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Abstract. We study electromechanical deformations of a homogeneous transversely isotropic piezo-
electric prismatic circular bar loaded only at the end faces. The constitutive relations for the material
of the bar are taken to be quadratic in the displacement gradients and the electric feld. It is found
that the two end faces of the bar when twisted with no electric charge applied to them will exhibit
a difference in the electric potential. Thus the piezoelectric cylinder could be used to measure the
torque or the angular twist.
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1. Introduction

Poynting [1] discovered in 1909 that a wire when twisted also stretches and the
stretch is proportional to the square of the angular twist. Since then there have been
several attempts made to quantify this effect. Truesdell and Noll [2] and Wang and
Truesdell [3] have reviewed the pertinent literature on the Poynting effect and also
on the Signorini’s method [4] of solving a nonlinear problem by reducing it to a
series of linear problems. Green and Adkins [5] have pointed out that the compat-
ibility conditions to be satisf ed by the loads in the sequence of linear problems
are automatically satisfed if the centroid of one end face is rigidly clamped in
the sense that the displacements and inf nitesimal rotations there vanish. Rivlin
[6] and Green and Shield [7] have studied the Poynting effect in nonlinear elastic
materials. Recently, dell’Isola et al. [8] used the Signorini expansion method to
fnd a second-order solution of the Saint-Venant problem [9] for a pretwisted bar.
Subsequently, they [10] extended it to a prebent bar and delineated generalized
Poynting effects. Using the general theory of piezoelasticity (see e.g. [11]) we
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analyze here electromechanical deformations of a circular cylindrical piezoelectric
bar made of a transversely isotropic material. Second order constitutive relations
for a piezoelectric material have been derived by Yang and Batra [12]. It is found
that the second-order Poisson effect is not of the Saint-Venant type, and even when
the bar is deformed by applying pure torques and no electric charges at the end
faces, the potential difference between the end faces is proportional to the square
of the angular twist.

We note that Batra and Yang [13] have proved Toupin’s version [14] of the
Saint-Venant principle for a linear piezoelectric bar. Iesan [15-18] has studied
the Saint-Venant problem for inhomogeneous and anisotropic linear elastic bodies,
elastic dielectrics, and microstretch elastic solids. Dell’Isola and Rosa [19, 20] and
Davi [21] have analyzed the Saint-Venant problem for linear piezoelectric bodies,
and dell’Isola and Batra [22] for linear elastic porous solids.

2. Formulation of the Problem

Equations governing quasistatic deformations of a homogeneous transversely iso-
tropic piezoelectric body €2 are

DiV(T+TE) =0, inQ, (1.1)
(T+THF = FT+THT, inQ, (1.2)
Div(D) = 0, in 2, (1.3)

where T is the frst Piola—Kirchhoff stress tensor, T the frst Piola—Kirchhoff-
Maxwell stress tensor, D the referential electric displacement, and Div is the di-
vergence operator with respect to coordinates in the reference conf guration. These
quantities are related to their counterparts in the present conf guration as follows.

T=JoF", TE=JofF", D=JF'D. )

Here J = detF, F is the deformation gradient, o the Cauchy stress tensor, o £
the Cauchy—Maxwell stress tensor, and D the electric displacement in the present
conf guration. Equations (1.1), (1.2) and (1.3) express, respectively, the balance
of linear momentum, the balance of moment of momentum, and the Maxwell
law for the electric displacement with the body charge density set equal to zero.
Constitutive relations for T and TZ will be chosen so that (1.2) is identically
satisf ed.

For a piezoelectric material, we introduce, in the present conf guration, electric
fi 1d E and electric polarization P through

D=P+E. 3)
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Following Abraham, Einstein and Laub (see [11] Equation 3.6.22,23) we choose
the following constitutive equation for o £

of =Sym(P®E)+E®E — 1 £, (4)

where Sym(a ® b) = (a® b + b ® a)/2, 1 is the identity tensor, and the tensor
product ® between two vectors a and b is def ned by

(a®b)e=(b-c)a (5)

for every vector ¢. Quantities P and E are related to their counterparts IT and W in
the reference conf guration as

N=JF'P, W=F'E. (6)
Let ¢ denote an electric potential feld in the reference conf guration so that
W = —Grad ¢, 7

where Grad is the gradient operator in the reference conf guration. The existence
of ¢ is guaranteed by the referential Maxwell equation Curl W = 0.

We consider a prismatic body occupying the domain 2 = A x [0, £] in the
stress and polarization free reference conf guration with its axis aligned along the
direction e of its transverse isotropy. Thus 4 is the cross-section and £ the length of
the body. The mantle of the prismatic body is taken to be free of surface tractions
and electric charge, the centroid of the end face A := A x {0} is rigidly clamped
in the sense that displacements u = x — X, inf nitesimal rotations (H — H”)/2
and the electric potential i there vanish, and surface tractions and electric charge
are prescribed on the end faces ¢ and A, := 4 X {£} such that the body is in
equilibrium. Thus

(T+TEHN =0, D-N=0 ond x [0, £], (8.1)
(T+TEe =T, D-e=g onsA, and A,. (8.2)

Here N is an outward unit normal on the mantle d x [0, £], f the prescribed surface
traction, g the specif ed electric charge, H = Grad u, x and X denote, respectively,
the position of a material point in the present and reference conf gurations. With
the origin at the centroid of the cross-section «4,, we set

X =r+ ze, u=we+v, W= —(y'e+grad ), ©)

where a prime denotes differentiation with respect to the axial coordinate z. Thus
w and v equal the axial and in-plane components of the displacement u of a point.
Similarly ¥’ and grad ¥ equal the axial and in-plane components of W, and grad
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and div signify respectively the two-dimensional gradient and divergence operators
in the plane +. The integrability conditions for the problem are

<ffdA) —0, </qu> =0,

A A

(fx/\fdA) +x|;=0/\ffdA=0,
A A

where aAb = (a®b — b ® a) for arbitrary vectors a and b. Equations (10) imply
that the resultant force and the resultant charge on every cross-section is the same
and every portion of the bar is in equilibrium.

(10)

3. Signorini’s Expansion

In Signorini’s method, we assume that the displacement u and the electric potential
Y have a series expansion

u=na+ndi+..., V= + 02+ .., (11)

where 7 is a small, yet to be determined, parameter in the problem. Surface trac-
tions f and the surface charge ¢ are similarly expanded as a power series in 7.
For a second-order piezoelectric material with null stresses and polarization in the
reference conf guration,

T =S + 7*(S + HS), (12.1)
I = nI + »*I. (12.2)

Here S is the second Piola—Kirchhoff stress tensor, S and IT are homogeneous
linear forms in H and W and S and II are homogeneous quadratic forms in H and
W, and linear forms in H and W. Explicit expressions for S, S, IT and I are given
as equations (16)—(19) in Yang and Batra’s [12] paper and are reproduced in the
Appendix. We will adopt Yang and Batra’s notations for various material parame-
ters with the exception that 2¢, and cs will be denoted by the Lamé constants A
and u respectively. Substituting from (11) into the constitutive relations, the result
into the balance laws and boundary conditions, and equating like powers of 1 on
both sides of these equations, we arrive at the following equations for the frst and
second-order problems.

DivT =0, ing,

Div(II+ W) =0, in<Q,

TN=0, (II+W)-N=0, onds x [0, ],
Te=f (II+W)-e=¢g, onsgands,,

(13)
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Div(T+TE) =0, inQ,

Div(fl + W+ JW — 2(SymH)W) =0, in€,

(T+TEN=0,(II+ W+ JW—2(SymH)W)-N=0, ondA x [0, €],
(T+TEe=1 (HH+W+JW—2SymH)W) -e=¢, onsy and oA,.

(14)

In an attempt to express the left-hand sides of Equations (14) for u and w in the
same form as those of (13) for u and r, we decompose additively T and IT as

T=T+T,, =1+ 1, (15)

T and IT are related to ii and ¢/ in the same way as T and I are to  and v, the
relation between the former set of variables is given below.

T = 24 Sym grad¥ + [(c3 + A0’ + A div — exi ]
+Sym{[2(V' + grad i) — 3 grad /] ® e}
+2(c1 + A+ 3+ ea+ W' + (c3 4+ 1) divy

—(e1 +er+2e3) 0 le® e, (16.1)

m= 2¢, grad ¥ — e3(V + grad i)
+[2(e1 + &)Y — (e1 + e + 2e3) 0’ — e, divV]e. (16.2)

Here ¢y, c3, ¢4, €1, €2, €3, €1 and &, are material constants, it = (c4+2u1)/2, and Lis
the two-dimensional identity operator. Equations (16.1) and (16.2) are constitutive
relations for a linear transversely isotropic piezoelectric material. We presume that
the piezoelastic constants A, u, c1, ¢3, ¢4, €1, €2, €3, € and &, are such that the strain
energy density is positive def nite so that the solution of a traction boundary value
problem for a linear piezoelectric body is unique to within a rigid body motion.
Substitution from (15) into (14) and the integrability conditions (10) yields

Divi.“ =b,, In<,
Div(+W) =¢,, ingQ,

TN = f,,, T+ W) - N =g, ondaA x [0, €],

/%edA:/'fdA+RFS,
A A



80 R.C. BATRA ET AL.

fXA(%e)dA:/X/\'f'dA—i-RMS, (17)
A A

f(ﬁ+W)-edA:fq'dA+RQs,

A A

/%’edAzhs,/(foe)/dAJre/\/ TedA =g,

A A A

/(ﬁ +W) -edA =i,
A

where

b, = —Div(T, + TE), ¢, = —Div(Il, + JW — 2(Sym H)W),
fms - _(Ts + TE)N’ qms = _(ﬁs + JW - 2(SYm H)W) . N»
Rp, = —f (T, + T5)edA, Ry, = —fXA (T, + TH)edA,

A A
Ros = —f (I, + JW — 2(Sym )W) - edA,

A
hy = —f (T + TF)Yeda, (18)

A
g, = —/ X A (T, + TE)e + u A Te]' dA

A

—eA /(T +TF)edA — w|r_p A / TedA,
A

iy = —/ (T, + JW — 2(Sym H)W)' - e dA.

A

We assume that the bar is initially twisted by an inf nitesimal amount t and
carries a small electric feld (—w)e. Its deformations are given by

il = —vawr + zT(+r) + zawe, ¥ = zw, (19.1)
where
(%) A
a=—, V= —, ¥ =€ X I. (19.2)
68 20+ )

Note that the Saint-Venant warping function is zero for a circular cross-section. In
order for the deformations caused by the electric feld and the twist to be of the
same order of magnitude, aw and Rt should be about the same. Here R is the
radius of the circular bar. Thus the small parameter 1 in (11) can be identif ed with
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either aw/R or 7. Terms by, ¢;, gus, fus, Rrg, Ry and Ry, in (17) and (18) are
homogeneous quadratic forms in w and t and are given below.

b, = xit°r+ xat’ze,
o = x3t’z,
fus = (XaT’r? + x50% + x6T* )N + x77%(r @ N
+(xg7t%zr - N+ xotw(xr) - N)e,

Gms = x107%2r- N+ xpto(sr) - N,

Rpg = (12t Ja + (x137%22 + x140?)Ae,
Ruys = xistodaler Aey),

Ros = x16T2J4 + (x177%2% + x150%)A. (20)

Expressions for xi, x2 ... x1s in terms of the elastic constants used in the consti-
tutive relation are given in the Appendix. A equals the area of cross-section of the
bar, J4 is the polar moment of inertia, and e; and e, are two orthonormal vectors
in A. . y

Substitution for T and IT from (16.1) and (16.2) into (17), and recalling (9), we
arrive at the following f eld equations for the determination of ii and V.

F®) + (c3+ A+ )grad 0’ — (es + e3)grad ' + iV = by,  in oA,
AR + (c3 + A+ @)divV +2(c; + 5 +¢3 + ca + )"
— (e1 + e + 2e3)Y" = by, in A,
ARV — (e + e)divV + 2(e1 + &2 — 1/2)3"
—(e1 + e +2e3)W" =c¢;, inw, @b
GWVN+[(c3 + M)W — e IN = f54, 0N oA,
gradﬁ} N+ aV N = fre, o0nosh,
gradI; -N—e3V-N=g,,, onadsh,
where
F(v) = uArv+ (A + p)grad divv,
G(v) = 21 Sym grad v + A(div v)1,
. .o . (22)
W= [ — e3P, Y = —e3 + (262 — Y,
by = by + by, fus = s + finsee,

Ay is the Laplacian operator, and F' = div G is the Navier operator in the plane 4.
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A Saint-Venant/Almansi Solution
We seek a solution of (21) of the form

B= Y i, V=) S, =Y . 23)
i=0 ' i=0

i=0

Substituting from (23) into (21), recalling (20), and equating like powers of z'/i!
on both sides, we obtain partial differential equations, boundary conditions and
integrability conditions to determine Wy, Wy, ..., Vo, Vi, ..., lﬁo, 1}1, ....Fori >
3, these boundary value problems have null solutions. Denoting constants by a
superscript zero, for i = 3, the solution is

Vi =V +00(xr), s =wl, Y5 =l (24)
The integrability conditions for the torque, axial force and the charge require that

09 =0, w) =0, Y = 0. (25)
Using (24) and (25), equations for the determination of ¥, 0, and v, are

FE) =0,  Apin=0,  Agy, =0,

GW)N = 2L+ w12N,  grad, -N=—pv)-N, (26)

grad ¥/, - N = e3vy N
and their solution is

V) = V) 4 09 (xr) — T°r, Wy = w) — Vv -, U = 3. 27)

The integrability conditions for the torque, axial force and the electric charge re-
quire that

6 =0, w) =0, Yy =0. (28)
Field equations for v, w; and 1]}1 are

F1) = (c3 + M)V, Mgy =0,  Agyp; =0,

GW)ON= (3 + 2PN,  gradi; - N = —v] - N, (29)

gradlﬁl -N= e3v2 -N,

and have the solution

c3+ A 0
2004 1) Sym(r ® (xr))(*vs3), (30)

W =w) — vy -1, Y = ).

Vi = V) +60%(xr) +
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Equations for f nding felds vy, W, and 1}0 can now be written as

F(Vo) = (c3 + MV + (L + x)T2r, Arig = &VS -1, Agihy = &V) - 1,
GWoN = [(c3 + (V) - 1) + (29 — (c3 + Mw))

+ (xat?r* + x50°)IN + x77°(r @ r)N, 31
(grad o) - N = —av} - N + &[Sym(r ® (+r))(+v3)] - N,
(grad Y1o) - N = e3v) - N + +&[Sym(r ® (+r)(v)] - N,

where expressions for &1, &, &3, & and other &’s introduced below in terms of other
material parameters are given in the Appendix. The solution of (31) is

. +A)
= V) +600(xr (C3—S r r))(xv9
Vo = vy + 0y (x )+2(k+u) ym(r ® (+r)) (v;)
n (xs0* + ER’T* + ey — (3 + k)w?)r+§ 22y
20+ 1) s (32)
Wy = wg—v? -+ &P + &0,
Yo = g + &P + oW,
where functions ® and W are given by
® = 1[(4& — 3EDRZ+ E1r7MVS -,
(33)

W = ;[(464 — 36)R* + &7V - 1.

The clamping conditions u = 0, H — H” = 0, ¢ = 0 at the centroid of
require that

vi=0, wl=0, 6)=0, yJ=0, vi=0. (34)

The second-order solution is characterized by seven constants vg, V(z), 0{) , w? and
¥) representing second-order fexure, bending, torsion, elongation and electric
potential respectively. However, these effects are coupled in the sense that if a
piezoelectric circular bar is twisted by applying equal and opposite torques at the
end faces, then there is also second-order torsion, elongation and electric feld.
Let us consider deformations of the bar under the following resultant loads.

Ry =0, Ry =Te Ney, RQ = Q
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Here T is the torque and Q the total charge. The surface tractions f at the end faces
Ao and 4, have zero resultant force, and their resultant moment equals 7 about
the axis e of the bar. The solution of the second-order problem is

V= —vare + z(+1)7 + [£120” + (€3R* + &) TP r + Lz (1)t — 1%,
w = zaw + E10[(2Es (A + ) + ) R*t? + xs0°lz,
¥ =z + E1[QE (M + 1) + E)R*T? + x50z,

w=Q/EuA, T =T/,

Thus the angle of twist/length equals T + ()x;5/{t)Tew implying thereby that an
electric feld alters the angle of twist/length and this change is proportional to the
charge/area. Also there is a second-order Poisson effect with one part proportional
to r and another one proportional to r3; the part varying as > depends upon the
piezoelectric constants.

One part of the axial strain w’ is proportional to 2 and w? as expected and
is a generalization of the Poynting effect to transversely isotropic piezoelectric
materials. When © = 0, the term ys&;ow’® represents the correction to the axial
strain caused by the nonlinear response of the piezoelectric cylinder to the applied
electric feld.

Equation (35); indicates that the difference of the electric potential at the two
end faces of the piezoelectric cylinder depends upon the square of the angular twist.
Even when there is no charge applied at the end faces, twisting of the piezoelectric
cylinder will induce a measurable difference in the electric potential between the
end faces. Hence a piezoelectric cylinder can be used to measure the angular twist.

(35)

4. Conclusions

We have studied the electromechanical deformations of a second-order, transversely
isotropic homogeneous circular cylindrical bar with mechanical loads and/or elec-
tric charges applied to its end faces only. The constitutive relations are taken to be
quadratic in the displacement gradients and the electric feld. The centroid of one
end cross-section is rigidly clamped in the sense that displacements, inf nitesimal
rotations and the electric potential vanish there.

It is found that there is a second-order Poisson’s effect not of the Saint-Venant
type; this is proportional to > where r is the distance of a point from the centroidal
axis. Also, when the end faces are subjected to a pure torque and no electric charge,
there may be a potential difference, proportional to the square of the angular twist,
present between the end faces.
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Appendix

Using the notations
E=H+H7/2, E=HH/2,
i1 =e-(Ee), fl =e-(Ee), fz =trH, fz =trE,
Li=W-e, I, = e- (E2), I, = (trE)?,
M =W-W, T[ly=e - (EW)+W.(Ee), L=W-e,

we fnd that the constitutive relations for a second-order transversely isotropic
material with the axis of transverse isotropy along the unit vector e are as follows:

S = (2c1i1 + C3f2 + eli3)e Qe+ (2c2i2 + C3f1 + e2f3)1
+c4 Sym(e ® Ee) + 2¢sE + 3 Sym(e ® W),
S = 211 4 c3hy + 3012 4 20301 Iy + A4d? + 2511,
—qu:Iz + 2v1i1 f3 + vﬂ? + V71:I3 + v91=I4 + v14f2f3]e Re
+2e2 5 + c3 1y + 30003 + A3 df + 20411 [ + AeTT) + Agls
+2v3 Iy I3 + vadF + vgTls 4 violly + vigdy 11
+2¢4 Sym(e ® Ee) + 2(Asl) + AsL> + vsT;) Sym(e ® Ee)
+2¢5E + 2(A 1) 4 Agly + ve[3)E
+2oly + violr + vi1 [5)Sym(e ® W)
+3A9(E)2 + v12W QW + 2v13 Sym(e ® EW +W® Ee),
I = —Qe Ly + el +erlr)e — 26, W — 2e3Ee,
M = —[ei]y +erly + 31 IF + pally + vi 17 + 201 + v303 + 2611
+ 2u4 L3 0y 4 vsTTy 4 vglTy 4 vy Ty + vigd L]e
—2[M2f3 + v7i1 + Ugiz]w — 2e3Ee — ZEZW
—2(v9f1 + v10i2 + v11f3)Ee — 2v12EW — 2v13E2e.

HereC1,C2,...,€1,€2,...,)»1,)LQ,...,U], V2, ..., €1, &2y andul,,uQ,... are
material parameters. Expressions for other material parameters used in the text are
given below.

X1 =—C3+3cs —h— 3hg— s+ 33k + 1,

X2 = —2c3 —c4 — 2% —2pu,
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X3 =2(e2 + €3),
o 1 1 1 1 1
X4 = —§C3 — §C4 — 5)\ — Z)\6 - E)\S - 23)\9 — M,

Xs = 3(e27 (327 + 432 + A3 + 2ha + Ao + A’

e300+ )
F2A(4A3 + 4hg + 4he — 2h7 + 2A5 + 1)
+A% (413 + 4he — 4h7 + 6hg + 3ho 4 51))
+2c3e2(A + ) (e2 (A + w)
—2(u(2vig + vig + 2v3) + A(2v10 + vi4 — V6)))
F265 (A + 11)* (—1 + 2v4 + 2v3)),

Xo ==+,

X7 =34+ 13k + i,

xs = —3(cs +2p),

Xo = m(@@ (A +2u) + ex(2AAs + 40Aq
+3Ahg + 2Ap + 2As514 + 2Ae 1t
+ahape + dhgp + 6dops + %)
+2c3(A + p)(es — 2vi3 — vs — 2v%)),

X10 = €3,

X1 (c3(A + )2+ v+ 2vp2)

C 203(h+ )
+ex(ezh — pvig — Aviz — 2013 — Avg — [U1yg)),
Xi2 = —c1 =3 — ey — 3h— ghs — ghe — 3hr — 3hs — 13k — L1,

X13 = —(c3+A),

1 2 2 3 2
———————(—ex"(12¢4A" 4+ 317 + 12A°A
4C32()\, + M)z( 2 ( 4 1

X14 =
F4X2 05 + 122205 4+ 40206 + 1420214
+61%hs + 120209 + 24car i + 20071

+240h 11 + T6AA L + 8AAgpt + 240D 510
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+16AAgut + 24X0710 + 16X Ag14

4240 + 12¢40% + 30002 + 124, 1% + 122,42
12032 4 12247 + 12456 4 122614

12007 + 122gu% + 1200 + 12443

+12¢1 (A + ) + 2657 (A + )’

X(—1 44 +4ey — 4vy; — 2v1p — 2vy — 2v4 — 2v7 — 21%)
+ezer(—er(5A% + 16au + 12%)

+4(A + ) 2Avy + 2uv; + 2Av11 + 4pvig + 4Avis

+4puviz + Avig + 2uvig + 2uv3 + 2405 + 2vs

+2 v + 214vg + 4hvg + 41ivg))),

X15 (—ex(6c4h + 2005 + 4AA

)
+3Aho + 8capt + 8Ap + 2As5u + 2h6 it
+adhgp + dhgi + 6o + 8% + 8¢ (A + )
+2c3(Besh —2epp + 3esp + 2e1 (A + 1)
+20v13 + 213 + Avs + s + 2hvs + 21v5)),

1 1 1 1 1
X16 = 3 €1 + 7€2 +e3+ 7 V13 + V5 + 5 V6,

X171 = €2,

X1 (12632 (h + 1) (11 + 1)

T AGG+
—4czer (A + ) (A2 4+ 3vy; 4 2v12 4+ 2v; 4 2v7)
(1 4+ 3v1 + 2vi + 2vp + 2v4 + 207 + 213))
+ezz(3ezk2 + 463A2 + desh + ez
+2erp” + despi +2e1 ( + )’
+42%, + 8luv; + 4,u2v1
+4Apv1o + 4pvig + 8A% V13 + 16Auvy3 + 8utvys
+AApv1g + 4P vig + 4Py
+41%vs + 8Apvs + 4l vs 4+ 602 v + 8A v
+41%vs + 40 vg + 8 vy + 4P y)),
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X9 = —2(c3 + 1),

X20 = 2e3,

2143

= s+ a7 —
§o = x4+ X7 20520

3+ A
512201+%k+c3+c4+ﬂ—cs+)»+%c4+ﬂ(3 ),

A+
_ (1 e+
& =—(zca+ 1) 120
(e2 +e3)(cs+A)
& = — (e1 + €2 + 2e3),
A+ )
es(c3 + A)
§4 = ———,
QA +2w)
£ = —dc3 +2c4 — 4N — 20 — 4hg + 3h9 + 41
T 3200 + 24) ’
S . 1—282
T d+a-2ei
e3
&1 = e +n—2e
€3
= €3+ it — 260
.k
9= €+ it — 260

E10=(—c3 — e1er — &2° — 2eze3 + 2036

+2¢387 — A+ 281h 4 2620) / (2caer®

+e3? (=1 + 21 +263) + 2c4)

+e’h + 4ee3) + 4e32k — 4dcge1h — degerh

+2cap + e? 1+ 2ejexpn + 3e* 1

+dejesp + deres i + des i — deser

—Acasa it + 3Ap — 6 A — 68 h it + 2% — de pu® — dey i
+2c1(e + 1 — 2810 — 2690 + 1
—2e10 — 2eo0) — 2c3(erex + 2e2e3 — o+ 28114 + 262 0)),
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§11 = (—2c1e2 — 2c4ey + c3(e1 — €2 + 2e3) + e1A + 2e34 — 2e0) /

ex(c3 +)»))2

A 2 —
X (A + ) ((€1+€z+ e3) P

&
— =142 +2¢ —
( 1 2 /\+M>

(C3 + )\)2
2014+ e+ i+ p) - ——— ,
X < (crtetceat+s 73] 3

_ xs(1 + exé1) — (c3 + A1)

ik 200+ 1)

’

exbofio (3 +M&oén
20+ ) 20+ )
(2e1 + 26 — Dez(A + ) — ex(eape + ey (A + ) + 2e3(A + 1))
c3(A + ) .

9

&13 = &s(e2611 — (c3 + M)&r) +

E14 =
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