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ISOPERIMETRIC CONTROL OF THE SPECTRUM OF
A COMPACT HYPERSURFACE

BRUNO COLBOIS, AHMAD EL SOUFI, AND ALEXANDRE GIROUARD

ABSTRACT. Upper bounds for the eigenvalues of the Laplace-Beltrami
operator on a hypersurface bounding a domain in some ambient
Riemannian manifold are given in terms of the isoperimetric ratio

of the domain. These results are applied to the extrinsic geometry

of isometric embeddings.

1. INTRODUCTION

The spectrum of the Laplace-Beltrami operator on a compact Rie-
mannian manifold (X, g) of dimension n > 2 provides a sequence of
global Riemannian invariants

One of the main goals of spectral geometry is to investigate relation-
ships between these invariants and other geometric data of the mani-
fold X such as the volume, the diameter, the curvature, or the Cheeger
isoperimetric constant. See [}, B, [1, [4] for classical references.

It is well known that the spectrum of (X, g) cannot be controlled in
terms of the volume of (3, g) only (see [B, [, Bd]), even for isometrically
embedded hypersurfaces [[L(]

Since the work of Bleecker and Weiner, Reilly and others, the fol-
lowing approach has been developed : the manifold (¥, g) is immersed
isometrically into Euclidean space, or a more general ambient space.
One then looks for relationships between the eigenvalues A\ (X) and
extrinsic geometric invariants constructed from the second fundamen-
tal form of the immersed submanifold, such as the length of the mean

curvature vectorfield. See for example [, [6, [5, g, [, B1.

More recently, the first two authors and E. Dryden [[L0] have obtained
upper estimates for all normalized eigenvalues A, (X)|X[*™, where |2
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denotes the Riemannian volume of ¥, in terms of the number of in-
tersection points of the immersed submanifold with a generic affine
plane of complementary dimension. Such results allow a better un-
derstanding of the geometry of a Riemannian metric g on ¥ inducing
large eigenvalues, that is such that for some k > 2, the k-th normalized
eigenvalue A\, (2, 9)|(S, g)[¥/™ is large. Indeed, if ¢ is such a metric, then
any isometric immersion of (X, ¢g) into the Euclidean space R™ ™ must
have a large mean curvature, at least somewhere, and a large number
of intersection points with some p-planes.

In the same vein, Reilly [, Corollary 1] and Chavel [{] obtained the
following remarkable inequality for the first positive eigenvalue \y(3)
in the case where ¥ is embedded as a hypersurface bounding a domain
Q in R™*! (or in a Cartan-Hadamard manifold in [f]):

X (D) < WI(Q)HZ’ (1.1)

where () is the isoperimetric ratio of €2, that is

%]

1) = ey

where |X| and |§2| stand for the Riemannian n-volume of ¥ and the
Riemannian (n+1)-volume of €2, respectively. Moreover, equality holds

in ([L.) if and only if X is embedded as a round sphere.

The main feature of the upper bound ([[.1) is its low sensitivity to
small deformations, compared to that of the curvature or the intersec-
tion index. This result of Reilly and Chavel has been revisited by many
authors [, [, B3], but only for the first non-zero eigenvalue Ao, and
using barycentric type methods involving coordinate functions.

Our aim in this paper is to establish inequalities of Reilly-Chavel type
for higher order eigenvalues, that is to show that the isoperimetric ratio
I(Q2) allows a control of the entire spectrum of ¥ = 0f, and in various
ambient spaces. Let us start with the particular but important case of
compact hypersurfaces in Euclidean space.

Theorem 1.1. For any bounded domain Q C R™ with smooth bound-
ary X2 =0, and all k > 1,

M(E) S/ < ()12 (12
1
with ~, = 21071,(;:%)8/71 w1, where wpy ts the volume of the unit ball

in R* L.
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This result can also be understood as an estimate of the volume pre-
scribed by a Riemannian manifold once embedded as an hypersurface
in R™"!. That is, if (2, g) is a Riemannian manifold of dimension n
of volume one, then, for any isometric embedding ¢ : ¥ — R"*!, the
domain € bounded by the hypersurface ¢(3) satisfies, for each k > 2,

2
n+2 ]{:E
Q. <y 1.3
2 < (13)
In particular, if the Riemannian metric g is such that \; is large, then
the prescribed volume || has to be small (see [0, Theorem 1.4]).

For more general ambient spaces, we have the following theorem
which is a particular case of a more general result (Theorem PR.1]) we
will prove in section [ in which the curvature assumptions are replaced
by hypotheses of metric type.

Theorem 1.2. Let (M, h) be a complete Riemannian manifold of di-
mension n+ 1 with Ricci curvature bounded below by —na?, a > 0. For
any bounded smooth domain €2 C M with boundary ¥ = 0N2, and all
k> 1, we have

Aﬁng%ﬁ%“+m(ﬁ%>mmG%fm’ -4

where
In(Q) = inf{I(U) : Uis an open set in 2}

and o, and B, are two constants depending only on n (see (B.2) and
(B-3) for explicit expressions of these constants).

Observe that the power of k£ appearing in the right hand side of this
estimate is optimal, according to Weyl’s law.

It is in general not easy to estimate the number [y(2), which repre-
sents the best constant in the isoperimetric inequality for domains in
Q. Recall that for any domain Q in R""!, one has

_1
() = IH(R™) = (n+ w1,

where w, ;1 denotes the volume of the unit ball in R"™!. In a Cartan-
Hadamard manifold, it is known that there exists a universal positive
constant C,, such that I(Q2) > C,, for any bounded domain 2 (see [[J]).
More generally, if (M, h) is any complete Riemannian manifold with
positive injectivity radius inj(M), then any domain U contained in a
geodesic ball of radius r < 3inj(M) satisfies I(U) > C,, (see [[J and
[B, Proposition V.2.3]). This leads to the following two corollaries.
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Corollary 1.1. Let (M, h) be a Cartan-Hadamard manifold of dimen-
sion n+1 with Ricci curvature bounded below by —na?, a > 0. For any
bounded domain 2 C M with smooth boundary ¥ = 082, and all k > 1,

2/n
(D) < A T(Q)a? + B, I(Q)F/m (%) , (1.5)

where A, and B, are constants depending only on n.

In view of ([[.])), it would be interesting to know if the first term on
the right hand side of inequality ([.J) is necessary. In Example (B
we will show that it is not always possible to remove this term, at least
if we allow the topology of M to be non-trivial.

Corollary 1.2. Let (M, h) be a complete Riemannian manifold of di-
mension n + 1 with Ricci curvature bounded below by —na®, a > 0 and
positive injectivity radius. For any compact hypersurface X bounding
a domain 2 C M contained in a geodesic ball of radius r < %mj(M),
and for each k > 1, one has

k 2/n
Me(2) < A 1(Q)a? + B, I(Q)H2/m (@) , (1.6)
where A, and B, are two constants depending only on n. In particular,

for any bounded domain € in a hemisphere of the standard sphere S*+1
with smooth boundary ¥ = 0N), and all k > 1,

(D))" < B I(Q) g2,

The assumption that the domain is contained in a geodesic ball of
radius r < %inj(M ) is necessary. Indeed, in Example B.g below, we
will show that if (M, h) is any compact manifold, then there exists
a sequence of domains for which inequality ([.6]) fails, whatever the

constants A,, and B,, are.

Notice that it is impossible to obtain an inequality such as () for
a family of domains €2 in a manifold M without an assumption that
guarantees that their isoperimetric ratio I(£2) is uniformly bounded
from below. Indeed, since A\ (3)|3>" ~ c,k¥™ as k — oo (Weyl's
asymptotic formula with ¢, = 472wy, /™), the inequality ([Z6) implies
that

I(Q)YY" > ¢, /B,.
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2. EIGENVALUE BOUNDS : A GENERAL RESULT

In this section, we give an upper bound for the eigenvalues of the
Laplacian in terms of invariants that only depend on the Riemannian
distance and measure.

Let M be a Riemannian manifold M of dimension n 4+ 1. The Rie-
mannian volumes of a geodesic ball B(z,r) and of a geodesic sphere
OB(z,r) of radius r in M are asymptotically equivalent as r — 0 to
W™t and p,r", respectively, where w,; is the volume of a unit
ball and p,, = (n+ 1)w,41 is the volume of a unit sphere in the (n+ 1)-
dimensional Fuclidean space. To each point z in M we associate the
number r(z) defined as the largest positive number (possibly infinite)
so that, fo all r < r(z), one has

|B(z,7)] < 2wy 7"
and
|0B(z,7)| < 2ppr".
If M has nonnegative Ricci curvature, then, thanks to the Bishop-
Gromov inequality, r(z) = oo for all x € M.

Let 2 be a bounded regular domain in M and denote by ¥ the
boundary of 2. We define the invariant ,,(£2) of Q as follows :

rm(Q) = ;relgr(x)

We also introduce, for all > 0, an integer Ny, (r) such that for any
x € M and any s < r, the geodesic ball B(x,4s) can be covered by
Ny (r) balls of radius s.

Theorem 2.1. Let M be a Riemannian manifold of dimension n + 1
and let Q@ C M be a bounded domain whose boundary ¥ is a smooth
hypersurface. For any rg < irm(Q) and any positive integer k, one has

(D) < 256NM(7«0)2]I0((%)) {% + <16pn;0((%)) %) z} : (2.1)

It is in general not easy to estimate the invariants 1o(§2) and Ny, (ro)
that appear in the right-hand side of this inequality. However, in many
standard geometric situations it is possible to control these invariants
in terms of the dimension and a lower bound of the Ricci curvature.
This will lead to the results stated in the introduction. For exam-
ple, when M is the Euclidean space R"*! one has for any Q C R**,

Tm(Q) = +o0, Ip(Q) = IH(R™1) = (n + w1} and Ny (r) < 320D
for all 7 > 0 (see Lemma B.1] below).
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For the need of the proof, we endow M with the Borel measure p
with support in ¥ defined for each Borelian O C M by

Wo)= [ du,
ony

In other words, the pu-measure of O is the volume of the part of the
hypersurface ¥ lying inside O. The geodesic distance of M will be
denoted by d.

One of the main tools in the proof is the following result which is an
adapted version of a result obtained by Maerten and the first author

in [[J]:

Lemma 2.1. Let (X,d, 1) be a complete, locally compact metric mea-
sured space, where p 1s a finite measure. We assume that for all r > 0,
there exists an integer N(r) such that each ball of radius 4r can be cov-
ered by N(r) balls of radius r. If there exist an integer K > 0 and a
radius v > 0 such that, for each v € X

1(X)
B < 7
then, there exist K p-measurable subsets Ay, ..., Ax of X such that,
Vi < K, p(4;) > 22 and, fori # j, d(A;, Aj) > 3r.

o
IN(MK

The proof of this lemma consists in a slight modification of the con-
struction made in [[[J, section 2]. For convenience, the proof is included
at the end of the paper.

Let rg be a positive number such that ry < irm(Q) and define kg to
be the first integer satisfying

1 Ih(22
ko > 0( )|Q|n/(n+1)
16pn  1g

The proof of Theorem P.1] will follow from the following
Proposition 2.1. For all k > k,

2
M(D)[SI? < 256 (169,) Ny (ro)? ( ¥ ((%))) K.

Proof of Proposition [2_1. The Rayleigh quotient of a function f in the
Sobolev space H!(X) is

i) - 2l
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The k-th eigenvalue A, (X)) is characterized as follows:
A (X) =inf sup R(f)
E o#feB

where the infimum is over all k-dimensional subspaces of the Sobolev
space H'(X) (see for instance [J]). In particular, in order to obtain
upper bounds on A, we will construct k test functions with disjoint
supports and controlled Rayleigh quotient.

Let us fix an integer k > ky and set

]—0<Q) 1/n L
n= () el 22)

n
To(Q)|Q7+T
so that rp < 4%70(16)[‘)”1?0

n .
< (%0) , that is 7, < 2.

Step 1
Let us first show that > cannot be covered by 2k balls of radius 4ry.

Let x1, o, ..., xo, be 2k (arbitrary) points in 3 and define
QO =0 \ U2le<.§C‘j, 4Tk)

Jj=
and
Yo = QN =%\ U% B(z;,4r).

Then, we will prove that

3
0] > 2102 (23)
and @
1 w11
pM —Iy(N|Q]r+1 = = » 2.4
S0l > 5 IO = 52T (24)
which shows that there are no cover.
Indeed, since 4ry < ro < 1, (),
2%k
D Baj, drk)| < Akwp g (4re)"
j=1

with

L)\ ™ 1[I\ 1
(ary+t = (2D " g« L (RO T g o L g
16p,k 16k Pn 16kwy11

where the last inequality follows from the fact that

n Pn
I(Q) = Ip(R™) = /D
n+1
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Therefore,
2%

1
S 1B, 4] < 719
j=1
and

1 3
Q Q — -9 = =|Q|.
Q0] > 10] - 1101 = £

Now, observe that the boundary of €}y consists of the union of ¥y and
parts of the boundaries of the balls B(z;, 4ry). Therefore,

2%
1 n_
1090] < [Sol+Y |08, 4r)| < |So|+4kp, (4ry,)" = ol +7Lo(2)|2|757.
j=1
On the other hand, from the isoperimetric inquality satisfied by do-
mains in 2 and (.3) we get

(37T -
|8Qo| Z [0(9)‘90‘"+1 > (Z) [0(9)‘9‘"*1

3\ 1
» 2 _Z
| 0\>[(4) 1
Step 2

The result of the previous step makes it possible to define inductively
a family of 2k balls B(z1,7%), ..., B(za, i) as follows:

p(B(xy, 1)) = Sup p(B(z, 1)),

1 (B(xya1, 1)) = sup {u(Bla,my)) : @ € S\ UL, Bla,, 4ry) }

It follows from this construction that

Hence,

1 _n_
I(Q)|Q] T > §IO(Q)|Q|7L+1.

a) the balls B(x1,2r), ..., B(xa, 2rg) are mutually disjoint,

b) p(B(w1,7x)) = p(B(wa,m4)) = -+ = (B2, 7)),
c) Ve € Ly =%\ U?’;lB(xj,élrk), w(B(z,11)) < p(B(zok, 1))

Two alternatives are to be considered separately, depending on how
the ball B(xag, k) is p-charged. This will be done in the two following
steps.

Step 3
Assuming that

(Bl ) > DI =)

~ 16kNy(19)? - 16kNy (ro)? 1(9) i (2.5)
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we will show that

Indeed, for each 1 < j < 2k we consider the function f; supported
in B(z;,2ry) and defined for all x € B(x;,2r) by :

f;(2) = min (1, 2 id(xj,x)) . (2.6)

Tk

Since |V f;1* < & in B(x;, 2ry,), the Rayleigh quotient of the restriction
k
of f; to X, that we still denote by f;, clearly satisfies

1 p(B(z, 2ry))
i p(B(xj, )

with (from the definition of z1,. .., zo)

R(f;) < (2.7)

1 Io(2)

w(B(xjrr) = p (B(wok, 7x)) = 16k Ny (r0)* 1(92)

2.

On the other hand, the balls B(x;,2ry), j = 1,...,2k, being mutu-
ally disjoint, there exist k of them, B(z,,,2r), ..., B(zj,, 2ry) satisfy-
ing

w(B(zj,,,2ry)) < |X|/k form=1,... k.
Replacing into (.7) we get, Vm =1,... k,
16NM(T0)2 I(Q)

so that
2 2 16Ny (ro)? 1(Q) o2
MEISIE < mas RO IBIE < 2=5m Eiml
Step 4
Assuming now that
1 1,(9
0 (Blasry)) o5y, 23)

<
16k Ny (r9)? 1(92)
we will show that

2 8NM(T‘0) I(Q) 2
N R
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Indeed, from the construction of the balls B(z;, ) (see step 2), one
has, Vo € Xy = X\ UL B(;, 4r4),

1 1h()
16k N (r9)% 1(£2)

with u(3g) = |Xo| > ;IIO((S? || (see (R.4))). Hence, Va € X, we have

p(B(z,re)) < p(B(xak, 1)) < X

1(20)
2k

AN (ro)*u(B(z,7x)) < (2.9)

This enables us to apply Lemma P.1 with K = 2k and r = r; to
the metric measured space M endowed with the Riemannian distance
d and the restriction o of the measure p to ¥y, namely for a Borelian
O C M, we have 1o(O) = u(O N X%y). In particular, we have

1 1o(£2)
M) = u(%) = 12 - 2.1
po(M) = (o) |0|>2](Q)|| (2.10)
The relation (-9) becomes
M
ANy (r0)2p0(B(z, 1)) < “Oék ). (2.11)
Thus, we deduce the existence of 2k measurable sets Aq, ..., Ay, in

Yo satisfying both:

w(A;) > %5(07“)0) for all
and d(A;, A;) > 3ry if @ # j. Denote by
Al ={x e M ; d(z, A;) <ri}
the ri-neighborhood of A;. A priori, we have no control over pg(A;*),

but since d(A;, A;) > 3r for i # j, the A* are mutually disjoint and
there exist k sets amongst them, say A", ..., A¥, which satisfy

po(AF) < % fori=1,... k.
As in [IF], we construct for each i < k, a test function ¢; with support
in A;* and which is defined for all x € A* by

d(x, A;)

i(x) =1-
pi() o
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Observing that |V, (x)| < i almost everywhere in A%, a straightfor-
ward calculation shows that the Rayleigh quotient of the restriction of
; to X, that we still denote by ;, satisfies

1 AT 1 |2

and, because of (B.I0), we have

R(p;) <
(90 ) - T‘]z IQ(Q
Thus,
2 2 _ 8Ny(ro) 1(€) (2
MBI < max B2l < =57 o) ¥
Step 5

We are now ready to conclude the proof.

From the two previous steps, we see that in all cases, one has

16Ny (10)? 1(£2)

2
Yn
7’/% [O<Q)| |

M(D)[B]" <

S

2 2 2
a1 B (4 t2pk\ 7 [SIR _ qn 2 (1
with = < 10(6) ) o (47+2p, k) (Io(fl)) . Thus,

1+2 ,
Ae(Z)[S] % < 256 (16p,) ™ Nag(ro)? (;0((%))) k.

U

Proof of Theorem[2.1. Let k be a positive integer. If k < ko, then
Ak (2) < Ao (2). Together with Proposition P, this yields for all £ > 1,

Ae(E)|S]% < 256 (16p,) * Nay (o)’ (%)Hi max{ko%, k%} .

We clearly have max{ko%,k%} < (ko — 1)% + k;%, with kg — 1 <

Q n/(n
ﬁlor%”m /(n+1) " Consequently

, 142 1 0[2/(n+1) ) 1+2 )
)\k(E)\E\n§256NM(7*0)2{I(I?()Q) A7 L 6 (é((%))) k}

7o
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2
Replacing |Q|% ™+ by %, we get

3. PROOF OF THEOREMS AND AND COMMENTS

The proofs of these theorems rely on Bishop-Gromov comparison
results and the following packing lemma (see [24] Lemma 3.6)

Lemma 3.1. Let (X,d,v) be a locally compact metric measured space
and let r, R and V be positive numbers with r < R and such that,
Ve e X,
v(B(x,2R))
v(B(z,}))
Then each ball of radius R in X can be covered by |V | balls of radius
r. In particular, when the ambient space is the standard R"* ', then

any ball of radius R can be covered by (8§)nJrl balls of radius r.

<V

Proof of Theorem [I_1. Let Q be a bounded domain in R™*!. With the
notations of the last section, one clearly has r,,(2) = oo,

1

and, from Lemma B, Vr > 0, Ny(r) < 32D We then apply
Theorem P.1] to get, after letting ry go to infinity, Vk > 1,

210n+18+8/n %ﬁ»l

T Wai -

with v, =
Proof of Theorem [I.3. Let (M, h) be a complete Riemannian manifold
of dimension n 4+ 1 whose Ricci curvature satisfies

Ric > —na’h

for some constant a. Let €2 be a bounded domain in M with regular
boundary ¥ = 9. To prove Theorem [[.2, we treat separately the
three following cases:

- Case a = 0, that is M has nonnegative Ricci curvature. From Bishop-
Gromov comparison results (see 3, p.156]) we deduce that for all
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x € Mandallr >0, |B(z,r)| <w,r™™, |0B(x, )| < pur™ and

| B(x,7/4)]

Thus, 7,,(Q) = oo and, applying Lemma B, Ny (r) < 320+ for all
r > 0. Replacing in (R.J]) and letting 79 go to infinity we get, for all
k>,

2 2 ( I() 3 2
Ae(D)|Z]n < 2100 FDFE (16p,,)n ( [<<Q))) k.
0

- Case a = —1. The volumes of a ball and of a sphere of radius r in the
hyperbolic space H"*! of curvature —1 and dimension n + 1 are given

by
Voi(n,r) = pn/ (sinhs)"ds and S_i(n,r) = p, (sinhr)".
0
We define the constant (n) to be the largest r > 0 such that (sinh )" <

2r™ and set

V_l(n, 87“)
V(in)= sup —————~.
( ) o<r<r(n) Vfl(,nﬂ T/4)

Again, the Bishop-Gromov comparison theorem gives, for all z € M
and all positive r < r(n),

|B(z,7)] < V_i(n,r) < 2wnprr™t, |0B(z,7)| < S_1(n,7) < 2p,r",

|B(x,87) _ V_i(n,8r) )
Ble,r/A)] = Voa(mrja) = V0

Thus, 7,,(Q) > r(n) > 0 and, applying Lemma B.1], Ny (r) < V(n)
for all » < r(n). Applying Theorem we get

oy <m0 1L (o 0 1))

that is
1+2/n 2/n
s oo (o) () O

' _ oV _ z
with «,, = 256 and £, = (16p,)™ a,.

(n)

- Case a # 0. The metric h = a2h is such that Ric;, > —nh. The
metric § = ag induced on X by h is so that A\y(3, §) = 5 A\,(2) and
|(X,g)| = a™|3| while the isoperimetric ratio is invariant under scaling.
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Thus, applying the inequality (BI) to © considered as a domain in
(M, h) we get

e <o oo (1) ()

which gives, after simplification, the desired inequality.
In conclusion, inequality ([.4) is proved with

=0 and f, =200+D8 (16/)”)% (3.2)
if a =0, and
VZ2(n) 2
a, = 256 () and 3, = (16p,)" ay, (3.3)
if a # 0. U

Example 3.1. The aim of the following construction is to show that
the boundedness of the sectional curvature does not suffice to get an es-
timate such as ([{.3). Indeed, We will construct a sequence of manifolds
(M;, h;) whose sectional curvature is between —1 and 0, each contain-
ing a domain §; with boundary ¥; such that I1($2;) = 1, |%;| tends to
infinity with i, and \3(%;) is bounded below by a positive constant.

According to [{], there exists a sequence N; of compact hyperbolic
manifolds of dimension n > 2 whose volume tends to infinity with
while A2(N;) does not converge to zero. We can assume that |N;| > i
and Ay(N;) > C for some positive constant C. For each i, set M; =
Ni xR and @ = N; x (—L;, L;) € M; with L; = (2|Ni|)*. We endow
M; with the product metric, so that the sectional curvature of M; is
between —1 and zero. The boundary 3; of the domain €2; consists
of two disjoint copies of N;. Therefore, A\;(2;) = X2(X;) = 0 and
A3(%;) = Aa(N;) > C. On the other hand, we have |%;| = 2|N;| > 2i,
] = 2L Ny = (2|N;)™ and () = 1.

Example 3.2. Let (M,h) be any compact Riemannian manifold of
dimension n + 1 > 3. Then there exists a sequence §); of domains
i M with smooth boundaries 33;, and a positive constant C' such that
Ao ()% > C while |S5] and 1(€) go to zero as i tends to infinity.

In particular, there exist no constants A, and B, such that the
sequence (); satisfies an inequality like ([L.6)).

Let us first assume that (M, h) is flat in a geodesic ball B(zg,r)
centered at some xy € M. This ball is isometric to a Euclidean ball
of radius r. Let S; be a sequence of Euclidean spheres of radius /i
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that we embed isometrically as hypersurfaces ¥; into B(zg,r) C M.
For each i, the hypersurface >; bounds a domain €2; which contains the
complement of B(xg,r). This sequence of domains €); satisfies :

r n+1
2l = M| =i (5)

1

r\n
il =pa (%)
[

that is, |3;] and I(£2;) go to zero a i tends to infinity. On the other
hand,
2
Ao (B[S = Xa(S)[Sil" = npi.

Now, for a general compact Riemannian manifold (M, h), it is possi-
ble to deform the metric A into a metric A" which is quasi-isometric to
h with quasi-isometry ratio close to 1, and so that (M, 1) is flat in a
small geodesic ball B(zg, ). The sequence §2; of domains constructed
above with respect to A’ would be such that, for the metric h, |%;|
and I(£;) go to zero a i tends to infinity while Ao(X;)|;]* is bounded
below by a positive constant.

4. PROOF OF LEMMA

Let (X, d, i) be a complete, locally compact metric measured space,
where p is a finite measure. We assume that for all » > 0, there exists
an integer N(r) such that each ball of radius 4r can be covered by N(r)
balls of radius r. Let us first prove the following :

Lemma 4.1. Let 8 be a positive number satisfying f < @, and let
r > 0 be such that, for all x € X,

5
2N (r)

Then there exist two open subsets A and D of X with A C D, such
that p(A) > B, u(D) < 2N(r)B and d(A, D) > 3r.

p(B(x,r)) <

Proof of Lemma [{. 1. For each positive integer m we denote by U,,(r)
the set of unions of m balls of radius r, that is,

Uy (1) = {UB(SL’j,T) sl a™ EX},
j=1

and consider the evaluation U, of the measure p on U, (r), that is

Uy ! X" =XXxXx---xX-—R

m times
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with
U, (2t . 2™) = <U B (SL’j,T)> .
j=1

Since (X, d) is a complete locally compact metric space and pu(X) <
+00, the function ¥, achieves its maximum £(m) at some point a,, =
(al,...,a™) € X™ (not necessary unique), that is,

() (v

for any (z!,...,2™) € X™.

Now, from the assumptions of the Lemma one clearly has £(1) <
% < B. On the other hand, for m large enough, we necessarily
have &(m) > 22 (indeed, it suffices to consider a ball B(z, R) satisfying
1(B(z, R)) > 3u(X) and notice that it can be covered with a finite
number of balls of radius 7). In conclusion, there exists an integer
k > 2 such that £(k) > g and £(k— 1) < B.

Weset A= |J B (ai,r) and D := |J B (ak,4fr) From their

1<5<k 1<5<k
definitions, these sets satisfy u(A) = (k) > B, and d(A, D¢) > 3r.
We still need to check that p(D) < 2N(r)5. Indeed, according to
our hypotheses, each ball B (ai, 47’) can be covered by N(r) balls of
radius r. Hence, D can be covered by kN (r) balls of radius r, namely
D c |J Bj, where the B; are balls of radius r. From kN(r) <

1< <kN(r)
2(k — 1)N(r), it follows that this union of balls can be written as
U Bj= U W, where each W; € Uy_1(r). It follows that
1<j<kN(r) 1<j<2N(r)

2N (r) 2N (4
woy<u| Jw| < Z W;) < 2N(r)E(k — 1) < 2N(r)B.

n

Proof of Lemma [2-]. Let K > 2 be an integer and r > 0 a positive
number such that, Vo € X

n(X)
B < )
w(B(z,r)) < AN?(r)K
Our aim is to construct K p-measurable subsets Ay, ..., Ax of X such

that, Vi < K, u(A4;) > zz}é(X))K and, for i # j, d(A;, Aj) > 3r.
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For simplicity, we set a = 2]‘\‘[(()() 7. We shall construct, using a finite

induction, K pairs (Ay, Dy), ..., (Ak, Dk) of sets such that, Vj < K,

(0) A; C D;

(1) A; € (UL Dy)"

2) ui4y) > a

(3) u(Dy) < 2N(r)a = %

(4) d(4;, (U, Di)) = 3
Indeed, the family A;, ...,AK will then satisfy the desired properties
since ju(A;) > a and, if k < j, d(Ay, A;) > d(Ag, (UF_1 D)%) > 3r
(notice that A; C (U] D;)° C (U, D;)¢ since k < 7).

To initiate the iteration it suffices to apply Lemma [ with 8 = «.

Therefore, there exist two open sets A; and D, satisfying A; C D; and

p(A) = o
u(D) < 2N(r)a = HX)
d(Al, Df) Z 3r.

Now, assume that we have already constructed, for a certain j < K, j
couples (A1, D1), ..., (A, D;) satisfying the induction hypothesis. We
endow X with the measure ;41 defined by 1141 (U) = w(UN(U_, D;)°).

From the induction hypothesis, one has

i () = WU D)) 2 p(X) = Y (D) 2 ()1~ ) = 150

Therefore, for all z € X, one has
1(X) ti+1(X)
1(B < u(B < < .
M]Jrl( (SL’,T’)) = M( (.T,T')) = 4N2(’I")K = 4N2(T)
This allows us to apply Lemma [ to the metric measured space
(X, d, pjp1) with f = a = ((X))K < “JJ\}(( )) Thus, there exist two open
sets A and D satisfying A C D, pj(A) > o, pjp(D) < 2N(r)a
% and d(A, D) > 3r. We define the couple (A;4+1, Dj11) by
Aj=AN (nglDi)c ’ Djn=DnN (nglDi)c'
It remains to check that the family {(A;, Dy),...,(A;+1,Dj1)} sat-
isfies the induction hypothesis. Indeed, the three first properties of
this hypothesis are immediate consequences of the construction. To
see that d(A;1, (UfillDz)c) > 3r we only need to observe that D =
Dj+1 U (Dﬁ Ui:lDl) C UzillDl which 1mphes d(Aj+1, (Ugi_llDz)c) Z
d(A, D) > 3r.

n
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