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An LPV Control Approach for Semi-active Suspension Control with
Actuator Constraints

Anh-Lam Do, Olivier Sename and Luc Dugard

Abstract— This paper presents a new solution for the semi-
active suspension control problem. First, a quarter vehicle
model equipped with a semi-active damper is reformulated
in the LPV framework using the nonlinear static semi-active
damper model. This formulation allows to turn the control
problem with dissipativity constraint into that with input
saturation. Then the damper force saturation is taken into
account in an original LPV fashion. This leads to the definition
of a new LPV model with two parameters which is handled in
a polytopic way. The H∞ control design for polytopic systems
is then applied. The interest of the provided methodology is
emphasized by simulations on a nonlinear vehicle model.

I. INTRODUCTION

Suspension systems play a key role in vehicles. A well
designed suspension system may considerably improve not
only the comfort (vibration insulation of the passengers
against road irregularities) but also the road holding (the
vehicle road contact). Today semi-active suspensions (like
friction, Magneto-Rheological, Electro-Rheological suspen-
sion ...) are widely used in automobile industry because
of some advantages: small weight and volume, low energy
consumption (compared with active suspensions), low price,
good performance...

The control design problem for semi-active suspension
systems has been tackled with many approaches during
the last three decades. One of the first control methods to
be applied in commercial vehicles is the Skyhook control
[1]. In this linear-model based control design, the damping
coefficient is adjusted continuously or switched between a
maximum and a minimum value. Recently, the ADD (Accel-
eration Driven Damping) [2] and the mixed Skyhook-ADD
(SH-ADD) [3] algorithms, based on optimal control, have
improved the Skyhook technique. Such controllers, however,
can only provide a good comfort while neglecting the road
holding. On the contrary, the ground-hook controller [4],
designed in a similar way to Skyhook controller, improves
only the road holding. The vehicle performance can be
improved by the hybrid control [5] (combination of sky-
hook and ground-hook) and by the H∞ control [6] since
they improve both comfort and road holding.

The controllers above have been proved to enhance the
performance of the vehicle. However, the nonlinear charac-
teristic (the bi-viscous and the hysteretic behaviors of semi-
active dampers) and especially the dissipativity constraint of
a semi-active suspension are not taken into account in the
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design strategy. Then a clipped strategy is used to keep the
dissipative behavior of the damper, without any performance
guarantee [7], [6]. In [8], an LPV approach is proposed in
order to satisfy the dissipativity constraint. A scheduling
parameter is indeed defined as the difference between the
real controlled damper force and the required one given
by the controller. The performance objectives are satisfied
but the dissipativity constraint is not theoretically fulfilled.
Moreover, no damper model is used in the synthesis (only
the external forces are taken into account).

The main contribution of the present paper is to propose
a new control design method for semi-active suspension
which can reach the performance objectives while satisfying
the dissipativity constraint. The methodology is based on
a nonlinear static model of the semi-active damper, as in
[9]. Hence the bi-viscous and hysteretic behaviors of the
damper are taken into account. Then, the nonlinear system
associated with the quarter vehicle model is reformulated in
the LPV framework. The problem of dissipativity is then
brought into the problem of input saturation. To solve the
input saturation problem, a new design method is proposed
that allows integrating the saturation actuator in the initial
system to create a new LPV system. The LPV controller is
then synthesized using the well-known results given in [10]
and [11]. The advantage of this method is that the control
input always meets the saturation constraint and hence the
dissipativity constraint is fulfilled.

This paper is organized as follows. In Section II, the
LPV model for the quarter car with MR damper is devel-
oped. Then, a new solution for the problem of dissipativity
constraint is proposed in Section III. In Section IV, some
outlines about the H∞ control for polytopic systems are
presented and a controller for semi-active suspension is
designed. In Section V, the results obtained in simulations
with a nonlinear quarter car model are discussed. Finally,
some conclusions and perspectives are drawn in Section VI.

II. PROBLEM FORMULATION
A. System description

Consider a simple model of quarter vehicle (see Fig. 1)
made up of a sprung mass (ms) and an unsprung mass (mus).
A spring with the stiffness coefficient ks and a semi-active
damper connect these two masses. The wheel tire is modeled
by a spring with the stiffness coefficient kt. In this model, zs
(respectively zus) is the vertical position of ms (respectively
mus) and zr is the road profile. It is assumed that the wheel-
road contact is ensured.
The dynamical equations of a quarter vehicle are governed
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Fig. 1. Model of quarter vehicle with a semi-active damper.

by: {
msz̈s = −Fspring − Fmr
musz̈us = Fspring + Fmr − kt (zus − zr)

(1)

Fspring = kszdef : spring force.
zdef = zs − zus : damper deflection (assumed to be mea-

sured or estimated).
żdef = żs − żus : deflection velocity (can be directly

computed from zdef ).
In this paper, the behavior of the semi-active suspension

is represented using the following nonlinear equation, as in
[9]):

Fmr = a2

(
żdef +

v0

x0
zdef

)
+ a1 tanh

(
a3

(
żdef +

v0

x0
zdef

))
(2)

where a2, a3, v0 and x0 are constant parameters and a1

is varying according to the electrical current in coil (0 <
a1min ≤ a1 ≤ a1max). This model allows fulfilling the
dissipativity constraint of the semi-active damper.

In the following, in order to better emphasize the con-
trollable property of the damper, a1 will be denoted as the
control input, and for simplicity, the damping and stiffness
parameters are defined respectively by:
• cmr = a2 : damper damping coefficient

• kmr = a2
v0
x0

: damper stiffness coefficient

The quarter vehicle using in this paper is the ”Renault
Mégane Coupé” model (see [12]) whose specific parameters
are: ms = 315 kg, mus = 37.5 kg, ks = 29500 N/m, kt =
210000 N/m.

The damper model parameters have been chosen according
to the MR damper in [13]: a2 = 1500 Ns/m, a3 = 129 s/m,
v0 = 0.788x10−3 m/s, x0 = 1.195x10−3 m, F0 = 200 N .

B. LPV model formulation

The nonlinear model (1)-(2) is now rewritten in the LPV
framework. Indeed, denoting:

ρ1 = tanh
(
a3

(
żdef +

v0

x0
zdef

))
(3)

the following state-space representation of the quarter-car
model can be deduced as follows:

{
ẋs = Asxs +Bsρ1a1 +Bs1w
y = Csxs

(4)

where

xs=(zs, żs, zus, żus)
T , w=zr, y=zs-zus measured out-

put.

As =


0 1 0 0

−ks+kmr

ms
− cmr

ms

ks+kmr

ms

cmr

ms

0 0 0 1
ks+kmr

mus

cmr

mus
−ks+kmr+kt

mus
− cmr

mus



Bs =


0
− 1
ms

0
1

mus

 , Bs1 =


0
0
0
kt

mus

 , Cs =


1
0
−1
0


T

C. Model reformulation

As explained above, the control signal a1 must be positive
(0 < a1min ≤ a1 ≤ a1max) so that the dissipativity
constraint is satisfied. The positivity problem can be solved
by defining u = a1 − F0 where F0 is the mean value of a1

(i.e F0 = (a1min + a1max)/2). The positivity constraint of
a1 is recast as a saturation constraint on u (u can take values
in [−F0; +F0] only). With this modification, the state-space
representation of quarter vehicle is given as follows:

P :
{
ẋs = (As +Bs2

ρ1
Cs2xs

Cs2)xs +Bsρ1u+Bs1w

y = Csxs
(5)

where
Bs2 =

(
0;− F0

ms
; 0; F0

mus

)T
,

Cs2 =
( a3v0

x0
; a3;−a3v0

x0
;−a3

)T
Note that the term cmr żdef +kmrzdef +F0ρ1 corresponds

to a nominal MR damper force (u = 0).

III. TOWARD A CONTROL ORIENTED LPV MODEL
ACCOUNTING FOR INPUT SATURATION

A. Ideal linear design

In (5) the control input matrix Bsρ1 is parameter depen-
dent, which is not consistent with the solution of the H∞
design problem for polytopic systems [10]. This problem
can be easily solved by adding a strictly proper filter into Eq.
(5) to make the controlled input matrix independent from the
scheduling parameter (see [14]):

F :
(
ẋf
u

)
=
(
Af Bf
Cf 0

)(
xf
uc

)
(6)

where Af , Bf , Cf are constant matrices.
From Eq. (5) and Eq. (6) and denoting ρ2 = ρ1

Cs2xs
, the

control oriented model is now represented by an LPV system
with two scheduling parameters ρ1 and ρ2 (notice that ρ1 and
ρ2 are not independent):{

ẋ = A (ρ1, ρ2)x+Buc +B1w
y = Cx

(7)

where
x =

(
xs
T xf

T
)T



A (ρ1, ρ2) =
(
As + ρ2Bs2Cs2 ρ1BsCf

0 Af

)
,

B =
(

0
Bf

)
, B1 =

(
Bs1
0

)
, C =

(
Cs
0

)T
ρ1 = tanh(Cs2xs) ∈ [−1; 1]
ρ2 = tanh(Cs2xs)

Cs2xs
∈ [0; 1]

In this study, the LPV model (7) is used to design a
polytopic (LPV) controller considering the convex set of
bounded parameters (ρ1, ρ2). However, such a controller may
not ensure the closed-loop performances since the saturation
constraint (i.e the dissipativity constraint) is not accounted
for in the controller design. Some solutions for this problem
have been proposed. For example, in [8], a scheduling
parameter is indeed defined as the difference between the
real controlled damper force and the required one given by
the controller. However the dissipativity constraint is not
theoretically fulfilled. Another possible method is to add in
the closed-loop system an AWBT (Anti Wind-up Bumpless
Transfer) compensation (may be also of the form LPV) to
minimize the adverse effects of the control input saturation
on the closed-loop performance. In the next section, a simple
method to solve the control problem with input saturation
will be proposed.

B. A new solution for the problem of input saturation

First the system (7) (made up of a filter and a quarter
vehicle) is augmented by adding a saturated actuator as in
Fig. 2. where

-- -- F P
yufuc u

Fig. 2. Linear design with input saturation.

u = sat(uf ) =

 F0 if uf > F0

uf if − F0 ≤ uf ≤ F0

−F0 if uf < −F0

(8)

To cope with a linear control design, the saturation func-
tion sat(uf ) is roughly approximated by a tangent hyperbolic
function: F0tanh(uf

F0
) or F0tanh(Cfxf

F0
). The state-space

representation of the transfer function from uc to u is then:

F1 :
(
ẋf
u

)
=
(

Af Bf
Cfρ3 0

)(
xf
uc

)
(9)

where ρ3 = tanh(α)
α and α = Cfxf

F0

This leads to a slight modification of model (7) with new
scheduling parameters ρ1

∗ = ρ1ρ3 and ρ2
∗ = ρ2:{

ẋ = A (ρ1
∗, ρ2

∗)x+Buc +B1w
y = Cx

(10)

Notice also that ρ∗1 and ρ∗2 are not independent.

Fig. 3. Set of (ρ1∗, ρ2∗) (shade area + curved line) and set of (ρ1, ρ2)
(curved line).

IV. CONTROLLER SYNTHESIS
In order to improve the driving comfort (see [8]), the

frequency response of the vehicle body acceleration z̈s/zr
must be kept small in the frequency range [0.5-10] Hz. For
the road holding, the frequency responses of zus/zr must
be small in [0-20] Hz. The frequency response of zdef/zr
should be small in [0-20] Hz to keep the damper deflection
far from the structural limits. To make a controller satisfying
these objectives, the H∞ design method for LPV systems is
used.

A. LPV systems and H∞ controller

Definition 1: LPV generalized system.
A dynamical LPV system can be described in the follow-

ing form:

Σ(θ) :

 ẋ
z
y

 =

 A(θ) B1(θ) B2(θ)
C1(θ) D11(θ) D12(θ)
C2(θ) D21(θ) D22(θ)

 x
w
u


(11)

where x, w and u define the state, the exogenous and control
input, respectively; z and y hold for the controlled output
and system measure, respectively. θ(.) ∈ Θ is the set of
varying parameters that describe a set of systems. A ∈ Rn×n,
B1 ∈ Rn×nw , B2 ∈ Rn×nu , C1 ∈ Rnz×n, D11 ∈ Rnz×nw ,
D12 ∈ Rnz×nu , C12 ∈ Rny×n, D21 ∈ Rny×nw and D22 ∈
Rny×nu are affine in θ.

Definition 2: H∞ LPV controller.
An LPV controller is defined by

K(θ) :
(
ẋc
u

)
=
(
Ac(θ) Bc(θ)
Cc(θ) Dc(θ)

)(
xc
y

)
(12)

where xc, y and u are the state, the input and output of the
controller, respectively, of the controller associated to the
system (11). θ(.) ∈ Θ is the set of the varying parameters
associated to the controller. Ac ∈ Rn×n, Bc ∈ Rn×ny , Cc ∈
Rnu×n and Dc ∈ Rnu×ny .

The H∞ control problem for the LVP system Σ(θ) con-
sists in finding an LPV controller K(θ) such that the closed-
loop system is quadratically stable and that, for a given
positive real γ, the L2-induced norm of the operator mapping
w into z is bounded by γ for all possible trajectories of θ.

The LPV controller is obtained by solving an LMI prob-
lem. See the detail of this algorithm in [10] and [11] or



in the PhD thesis [14]. For a polytopic set of parameters,
the solution of the previous LMIs problem at each vertex of
the polytope will give a controller. The convex combination
of these controllers results in the global controller for LPV
systems.

K(θ) = Co{
(
Ack

Bck

Cck
Dck

)
} (13)

where k = 1 : 2i, i is the number of vertices of the polytope,(
Ack

Bck

Cck
Dck

)
is the controller corresponding to the kth

vertex (see [14] for more details).

B. Controller design for semi-active suspension

The considered control configuration is given in Fig. 4.
With the performance objectives mentioned previously, the
controlled output vector is z = (z̈s, zus)T . The generalized
system for the LPV controller synthesis is as follows: ẋ = A (ρ1

∗, ρ2
∗)x+Buc +B1w

z = C1 (ρ1
∗, ρ2

∗)x
y = Cx

(14)

where
x =

(
xs xf

)T
A (ρ1

∗, ρ2
∗) =

(
As + ρ2

∗Bs2Cs2 ρ1
∗BsCf

0 Af

)
,

B =
(

0
Bf

)
, B1 =

(
Bs1
0

)
C1 (ρ1

∗, ρ2
∗) =

(
Cs1 ρ1

∗Ds1Cf
)
, C =

(
Cs 0

)
Cs1 =

(
−ks+kmr

ms
− cmr

ms

ks+kmr

ms

cmr

ms

0 0 1 0

)
Ds1 =

(
− 1
ms

0

)
Cs =

(
1 0 −1 0

)
z̈s

zus

Wz̈s

Wzus

zr

u

zdef

żdef
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∗
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Fig. 4. Block diagram for semi-active suspension control.

Note that F (s) = 50
s+50 is chosen with a sufficiently large

bandwidth.
To account for performance specifications, some weighting

functions are added as usual in the H∞ control approach.
Wz̈s

and Wzus
have been chosen to emphasize frequencies

up to 20 Hz and to reduce the peaks around 16 Hz for zus
and zdef .

Wz̈s
= s2+2ξ11Ω1s+Ω1

2

s2+2ξ12Ω1s+Ω1
2 ,

Wzus = s2+2ξ21Ω2s+Ω2
2

s2+2ξ22Ω2s+Ω2
2 , Wzr

=3× 10−2

where Ω1 = 2πf1 with f1 = 20 Hz, ξ11 = 20, ξ12 = 1,
Ω2 = 2πf2 with f2 = 11 Hz, ξ21 = 20, ξ22 = 1.

Due to the self-dependence between ρ1 and ρ2, the set
of parameters (ρ1

∗, ρ2
∗) is not a polytope as seen in Fig.

3. In this preliminary study, ρ1
∗ and ρ2

∗ are considered as
independent parameters and (ρ1

∗, ρ2
∗) belongs to a larger

polytope whose vertices are P1 = (1, 1), P2 = (−1, 1), P3 =
(−1, 0), P4 = (1, 0). A controller for this LPV system is
easily found by applying the H∞ design method - polytopic
approach presented above.

V. SIMULATION AND RESULTS
For the simulation, the spring force Fspring is a nonlinear

function of zdef (see [12] for more details). In the follow-
ing, the different cases are considered for the performance
evaluation of the proposed methodology:
• Passive = Renault Mégane Car equipped with an opti-

mized passive damper.
• SH-ADD = Renault Mégane Car equipped with a semi-

active damper whose damping coefficient is tuned by
the SH-ADD strategy (see [3]).

• H∞/LPV Control = Renault Mégane Car equipped
with a semi-active damper controlled by the proposed
methodology.

A. Frequency domain analysis

The criterion used for the evaluation is the power spectral
density (PSD) measure of the frequency responses (z̈s/zr,
zus/zr, zdef/zr) according to a sinusoidal road profile of
magnitude zr = ±1.5cm whose frequency is varying (see
[6]).

PSDf1→f2(x) =
∫ f2

f1

x(f)df (15)

Let us recall that the performance objectives are as fol-
lows:
• Comfort: decrease the gain of z̈s/zr over [0.5-10] Hz.
• Road holding: decrease the gain of zus/zr over [0-20]

Hz.
• Suspension stroke: limit the gain of zdef/zr over [0-20]

Hz.

Ip : Performance improvement in %
Signal Passive PSD SH-ADD H∞/LPV
z̈s/zr 234.7 50.6% 17.7%
zus/zr 1.089 −1.6% 7.9%
zdef/zr 1.066 14.5% 16.2%

TABLE I
COMPARISON WITH PASSIVE SUSPENSION.

In Tab. I, the comparison of the PSD criteria is made w.r.t
the passive case as follows:

Ip =
passive PSD -X PSD

passive PSD
(16)



where X stands either for SH-ADD or H∞/LPV control
methods. Notice that Ip > 0 means that there is an improve-
ment w.r.t the passive case and Ip < 0, a deterioration, in
terms of performance.

As seen in Fig. 5-7 and Tab. I, the frequency response
z̈s/zr (the comfort) in the H∞/LPV case is better than that
in the passive case but worse than that in the case using the
SH-ADD strategy (which is known to be comfort oriented).
For the road holding, the frequency response zus/zr in the
H∞/LPV case is better than that in both the passive and
the SH-ADD cases. The peak value of the gain of zus/zr in
the H∞/LPV case is sharply reduced comparing to those
in both other cases. The suspension stroke (zdef ) is also
improved in the sense that it is much better than in the
passive case and slightly better than in the SH-ADD case.

B. Time domain analysis

In the time domain simulation, zr is a uniformly dis-
tributed random signal with amplitude between [-2.0 cm ;
2.0 cm] and period of 0.5 s. The vehicle responses (z̈s,
zs, zus, zdef ) are compared between the different strate-
gies and respectively given in Fig. 11-14. The proposed
H∞/LPV methodology allows getting globally much better
performances than the passive and SH-ADD suspensions,
improving comfort and road holding. As shown in Fig. 8, the
input force u provided by the semi-active controller is within
the range [-200 N ; +200 N]. The damper force Fmr then
satisfies the dissipativity constraint thanks to the H∞/LPV
methodology (see Fig. 9). Finally, the scheduling parameters
ρ1
∗, ρ2

∗ mostly vary for significant changes of zr to allow
for controller adaptation.

Fig. 5. Nonlinear frequency responses z̈s/zr .

VI. CONCLUSION

In this paper, a new method for semi-active suspension
control was proposed. An LPV model for a quarter vehicle
with a semi-active damper is formulated and an LPV con-
troller is synthesized to improve the driving comfort and the
road holding capability in the frequency range of interest
respectively. The results in the frequency and time domains
have shown that the performance objectives can be reached
while satisfying the dissipativity constraint of the damper.

Fig. 6. Nonlinear frequency responses zus/zr .

Fig. 7. Nonlinear frequency responses zdef/zr .

In future works, to enhance the performance, the reduction
of the conservatism in the controller design will be consid-
ered. The variation of the semi-active damper parameters (a3,
v0, x0 and specially a2) will be taken into account to well
adapt the controller to real applications.
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Fig. 8. Control input u.

Fig. 9. MR damper force Fmr versus deflection velocity.

Fig. 10. Scheduling parameters ρ1∗ and ρ2∗.

Fig. 11. Time reponses z̈s.

Fig. 12. Time reponses zs.

Fig. 13. Time reponses zus.

Fig. 14. Time reponses zdef .


