ⊗ n), along the outward unit normal n of
pores on the boundary, the other one is a tangential couple working on the vorticity
of the apparent velocity of the solid; this nomenclature is due to Germain [23].�

The areal action is also considered in the Cosserat model for granular materials
(see, e.g., [21]) and in the present problem vanishes. However, the doubly normal
double force plays an important role in the dilatancy phenomenon studied here.
A motivation for considering higher-order stresses in the solid will be provided
below. We note that capillary type forces in the fluid, discussed in the literature by
second-order stresses (see, e.g., [14–16, 26]), have been neglected here to keep the
analysis tractable. Whereas we have included in equation (4) the internal supplies
m(f) and m(s) of the linear momentum, the internal supplies of the moment of
momentum have been neglected. This is consistent with the assumption that the
stress in the fluid is a hydrostatic pressure. The symmetry of T(s) follows from
equation (4) by setting

v̄(f) = v̄(s) = velocity field of a rigid body motion,

that is, from the objectivity of the left-hand side of (4) which also implies that the
sum of m(f) and m(s) equals zero.

By using the divergence theorem and exploiting the fact that equation (4) must
hold for all virtual velocities vanishing on the part of the boundary where essential
boundary conditions are given, we obtain the following set of field equations and
boundary conditions:

div
(
T(s) − div �(s)) − m(s) + b(s) = 0, in �, (5)

−∇p(f) − m(f) + b(f) = 0, in �, (6)

m(s) + m(f) = 0, in �, (7)(
T(s) − div �(s)

)
n − divs(�

(s)n) = t(s), on ∂1�, (8)(
�(s)n

)
n = τ (s), on ∂1�, (9)

v(s) = v̂(s), on ∂2�, (10)

−p(f)n = t(f), on ∂3�, (11)

v(f) · n = v̂(f), on ∂4�. (12)

Here divs is the surface divergence on ∂�, and ∂1� and ∂2� are complementary
parts of the boundary ∂� of �, where natural and essential boundary conditions,
respectively, are prescribed for the solid; a similar interpretation holds for ∂3� and
∂4� for the fluid.
� Here a ⊗ b is the tensor product between the nth order tensor a and the mth order tensor b

defined as (a ⊗ b)c = (b · c)a for every mth order tensor c; A · B = tr(ABT) for tensors A and B.
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2.2. CONSTITUTIVE RELATIONS

The balance laws (5) and (6) are to be supplemented by constitutive relations; we
express these in terms of the internal energy. We presume that the mixture is at
a uniform temperature, the constituents are deformed quasistatically so that their
kinetic energy can be neglected, and no energy is dissipated. The continuum model
we use in order to describe deformations of a solid matrix saturated with a fluid
must account for the strain energy associated with the gradient of the mass density
of the solid. At the macroscopic level, the dependence of the strain energy on the
gradient of deformation describes the effects of the opening of neighboring pores
on the pore cluster which is modelled as a solid material point. We assume that
the internal energy density can be split into two parts: a part that depends upon
the “local” deformation of the solid and the fluid particles and another part that
depends upon a “nonlocal” measure of deformation of the solid particles; the latter
is taken to be proportional to |∇ρ(s)|2. Thus we write the balance of energy as

d

dt

∫
�

ρ

[
ε
(
ρ(f),F(s),X(s)

) + λs

2ρ

∣∣∇ρ(s)∣∣2
]

dV

=
∫
�

(
b(s) · v(s) + b(f) · v(f)

)
dV

+
∫
∂�

(
t(s) · v(s) + t(f) · v(f) + τ (s) · ∂v(s)

∂n

)
dA (13)

which because of (4) implies that

d

dt

∫
�

ρ

[
ε(ρ(f),F(s),X(s))+ λs

2ρ

∣∣∇ρ(s)∣∣2
]

dV

=
∫
�

(
m(s) · v(s) + m(f) · v(f) + T(s) · ∇v(s) − p(f) div v(f)

+�(s) · ∇∇v(s)
)

dV. (14)

Here F(s) = Grad x = ∂x/∂X is the deformation gradient for the solid, λs > 0 is
a material parameter with units of Newton m6/kg2, and d/dt signifies the material
time derivative following the mean motion of the mixture.

By using the Reynolds transport theorem the left hand side of equation (14) can
be represented as a linear functional of the velocity field of the two constituents.
Thus the following constitutive equations for the partial Cauchy stresses T(a), the
solid-fluid interaction forces m(a), a = s, f, and the second-order stress �(s)

associated with the solid constituent must hold:

T(s) = ρ
∂ε

∂F(s)
F(s)T − λs

[
f ss

2
(1 + ξ (f))I + ∇ρ(s) ⊗ ∇ρ(s)

]
, (15)

p(f) = ρρ(f)
∂ε

∂ρ(f)
− λs

2
f ssξ (f), (16)
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�(s) = −λsρ
(s)I ⊗ ∇ρ(s), (17)

m(s) = −m(f) = −ρ
[
ξ (f)

(∇F(s)
)T ∂ε

∂F(s)
+ ξ (f)F(s)−T ∂ε

∂X(s)
− ξ (s)

∂ε

∂ρ(f)
∇ρ(f)

+ λs

2ρ
∇(ξ (f)f ss)

]
, (18)

where

f ss = ∇ρ(s) · ∇ρ(s), (19)

and ξ (f) is the mass fraction of the fluid phase. Note that the partial Cauchy stress
tensor T(s) is symmetric and ∂ε/∂F(s) equals the partial first Piola–Kirchhoff stress
tensor of the solid constituent. Equations (15)–(18) are derived in [34] where Ger-
main’s [23] arguments are used to obtain constitutive relations for a second gradient
porous matrix filled with an ideal fluid. Equation (13) does not include all features
of a general second gradient linear elastic matrix; only density gradients have been
assumed to affect the internal potential energy and contributions of other compo-
nents of the third order tensor, Grad F(s), have not been considered. Furthermore,
we only analyze static deformations of the mixture. Thus Darcy-type drag forces
are not modeled.

2.3. SPLITTING OF EXTERNAL SURFACE TRACTIONS INTO PARTIAL

TRACTIONS

We consider problems for which b(s) = b(f) = 0, i.e., there are only external surface
tractions. In a physical problem, total surface tractions are prescribed either on a
part or on all of the boundary of the region �. Here we require that these tractions
be assigned on all of the boundary of the mixture in the current configuration.
However, the solution of the boundary-value problem defined by equa-
tions (5)–(12) requires that the partial surface tractions be specified. In order to
find the partial tractions we assume the existence of a potential function such that∫

∂�

(
t(s) · v(s) + t(f) · v(f) + τ (s) · ∂v(s)

∂n

)
dA

= d

dt

∫
�

ψext
(
x, ρ(s), ρ(f),∇ρ(s)) dV. (20)

The external surface tractions for which equation (20) holds are conservative. It
is readily apparent that not all conservative surface tractions are characterized
by equation (20). Here we consider only those surface tractions which satisfy
equation (20) and ψext depends upon deformations of the solid only through ρ(s)

and ∇ρ(s). Equation (20) is dictated by the intended application of studying static
deformations of an annular cylindrical porous region filled with an inviscid fluid.
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Requiring that equation (20) hold for all choices of the velocity field, we obtain

∂ψext

∂ρ(s)
− div

(
∂ψext

∂ ∇ρ(s)
)

= Cs, in �, (21)

∂ψext

∂ρ(f)
= Cf, in �, (22)

t(s) =
[
−∂ψ

ext

∂ρ(s)
ρ(s) + ξ (s)ψext − ∂ψext

∂ ∇ρ(s) · ∇ρ(s) + div

(
ρ(s)

∂ψext

∂ ∇ρ(s)
)

+ ρ(s)
(
∂ψext

∂ ∇ρ(s) · n
)

tr(∇sn)−
(
∂ψext

∂ ∇ρ(s) · n
)
∂ρ(s)

∂n

]
n

+ ρ(s)∇s

(
∂ψext

∂ ∇ρ(s) · n
)
, on ∂�, (23)

t(f) =
(

−∂ψ
ext

∂ρ(f)
ρ(f) + ξ (f)ψext

)
n, on ∂�, (24)

τ (s) = −
(
ρ(s)

∂ψext

∂ ∇ρ(s) · n
)

n, on ∂�, (25)

where ∇s is the surface gradient on ∂�. Equations (21) and (22) with Cs and Cf

as constants are necessary conditions for the existence of a ψext for which b(s) =
b(f) = 0.

Once the constitutive relations for external actions are specified, which in our
model is equivalent to specifying ψext, the partial surface tractions can be expressed
in terms of the total surface tractions; see [33] for details. The consideration of
conservative external tractions limits the space of admissible surface tractions.
The often used assumption characterizing the partial surface tractions in terms of
the volume fraction of the constituents and the total surface tractions cannot be
deduced from our work. It is because no state parameter in addition to the solid
and the fluid placement maps has been introduced.

For a nonpolar medium whose response does not depend upon second-order
displacement gradients, Batra [4] showed that surface tractions cannot depend upon
∂u/∂n where u is the displacement of a point.

Results of this section can be summarized as follows: (i) a variational princi-
ple describing static deformations of a solid–fluid mixture is formulated, (ii) the
Euler–Lagrange equations are deduced from the principle, and are recognized as
the balance laws and the constitutive relations for the solid–fluid mixture, (iii) the
external and internal actions are specified by requiring that they be conservative.

3. Solution of a Boundary-Value Problem

We analyze, within a linearized second gradient theory, static infinitesimal defor-
mations of a long hollow porous cylinder filled with an inviscid fluid and with the
inner and the outer surfaces subjected to uniform external pressures pext

1 and pext
2 ,
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respectively. We assume that the pressure on the inner and the outer surfaces of
the cylinder, in the reference configuration, equals pext

01 and pext
02 , respectively, and

postulate that

ε = 1

ρ0

[
T0(s) · H(s) + γ 0f�ρ(f) + 1

2
C

[
H(s)] · H(s) − 1

4
H(s) · (

T0(s)H(s)T

− H(s)T0(s)) + 1

8
H(s) · (H(s)T0(s) − T0(s)H(s) + T0(s)H(s)T − H(s)TT0(s))

+ 1

2
γ ff

(
�ρ(f)

)2 +�ρ(f)Ksf · H(s)

]
, (26)

where

H(s) := ∇u(s), �ρ(f) = ρ(f) − ρ0(f), (27)

ρ0(f) is the mass density of the fluid in the reference configuration, T0(s) a symmet-
ric tensor representing the partial stress in the solid in the reference configuration,
C is the classical elasticity tensor for the solid constituent mapping symmetric
second order tensors into symmetric second order tensors, γ 0f, γ ff and Ksf = KsfT

are material parameters.
Terms involving the second order tensor T0(s) and the scalar γ (0)f in equa-

tion (26) represent contributions to the internal potential energy by the prestress
in the solid and the fluid constituents. Since a fluid can be in equilibrium only if
it is confined, it is necessary to consider a pre-stressed reference configuration.
Equation (26) is the most general one can have to get linear constitutive relations
for a pre-stressed solid-fluid mixture. Equations (15)–(18) imply that terms of order
one in H(s) and ρ(f) yield zeroth order terms for the solid stress tensor and the fluid
pressure, and the second-order terms in H(s) and ρ(f) provide the first-order terms
for the solid stress tensor, the fluid pressure, and the bulk internal action m(s).

The second-order tensor Ksf accounts for the interaction between the solid and
the fluid phases because of deformations of pores; Ksf is not necessarily a spherical
tensor even when the solid and the fluid constituents are isotropic. It is because
pores need not be of uniform shapes and sizes.

The coupling coefficient Ksf can be explained in terms of the pore dilatancy as
follows: the dilatation of pores induced by the injection of the solid or the fluid
into a suitable elementary reference volume either deforms the solid constituent or
changes the mass density of the fluid or both.

Denoting the first term on the right-hand side of equation (15) by T
(s)

and using
(26) we obtain

T
(s) = T0(s) + �ρ(f)

ρ0
T0(s) − ξ

(s)
0 tr

(
H(s)

)
T0(s) + 1

2

(
T0(s)H(s)T + H(s)T0(s)T

)
+ 1

2

(
W(s)T0(s) − T0(s)W(s)

) + C
[
E(s)

] +�ρ(f) Ksf, (28)
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where E(s) := (H(s) + H(s)T)/2 and W(s) := (H(s) − H(s)T)/2. If each component
of the initial stress, T0(s), is much less than the smallest value of an elastic modulus
of the solid phase, then terms such as T0(s)H(s)T can be neglected in equation (28).
We assume the following form for the elasticity tensor applied to the E(s)

C
[
E(s)

] = λtr(E(s))I + 2µE(s), (29)

where λ and µ are the Lamé constants for the solid. One can deduce expressions
for p(f) and m(s) by substituting for ε from (26) into (16) and (18).

We assume that deformations of the mixture are plane strain, and in the plane
of deformation they are independent of the angular position. That is, in cylindrical
coordinates the two in-plane physical components ur and uθ of the displacement
are functions of the radial coordinate r only and uz = 0; we call such a defor-
mation field radially symmetric. This assumption is reasonable because the body
and the boundary conditions are radially symmetric. Henceforth we use cylindrical
coordinates with orthonormal vectors er and eθ at a point in the radial and the
circumferential directions, respectively, and work in terms of physical components
of stresses. In order to find boundary conditions on the solid and the fluid phases,
we consider external tractions given by the following expression for ψext:

ψext = Csρ(s) + Cfρ(f) + Cint(r, θ) · ∇ρ(s) �ρ(s) + p0 + p1r. (30)

Here �ρ(s) = ρ(s) − ρ0(s), ρ0(s) is the density of the solid phase in the reference
configuration, Cint(r, θ) is a solenoidal vector field whose radial component is
independent of r and θ . It is easy to verify that the aforementioned assumptions
on Cint(r, θ) suffice to satisfy equation (21). Bearing in mind the hypothesis of
radially symmetric deformations for both phases, we have

Cint(r, θ) · ∇ρ(s) �ρ(s) = Cint(r, θ) · (ρ(s)′er )�ρ(s) = C intρ(s)
′
�ρ(s), (31)

where C int is the constant radial component of Cint(r, θ) and a prime indicates dif-
ferentiation with respect to r. Substitution from (30) and (31) into equations (23)–
(25) gives

t(s) =
[
ξ (s)ψext − Csρ(s) − C int�ρ(s)ρ(s)

′ + C int

r
ρ(s)�ρ(s)

]
n, (32)

t(f) = [
ξ (f)ψext − Cfρ(f)

]
n, (33)

τ (s) = −(ρ(s)�ρ(s)C intδ)n, (34)

where δ = +1 on the external surface and δ = −1 on the internal surface. Note
that values of Cs, Cf and C int depend upon the shape of the bounding surface,
constituents of the mixture, and on the interaction between the mixture and the
medium surrounding it. For example, at an impermeable wall, Cint = 0 because
externally applied tractions of type (34) vanish; as a matter of fact, the absence of
fluid flux implies that the fluid belonging to the cluster of pores near the boundary
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rests at a uniform pressure. In other words the external world cannot access pores
within the body and dilate them.

Because of our interest in studying infinitesimal deformations under the action
of higher-order tractions (or double forces without moments), we retain terms in
(32)–(34) that are bilinear in �ρ(s) and ρ(s)

′
; the remaining terms are either linear

in ρ(s) and ρ(f) or independent of ρ(s) and ρ(f). We thus get the following linearized
constitutive characterizations of external tractions and double forces:�

t(s) = [−ξ 0(f)ξ 0(s)ρ0(C
(s) − C(f))+ ξ 0(s)p̄0

]
n

+
[(

−(ξ 0(f))2(C
(s) − C(f))+ ξ 0(f) p̄0

ρ0
+ C int

r
ρ0(s)

)
�ρ(s)

+
(

−(ξ 0(s))2(C
(s) − C(f))− ξ 0(s) p̄0

ρ0

)
�ρ(f) + ξ 0(s)(p̃0 + rp1)

]
n,

(35)

t(f) = [
ξ 0(f)ξ 0(s)ρ0(C

(s) − C(f))+ ξ 0(f)p̄0
]
n

+
[(
(ξ 0(s))2(C

(s) − C(f))+ ξ 0(s) p̄0

ρ0

)
�ρ(f)

+
(
(ξ 0(f))2(C

(s) − C(f))− ξ 0(f) p̄0

ρ0

)
�ρ(s) + ξ 0(f)(p̃0 + rp1)

]
n, (36)

τ (s) = −ρ0(s)C int�ρ(s)δ n. (37)

Here ξ 0(f) and ξ 0(s) are mass fractions of both phases in the initial configuration,
ρ0 is the apparent density of the mixture in this configuration, p̄0 is the reference
value of p0 and p1 equals its infinitesimal variation. Note that terms in the first
brackets in the representation formulas of t(s) and t(f) describe tractions applied on
the boundary of the mixture in the reference configuration, and terms in the second
brackets are infinitesimal increments of tractions. Similarly equation (37) states
that the initial double force vanishes but its infinitesimal increment is nonzero.

Let R1 and R2 denote the inner and the outer radii of the porous cylinder in the
reference configuration. It is clear from equation (28) that T0(s) is the partial stress
in the solid in the reference configuration. Boundary conditions for the solid in the
reference configuration are

T0(s)(R1)n = t
(s)
(R1) = − d

(s)
01 p

ext
01 n, (38)

T0(s)(R2)n = t
(s)
(R2) = − d

(s)
02 p

ext
02 n, (39)

where d(s)01 and d(s)02 denote fractions of the externally applied pressures, pext
01 and

pext
02 , carried by the solid phase on the inner and the outer surfaces of the porous

� We have assumed that the small parameter defining the linearization procedure is same for the
solid and the fluid kinematical descriptors. Thus small deformations of the solid matrix are associated
with small variations of the fluid apparent density.
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cylindrical body. Through these equations a representation formula for both areal
fractions splitting external pressure into partial tractions is obtained. Let the state
of stress, T0(s) and p(f)0 , be

T0(s) =
(
a0 − b0

r2

)
er ⊗ er +

(
a0 + b0

r2

)
eθ ⊗ eθ ,

p
(f)
0 := γ 0fρ0(f) = const = (

1 − d
(s)
01

)
pext

01 = (
1 − d

(s)
02

)
pext

02 ,

(40)

then

a0 = −R
2
2d

(s)
02 p

ext
02 − R2

1d
(s)
01 p

ext
01

R2
2 − R2

1

,

b0 = −R
2
1R

2
2(d

(s)
02 p

ext
02 − d

(s)
01 p

ext
01 )

R2
2 − R2

1

.

(41)

It is easily verified (see, e.g., [32]) that the pre-stress (40) is admissible. Equa-
tion (40)2 implies that d(s)01 , d(s)02 , pext

01 and pext
02 cannot be independently prescribed.

For example, if d(s)01 = d
(s)
02 for a reference configuration, then pext

01 must equal pext
02 ,

and the stress state in the solid phase must also be that of a hydrostatic pressure, as
b0 = 0 (see equation (41)). At an impermeable wall, d(s)01 need not equal 1 because
a part of external tractions applied to the impermeable wall may be carried by the
fluid.

Equations for the determination of infinitesimal displacements in the radial and
in the circumferential directions and for �ρ(f) are

−λsρ
0(s)2

(
u′′′′
r + 2

r
u′′′
r − 3

r2
u′′
r + 3

r3
u′
r − 3

r4
ur

)

+
[

2ξ 0(f)

(
a0 − b0

r2

)
+ λ+ 2µ

]
u′′
r

+ 1

r

[
2ξ 0(f)

(
a0 + b0

r2

)
+ 2b0

r2
+ λ+ 2µ

]
u′
r

+ 1

r2

[
−2ξ 0(f)

(
a0 + b0

r2

)
− 2b0

r2
− (λ+ 2µ)

]
ur

+
[

1

ρ0

(
a0 − b0

r2

)
+Ksf

rr − ξ 0(s)γ 0(f)

]
�ρ(f)

′

+ 1

r

[
Ksf
rr −Ksf

θθ

]
�ρ(f) = 0, (42)

1

r2

[(
a0

2
+ µ

)
r2 − b0

]
u′′
θ + 1

r3

[(
a0

2
+ µ

)
r2 − b0

]
u′
θ

− 1

r4

[(
a0

2
+ µ

)
r2 − b0

]
uθ +Ksf

rθ

(
�ρ(f)

′ + 2

r
�ρ(f)

)
= 0, (43)
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2ρ0(f)γ 0f + ρ0ρ0(f)γ ff

)
�ρ(f)

= c + ρ0(s)ρ0(f)γ 0f

(
u′
r + 1

r
ur

)
− ρ0ρ0(f)

[
Ksf
rru

′
r +Ksf

rθ

(
u′
θ − 1

r
uθ

)
+Ksf

θθ

1

r
ur

]
− ρ0(f)

(
a0 − b0

r2

)
u′
r − ρ0(f)

(
a0 + b0

r2

)
1

r
ur . (44)

In equation (44), c is a constant of integration. Equation (44) can be solved for
�ρ(f) and the result substituted into equations (42) and (43) to obtain two coupled
ordinary differential equations for ur and uθ . These equations belong to Heun’s
family of equations (see [3]); their solution has four poles, one at r = 0, one at
r = ∞, and locations of the other two poles depend upon the coefficient of u′′

θ in
equation (43). In order for a pole to be within the hollow cylinder the following
inequalities must hold

R1 <

√
b0

a0/2 + µ
< R2. (45)

Thus depending upon the shear modulus of the solid phase, the pre-stress, and the
fraction of externally applied pressures carried by the solid constituent, the solution
may blow up at a point within the annular cylinder.

3.1. A SIMPLIFIED PROBLEM

Henceforth we consider the case of b0 = 0, therefore r = 0 is a triple pole and there
is no pole within the hollow cylinder. The stress in the solid phase in the reference
configuration is a hydrostatic pressure. Thus d(s)02 p

ext
02 = d

(s)
01 p

ext
01 = − a0, i.e., − a0

equals the reference value of the hydrostatic pressure in the solid. Moreover p̄0

equals the negative of the external pressure applied on both the external and the
internal surfaces of the hollow cylinder

pext
01 = pext

02 = −p̄0. (46)

We also assume that the second order tensor Ksf is spherical: Ksf = KsfI. Thus the
strain-energy density ε provides both the dependence of the hydrostatic component
of the solid partial stress tensor on�ρ(f), and that of the hydrostatic pressure acting
in the fluid on �ρ(s). An increment �ρ(f) in the apparent mass density of the fluid
does not induce nonzero deviatoric stresses in the solid constituent.

3.1.1. Influence of the Coupling Coefficient Ksf on Density Profiles

With the aforestated assumptions and the existence of a first integral of equa-
tion (42), equations (42)–(44) can be reduced to the following two uncoupled
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ordinary differential equations:

−λsρ
0(s)2

[
U ′′
r + 1

r
U ′
r

]

+
[

2µ+ λ+ 2ξ 0(f)a0 − (ξ 0(s)γ 0(f) − a0/ρ
0 −Ksf)2

2γ 0(f)/ρ0 + γ ff

]
Ur = ,s, (47)

U ′
θ + 2

r
Uθ = 0, (48)

where ,s is an integration constant to be determined by boundary conditions, Ur =
(u′
r + (1/r) ur ) = tr H(s) and Uθ = (u′

θ − (1/r) uθ ) are dimensionless quantities.
In particular, Ur is related to the increment of the solid apparent density by

�ρ(s) = −ρ0(s)Ur. (49)

According to the previous assumptions we can also specify boundary conditions
arising from equations (9)–(12) and equations (35)–(37). Recalling the structure of
balance laws (5) and (6) these conditions prescribe external radial and circumferen-
tial tractions for the solid constituent acting on the inner and the outer surfaces, the
external pressure for the fluid constituent acting on the inner (or the outer) surface
and the double forces only for the solid constituent acting on disjoint parts of the
boundary. The differential equation for the variable Ur is a Bessel equation, and
that for Uθ is the classical Euler equation.

Let us first consider equation (48) and boundary conditions corresponding to
shear external tractions for the solid constituent. As these tractions are null, see
equation (35), we get

Uθ = 0 ⇒ uθ = cθr, (50)

cθ being a constant of integration. Thus the only admissible infinitesimal displace-
ment in the circumferential direction is a rigid body rotation.

In order to solve equation (47), we recall that a typical Bessel equation is

x2y′′(x)+ xy′(x)+ (
x2 − υ2

)
y(x) = 0,

and a typical modified Bessel equation is

x2y′′(x)+ xy′(x)− (
x2 + υ2

)
y(x) = 0.

It is evident that equation (47) for ,s = 0 is either a classical or a modified Bessel
equation, according to the sign of the coefficient of Ur . Therefore, two different
solutions for the increment of the solid apparent density can be obtained. Let the
coefficient of Ur in equation (47) be defined by

q := 2µ+ λ+ 2ξ 0(f)a0 − (ξ 0(s)γ 0(f) − a0/ρ
0 −Ksf)2

2γ 0(f)/ρ0 + γ ff
, (51)
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then, through a change of variable, equation (47) for ,s = 0 becomes

d2Ur(ξ)

dξ 2
+ 1

ξ

dUr(ξ)

dξ
− sign(q)Ur(ξ) = 0, ξ =

√
|q|

λsρ0(s)2
r. (52)

Depending upon the sign of q, equation (52) is either a Bessel or a modified Bessel
equation. If q > 0 then the solution of equation (52) is given by a linear com-
bination of modified Bessel functions I0(ξ) and K0(ξ). However, if q < 0 then
the solution of equation (52) is given by a linear combination of classical Bessel
functions J0(ξ) and Y0(ξ). The subscript zero indicates that these functions are so-
lutions of the Bessel equation with υ = 0. Note that the standard nomenclature for
Bessel equations has been adopted. Expressions for the classical Bessel functions
J0(ξ) and Y0(ξ) and the modified Bessel functions I0(ξ) and K0(ξ) can be found
in a book, e.g., [1].

Starting from a vanishing coupling coefficient we conduct a parametric study
of the solution of equation (47) when |Ksf| is monotonically increased. This is
essentially necessitated by our inability to identify the suitable range of values
of Ksf. Even though we know that it describes the effects of pore dilatancy, there
is no experimental data available to quantify this effect. We commence from the
solution of the homogeneous equation associated with equation (47). Two different
ranges of values of the coupling coefficient can be determined. Let

Ksf
1,2 := ξ 0(s)γ 0(f) − a0

ρ0
∓

√(
2µ+ λ+ 2ξ 0(f)a0

)(2γ 0(f)

ρ0
+ γ ff

)
(53)

be the values ofKsf for which q vanishes. WhenKsf ∈ (Ksf
1 ,K

sf
2 ) then the solution

of the homogeneous equation is given by a linear combination of the modified
Bessel functions as sign(q) = 1. For Ksf ∈ (−∞,Ksf

1 ) ∪ (Ksf
2 ,∞) then the solu-

tion of the aforementioned equation is a linear combination of the classical Bessel
functions as sign(q) = −1.

Once equation (52) has been solved, the solution of equation (47) is obtained
by simply adding a suitable constant to it. The following figures depict the �ρ(s)

profiles for a salt matrix filled with brine; values of constitutive and geometric
parameters and surface tractions applied on the boundary are listed in Table I.
Values of constitutive parameters are deduced from the test data on salt rock and
brine [37]. Note that values for the constitutive coefficients λs and C int that de-
scribe second gradient effects are arbitrarily chosen since no experimental data is
available for their determination. However, they are reasonable and can describe
the pore-opening effect near the boundary of the mixture. The variation of �ρ(s) in
the boundary layer due to second gradient is about 1% of its reference value (i.e. its
value due to the first gradient model only). The plot in Figure 1 is representative of
solutions in the range (Ksf

1 ,K
sf
2 ) and that in Figure 2 corresponds to solutions in the

range (−∞,Ksf
1 ) ∪ (Ksf

2 ,∞). In Figure 1 the typical behavior of fields exhibiting
boundary layers is shown; in our model these boundary layers are driven by the
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Table I. Values of parameters used in the computation of results.E and ν are Young’s modulus
and Poisson’s ratio of the solid matrix; ρ̂0(s) and ρ̂0(f) are the densities of the solid and the
fluid constituent in the reference configuration, ν0(s) and ν0(f) their volume fractions. In the
reference configuration the mixture is saturated

Constitutive parameters Geometric and referencial state properties Tractions

E = 200 MPa ρ̂0(s) = 1850 kg/m3 pext
01 = 20 MPa

ν = 0.33 ρ̂0(f) = 1300 kg/m3 pext
02 = pext

01
λs = 200 N m4/kg2 ν0(s) = 0.97 p̃0 = −2.21 MPa

γff = 1.64 106 N m4/kg2 ν0(f) = 1 − ν0(s) = 0.03 p1 = 0.1 · 106 N/m3

C
(s) = C(f) ρ0(s) = ρ̂0(s)ν0(s) = 1794.5 kg/m3

Cint = 1 N m3/kg2 ρ0(f) = ρ̂0(f)ν0(f) = 39 kg/m3

R1 = 2 m, R2 = 20 m

Figure 1. Qualitative �ρ(s)-profiles for Ksf ∈ (Ksf
1 , K

sf
2 ).

applied double forces. Close to the boundary of the solid matrix their effect is either
a dilatation or a compaction induced by the applied fluid pressure. In Figure 2 the
solution apparently shows wide oscillations due to the change of type occurring in
the Bessel equation (52). This is usually an indication of instability and motivates
the following analysis.

3.1.2. Stability of the Stressed Reference Configuration

We now investigate the stability of the reference configuration with respect to
changes in the coupling coefficient Ksf. Recalling our earlier remarks on the ad-
missible values of Ksf we delineate now the range of its values which assure the
uniqueness of the solution of the elastic problem. Said differently, our goal is to
characterize the coupling coefficient Ksf which ensures the structural stability of
the partial differential equations defined on the space of state parameters u(s) and
ρ(f) and describing deformations of the mixture. One could also investigate the
stability of the prestressed configuration with respect to the value of the prestress.
According to the criterion stated, for example, by Arnold [2] or Thom [39], we dis-
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(a)

(b)

Figure 2. Qualitative �ρ(s)-profiles for Ksf ∈ (−∞,Ksf
1 ) ∪ (Ksf

2 ,∞). Figure 2(a) cor-

responds to 1.75 < K < 1.81, and (b) to 1.83 < K < 1.9, where K = Ksf/√
µ(2γ 0f/ρ0 + γ ff).

cuss the possibility that for two solutions corresponding to sufficiently close values
of Ksf, an homeomorphism on the space of mixture states exists transforming one
solution into the other. The norm induced by the energy inner product is used to
define the neighborhood of an element in this space.

In order that the partial differential equations of our problem fulfill the condition
of topological equivalence (see [2]) it is assumed that a solution of equations (47)
and (48) describes available transformations of a reference configuration. This
provides an admissible criterion for the stability analysis; many other choices are
possible.

The following physically meaningful energetic criterion can be used to study the
stability. It requires that for the reference equilibrium configuration to be stable, the
total energy given by the functional

Etot
(
ρ(f),F(s)

)
=

∫
�

[
ρε

(
ρ(f),F(s)

) + λs

2

∣∣∇ρ(s)∣∣2 − ψext
(
x, ρ(s), ρ(f),∇ρ(s))]dV (54)

be minimum in the reference configuration. Here essential boundary conditions are
assumed to be prescribed on the entire boundary. In particular, we prove that the
reference configuration is stable when the coupling coefficient lies in a suitable
subset of the open interval (Ksf

1 ,K
sf
2 ). The mathematical reasoning parallels that
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given, for example, in [12]. That is, for the reference configuration to be stable, the
second functional derivative of Etot evaluated in the reference configuration must be
positive definite. We shall prove that, when ε is prescribed by equation (26), this is
equivalent to requiring that the following spectral problem has positive eigenvalues
only. 



6r,rr + 1

r
6r,r − 1

r2

[
1 + r2

λsρ0(s)

(
2µ+ λ+ 2ξ 0(f)a0 − α

+ ρ0(f)2(ξ 0(s)γ 0f − a0/ρ
0 −Ksf)2

α − ρ0(f)(2ξ 0(f)γ 0f + ρ0(f)γ ff)

)]
6r = 0,

7 − ρ0(f)(ξ 0(s)γ 0f − a0/ρ
0 −Ksf)

α − ρ0(f)(2ξ 0(f)γ 0f + ρ0(f)γ ff)
6r = 0,

(2µ+ a0 − α)6θ = 0, in �;

(55)




(
λ− (

2ξ 0(s) − 1
)
a0 + 1

r
ρ0(s)2C int − α

)
div vs

+ ρ0(f)

(
ξ 0(s)γ 0f − a0

ρ0
−Ksf

)
div vf

+ 2

(
µ+ a0

2

)
(vs)r,r − λsρ

0(s)2
(
6r,r + 1

r
6r

)
= 0,

δ

2
(2µ+ a0 − α)

[
(vs)θ,r + 1

r
(vs)θ

]
= 0,

ρ0(f)

(
ξ 0(s)γ 0f − a0

ρ0
−Ksf

)
div vs

+ [
ρ0(f)

(
2ξ 0(f)γ 0f + ρ0(f)γ ff

) − α
]

div vf = 0,

λs6r − C int div vs = 0, on ∂�.

(56)

Here α denotes a generic eigenvalue, and quantities 6r , 6θ and 7 are defined by

6r := ∇(div vs) · er =
(
(vs)r,r + 1

r
(vs)r

)
,r

,

6θ := div(skw (∇vs)) · eθ = 1

2

(
(vs)θ,r + 1

r
(vs)θ

)
,r

, (57)

7 := ∇(div vf ) · er ,

in terms of the virtual velocity fields vs and vf . This equivalence can be proved by
following the procedure adopted by Seppecher [36]. In a virtual motion the second
time derivative of Etot evaluated in the reference configuration is required to equal
the integral over � of a suitable quadratic form multiplied by α. Consequently its
sign depends on the sign of α. In order to get conditions for a positive definite
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second derivative of Etot by means of a suitable eigenvalue problem, the proper
quadratic form is

d2Etot

dt2

∣∣∣∣
(ρ0(f),ρ0(s),p̄0)

=
∫
�

α
[
(div vs)

2 + skw(∇vs) · skw(∇vs)+ (div vf )2
]

dV.

(58)

It is clear that if α is positive then the left-hand side of equation (58) is positive
and the reference configuration is stable. Cumbersome calculations involved in the
derivation of equations (55) and (56) from equation (58) have been omitted. We
simply note that the divergence theorem applied to the right-hand side of equa-
tion (58) implies that field equations (55) and boundary conditions (56) depend on
the eigenvalue α.

Field equation (55)1 is a Bessel equation. Therefore, according to the sign of

Q := 1

λsρ0(s)2

(
2µ+ λ+ 2ξ 0(f)a0 − α + ρ0(f)2(ξ 0(s)γ 0f − a0/ρ

0 −Ksf)2

α − ρ0(f)(2ξ 0(f)γ 0f + ρ0(f)γ ff)

)
,

(59)

its solution is a linear combination of classical Bessel functions or of modified
Bessel functions. In particular, if Q < 0 the solution of equation (55)1 is a linear
combination of J1(

√−Qr) and Y1(
√−Qr), conversely if Q > 0 it is a linear

combination of I1(
√
Qr) and K1(

√
Qr). In order to determine the range of Ksf

for which eigenvalues are positive, we first determine the range of eigenvalues
corresponding to positive or negative values of Q. When α is negative, we restrict
our discussion to the case

α < ρ0(f) (2ξ 0(f)γ 0f + ρ0(f)γ ff)︸ ︷︷ ︸
>0

. (60)

Consequently we get

Q > 0 ⇒ α < α1, α > α2,

Q < 0 ⇒ α1 < α < α2,
(61)

where α1 and α2 are roots of the equation Q = 0. Consider the case when α < α1;
it is easy to check that, for values of the constitutive coefficients considered in
Table I, a characteristic root always exists in this range of eigenvalues. There-
fore solutions of equations (55) are linear combinations of modified Bessel func-
tions.
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Figure 3. The solution of equation ϕ(α,Ksf) = 0 for α < α1 is presented where a =
α/λsρ

0(s)2 .

Assume that α �= 2µ+ a0, i.e., require equation (55)3 to be satisfied by a rigid
body rotation. Then equations (55) imply that

6r = C1I1
(√
Qr

) + C2K1
(√
Qr

)
,

6θ = 0,

div vs = C1√
Q
I0

(√
Qr

) − C2√
Q
K0(

√
Qr)+ C3,

(vs)r = C1

Q
I1

(√
Qr

) + C2

Q
K1

(√
Qr

) + C3

2
r + C4

r
,

(62)

where Ci (i = 1, . . . , 4) are constants of integration. Substituting from (62) into
the homogeneous boundary conditions (56) and requiring that the determinant of
this linear system vanish, one gets the equation which determines the admissible
eigenvalues of the system for α < α1. These solutions are functions of the cou-
pling coefficient Ksf. Let ϕ be the determinant of the linear system obtained from
equations (56) and regarded as a function of α and Ksf. In Figure 3 the curve
ϕ(α,Ksf) = 0 is exhibited. The gray area in the figure indicates the region of pos-
itive eigenvalues larger than α1. For values of the coupling coefficient in the range
(Ksf

1 ,K
sf
2 ) an eigenvalue smaller than α1 always exists. Consequently, the loss of

stability of the equilibrium configuration occurs when such an eigenvalue becomes
negative. A numerical simulation shows that the stability is guaranteed for values
of the coupling coefficient in a suitable open subset (Ksf

1s,K
sf
2s) of (Ksf

1 ,K
sf
2 ). Thus

solutions of equations (47) and (48) are meaningful only for coupling coefficients
in this open interval.
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Figure 4. Dependence of Ksf
1s and Ksf

2s upon λs.

These results indicate that the stability-instability transition does not involve a
change in the macroscopic deformation profile for the hollow cylinder. In other
words the loss of stability and wide oscillations occurring when the coupling coef-
ficient belongs to the open set (−∞,Ksf

1 )∪(Ksf
2 ,∞) are not correlated. This could

be due to the stability criterion used here. A nonlinear analysis and/or a different
choice of the energetic functional may provide a different stability limit.

It is interesting to note that the stability limits Ksf
1s and Ksf

2s are not strongly
affected by second gradient effects. An increase in λs does not induce a noticeable
change in these limits (see Figure 4). However, estimates of the stability limits pro-
vided by the first gradient theory (i.e. λs = 0) cannot be used when second gradient
effects are present, and the length of the stable region progressively decreases as
second gradient effects become more relevant (see Figure 4).

4. Concluding Remarks

We have studied infinitesimal static deformations of a long hollow porous isotropic
elastic cylinder initially saturated with a perfect fluid and subjected to a hydrostatic
pressure on the inner and the outer surfaces. The cylinder in the reference configu-
ration is stressed. Equations governing deformations of the solid and the fluid that
are linear in displacement gradients and infinitesimal changes in the apparent mass
densities of the solid and the fluid have been derived; these are Heun’s equations
and may have singular points in the interior of the hollow cylinder. Constitutive
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relations for the solid have been assumed to depend upon the gradients of the ap-
parent mass density of the solid. Deformations of the solid and the fluid are coupled
through the scalar coefficient Ksf multiplying gradients of the apparent mass den-
sity of the solid. When the initial stress state in the solid is that of uniform pressure,
equations governing the radial and the circumferential components of displacement
are uncoupled; the former is a nonhomogeneous Bessel equation and the latter an
Euler equation. These equations are solved for a somewhat arbitrarily chosen set
of material and geometric parameters; these correspond to a salt matrix filled with
brine. The stability of the reference configuration with respect to changes in the
values of the coupling coefficient Ksf has been scrutinized. It is found that the
reference configuration is stable for values of the coupling coefficient in a suitable
open set. The computed profiles of the mass density of the solid phase exhibit an
oscillatory behavior and also a boundary layer near the outer surface. The variation
of changes in the apparent mass density of the solid due to the consideration of
second-gradient effects is about 1% of its value in the absence of second-gradient
effects and depends upon the value assigned to the coupling coefficient Ksf.
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