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IDENTIFICATION OF A CONNECTION FROM CAUCHY DATA ON A
RIEMANN SURFACE WITH BOUNDARY

COLIN GUILLARMOU AND LEO TZOU

ABSTRACT. We consider a connection V¥ on a complex line bundle over a Riemann surface
with boundary My, with connection 1-form X. We show that the Cauchy data space of the
connection Laplacian (also called magnetic Laplacian) L := VX*'VX 4 ¢, with ¢ a complex
valued potential, uniquely determines the connection up to gauge isomorphism, and the
potential g.

1. INTRODUCTION

Let My be a smooth Riemann surface with boundary, equipped with a metric g. A complex
line bundle £ on My has a trivialization F ~ My x C, thus there is a non-vanishing smooth
section s : My — FE, and a connection V on F induces a complex valued 1-form iX on M
(where i = /=1 € C) defined by Vs = s ®iX, which means that V(fs) = s® (d +iX)f if d
is the exterior derivative. The associated connection Laplacian (* is the Hodge operator with
respect to g) is the operator

AX = vXTyX = — % (d*+iX A x)(d+1iX)

acting on complex valued functions (sections of E). When X is real valued, this operator is
often called the magnetic Laplacian associated to the magnetic field dX, and the connection
1-form X can be seen as to a connection 1-form on the principal bundle My x S* by identifying
iR C C with the Lie algebra of S'. This also corresponds to a Hermitian connection, in the
sense that it preserves the natural Hermitian product on E. Let ¢ be a complex valued
function on My and assume that the 1-form X is real valued, and consider the magnetic
Schrddinger Laplacian associated to the couple (X q)

(1) L:=VYX' V¥ 4 g=—x(d*+iX A%)(d+iX) +q.

If H*(My) denotes the Sobolev space with s derivatives in L2, we define the Cauchy data
space of L to be

2) Cr = {(u, V¥u)lon, € H? (Mo) x H™2(Mo);u € H'(Mp), Lu = 0}

where v is the outward pointing unit normal vector field to My and VXu := (VXu)(v) .
The first natural inverse problem is to see if the Cauchy data space determines the connection
form X and the potential ¢ uniquely, and one easily sees that it is not the case since there
are gauge invariances in the problem: for instance, conjugating L by ef with f = 0 on dMy,
one obtains the same Cauchy data space but with a Laplacian associated to the connection
VX+d | therefore it is not possible to identify X but only its cohomology class.

In general in inverse problems for magnetic Laplacians, it is shown that if two couples
(X1,¢1) and (X2, g2) are such that the associated connection Laplacian L; and Ly have same
Cauchy data space, then d(X; — X3) = 0 and ¢; = ¢2. In geometric terms, this means here
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that the curvature of the connections VX1 and VX2 agree. If the domain is simply connected,
X1 would then differ from X by an exact form. For these types of results in Euclidean
domains of dimensions three and higher, we refer the readers to the works of Kang-Uhlmann
in [[J], Nakamura-Sun-Uhlmann in [[f], Sun in [[§, [[9 and for partial data Dos Santos
Ferreira-Kenig-Sjostrand-Uhlmann in [[§j]. For simply connected planar domains, Imanuvilov-
Yamamoto-Uhlmann in [[J] deal with the case of general second order elliptic operators for
partial data measurement.

However, on a general Riemann surface with boundary, the first cohomology space is non-
trivial in general and X; — X3 may not be exact and there is another gauge invariance.
Indeed, if X; are real valued and if there exists a unitary bundle isomorphism F' : £ — E
(i.e. preserving the Hermitian product) such that VX1 = F*VX2F with F = Id on E|g,,
then it is clear that the Cauchy data spaces Cr, = Cr, agree. We shall say in this case
that the connections are related by a gauge isomorphism. Such a bundle isomorphism corre-
sponds to the multiplication by a function F' on M satisfying |F'| = 1 everywhere and F =1
on OMp and this is equivalent to have i), (X1 — X) = 0 on dMp, d(X; — X3) = 0 and
that fy(X1 — X9) € 27Z for all closed loop v in My. Another way of stating this isomor-
phism is the following: let vq,...,vam be a some non-homotopically equivalent closed loops
of My, non-homotopically equivalent to any boundary component, and let wy,...,wy be
closed 1-forms which form a basis of the first relative cohomology group H'(Mjy, M), dual
to ¥1,...,7vam in the sense f% wj = 0;j, then there is a bundle isomorphism as above if and

only if X1 = Xy + 27 Z%zl N, With n,, € Z.

For s € N,p € [1,00], let us denote by W*P(Mj) the Sobolev space consisting of functions
with s derivatives in LP. The following theorem provides a characterization of precisely when
two Cauchy data spaces agree:

Theorem 1.1. Let X1, Xo € W2P(My, T* My) be real valued 1-forms and let g1, gz € WP (M)
be complex valued functions, where p > 2. Let Ly, Ly be the magnetic Schrédinger Laplacians
defined in ([l) for the couples (X1,q1) and (X2,q2). Then the Cauchy data spaces Cr, and
Cr, coincide if and only if g1 = q2, and VX1 is related to V2 by a gauge isomorphism.

As far as we know, this is the first result with such a characterization in the case of el-
liptic equations at fixed frequency. There are results for time-dependent inverse problems,
or equivalently when one knows the Cauchy data spaces at all frequencies, for instance by
Kurylev-Lassas [[4] and Eskin-Isozaki-O’Dell [f] (see the references therein for results about
inverse scattering). The problem of recovering the fluxes fy X (modulo 277Z) of the magnetic
potential along closed loops is related to the so-called Aharonov-Bohm effect [I]. We notice
that for the free case X = 0, the identification of ¢ (or of an isotropic conductivity) on a
Riemann surface with boundary from full data measurement was proved recently in [fl, i,
and in [§] from partial data measurement, it was done in a domain of C in [[].

For a general complex valued connection form X and the associated operator L of ([l]), we

can define its real and imaginary parts of iX by Xg := 3(iX 4+ 1X) and Xig := 3(iX —iX)
and by an easy computation we have

VXV = vARTTXE 4 5(XR) + [ Xe[?
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with § := d* = — % d* and therefore, comparing to the case where X was real, it changes the
operator L in ([[) only through the addition of a potential, namely §(Xg)+|Xg|?. Considering
the Cauchy data space of L to be

€ = {(u, Vo= w)loas, € H2(My) x H™2(Mo);u € H' (M), Lu = 0}

we see from Theorem [[.]] that the Cauchy data space C;, determines §(Xg) + | Xg|? + ¢, and
the imaginary part of X up to gauge isomorphism.

To prove the identification of the potential and the curvature of the connection, we shall
reduce the problem to a first order system and we shall actually prove an inverse result for
the following auxiliary problem: let us define the bundle ¥ := A°(My) @ A% (My) over My
where A¥(Mp) denotes the bundle of complex valued k-forms on My (for k£ = 0,1,2) and

AY (M) = T Mo = ker g1 (+ — i1d), AVY(My) = Tp5; Mo = ker i (+ + 1d)
and * is the Hodge star operator on A*(Mp). Let D := C*®(X) — C*®(X) be the self adjoint

operator defined by -
0 o*
D= < 0 0)

and V be a complex valued diagonal endomorphism, then we set P := D + V. The Cauchy
data space is defined by

Cv := {Flony; U € WHP(My, ¥), (D + V)F = 0}.
and we prove

Theorem 1.2. Let Vy,Vy € WHP(My, End(X)) be two diagonal endomorphisms of ¥. Assume
that they have the same Cauchy data spaces, ie. Cy, = Cy,, then Vi = V3.

Such a result was recently proved by Bukhgeim [f in the case of the disk in C, and we
use a similar approach to solve this problem in this geometric setting, together with some
results on holomorphic Morse functions proved in our previous work [[. This also provide a
reconstruction procedure of a potential V' at any given point zy of My where there exists a
Morse holomorphic function with a critical point at zg, see Remark B.4. Constructive methods
have also been obtained by [§, [l0] for isotropic conductivity on Riemann surfaces. The result
in Theorem [[.9 is however not sufficient to identify the curvature connection and potential,
and part of our work is to show that the Cauchy data space of L determines the Cauchy data
space of P = D + V for a certain V associated to (X, q).

The last part of Theorem [L.1] consist in showing that the integrals of X; — X5 along closed
loops are in 27Z if Cp,, = Cr,. This is done using parallel transport and unique continuation.

The organisation of the paper is the following: in the first section, we construct some right
inverses for the operators 0 and 0* on a manifold with boundary My. Then in the next section
we prove identification results for first order systems D+ V as explained above. The following
section is focused on boundary determination in the inverse problem for the operator L, and
then we use this to reduce the problem on the magnetic Laplacian to the problem for a first
order system D + V. The last section deals with the holonomy identification and we end up
with an appendix containing technical results.
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2. THE CAUCHY-RIEMANN OPERATOR ON M

Let M be the interior of a compact manifold with boundary M, and let S be a closed surface
containing M (for instance S can be the double of M). The surface is equipped with a complex
structure. The Hodge star operator x acts on the cotangent bundle T M, its eigenvalues are +i
and the respective eigenspace 17 (M := ker(x+ild) and 75, M := ker(x—ild) are sub-bundle of
the complexified cotangent bundle CT*M and the splitting CT*M = T} M & T, M holds as
complex vector spaces. In local complex coordinate z induced by the complex structure, T o M
is spanned by dz while 77, M is spanned by dz. If 71 0,70,1 are the respective projections
from T*"M onto 17y M and T, M, the Cauchy-Riemann operators 0,0 mapping functions
to 1-forms are defined by 0 := mo,1d and 0 := myod so that d = 0 + 0. The operators 0,0
mapping 1-forms to 2-forms are defined by 9 := dm o and 8 := dmo1, and again d = 9 + 0.
Our main goal in this subsection is to construct some right inverses of the Cauchy-Riemann
operators.

Proposition 2.1. There exists an operator =" : Cg°(M, T o M) — C*(M) which satisfies
the following

(i) 00w = w for all w € C§°(M, T M),

(i1) if x; € C3°(M) are supported in some complex charts U; bi-holomorphic to a bounded
open set Q) C C with complex coordinate z, and such that x = Zj X; equal 1 on My, then as
operators

=Y X{Tx+K

J
where x; € C§°(U;) are such that X;x; = xj, K has a smooth kernel on M x M and T is
given in the complex coordinate z € U; ~ 2 by

T(fdz) = %/{sz(_z;)/dzidzé

where dvg(z) = a?(2)dz1dzy is the volume form of g in the chart.
(iii) O~1 is bounded from LP(T5 1 M) to WLP(M) for any p € (1,00).

Proof. The existence of a right inverse ! is proven in [[§, Th. C1.10] : by taking a totally
real subbundle F € M x C over the boundary M with a large boundary Maslov index
(see [}, Cor 2.2.]) for an explicit F having large Maslov index, the operator 9 = W;’2(M) —
L? (T51 M) is Fredholm if W}’Q(M ) denotes the space of L? functions with one derivative in
L? and boundary value in the bundle F', and moreover 0 is surjective if the Maslov index is
chosen larger than —2x (M) where x (M) is the Euler characteristic of M. Moreover, 9~ maps
WFE2(M) to WFH12(M, 151 M) for all k € N by elliptic regularity. Observe that 0~10—1 maps
WI}JQ (M) into ker 0 N W}’z(M ) which is a finite dimensional space spanned by some smooth
functions v1,...4, (by elliptic regularity) on M. Assuming that (¢;); is an orthonormal
basis in L?, this implies that, on WI}JQ (M)

0710 =1 —1I where I = ZT/)M‘,T/)k)Lz(M).
k=1
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Now we also have
0 %Tx; =x+ D _[0,x]Tx;
J J

and the last operator on the right has a smooth kernel in view of x;Vy; = 0 and the fact
that 7" has a smooth kernel outside the diagonal z = 2’. Now since x; € C§°(M) C WI}JQ (M),
we can multiply by 07! on the left of the last identity and obtain

0 = XTo; —TY_XTx; — 0> [0, x,]1T ;-
J J J

The last two operator on the right have a smooth kernel on M x M, in view of the smoothness
of ¢ and the kernel of 3 /[0, x;|Tx;, and since &~! maps C§°(M) to C°°(M, T, M). O

Lemma 2.1. Let 9* = —i* 0 : lep(T&lM) — LP(M), then there erists an operator 9*~1
mapping C§°(M) to C>°(T5 M) which satisfies the following:

(i) 0*0*'w = w for all w € C§(M),

(11) if x; € C3°(M) are supported in some complex charts U; bi-holomorphic to a bounded
open set Q C C with complex coordinate z, and such that x := zj X; equal 1 on My, then as
operators

=) Tx;+ K
j

where x; € C§°(U;) are such that x;x; = xj, K has a smooth kernel on M x M and T is
given in the complex coordinate z € U; ~ Q) by

T = (2 [ L)

T CE-E’

dvg(z')>d2

where dvg(z) = a?(2)dz1dzs is the volume form of g in the chart.
(iii) 0*~' is bounded from LP(M) to lep(T&lM) for any p € (1,00).

Proof. Let G be the Green’s kernel with Dirichlet condition on M. Then one has 20*0G = 1
and G maps LP(M) to W2P(M) by elliptic regularity. Thus we shall set 9*~1 := 20G which
maps LP(M) to Wlﬁp(T&lM ). This proves (i) and (iii). In local complex coordinate z in
each Uj;, the metric has the local form g = o?(z)|dz|? for some positive function a(z), thus
Ay = a~2(2)A, where A, = —40,0; is the Euclidean Laplacian. Therefore

Ag D XiGoa®x; =X+ > A, %;1Goa’x;
J J
if Go(z,2') := —(27)"tlog |z — 2/ is the Green’s function on R2. Since ¥; € C§°(M), we can
multpliply this identity on the right by (0*)~! = 20G and we deduce
(5*)_1)( =2 Z )ZjagGQOCQXj +2 Z[é, )Zj]GoOéQXj -2 Z 5G[A, )Zj]GQOéQXj.
J J J

Since x;Vx; = 0 and Gy is smooth outside the diagonal z = 2', we deduce that the last
two terms have smooth kernel in view of the fact that 0G preserves C°°. Now the operator
20:Goa? is equal to T and we have proved (ii). O
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Let My be a surface with boundary included strictly in M (for instance a deformation rec-
tract of M) and for ¢, p € [1,00] let € be a linear extension operator from My to M which maps
continuously W¥*P (M, 151 Mop) to the set ch’p(M, 151 M) of compactly supported function
in Wy, ,(M, T&IM), for k = 0,1, with a range made of functions with support inside the region
Ms = {m € M;d(m, My) < ¢} for some small 6 > 0. Finally, let R : LY(M) — L%(My) be
the restriction map from M to M.

Lemma 2.2. Let ) be a real valued smooth Morse function on M and let 51;1 = RO e~ 2W/he
where 0~1 is the right inverse of 0 : WYP(M) — LP(T5 M) constucted in Proposition 1.

Let ¢ € (1,00) and p > 2, then there exists C > 0 independent of h such that for all
w € WP (Mo, Tgr M)

(3) 105 wll Laare) < CP2 wllwrn sy 1, 1) 1< g <2

(4) 110, wll Lo (ase) < Chl/q\IWHWLP(MO,T&IMO) if2<q<p.
There ezists € > 0 and C > 0 such that for all w € Wcl’p(MO,T&lMO)

=_ l €
(5) ||3¢1W||L2(M0) < Ch2* ||W||W1’P(MO,T6"1M0)-

Proof. Observe that the estimate (f]) is a direct corollary of ({l) and (f§) by using interpolation.
We recall the Sobolev embedding WHP(M) C C%(M) for « <1 —2/p if p > 2, and we shall
denote by T the Cauchy-Riemann inverse of 05 in C:

Tf(z):= f(§) =222 d€1dEsy

T Jez—§

where £ = & 4 i&. If Q,Q C C are bounded open sets, then the operator 1o T' maps LP(Q)
to LP(€Y). Clearly, since €, R are continuous operators, it suffices to prove the estimates for
compactly supported forms w € WP (TO*JM ) on M. Thus by partition of unity, it suffices to
assume that w is compactly supported in a chart biholomorphic to a bounded domain 2 € C,
and since the estimates will be localized, we can assume with no loss of generality that ) has
only one critical point, say zp € Q (in the chart). The expression of 51;1( fdz) in complex
local coordinates in the chart € satisfies

Oy (f(2)dz) = x(2)T (72" ) + K (71" fdz)
where K is an operator with smooth kernel and x € C§°(C).

Let us first prove (). Let ¢ € C5°(C) be a function which is equal to 1 for |z — 2| > 26
and to 0 in |z — 29| < 4, where § > 0 is a parameter that will be chosen later (it will depend
on h). Using Minkowski inequality, one can write when ¢ < 2

IXT((1 = @)e 2%/ f)l / Hy —sr‘

Lq((C — (&) f(§)]d&1dE2

©)
<Cl e [ 101 = o) ldéadée < CO%| 1,

On the support of ¢, we observe that since ¢ = 0 near zy, we can use

T(e Vi) = ginfe VL ey Sy
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and the boundedness of 7" on L? to deduce that for any ¢ < 2
fop p0f

(M INTee 2 )| ey <Ch0| o + 1157 e + 11555 e + 115 )HLJ

The first term is clearly bounded by 6|/ f||z due to the fact that 1 is Morse. For the last

term, observe that since 1) is Morse, ﬁ < m near zg, therefore

uifﬂmgcwmw/ﬁb%mwgcﬁﬁwmw
(0v) 5
The second term can be bounded by || [|pe < HfHLOOH ||Lq Observe that while || HL°°

grows like 672, Oy is only supported in a nelghbourhood of radius 2§. Therefore we obtam

Hmw

The third term can be estimated by
Hwaf

Combining these four estimates with () we obtain
IXT (w2 )| Loy < Bl fllwin (671 + 62972,
Combining this and (f]) and optimizing by taking 6 = h/3, we deduce that

(8) IXT (e 2" ) agey < B2 fllwo

if ¢ < 2. We now move on to the smoothing part given by K(e*%w/hf). Take x to be a
compactly supported function in €2 such that it is equal to 1 on the support of f, we see that
K (20 f) = K (e 2W/M(f — xf(20)) + f(20) K (e~2%/"y). By applying stationary phase, we
easily see that ||f(z0)K (e=2%/"x)|la < Chl|f|lco for any ¢ € [1,00]. For the first term, we
write f:: f —xf(20) and we integrate by parts to get, for some smoothing operator K’

e < 0% 772|| | oo

o ller < ClOSNarlg L < €710 o

K (e 2/ ) = hK (e 2/ FY 4 %K<62Wha2(af¢>>'

By the fact that K and K’ are smoothing, we see that for all £k € N

(7))

Using the fact that 1 is Morse, the Sobolev embedding WP ¢ C® for a = 1 — 2/p and
f(2z0) =0, we can estimate the last term by C||f|ly1.» if p > 2. Therefore,

9) I (24" F)llza < Chll fllwre
for any ¢ € [1,00] and p > 2. Combining (ff) and (§) we see that ([]) is established.

|K (€ Pl < hC(I1f 1

Let us now turn our attention to the case when oo > ¢ > 2, one can use the boundedness
of T on L9 and thus

(10) IXT((1 = @)e 2/ £) | Loy < 111 = @)e 2/ £l aqy < CO3|[ £ 1ov.
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Now since ¢ = 0 near zy, we can use

Py 1 oim of —ai vf
T 2ip/h — —ih 2ip/h ¥ T 2@7,0/]167 o
(7o) = Sihle™ M S (e ()
and the boundedness of T on L? to deduce that for any ¢ < p, ([]) holds again with all the
terms satisfying the same estimates as before so that

T (%o f)l|Ls < Chllfllwrp (87972 +671) < Cho™ 12|y
since now ¢ > 2. Now combine the above estimate with ([[J) and take § = h? we get
T (%" f)lLa < hY9||f o

for 2 < ¢ < p. The smoothing operator K is controlled by (f) for all q € [1, 00] and therefore
we obtain (H)). O

Observe that the adjoint R* : L?(Mg) — L?>(M) of R : L?*(M) — L?(My) is simply
given by R*f = 1, f where 1y, is the characteristic function of My in M. In particular
R*V € WLP(M) for p > 2 if Vg, = 0 and V € WHP(My). By Proposition R1], the operator
(0~1)* satisfies

XO =Y xTx; + K
j

where K* has a smooth integral kernel on M x M and T* = T. The proof of Lemma P.9 can
then be applied in the same way to deduce that for v € W1P(My) with v]gpz, = 0

*a—1\k Pk _—21 1ie
(11) 1€°(07 1) R (&™) | 2y gy < ChE [0l lwre sy

where we used that x& = € if x = 1 on M;. The same following estimate also holds if
w € WHP (Mo, Tgy Mo) with wlang, = 0

* ( Ox—1\*k ok % 1ie
(12) €58 1) R (e? th)HB(MO) < Ch2™ HWHWLP(MO,T(;IMO)-

Similarly, let R also denotes the restriction of section of Ty M to My and if € is an extension

map from My to M which is continuous from W*P(My) to WEP(M) for k = 0,1 and with
range some functions having support in Ms. One has

Lemma 2.3. Let o be a smooth real valued Morse function on M and let 5:271 = RO Le2W/he
where 0*~' is the right inverse constucted in Proposition 2.1 for 0* : W1P(M, 15, M) —
LP(M). Let q € (1,00) and p > 2, then there exists C > 0 independent of h such that for all
w e Wl’p(MQ)

(13) ||51271W||L‘1(M0,T5"1M0) < Ch*3||wllwrr(ary 1< q<2

(14) 185l Lo, 15, m0) < ChY wllwinary 12 < g < p.
There exists € > 0 and C > 0 such that for all w € W2P(My)

)k — 1ye
(15) ||(9¢ 1"U||L2(M0,T5le0) < Ch2* ||W||W17P(MO)-

Proof. The proof is exactly the same as the proof of Lemma .4, We do not repeat it. O
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3. SOLUTIONS TO FIRST ORDER SYSTEMS

Let My be a surface with boundary included strictly in M (for instance a deformation
retract of M) and let ® = ¢ + i1) be a Morse holomorphic function on M. Such ® exist by
Corollary 2.2. in [f}]. We shall denote respectively by

v 0 0 O*
VZ(O v’) amdD:<a 0)

the matrix potential where v,v" € W1P(My) (with p > 2) are complex valued and the Dirac
type operator, acting on sections of the bundle ¥ := A%(My) @ A% (M) over My. In this
section, we will construct geometric optic solutions F' € WP(X) (also called Faddeev type
solutions) which solve the equation

(D+V)F =0

e*é’/h 0 6‘:I>/h 0
= (T (N )
e—i)/h 0 eCI)/h 0
< 0 e_q)/h>(D+V)< 0 e‘b/h>:D+Vw’

e2i/hy 0
Vy = 0 e—20/hyt | -

We will then construct solutions Fj, of (D + Vi) F}, = 0 which have the form

. a—+ry .
Fh— ( b—|'5h ) —A+Zh

on M. It is clear that

and thus

where a is some holomorphic functions on M, b some anti-holomorphic 1-form and (rp, sp) €
WLP(X) which decays appropriately as h — 0. In particular, we need to solve the system

2/ hyq
vz == (Ll .

Let us define the operators D~! and D@;l acting on A°(My) @ A% (M) by

-1._ 0 RO1E -1._ 0 51;1
D '_<R5*_18 0 o Dy= 5;;—1 0

which satisfy DD~! = 1d on L9(Mp) for all ¢ € (1,00) and DD;lv = Vy. To construct Z,
solving (D + Vy)Z, = =V A in My, it then suffices to solve

(I+D,'V)Z, =—D,'VA.
Writing the components of this system explicitly we get

{ Th+(§1;1(v’sh) =-0

-9, (v'b)
(16) sp+ 5:;_1(1)7”;1) = —513_1(1)@)
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Observe that since we are allowed to choose any holomorphic function a and anti-holomorphic
1-form b, we may set a = 0 in ([[)) and solve for 7, to get

(17) (I —Sp)rp, = —5;1(1)%) with S, = 51;12}'51711).
where v,v’ are viewed as multiplication operators. We have the following lemma:

Lemma 3.1. Let p > 2 and assume that v € L>®(My) and v/ € WYP(My), then Sy is
bounded on L"(My) for any 1 < r < p and satisfies ||Sy||zr—szr = OWY") if r > 2 and
1Shllr2— 2 = O(RY?7€) for any 0 < € < 1/2 small.

Proof. First, notice that 5;271 maps L"(Mp) to W (Mo, 151 Mp) with norm O(1) as h — 0 by
(iii) in Lemma .1 and the properties of €, R. Therefore, if v € WP(Mp) and v € L>°(Mp),
the operator v’dz_lv maps L to WI’T(MO,TO’HMO) with norm O(1) for » < p and Lemma
Eﬂ can be used to deduce that Sp maps L" to L" with norm OMhMryifr > 2. Ifr < 2,
v’@j}fl maps L"(My) to L"(T§,Mo) with norm O(1), and (91;1 maps L" (151 Mo) to L"(Mo)
with norm O(1), and thus S}, is bounded on L"(Mj) with norm O(1). For all € > 0 small,
interpolating between r = 1 + € and r = 2 + ¢, gives the desired result for r = 2. O

In view of Lemma B.1], equation (E) can be solved by using Neumann series by setting (for
small h > 0)

(18) Th = — Z Sié@;lv'b
=0

as an element of any L?(My) for ¢ > 2. Substituting this expression for r into equation ([L6])
when a = 0, we get that

(19) sp = —5;2711)7%.
We now derive the asymptotics in h for sp and 7.

Lemma 3.2. Ifv € L®(My) and v’ € WYP(My) for some p > 2, then there exists € > 0 such
that

l €
sl L2ate) + Irall L2 ase) = O(h27)

Proof. The statement for ry, is an easy consequence of LemmaP.d and B.1} indeed H@;lv’ b2 =

O(h%+5) by Lemma and [|Sy||z2p2 = O(h%_g) thus ||ry||z2 = O(h%+5). The estimate
for s, comes from the fact that H@Z_lH 22 = O(1) and ([9). O

The same method can clearly be used by setting b = 0 and solving for s first. We
summarize the results of this section into the following proposition

Proposition 3.1. Let ® = ¢ + iyp be a Morse holomorphic function on M, and b an anti-
holomorphic 1-form on M. If v € L®(My) and v' € WHP(My) for some p > 2, then there
exist solutions to (D + V)F =0 on My of the form

eé/hrh
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where ||spllz2(my) + 178l L2(010) = O(h%+5) for some € > 0. If conversely v' € L (My) and
v € WHP(My) for some p > 2, then there exist solutions to (D + V)G =0 on My of the form

CI>/h(
e® ™ (a+ 1)
21 Gp = 5
( ) h ( ecp/hsh >
where ||spllr2(are) + I7allL2(are) = O(h%JrE) for some € > 0.
As a corollary we obtain the
Theorem 3.3. Let p > 2 and V; € L>(My,End(X)) be some complex diagonal endomor-
phisms of ¥ for j = 1,2 with diagonal entries vj € LOO(MO),U} € L*>®(My). Denote by
Cy, == {isa, F € HZ(0My; 2); F € H' (Mo, %), (D + V;)F = 0}
the Cauchy data space of D+ V;, where igng, : OMy — Mo denotes the natural inclusion map.
(i) If v; € WLP(My) and Cy, = Cy, then v] = vb.
(ii) if v; € WHP(My) and Cy, = Cy, then vy = vs.
As a consequence, if V; € W1P(My, End(Y)), and Cy, = Cy,, then Vi = Va.
Proof. Let ® be a Morse holormophic function with a critical point at zy. The existence of

such a function for a dense set of points zy of My is insured by Proposition 2.1 of [i]. We
start by defining the respective solutions

FL.— _ e¢/h’l“]11 F2.— §—¢/hr}2l
P \eMb+sh)) T \e b+ s7)

of (D + Vi)F}! = 0 and (D + V§)F? = 0 where r{;,si are constructed in Proposition B.1].
Since €1 = Cg, there exists Fj, solution of (D + V3)F;, = 0 such that e = Z’BMOFI%' In
particular, (D + Va)(Fy — F) = (Vo — V1) Fy, and iy, (F,, — F,) = 0. Then using Green’s
formula and the vanishing of F ,% — F}, on the boundary

(22) 0= [ (D+VE - R E) = [ (- VEL .
MO MO
where (-,-) denotes the natural Hermitian scalar product on ¥ induced by g. This gives
@) 0= [ (b= (2 4 (sh) + (6h0) + (o2 = o) B
0
First, notice that by Proposition B.1],
(24) | = o) liis = o)
Mo

for some ¢ > 0. Then we choose b to be an anti-holomorphic 1-form which vanishes at all
critical points of ® in My except at the critical point zg € My of ®. This can be done by
using Riemann-Roch theorem (see Lemma 4.1 in [[J]). We observe by using stationary phase
that

(25) /M (V] = vh) M = Che® )M (W] (20) — vy(20))[b(20) | + o(h)
0

for some constant C, # 0. More precisely, to show this, it suffices to decompose v := v} — v},
as (v — xv/(20)) + xv'(20) where x € C§°(Mp) is supported near p, then we apply stationary
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phase to the term xv'(29) and use integration by parts for the other term: if jxj=1lisa
partition of unity on My associated to charts U; with complex coordinate z

; h ; (v — xv'(=0))[b]?
2ip/h (o b2 — _/ 2i)/h g <X] 0 )
e v v (2 - e P
f et Gl = 5, | P
since v'|gp, = 0 by the boundary identification of Lemma -3, and we finally conclude us-

ing Riemann-Lebesgue to deduce that the right hand side term is o(h) since 0.(x;(v" —
X' (20))[b]?/0:9) € LY (Mp) if o' € WLP for p > 2. Let us now consider the term with (b, s7)

in (@): using (1)
/ (e2iw/hv'b, s7) = / <8*((§*71)*R*62iw/h?}lb,1)27”]21>.
Mo MO
Since v'|gn, = 0, we may use ([[3) to deduce that ||€*(0*~1)*R*e?¥/h/b|| 2 = O(h'/?T€) and
thus combining with Proposition B.1], we deduce that

/M (2%/1/b, 53) = O(h').
0

the same argument gives that the term involving (s}, b) in (R3) is O(h!*¢). These last two
estimates combined with (R§) and (B4) imply that v} (20) = vh(20) by letting h — 0. The same
proof using the complex geometric optics G}, of Proposition B.1 gives v; = vs if vj € WP (M)
and vj € L>(Mp). O

Remark 3.4. As noted in section 4 of [[{|, this methods allows to get an inversion (or recon-
struction) procedure to recover the value of a matriz potential V' at a given zy € My, provided
we know a Morse holomorphic function ® with a critical point at zo and ®(zg) = 0. We do
not give details since it is essentially the same idea as [J|, but essentially the method is to
compare to case Vi =V to the free case Vo = 0 and use complex geometric optics F,%,F,% for
h — 0, together with the Green formula as we did above for identification: the boundary term
is not zero anymore but is the information we measure and therefore multiplying by h™ and
letting h — 0, the boundary term converges to V(zg) times an explicit non-zero constant .

4. BOUNDARY DETERMINATION

For smooth (X, ¢), it was shown by Nakamura-Sun-Uhlmann in [[[§] that the Cauchy data
space determines the boundary values of X; up to an exact form. This is relaxed to regularity
X € Ct,q € L™ by Brown-Salo [J]. We summarize it in

Proposition 4.1. Let X1, Xy € W?P(My) and q1,q2 € WYP(My) for some p > 2, then if
Cr, = Cr, then there exists a real valued function ¢ € W?P(OMy) such that 50 X1 = Thp, X2
and qilam, = q2lom,, where igyy, is the inclusion map of My into M.

This statement was only shown in [If, ff] for M = Q C R™ but since the proof is only
localized near a neighbourhood of the boundary, it adapts naturally on a general Riemann
surface and we will not provide a proof here. Notice that by adding an exact form d¢ to X;
with ¢ a function vanishing on the boundary, we do not change the Cauchy data space Cr,,.
If z is a boundary defining function such that |dz|, = 1 at My, we can set ( = = f(x) for
some C' function f and we have dC|sns, = f|ong,dz; therefore if v is the unit interior pointing
normal vector field to My, we have d{(v)|an, = flom, and choosing f accordingly, we can
choose ( so that Xy + d{ = X at dMy. By the gauge invariance, we can at best identify
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X up to exact forms, and therefore we may assume that X; = Xy at dM; as forms on M,
possibly by modifying X; through an exact form d(.

For our purpose we will need additional information along the boundary in order to reduce
our problem to a first order system. That is, we will show that the boundary value of
certain primitives of the forms X; agree with that of the boundary value of a holomorphic
function. More precisely, let X; € A'(Mp) and A; = mp1X; and B;j := 710X, where
mo1 @ AY(Mp) — A%Y(My), and w10 : AL(My) — AYO(Mp) are the natural projections. The
main result of this section is

—i(a1—a2

Proposition 4.2. Let a; and as be smooth functions such that 50@ = A;. Thene )\aM

s the boundary value of a holomorphic function.

In order to prove the Proposition, we shall need a few Lemma characterizing boundary
values of holomorphic functions. Let us denote by ignz, : OMo — My the inclusion map.

Lemma 4.1. Let f € H1/2((9M0) be a complex valued function. Then f is the restriction of
a holomorphic function if and only if

/ fignm =0
oM
for all 1-forms n € C>(Mo; Ty (Mo) satisfying on = 0. Similarly, f € HY?(0My) is the

restriction of an anti-holomorphic function if and only if
f Z'EMOU =0
OMo
for all 1- forms n € C°°(Mo; 15, Mo) satisfying On = 0.

Proof. We will only prove the holomorphic statement, the anti-holomorphic statement follows
similarly. Suppose f € HY/2(OM,) is such that

oM

and denote by u € H'(Mp) its harmonic extension to My. We would like to show that u is
actually holomorphic. We will do this by showing that

(Ou,w) =0, Vw € C*° (Mo, Tgy; Mo).

By the Hodge-Morrey decomposition given in [[7, Th 2.4.2], a 1-form w € L? can be decom-
posed as

w = da + *df + wy
where o, 8 € H'(My) satisfy Dirichlet condition a|sr, = Blon, = 0 and wp is closed and
co-closed dwy = 0,d x wo = 0. If w € C°°(My, T51 Mp), then

w = T, 1w = mo,1da + o 1 * dfS 4 T 1Wo

Since mp1d = 0 and 7 1 * d = —id on functions, and 1 := 71wy € C°°(Mo, 151 Mp) satisfies
On = 0, we can write w = 0y + n where v has Dirichlet boundary condition and 91 = 0. We
now compute by Stoke’s Theorem

(Ou,w) = (Ou,07) + (Qu,n) = (9" Ou, ) — i - Fidnnm
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The first term on the right side vanishes since u is harmonic, the last term vanishes since
n € C(Mo,T7(Mo) satisfies 0n = 0 and we have assumed that f is orthogonal to all such
boundary values of sections of 17 ;M. Therefore we conclude that Ou = 0. Since we will not
actually use the converse statement in this paper, it is left as an exercise. O

Lemma 4.2. Let f € H1/2(6M0) be a complex valued function. Then f is the restriction of
a holomorphic function if and only if

fiop, 00 =0
OMo
for all smooth real valued harmonic functions ¢ which have no critical point on the boundary.
Similary, f € H1/2(8M0) is the restriction of an anti-holomorphic function if and only if

fida,00 =0
OMo

for all smooth real valued harmonic functions ¢ which have no critical point on the boundary.

Proof. By applying [1§, Th. C1.10] like in [§, Cor. 2.3] with a totally real subbundle
boundary condition having high boundary Maslov index, one obtains that the operator
d : HY(Mpy) — H3(M0;T1*70M0) is surjective. Using this we see that Lemma [L.1 implies
that f is the restriction of a holomorphic function if and only if

fion,09 =0
OMpy
for all harmonic functions ¢. Now it remains to show that this statement is equivalent to
the case where we consider only smooth harmonic functions with no critical points on the
boundary. That is, we want to show that smooth harmonic functions with no critical points
on the boundary form a dense subset of the harmonic functions in C¥(My). Indeed, let ¢
be a harmonic function with smooth boundary value g € C*°(0Mj). Since Morse functions
are generic on the circle, it suffices to consider the case where g is a Morse function with
isolated critical points {z1,..,zn}. Clearly, the critical points of ¢ forms a subset of the set
{z1,..,2n}. We will make a small perturbation to ¢ so that x; is guaranteed to not be a
critical point. Let ¢1 be a smooth harmonic function with boundary value g, € C*(9My)
and such that and d¢;(z;) = dv for all j =1,..., N if dv is the unit conormal form to dMy;
the existence of such a function ¢, is insured by applying Lemma 2.6 of [§] on the manifold M
containing strictly Mj: indeed this Lemma says that there exist holomorphic functions with
prescribed Taylor expansion to order 2 at x1,...,xx € int(M) and therefore taking its real
part one obtains the desired harmonic function. For all ¢ > 0 small, the points z1,...,zx
are not critical point of the function ¢’ := ¢ + €. Furthermore, for all € > 0 small enough,
g = ¢'|om, is again a Morse function on dMy with critical points {z1,..,xn}, therefore the
critical points of ¢’ on My are contained in {x1, ..,z }, which implies that ¢’ has no critical
points on OMy. Thus smooth harmonic functions with no critical points on dMj form a dense
subset of C* harmonic functions and we are done. 0

In view of Lemma @ and the fact that Morse harmonic functions form a dense subset of
harmonic functions (see [f], Lemma 2.2]) in C*(Mjy), we have the following corollary:
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Corollary 4.3. Let f € H1/2(6M0) be a complex valued function. Then f is the restriction
of a holomorphic function if and only if

fign,00 =0
OMpy
for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and has
no critical point on the boundary. Similary, f € Hl/z(aMo) is the restriction of an anti-
holomorphic function if and only if

fisn,0¢ =0
OMo
for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and has
no critical point on the boundary.

Let ¢ be a smooth real valued harmonic function defined on M. It is easy to see that ¢
has a harmonic conjugate if and only if

M;(¢) ::/ xdp=0 j=1,..,n.
-

where {71, .., } is a family of generators of the fundamental group 7(My, mq) (with my € M
fixed). However, if M(¢) = (M1(¢9), .., My (¢)) € (20Z)" then one can construct a multivalued
function v such that F' := e®*™ is a (single-valued) holomorphic functions with |F| = e?
and OF = (1 — i)F0¢. Indeed, it simply suffices to set ¢(m) = — ffy(m) xd¢p where y(m) is a

smooth path joining mg to m.

Lemma 4.4. Let f € H1/2(6M0) be a complex valued function. Then f is the restriction of
a holomorphic function if and only if

(26) fior,00 =0

0Mpyp
for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and
M(¢) € (2xZ)". Similary, f € HY?(0My) is the restriction of an anti-holomorphic function
if and only if

fisn,0¢ =0

OMo

for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and

M () € (27Z)".

Proof. By Corollary [£.3, we need to check that (R€]) is equivalent to the condition stated in
Corollary [1.3. Observe that if M(¢) € (27rQ)", then M (k¢) € (27Z)" for some integer k,
thus the condition (R€) is satisfied for all smooth harmonic Morse ¢ with M(¢) = (27Q)"
and no boundary critical point if and only if it is satisfied for all smooth harmonic Morse ¢
with M (¢) € (2rZ)™ and no boundary critical points. Therefore, by taking limits, it suffices
to show that any Morse harmonic function ¢ with no critical point on the boundary can be
approximated by a sequence of Morse harmonic functions with periods in 27Q in the C3(Mj)
topology. Indeed, let {¢1, .., ,, } be a set of real valued C® harmonic functions in My such that
M;(¢x) = d;x. Such harmonic functions exist due to equation (3.1) of [l] which states that the
period matrix is invertible. Then given a real valued harmonic function ¢, we consider small
perturbations ¢ := ¢ + 2?21 €;¢; of ¢. Since Q is dense in R, ¢; can be chosen arbitrarily
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small such that M(¢') € (2rQ)™. If ¢ is Morse with no critical points on the boundary and
being Morse is an open condition, ¢’ is also Morse with no critical points on the boundary if
€; are taken small enough. O

Lemma 4.5. Let ¢ be a harmonic Morse function such that M(¢) € (2nZ)" and a1, oo are
functions such that 0oy = A1 and Oag = Ay. Then for all k € Z large enough, there exists a
solution up € H'(My) to
L1U1 =0
such that
wy = FR(e™ ™ 1) with VE||r1 |2 + |rillm < C
where F is holomorphic, OF = (1 —i)F0¢ and |F| = e®. Similarly, there exists a solution
uy € HY(My) to
L;’LLQ =0
such that
uy = F7*(e72 o) with VE||ra||p2 + |2l m < C.
Proof. Since M(¢) € (2nZ)" we can construct a multivalued complex conjugate ¢ such that
F := e?*% is a well defined holomorphic function satisfying OF = (1 —i)F0¢ and |F| = e?.
Since for any «a; satisfying day = A1, Ly can be written as
Ly = =2i% (04 iA1N) (0 +iA1) + Q1 = —2ix e "1 9" e 0’ + @
for some Q1 € L>®(My), we have that LiF*e!t = FFei*1Q;. By Corollary .3, for all |k
large enough there exists a 7, solving
e FL1e"F = |FF|Ly|FF|F =

such that
V7|2 + 171l < CllQulle.

Setting r; = II;—I,:lfl we have that

Lle(eal +7r1)=0
and that ry satisfies the desired estimates. The construction for usg follows similarly after
factorizing
L2 = _9 % e—ialéeiale—iﬁégaeié@ + QVQ

for some ég € L>°(My) and using that L3 — Lo is a zeroth order differential operator. O

Proof of Proposition B.2: We need to show that if a; and ag are functions such that
Oa; = Aj, then e~ Hor—a2) lang, is the boundary value of a holomorphic function. By Lemma
[i.4 this is equivalent to showing that

fida,00 =0
OM

for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and
M(¢) € (2nZ)™. ' B '
Let ¢ be such a harmonic function and let u; = F*(e™™ +r;) and ug = F~%(e7"92 4 ry) be



IDENTIFICATION OF A CONNECTION FROM CAUCHY DATA 17

the solutions constructed in Lemma [1.J. Plugging these solutions into the boundary integral
identity

/M Z[Q(Q(Al — Ag) A\ 8U1 + 2(/11 — 1212) A\ 5U1 + (Ql — Qg)ul) =0

we have that

2k(1 — i) / e~ H=e2) (A — A)) A B+ O(WVE) = 0.
My

Using the fact that —ie=/®1=22) (4} — Ay) = de~"*1792) we can integrate by parts and take
k — oo to get that

/ e~lonma2)ix A = 0.
OMpy

Since this is true for any real valued harmonic Morse function ¢ with M(¢) € (2nZ)",
e~@1=a2)| 51 s the boundary value of a holomorphic function by Lemma [£4. O

In view of this proposition we will denote by F_;, —qa,) to be the unique holomorphic
function with boundary value e~#®172) |5, Observe that one can reverse the indices 1
and 2 in the proof above, and this shows that ei(m*m)]aMo is also the boundary value of a
holomorphic function Fj,, _q,). Therefore, writing o = a1 — ag, it is clear after remarking

that the product F;,F_;, has boundary value 1, that
(27) Fio F_;o = 1.

5. REDUCTION TO FIRST ORDER SYSTEMS

In this section we use the boundary identity result we obtained in Proposition [£.9 to reduce
the inverse problem for the second order equation to an inverse problem for the first order
system of Dirac type on sections of the bundle ¥ = A? @ A%! introduced in Section fJ. We
will do this by factoring the operators L; and L the appropriate way.

Let o satisty 5aj = A; (this exists by Proposition R.1), then we also have oa; = flj. We
set a := a1 — ag, then by Proposition [l.9 and (), we see that there exists a nonvanishing
holomorphic function F_;, such that F_;4|on, = € "*lonm,- In particular, if

(28) Fa, =€ and Fy, = F_joe'™
then
(29) OF 4, =iAjFa; and Falonm, = Fa,loum,-

Similarly, there is a unique nonvanishing anti-holomorphic function Fj, such that F A, =
F;,e® and Fg, = e gatisfy
(30) (9ng :’L'FAJ_AJ' and FA1|3MO :FA2|3MO'
We can then write
. LT a . 15 13
Lj = —27 % (3 + ZAj/\)(a + ZAj) + Qj = QFAJ- 8*FAJ-FA]~ 8FAJ- + Qj.

where Q; = *dX; + ¢;. Let u; € H?(Mj) and set wj 1= ngléFAjuj- € Hl(MO,T&lMO),

o 0 0* Fa; 0O U, Fz.Q;/2 0 uj\
w0 (5 5) (00 ) () (P07 m) ()=
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Observe that (R7) implies FAj = ngl, therefore, if we set (u;,w;) = (Fa,uj, Fgw;) =

(FAjuj,Fij), then (uj,w;) solves the above system of equations if and only if (a;,w;)
solves

9 7 1. -2 7
) (o 0) @)+ (20 ) (&)=

Denoting the Cauchy data space for L; to be

Cr. = {(u, Vo u)lon, € H2(dMp) x H™2(0Mo);u € H (M), Lyu = 0}

g
where V;u 1= du(v)+iX;(v)u and v the unit normal interior vector field to dMj, we deduce
from this discussion the

Proposition 5.1. Assume that X1, Xo € W?P(My, T*My) are real valued and qi,q2 €
WYP(My) complex valued for some p > 2. If L1 and Ly have the same Cauchy data space
Cr, = Cp,, then the first order system (B1)) with diagonal endomorphism (3Q1|Fa,|™2,|Fa,|?)
of £ has the same Cauchy data space as the one with endomorphism (Qa|Fa,|™2, |Fa,|?) for
Qj = —dX; + q; and Fy; defined as above.

Proof. By the boundary determination and the remark following Proposition [.], we can
suppose that X7 = X5 on 9Mj as forms, and therefore A; = As as well on 9My. Combining
the discussion above with equalities (P9), (Bd), we have that 2 solutions u; of Lju; = 0
satisfying (u; — u2)|on, = 0 are such that (u; — u2)|gan, = 0 and

ity (@1 = &2) = igag, (F 10+ i ur — (9 + iAz)us]) = ifag, (€*20(ur = us))
where (1j,@;) := (Fa,uj,|Fa;|"20Fa;u;). Now,
Vi wjlonn, = (duj(v) + X5 (v)ug) lons,
and since X1 = Xy on 0My, Cr, = Cr, implies that d(u; — u2)(v)|an, = 0, which together
with (u1 — u2)|an, = 0 gives W1 = wy on OMj. This achieves the proof. O
We deduce from Proposition f.] and Theorem B.3 the following

Corollary 5.1. Let X; € W2P(My, T*My) be real valued and q; € WHP(My) complez valued,
and p > 2. If the Cauchy data spaces for Ly, Ly satisfy Cr, = Cr,, then d(X; — X2) =0 and
q1 = q2-

Proof. Acoording to Proposition p.l] and Theorem B.3, we have that
(32) —dX1 4+ ¢ = —dXo 4+ g2 and ‘FA2’2 = ’FA1’2

where X; = A; + A; and A; € A»', A; € A0, The functions Fj, are defined in (B§) and a;
satisfies do; = A;. Since |Fa,| = e7™(@2) = |Fy | = e7™(@)|F_, | for a = a1 — ag and Fj,
is a holomorphic function which does not vanish in My in view of (R7) (the log of its modulus
is then harmonic), then setting A = da = A; — Ay we deduce that

0= 2iAIm(a) = A(a — a) = —2i % 00a — 2i x 00a = —2i * (0A + 0A) = —2i * d(X; — X2)

and therefore q; = ¢ as well by (B3). O
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6. CAUCHY DATA DETERMINE THE HOLONOMY

For each m € My, and each closed loop = based at mg, the parallel transport for the
connection VX on the bundle My x C defines an isomorphism Pf : C — C of the fiber C at

m, thus P, can be viewed as a non-zero complex number PVX € C\ {0}. The holonomy group
of VX at m is given by

H, (VX)) = {P,f( € C\ {0};~ is a closed loop based at m}.
For the connection VX = d 4 iX, an easy computation shows that
Pﬂf( _ e—z‘f7 X

where « is an oriented closed curve. Notice that if X is real valued, the holonomy group
H,,(VX) is a subgroup of S'. If X is a flat connections 1-forms, ie. with cuvature dX = 0,
then the map v — Pf induces a natural group morphism p:X : 71 (Mg, m) — H,,(VX) where
m1(Mp, m) is the fundamental group based at m, ie. the set of closed loop up to homotopy
equivalence. The morphism p¥X is called the holonomy representation into GL(C) and it is
trivial if and only if

¢~ X =1 for all closed loop v based at m,

this condition is also independent of m. If X7, Xy are two connection 1-forms with same
curvature dX; = dXs, and if the holonomy representation of X := Xy — X is trivial, then
there exist a unitary bundle isomorphism F : E — E (recall that E = My x C), or equivalently
a function F': My — C of modulus |F| = 1, defined by

F(m/) = e frommn X

where y(m, m') is any C! path joining m and m/, this is well defined independently of the path
since dX = 0 and thanks to the triviality of the holonomy representation. The connections
X, and X3 are related by F*(d + iX;)F = d + iXs, and if moreover 501, X1 = ihy, X2, then
the isomorphism F' is the identity when restricted to dMj.

In view of this discussion, to prove Theorem [.1, we need to prove

Theorem 6.1. Let X1, Xo € W3P(My) and q1,q2 € WHP(My) for some p > 2. Then the
Cauchy data spaces Cr, and Cr, coincide if and only if q1 = g2, VX' and VX2 have same

curvature dX, = dXs, and the holonomy representation pi is trivial for each m € My, where
we have set X := X1 — Xo.

Proof. We have already shown that d(X; — X3) = 0 and ¢; = ¢o. Furthermore, by boundary
determination (Proposition and the remark that follows), we can conclude that the tan-
gential components of X; and X agree along the boundary, ie. i, (X1 —X3) =0, and that
there exist a function ¢ vanishing on the boundary such that X; +d¢ = X5 on dMj. Since the
addition of an exact form as above does not change the Cauchy data space, we may assume
without loss of generality that X; = Xy at M. Let [y] € m1 (Mo, p1) be an equivalence class
of loop and ~ be a representative. Since X := X; — X» is closed, fﬁ{ X is independent of the
chosen representative. We choose a simple (non self-intersecting) representative v based at
p1, made of 2 oriented pieces [p1,pe2] and [pe, p1] such that [pe,p1] C OMy. This is possible
for each primitive class (or generator) of [y] € m (Mo, p1), ie. every class which can not be
expressed as a power of another class. All the other classes in m(Mp,p1) are obtained by
products of primitive classes (in the group law) and therefore the integrals of X along these
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classes are obtained by linear combinations over Z of integrals of X on primitive classes, there-
fore it suffices to compute the integrals on X on simple representatives (primitive classes) in
71 (Mo, p1). To prove the statement about the trivial holonomy representation, it suffices to
prove that fﬁ{ X € 2nZ.

Let v : [0,2] — M be a parametrization of this loop in such a way that v(0) = py,
v(1) = pa2, 11 :=v((0,1)) C int(My), and o := ~([1,2]) € dMy. Now consider a thin tubular
neighbourhood O := {p € intMy;dist(p,y1) < €} which is homeomorphic to (0,1) x (—¢,¢)
and therefore simply connected, in particular we need to take € so that dist(py, p2) > 2¢. We
define for points p € O the function a(p) := [ ;1 X, so that da = X in O (since X is closed).
Since X = 0 on dMy, we also have a|y, = 0 where Uy = {p € dMy;dist(p,p1) < €}. Now let
[ be a smooth function defined on the boundary such that f(pi1) = f(p2) = 1 and let u; solve
(for j =1,2)

Ljuj =0, ulgr, = [.
Let u := e™®u; be defined in the tubular neighbourhood O and we shall now show that
u = up in O by unique continuation if the Cauchy data spaces Cr, agree. Indeed, using that
VX2ei = ¢l oy X1 in 9 by simple calculation, we deduce that u solves Lou = 0 in O since

e_m(VXQ*VX2 + Q2)emu1 = (VXI*VXI +q1)u; = 0.

Furthermore, since a(p) = 0 for all p € Uy, one has u(p) = ui(p) = f(p) = uz(p) for all
p € U;. Moreover, since the normal components of X; and X5 agree on U; as well, the
normal derivatives satisfy

8VU|U1 = Vu1|U1 = V1)/(1u|U1 - in(V)f = V1)/(2u|U1 - iX?(V)f = al/u2|U1

where in the third equality we used the fact that the Cauchy data spaces Cr, and €, agree.
So we have that (u — ug) is the solution of a homogenous elliptic equation in O, vanishing on
U; and with normal derivative vanishing on Uy, therefore by standard unique continuation

Py (p) = u(p) = ua(p), Vp € O.

Now letting p converging to p, € O and using the fact that ui|pp, = uz2l|on, = f, we have
that e*®2) f(py) = f(ps). And since f(pz) = 1 by assumption, we deduce that e**P2) = 1
and consequently

alpy) = | X € 2nZ.
st

Now since the tangential component of X vanishes along the boundary and vo C My, we
deduce that fw X = 0 and conclude that

/X:/XEQTI'Z
v 71

and the proof is complete. O

7. APPENDIX

In this appendix, we gather a couple of technical results which are essentially already proved
in the literature. First, we give a Carleman estimate
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Lemma 7.1. Let X € W2 (Mg, T*My) be real valued and ¢ € W1>°(My) complex valued
and set L = VX*VX 4+ ¢q. Let ¢ be some harmonic real valued Morse function. Then there
exists C > 0 such that for all large k € N and all u € H*(M)

1
le=?" Le?MulF2 > C(5 llull?z + [|dull7).

Proof. We observe that L is a first order perturbation of the Laplacian A, on My, therefore
the Carleman estimate obtained for A, in Lemma 3.2 of [[f] with a convexified weight ¢,
allows to absorb the first order terms by taking € > 0 small and this shows the result for L for
the convexified weight. Then the argument of Proposition 3.1 in [ff] shows that the desired
estimate for L holds for the weight ¢. O

As a corollary

Corollary 7.2. With the same assumptions as in Lemma [7.], there exists hg > 0 and C > 0
such that for all h € (0,hg) and for all f € L*(My) there exist a solution u € H?(My) of
e~/ Led/hy = f with norms ||u||2 < CVR||f]|2 and ||dul|2 < C||f||L2.

Proof. The proof is a standard application of Lax-Milgram theorem (or Riesz representation)
with the estimate of Lemma [.1], in exactly the same way as Lemma 4.4 of [f. g

The boundary determination is standard, but since there seem to be no proof in the case
of the system D + V studied in section f§, we provide a sketch of proof, based essentially on
the arguments of [§, Appendix].

Lemma 7.3. With the notations of Section [}, let Vi, Vo € WIP(My, End(X)) be two diagonal
complex valued potentials endomorphisms of . Assume that the Cauchy data spaces Cy, of
D+ Vi and Cy, of D+ Va agree, then igMOV'l = igMOVQ.

Proof. Let Hg(Mp,Y) be the completion of C§°(int(Mp)) for the H!(My,X) topology, and
H~1(Mjy,>) the dual space. By standard arguments (for instance Carleman estimates and
Lax-Milgram theorem), we have that for all W € L?(My,Y), there exists a U € H'(Mp,X)
such that (D 4+ V;)U = W and ||U||2 < C||W]||g-1. Now let Ay = (ap,0) € C*®(My, %)
with aj, a function supported in a chart U, near a boundary point p and defined as follows:
if z = x + iy are complex coordinates near p with {y =0} = oMy NU,, MyNU, = {y > 0}
and p = {z = 0} in this chart, then we set aj,(2) := n(zh~=*)e**/" with n € C$°(C) supported
in the chart and equal to 1 at z =0, and « € (0,1/2). Notice that ||Ap||r2 = O(h%(Ha)) and
DAy, = (0, h=*0zn(zh~*)e**/") has L? norm O(h%(lfa)). Let = (f1, f2dz) € H} (Mo, X), then
one has (the metric g is of the form e??|dz|? for some smooth function p)

(DA, F) = —ih=°F [ 8,(e/M)(0:n(zh~%)dz, fa)e*P dxdy
Up
and integrating by parts, we loose at most a power h~® when the derivative hits n(zh™®). Us-
ing Cauchy-Schwartz, we deduce [(DAy, F)| < Ch%(lfa)||F||H1 and therefore ||DAp||g-1 =
O(h%(lfa)). Adding a potential is harmless and thus ||[(D+V)Au||g-1 = O(h%(lfa)). Taking
o = 3 for instance, we obtain that there exists Z, € H'(My,X), with norm ||Zy||;2 = O(h)
such that (D + V)Fj, = 0 with Fj, = Ay, + Z;,. We get these solutions F}, F,f for the diagonal
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potentials V; = <v1 O,> and Vi = <v2 0,> and plug them into the integral identity (),

0 v 0 vy

giving then by elementary computations (and using v;, v;» € WhP(My))

ol

0= / (v1 = v2)n?(zh™ 5 )e /"X dudy + o(h5) = Cvi(p) — va(p))h5 + o(h3).
Mo

for some C # 0. This proves that v; = v9 at p, the same argument can be used to prove that
v] = v} at p and since p is arbitrarily chosen, we have achieved the proof of the Lemma. O
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