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Abstract

We study the convergence of the false discovery propor@P) of the Benjamini-Hochberg
procedure in the Gaussian equi-correlated model, whendtrelationpn, converges to zero as
the hypothesis numben grows to infinity. By contrast with the standard convergeratem®/?
holding under independence, this study shows that the FD¥ecges to the false discovery rate
(FDR) at ratgmin(m, 1/pm)}*/? in this equi-correlated model.
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1. Introduction

When testing simultaneously a large numbeof null hypotheses, a popular global type |
error, that can be traced back[to Sefer ([L968), is the fedsevetry proportion (FDP), defined
as the ratio of the number of erroneous rejections to the euofiyejections. The average of this
random variable, called the false discovery rate (FDRpuhiced by Benjamini and Hochbkrg
(£99%)), has been studied by a considerable number of \Amkes‘,ornd
Blanchard and Roquaifi (2009) for a review. However, stuglfire FDR is not sflicient to catch
the full behavior of the FDP, for instance a FDR control doesprevent the FDP from having
large variations. Therefore, some other studies aim tatjreontrol the upper-quantile of the
FDP distribution, see e.§. Genovese and Wassérfan|(Z086nann and Romahp (2905), or
to directly compute the distribution of the FDP, either mrrymptoticallj Chi and Tar| (2008);

i illeys{ (2010), or asymptoticglly Genovese\Alagsermgn (2004). Recently, Neu-
) computed the asymptotic distribution lué FDPactually achieved by the
Benjamini-Hochberg (BH) procedure (and some other adeptiscedures) under independence
of the p-values. It is proved that the FDP converges to the FDR atanampetric rateym. Fur-
thermore[ Farcomdnj (2007) showed that this convergenaedsanged under a specific short-
range dependency between fhealues.

In this paper, we are interested in studying the convergehttee FDP of the BH procedure
in the model where the test statistics have exchangeablss@auerrors, with equi-correlation
o (allowing for instance long-range dependencies). Thisehbds become quite standard in
multiple testing (see e.g. Benjamini ef dl. (2pd6); Finnealg (200))), as it is a very simple
instance of dependeptvalue model. From an intuitive point of view, the test sttis can be
seen as independent test statistics plus a disturban@bleavwhose importance depends on the
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value ofp. Whenp € (0, 1) is fixed withm (and in the “ideal” setting where thevalues under
the alternative are all equal to zerp), Finner ¢tlal. (P00@Y@d that the FDP of the BH procedure
converges to a non-deterministic random variable thadtdspends on the disturbance variable.
Whenpm, — 0, we show here that this disturbance variable hadiezieon the limit of the FDP
anymore, which equalsa (Whereng is the proportion of true nulls), but can still have dfeet

on the asymptotic variance of the FDP or even on the convesgeaie. More precisely, when
pm — 0 our main result states thahin(m, 1/pm)}¥?(FDPy, — moa) ~» N(0, V) holds for a given

V > 0; in comparison with the independent case, we may distitgthie two following cases,
recovering all the possible convergence regimgsab zero:

e when limy,mpm = 6 € [-1, +0), the limit of the FDP and the convergence rate are the
same as in the independent case. The asymptotic variaietarger ifo > 0, smaller if
0 < 0 and is the same wheneves O (i.e. mpm — 0).

e when limy Mpm = +o0 and limy, pm = 0 the convergence rateg? instead ofmt/2,

On the one hand, this shows that the FDP of the BH procedut# izall concentrated around
moa under weak equi-correlation such thgt = O(1/m). On the other hand, this puts forward
that the concentration of the FDP of the BH procedure arobhad~DR may be arbitrarily slow
whenp, — 0, which is a striking result that has not been reported leeforthe best of our
knowledge. Therefore, our recommendation is that the Bldgutare can be used under Gaussian
equi-correlation whep,, = O(1/m) (including the case of a negative equi-correlation) boudth
be used carefully as soon ap, — oo, as the actual convergence rate of the FDP to the FDR
might be much slower.

The paper is organized as follows: Sectﬂ)n 2 presents theelnth@ notation and the main
result. The latter is proved in Sectiﬁh 3, including a gelimaton to any “regular” thresholding

procedure, recovering the so-callestadaptive procedures studied[in Nedv{al (3008). Finally,
some further points in connexion with our methodology ased$sed in Sectiqip 4.

2. Setting and main result

We observeX; = 7; + Vi, 1 < i < m, where the parameter of interest 1$)( € {0, u}™ (for a
givenu > 0) and the (unobservable) error vectdi,(.., Yy) is an exchangeable Gaussian vec-
tor with EY; = 0 and Vary; = 1. We letpy, = Cov(Yy,Y2) € [-(m— 1)7%,1]. We consider
the problem of the one-sided testing of the nuil = 0” against the alternativeri = u”, si-
multaneously for any X i < m. To test each null, we define thevaluep; = ®(X;), where
(2 = P(Z = 2) is the standard Gaussian upper-tail function. The c.dffeazh p-value is
denoted byGq(t) = t under the null and by (t) = ®(®1(t) — x) under the alternative. The
number of true nulls is denoted byo(m) = [{i | 7; = 0}| and is assumed to be of the form
Lmo] for a given proportion of true nulty € (0, 1) independent om. The “mixture” c.d.f.
of the p-values is denoted bg(t) = meGo(t) + (1 — m)Ga(t). Next, we define the e.c.d.f’s
Gom(t) = (mo(M)) 1M Ui = 0L pi < t}, Gam(t) = (M= me(m))~1 7, L7 > O}1{p; <t} and
Gm(t) =m 3™ 1p <t}

Given a pre-specified level € (0, 1), the procedure gqf Benjamini and Hochhgrg (1995) can
be defined as the procedure rejecting the nulls correspgndip < TB”(@m) where the (data-
driven) threshoIcTB”(@m) is maxt € [0,1] | @m(t) > t/a}. Next, the false discovery proportion




at a given thresholtl € [0, 1] is defined as the proportion of true nulls among the hys®be
having ap-value smaller than or equal to

FDP, () = (L=i=mini=0p <t _ mo(m) _Coml®)
"< ismip<UVI M G v md

where| - | denotes the cardinality function.
We now state our main result.

Theorem 2.1. There is a unique pointte (0, 1) such that Gt*) = t*/a and we have
@0) if limmmom = 6 € [-1, +0), then

x 2 2
—t o

0
t* + 27.1.('[*)2

_ 1 .
VM(FDPW(T(G)) — moa) ~ N(O, oa? g (@ )’2] ;@)
(i) if limmmom = +o0 andlimy, pm = 0, then

2.2

— LrNes ~1(%))2
P 2(FDP(T(Go) — 00t) ~~ N(O, perer i ] : @

3. Proof of Theorem .3

3.1. A more general result

In what follows, we denote the space of functions fropl][do R which are right-continuous
and with left-hand limits (Skorokhod’s space) BY0, 1) and the space of continuous functions
from [0, 1]to R by C(0, 1). The method for proving our result relies on the methodyplet down
by I ) which consider the case of a general tlmldsianction7 : D(0, 1) — [0, 1]
which is Hadamard dierentiable aG, tangentially toC(0, 1) (se€ van der Vaart (1998) for a
formal definition). The proof of Theore@.l is presentedeh&s a consequence of a more
general theorem, true for any such threshold. The deratithe threshold™ atG, which is
a continuous linear form o@(0, 1), is denoted bys. According to the Riesz representation
theorem, the continuous linear forf can be written ag(F) = fol F(t)7s(dt), where we
identified the linear formT and the corresponding signed measure.

Theorem 3.1. Let7 : D(0, 1) — [0, 1] be Hadamard dferentiable at G, tangentially to @, 1),
with derivative7. Let (t) = not/G(t) fort > O, let t* = 7(G) and assume*t > 0. We set

fo = WD 5, + q(t*)n0T 6, &1 = — XL 5. + §(t*)(1 - m0)T6 and

1 1
o(7) = @) [ 00 gy 4 (on) 12 e OO e
o(T) =np* f (sV t—stlo(d9Zo(dt) + (1 - m0) f (Ga(sV t) = Ga(s)Ga(t)){2(d 941 (dY) .
[0.1]2 [0.1]2

Then the following holds:
(i) if limymom = 6 € [-1, +0),

VI(FDP(7 (Cm) - G(t™)) ~ N (0.0X(T) + 66(T)?) ; (3)
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(i) if limmmom = +o00 andlimy, pm = 0,

o (FDP(T (Gm)) - q(t*)) ~ N (0.¢(T)?) . 4)

Let us now check that Theorgm[2.1 follows from Theoferh 3.onHANeuvigl [2008) Corol-
lary 7.12,7®" . F — maxt € [0, 1] | F(t) > t/a} is Hadamard dferentiable aG, tangentially to
C(0,1), with derivative7 &" = (1/a - G(t*))15,+. Moreovert* = maxt € [0, 1] | G(t) > t/a}is
positive, because limg: t/G(t) = 0. Also, sinceG(t*) = t* /a andd(t*) = (1/a—G(t*))mea?/t*,
we may check that; = 0 andy = (mpa/t*)dt+ in the above theorem, which leads to Theo@w 2.1.

3.2. Proof of Theoreth 3.1

Let us now prove Theore@.l. First write FW(@m)) = (rrb(m)/m)nal‘P(@o,m, @Lm),
where for anyFo, F1 in D(0, 1) with F(7°(F)) > O (letting F = moFo + (1 — m)F1), we put
W(Fo, F1) = no'2E. From standard computation®,is Hadamard dierentiable at@o, G1),
tangentially taC(0, 1)? and the derivative takes the form, féig, H1) € C(0, 1)2, W, e, (Ho, H1) =
q(t*)(1 - qt*)) (5 - B4) + o(t*)T6(H), whereH = moHo + (1 - mo)Hs. Applying the func-
tional Delta method, this leads to the following useful teswhich was essentially stated in

Neuvial (200B).

Proposition 3.2. Let7 : D(0,1) — [0, 1] be Hadamard dferentiable at G, tangentially to
C(0, 1), with derivativeT¢. Let (t) = mot/G(t) fort > 0, let t* = 7(G) and assume*t> 0. If
for a given sequencga— oo with an, = o(m),

Gom - Go Wo
=0 , 5
am( Gl,m—Gl]W(Wl) ©)
where the convergence in distribution is relative to ther8kiood topology and wher&, and
W, are processes with continuous paths, then we have

an(FOP(T (Gm)) - q(t*)) ~ X, (6)
where X= {o(Wo) + £1(W1) and{o, 1 are defined as in Theorgm B.1.

A convergence of the type|(5) in the particular Gaussian-equielated model is stated in
Lemma[38. Using Propositign B.2, this proves tfiat (6) hbluth in the cases (i) and (ii) with
am = Ymandan = pr’?, which respectively leads tf](3) arld (4) (the variance cdatfans are

straightforward).

3.3. Convergence of the e.c.d.f’s in the Gaussian equetaied model

Lemma 3.3. Let(Zo, Z1, Z) be a random variable such tha 75 %B, 7y D 1- o) V2Bo

Gi1, B being a standard Brownian bridge d0, 1], Zo is independent fronZ1, Z ~ N(0, 1),
CoV(Z, Zo(1)) = (27) > exp ({@~(1)}?/2) andCov(Z, Z (1)) = (21) 2 exp (1) - u}/2).
Let also U ~ N(0O,1) be independent of the vect{Zo, Z1,Z). Then we have the following
convergences in law for the Skorokhod topology:

(i) i limmMpm = 6 € [~1, +0),
V[ Com=Go | [ Zo+ (@~ VIFeU)doo )
Gl,m_Gl Zl+(Z— V1+9U)CI)O((I)71—#) !
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(i) if limmmom = +o00 andlimy, pm = 0,

Gom -G Udod?
~172[ Gom=Go | | _ . 8
Pm (Gl,m_Gl) ( Udo(@t-p) ®

To prove_LemmS, first remark that the distribution of ¥yis may be realized aX; =
V1-pm& - &)+ Y@+ (M= 1)om)/mU+ pl{r; > O}, where €, ..., &n, U) are all i.i.d. N(0, 1)
variables and denotes the empirical mean of . Let@(lm(t) = (Mo(M)) ™ X0 LHD(&) < 1),

@i,m(t) = (m_ nb(m))il Zi:ri>0 1{q)(§| + ,U) <t} and

fm(t, U, pm) = (1 - Pm)‘1/2 ((I)—l(t) - \/(1 +(m-1)pm)/m U).
The proceSS@O,m - Go, @1,m — G3) is then equal t&/, + Wi, where
@y Go)(@(fn(t, U o) + E) )
(= GI@(fn(t, U, pm) + € = (L= p) % + 1)

(D(_fm(t’ U»Pm) + E) -t )
O(fm(t, U, pom) + & —pu(1 - Pm)il/z) - q)((bil(t) —p) )

Vin(t) =(
w9 =

Next, applying Donsker's theorem, we deriwm(Gy,,, — Go. G}, — G1.€)~(Zo. Z1. 2),
where Co, Z1,Z) is defined as in Lemm@.& Singg, — 0, the inverse functions df —
O(f(t, U, pm) + &) andt - O(fm(t, U, pm) + & — (1 — pm)~Y2 + 1) converge uniformly on [01]
to the identity a.s. Therefore, applying the Skorokhodsesentation theorem, we get

VM(Vin, &) ~~ (Zo, 74, 2). (9)

Let us now consider the case (i), in which }immo, = 8 € [-1, +0). In that case, a standard
reasoning involving Taylor expansions®fandy — ®(yd1(t)) leads to

O (D)(VME - VI+6U) )+( Rom(t) )
D(OH(t) — w)(VME - V1+6U) Rim(®) )’

with remainder terms satisfyinRo mll« V [IRLmlle — 0 in probability. SincdJ is independent
of all the other variables, we derive froff (9) thg(Vin, Wi) ~ (Zo, Z1, (Z — V1+6U)) @ o
O, (Z - V1+6U)) @ o (@ — ). This implies ). Consider now the case (ii), in which
limmMom = +o0 and limy pm = 0. In that situation, we deduce frof] (9) th&f'?Vi, converges
in probability to 0. Furthermore, using trml/zg tends to zero in probability, we obtain that

_1/2 _ _‘-D(‘Dfl(t))(—u) ) Tom(t)
P Wl = (@-1(t) = )(-U) *(nﬂoy

with remainder terms satisfyind omlls V [[Timlle — O in probability. This impliesl]8).

VMWi(t) =

4. Discussion: FDP convergencein thecasepm = p € (0,1)

Whenp, = p € (0,1), we cannot expect that the FDP concentrates around theasDR
Theoren|2]1 (see e.f. Finner &t il. (3007) Theorem 2.1). Asseguence, even if the FDP has
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a mean belowrga (because the false discovery rate of the BH procedure issejo for each
mfor PRDS statistics, see Theorem 1.2 in Benjamini and Yef001)), the FDP can exceed
moa + & (¢ > 0) with a probability that does not vanish whergrows to infinity.

We claim here that in the ideal situation where the parameaiéthe modelr, u, p are
perfectly known, it is possible to modify thevalues so that the FDP convergence to the FDR
keeps the parametric convergence rgf@. For this, we replace each test statisticby X; =
Vm/((m—1)(1- p))(Xi — X + (1 - mo)u), so that Ky, ..., X)) is a Gaussian vector with variances
equal to 1, equi-correlatigh, = —(m- 1)~* and mean&X; = /m/((m- 1)(1- p))ri. We build
the corresponding-values by lettingd; = ®(X;), which are uniform under the null and have
the c.d.f. Gym(t) = O(®L(t) — fim) for fim = (M/(m - 1))Y2u(1 - p)~¥2 under the alternative.
Although the latter depends (slightly) om we easily check that our methodology applies using
G1(t) = d(D(t) — 1) for @ = (1 — p)~¥? and that the following convergence holds:

_4x 2.2
1 tp o

o 2n(t})?

VM(FDP,, — moa) ~ N |0, mpa? g @) |
0 0

whereFDP,, denotes the FDP of the BH threshdid" used with thep-valuesp;’s and where

ty € (0. 1)is the unique poirtte (0, 1) SatiSfyingToF-!—(1—.72'0)(I)(CD_1('[-)—p(l—p)_l/z) = t/a (which
depends op). Of course, while thip-value modification greatly improves the concentration of
the FDP, this approach is oracle becatges, p are generally unknown. A correct estimation of
the model parameters within such a procedure stays an auen is
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