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Extremal functions for Caffarelli-Kohn-Nirenberg
and logarithmic Hardy inequalities

Jean Dolbeault & Maria J. Esteban

We consider a family of Caffarelli-Kohn-Nirenberg interpolation inequalities and
weighted logarithmic Hardy inequalities which have been obtained recently as a limit
case of the first ones. We discuss the ranges of the parameters for which the optimal
constants are achieved by extremal functions. The comparison of these optimal
constants with the optimal constants of Gagliardo-Nirenberg interpolation
inequalities and Gross’ logarithmic Sobolev inequality, both without weights, gives a
general criterion for such an existence result in some particular cases.

Keywords. Sobolev spaces; Hardy-Sobolev inequality; Caffarelli-Kohn-Nirenberg
inequality; logarithmic Hardy inequality; extremal functions; Kelvin transformation;
Emden-Fowler transformation; radial symmetry; symmetry breaking; existence;
compactness — AMS classification (2000): 49J40; 46E35; 26D10; 58E35

1. Introduction

In this paper we discuss the existence of extremal functions in two families of
interpolation inequalities introduced in [E, ]: some of the Caffarelli-Kohn-Nirenberg
inequalities and weighted logarithmic Hardy inequalities. By extremal functions,
we mean functions for which the inequalities, written with their optimal constants,
become equalities. Existence of extremal functions is a crucial issue for the study
of several qualitative properties like expressions of the best constants or symmetry
breaking properties of the extremal functions. Before stating our results, let us
recall the two families of inequalities in which we are interested.

1.1. Caffarelli-Kohn-Nirenberg interpolation inequalities

Let 2* := oo if d = 1, 2, and 2* := 2d/(d — 2) if d > 3. Define ¥(p,d) :=
d (p—2)/(2 p) and consider the space D.-2(R?) obtained by completion of D(R%\{0})
with respect to the norm u — || |z|~% Vu HiQ(Rd)' Under the restriction 6 > 1/2 if
d = 1, notice that 6 € [J(p,d), 1) for a given p € [2,2*) if and only if 6§ € [0,1),
p € [2,p(0,d)] with p(0,d) :=2d/(d —20). Let a. := (d —2)/2.

Theorem 1.1. [ Let d > 1. For any p € [2,2*] ifd > 3 orp € [2,2%) if d = 1,
2, for any 0 € [¥(p,d), 1] with 0 > 1/2 if d = 1, there exists a positive constant
Cekn (0, p,a) such that

2 6 1-6
W\ [ Vuf? [ [uf?
d < C 0 d —  —d
</ apr ) < Co@pal{ [ pEad) [, Gpem
(1.1)

for any v € DL2(RY). Here a, b and p are related by b = a — a. + d/p, with the
restrictions a <b<a+1ifd>3,a<b<a+1ifd=2anda+1/2<b<a+1
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2 J. Dolbeault € M.J. Esteban

if d = 1. Moreover, the constants Ccxn(0,p,a) are uniformly bounded outside a
neighborhood of a = a..

By a transformation of Kelvin type, namely u — |z|?(¢=%) y(x/|z|?), the case
a > a. can be reduced to the case a < a.. See [ﬂ] for details. For simplicity of the
statements, we shall therefore assume that a < a..

The case § = 1, p € [2,2*] and d > 3 has been widely discussed in the literature:
see [, ﬂ, H, E] The case 6 < 1 has been much less considered.

When extremal functions are radially symmetric, they are explicitly known: see
[E, ﬂ] On the other hand, symmetry breaking, which means that extremal functions
are not radially symmetric, has been established in [E] when d > 2 and

Hp,d) <0< O(a,p,d) if a>a(p,d) and Jd(p,d) <O<1 if a<a(p,d),

with O(a,p,d) = 58275 [(p+2)?(d® +4a® —da(d—2)) —4p(p+4) (d— 1)]
and a(p,d) == 42 —2v/d—1/+/(p — 2)(p + 2). This region extends the one found
for 6 =11in [,

Finding extremal functions of () amounts to proving the existence of minimiz-
ers for the following variational problem

—a —(a 2(1-06
L in 2= Vull?f gay lllz] +1)u||L§<Rd>)
Corn(0:p,a)  wenl?(®o)\ (0} =t ull, g,

1.2. Weighted logarithmic Hardy inequalities

In ], a new class of inequalities has been considered. These inequalities can be
obtained from ([L.1]) by taking 6 =~ (p — 2) and passing to the limit as p — 2.

Theorem 1.2. [[f] Let d > 1, a < a., v > d/4 and v > 1/2 if d = 2. Then there
exists a positive constant Cwru(v,a) such that, for any u € DL2(R?) normalized
by Ja 2|72 @D |u? do = 1, we have

|u|2 2 (ac—a) 2 |VU|2
/Rd W log (|z| |u ) dx <2~ log |Cwru(y,a) o a2 dx
(1.2)
Moreover, the constants Cwru(v,a) are uniformly bounded outside a neighborhood
of a = a.

For this problem, a symmetry breaking result similar to the one of [E, @ has been
established in [[f] for any v < 1/4 + (a — a.)?/(d — 1) when d > 2 and a < —1/2.

Finding extremal functions of ([L.9) amounts to proving the existence of minimiz-
ers for the following variational problem

1 - ]~ Vul|} 2 ga
—_— = 1mn .
Cwen(v,a) ueD}2(RY) 75 Jea By tog(|al? o) [ul?) da

2=+ D] 2 ¢ ‘

®d) =1



Ezistence of extremal functions 3
1.3. Main results

Our aim is to prove existence of the extremal functions for inequalities ([L.1f)
and ) We shall assume that Coxn(6,p,a) and Cwru(y,a) are optimal, i.e.
take their lowest possible value. Cases of optimality among radial functions and
further considerations on symmetry breaking will be dealt with in [ﬂ] Existence
of extremal functions for ([.I]) has been studied in various papers in case 6 = 1:
see primarily [H] and references therein for details. In the case of radial functions,
when 0 < 1 and d > 1, existence of extremal functions has been established in [
for any 6 > 9(p,d). Still in the radial case, similar results hold for (.J) if d > 1
and v > 1/4. Notice that nonexistence of extremal functions has been proved in [
for d = 1 and 6 = ¥(p,d). Nonexistence of extremal functions without symmetry
assumption has also been established in [{f] for d > 3, 0 = 1 and a = b < 0. Our
main result goes as follows.

Theorem 1.3. Let d > 2 and assume that a € (—00, a.).

(i) For any p € (2,2*) and any 0 € (V(p,d),1), (L.1]) admits an extremal func-
tion in DY2(R?). Moreover there exists a continuous function a* : (2,2*) —
(—00,a.) such that (1) also admits an extremal function in DL2(R?) if
0 =9(p,d) and a € (a*(p),ac).

(ii) For any v > d/4, (L) admits an extremal function in DL2(RY). Moreover
there exists a* € (—o0, ac) such that (LY) also admits an extremal function
in DL2(RY) if y =d/4, d > 3 and a € (a*,a.).

As we shall see below, the optimal constant when p =2, 6 € (0,1), is (a —a.)~2?
and it is never achieved: in this case there are no extremal functions in D}2(R%).

For a given p € (2,2*), the case § = ¥(p,d) deserves a more detailed analysis.
Consider the following sub-family of Gagliardo-Nirenberg interpolation inequali-
ties, which have been extensively studied in the context of nonlinear Schrédinger
equations (see for instance [[L])

20(p,d 2(1-9(p.d
ull2o sy < Con (@) IVul2220 [ul270®D v e H(RY).
If w is a radial minimizer for 1/Cen(p), define u,(x) := u(x + ne) for some e €

S9-1. Tt is straightforward to check that a¥(p,d) + (a + 1) (1 — J(p,d)) = b. Since
2]~ Va2 @ay ~ 0= [ VullLagay, |27 wpllL2@ay ~ 2@ |2 gay and
2]~ unllto@ay ~ n7° |ullporay, it follows that Can(p) < Cexn(9(p.d),p,a). A
more careful expansion actually shows that

—a 29(p,d —(a 2(1-9(p,d
1 = Va7 2y 2]~ a7 ey ™
Coxn (9, d),p.a) R
1
= 1+Rn2+0(n™*
Can(p) ( ™)
as n — 0o, for some real constant R, that can be explicitly computed:
] ll?
R =R, WL%R&) +Ro (1.3)
u

L2(R4)
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where Ry and R; are polynomials of degree two in terms of a, with finite coefficients
depending on p, d (but not on t). For given d > 2 and p € (2,2*), a sufficient
condition for R < 0 is that both R; and Rq are negative, which defines an explicit
interval in (—o0, a.) for which we know that Con(p) < Corn(¥(p, d), p, a). This will
be discussed in Section f.

Similar results can be proved for ([.J). In that case, we shall consider Gross’
logarithmic Sobolev inequality in Weissler’s scale invariant form (see [f, [J])

e Jea lul® loglul* dz < ) o ||Vu||iz(]Rd) v u € H'(R?) such that [|ul[2me) = 1.

With (uy,), as above and u(z) = (27)~%* exp(—|z|?/4), we find that Cyy <
Cs +0(n™2).

In the cases § = ¥(p,d) and v = d/4, if either Coxn(¥(p,d),p,a) = Can(p) or
Cwru(d/4,a) = Crg, we have readily found a non relatively compact minimizing
sequence. This indicates the possibility of non-existence of extremal functions. On
the opposite, if we have strict inequalities, we can expect an existence result and
this is indeed the case.

Theorem 1.4. Under the assumptions of Theorem @,

(i) if @ = I(p,d) and Can(p) < Ccxn(0,p,a), then (1) admits an extremal
function in DL2(RY),

(i) if v = d/4 and Crs < CwrLu(v,a), then (L.9) admits an extremal function in
DL2(RY).

In case (i), for d > 3 and p = 2%, according to [f], it is known that Con(2*) =
Cekn(1,2% a) for any a < 0. Extremal functions exist for any a > 0 and are radial,
up to translations. The case a = 0 corresponds to the celebrated extremal functions
of Aubin and Talenti for Sobolev’s inequality.

The criteria of Theorem @ are sharp, in the following sense. Consider the case (i).
If for some ag € (—00,a.), ([.]) admits an extremal function in D}?(R?) with
a = ap and 0 = J(p,d), then for any a € (ag,a.), by considering an extremal
function corresponding to ag as a test function for the inequality corresponding
to a, we realize that Coxn(9(p, d),p, a) > Corn(9¥(p, d), p, ap). Choose now

a:=inf{a € (a,a.) : Can(p) < Corn(¥(p,d),p,a)} .

If @ > —oo, then ([.]) admits an extremal function for any a > @ and admits no
extremal function for any a < a. Similar observations hold in case (ii). See Section fj
for further comments.

This paper is organized as follows. We shall first reformulate ([.I)) and ([L.2)
in cylindrical variables using the Emden-Fowler transformation and state some
preliminary results. Sections E and @ are devoted to the proofs of Theorems B
and @ In Section ﬂ, we shall discuss sufficient conditions for R given by ) to
be negative and compare the results of Theorems[L.3 (i) and [L.4 (i) when 6 = 9(p, d).
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2. Observations and preliminary results

It is very convenient to reformulate the Caffarelli-Kohn-Nirenberg inequality in
cylindrical variables as in [E] By means of the Emden-Fowler transformation

ac—a

s=loglz| €R, w=-—eS" ! y=(sw), v(y)=lz[" "ux),

||

Inequality () for u is equivalent to a Gagliardo-Nirenberg-Sobolev inequality on
the cylinder C := R x S4~1

o 2(1-0
loliEse) < Corn(@.pa) (IVVlEae) + At ) Ivlitte)” ¥ e HY(C)
(2.1)
with A := (a. — a)?. Similarly, with w(y) = |2|% =% u(z), Inequality ([L.g) is equiva-
lent to

/C lw|? log [w|* dy < 27 log |:CWLH(77‘1> (I\le\iz@ + A)}

for any w € H'(C) such that ||w[/r2cy = 1. When w is not normalized in L*(C),
this last inequality can also be written as

Hw”iz(c) 1

L Le) 1w w*

Cwin(roa) 7 [27 / itz e, log (”“’”2 ) dy} < IVl +A|UHL2(C(),
2.2)

for any w € H'(C). We shall denote by Cfyn(0,p,a) and Ciypy(7,a) the optimal
constants among radial functions for (m) and (D) respectively. Radial symmetry
for ([L.1]) and (.J) means that there are minimizers of & and F, depending only

on s. In such a case, Ccxn (0, p,a) = Ciyxn(8,p,a) and Cwru(y,a) = Gy, a).
Radial optimal functions are explicit and the values of the optimal constants,
Cipn(0,p,a) and Ciypy (7, a), have been computed in [ff:

Cexn(0,p,a) > Cén(0,p,a) = Copn (0, p, ac — 1A'= —f

1 (2.3)
Cwin(7,a) = Gyru(y, @) = Gyru(r, ac — 1) A"ty

where A = (a — a.)?,

CEKN(eapv Qe — 1)

222 2T [ w22 1 [2e20-1)p]° T4+ | 7

= [T 2+(26-1)p 2p0 p+2 r(%) ’
4y-1) i S

Cvin(7,ac — 1) = g5 S [D(d/2)]%7 ify >

(2mdtle)dy
2
and  Ciypp(d,a0—1) = LWL 5 1

N

Symmetry breaking means that Inequalities in (@) are strict.

In case (i), for p = 2, it is clear from (P.I) that Ccxn(6,2,a) > A=%. Let v € HY(C)
be a function depending only on s such that |[v||p2(c)y = 1 and define v, (y) :=
n~tw(s/n) for any n > 1, y = (s,w) € C. It is therefore straightforward to observe
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that limnﬁoo(HanHiz(C) +A)? = A% =1/ Cern(0,2,a) = 1/ Cixn(0,2,a). From
(E), we also read that equality cannot hold for a nontrivial function v.

The following elementary estimates will also be useful in the sequel.
Lemma 2.1. For any x, y > 0 and any n € (0,1), we have:
(1) (14+x)7(1+y)'=7 > 1+ x"y'=" with strict inequality unless x =y,
(ii) x4 (1 —n)y" = > xy, with strict inequality unless x =y and n=1/2.

Proof. In case (i), let f(n) :=nlog(1+x) + (1 —n)log (1 +y) —log (1 +x7y'=").
We observe that f(0)=f(1)=0 and, moreover, f(1/2) > 0, since (1 +x) (1 +y) >
(1+Xy)? and (1 +x7y'=")2 f"(n) = —x7y'~"(log(}))* < 0, at least if x # y. This
proves assertion (i).

In case (ii), let f(n) := nx"/7+ (1 —n)y/=" —xy. We observe that f(1/2) >0
(with strict inequality unless x = y) and

F7(m) =0~ x M logx? + (1 — )~y =P logy[* > 0,
thus proving the second assertion. 0

The functional w — [, |w|* log (|w|2/|\w||iZ(Q)) dy can be seen as the limit case
of w — [[w]], - At least from the point of view of Holder’s inequalities, this is
indeed the case, and the following estimate will be useful in the sequel.

Let Q be an arbitrary measurable set and consider Hélder’s inequality, ||w||rq(q) <
[l g 1wl oty with 7 =2 (p—q)/(g (p—2)) for any g such that 2 < ¢ < p < 2*.
For ¢ = 2, this inequality becomes an equality, with n = 1, so that we can differen-
tiate with respect to ¢ at ¢ = 2 and obtain

2 |w|2 ) D 2 (H'LUHEP(Q))
/Qlwl log (le\izm) = p—2 HwHLZ(Q) log w2 gy ) 24

3. Proof of Theorem [1.3

In case (i), let p € (2,2*) and 6 € (J(p,d),1) . In case (ii), let v > d/4. Consider
sequences (vy, ), and (wy,), of functions in H!(C), which respectively minimize the
functionals

6
-0
Eole] == (IVollEay+ AlvliEey) oIS
Ffuli= (190l ) exp | <& [ ful? logluf ay]

under the constraints |[v,||rrcy = 1 and [|wy |12y = 1 for any n € N. We shall
first prove that these sequences are relatively compact and converge up to transla-
tions and the extraction of a subsequence towards minimizers if they are bounded
in H'(C). Next we will establish the a priori estimates in H!(C) needed for the proof
of Theorem B Under restrictions on a, these a priori estimates are also valid for
0 = 9(p,d) or v = d/4 and also give an existence result for minimizers.
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3.1. Convergence of bounded minimizing sequences
Consider C as a manifold embedded in R?*! and denote by B,(y) the ball in

R with radius r centered at y. From [E, Lemma 4.1], which is an adaptation of
[E, Lemma I.1, p. 231], we have the following lemma.

Lemma 3.1. [[4, ] Let r > 0 and q € [2,2*). If (fu)n is bounded in H'(C) and if

limsup/ |fnl?dy =0
n—oo  JB,.(y)NC

for any y € C, then limy, oo || fn|lLrc) = 0 for any p € (2,2%).

As a consequence of this result and of the convexity estimates of Lemma @,
convergence of bounded sequences is a rather straightforward issue.

Proposition 3.2. Let d > 2, p € (2,2*) and 0 € [¥(p,d),1). Let (vy,)n be a
minimizing sequence for Ep such that ||vn|lLecy = 1 for any n € N. If (vn)n is
bounded in H*(C), then (v,)n is relatively compact and converges up to translations
and the extraction of a subsequence to a function v € H(C) such that lvllLrcy =1

and &E[v] =1/ Cern(6,p, a).

Proof. Up to translations and the extraction of a subsequence, (v,,), weakly con-
verges in H'(C), strongly in L _NLP (C) and a.e. in C towards a function v € H'(C).
By Lemma .1}, v is non-trivial and lvllLrcy # O.

Up to the extraction of subsequences, using

hmn—>oo |‘UN||iZ(C) = HUH%AZ(C) + hmn—>oo an - UH%Z(c) 9

with n =6,
A _VU”iZ(c) +A||Un_v|‘%2(c) . ||Un_v||iZ(c)
x = lim 5 5 and y= lim ————,
o ||VU||L2(C) +AHU||L2(C) o ||UHL2(C)

by Lemma P.1] (i), we find that

m == nll)ﬂ;o 69 [’Un] Z 69 [’U] + nh~>ngo 59 [’Un - ’U]

1

2 . 2
= Con(Oop.a) (IlvHLp(C) + lim ||o, - vac))

By the Brezis-Lieb Lemma (see [[ll, Theorem 1]), we know that

1= HUnHip(c) = HUHip(c) + nh—{go llvn — UHip(c) .
The function f(z) := z%/? + (1 — z)?/? is strictly concave so that for any z € [0, 1],
f(z) > 1 with strict inequality unless z = 0 or z = 1. Applied with z = ||v|\€p(c),
this proves that [|v||rscy = 1. Since lim, o Ep[vn] > Ep[v], we know that v is a
nontrivial extremal function for ([L.1[). This completes the proof. O



8 J. Dolbeault € M.J. Esteban

Proposition 3.3. Let d > 2 and v > d/4 with strict inequality if d = 2. Let (wy )n
be a minimizing sequence for F., such that ||wy |12y =1 for anyn € N. If (wy,),, is
bounded in H'(C), then (wy,), is relatively compact and converges up to translations
and the extraction of a subsequence to a function w € H'(C) such that ||wl12(c) = 1

and Fyw] =1/ Cwru(7, a).

Proof. Consider now the sequence (w, ), and denote by w its weak limit in H(C),
after translations and the extraction of a subsequence if necessary.

By (.9) and (P.4), we know that

]:'y[wn] Z CWLH(’% a)_l HwnH;p’y(]g(;)m

for any p € (2,2%). If w = 0, then lim, o0 ||wn|lLrre) = 0 by Lemma B.1], which
contradicts the fact that (w,), is a minimizing sequence and Cwru (7, a) is finite.
Hence we have [[wl|7. ) # 0.

By the Brezis-Lieb lemma and by semi-continuity, we know that

1
— = = lim F,[w,
Cwru(v,a) n—oo el

2 [vaﬂi?(cﬁ‘ AwlFzey + Jim. (IVwn = wlfF2e)+ A flw, - w||iZ(c))}

exp [—i lim /|an|2 log |wy, |* dy}
C

29 nsoo

up to the extraction of subsequences. We may apply (@) to w and w, — w. Let
n = ||w|\%2(c), so that nl;ngo|\wn wa%Q(C) = 1 —n. We know that n € (0,1]. If
n < 1, with

_ 1 2 Jw|?
X = exp [ﬂ Jo lw]? log (”wﬁ”T(c)) dy] ,

2
e [ i o — o o (2 ) ).

L2(0)

we can write

1 1 1
72(x5+ 1-— ﬁ)ex [L lim/wn210 wHQd].
Cwin(y.a) = (£ (L=m)y P| =gy Jim | fwal loglwal” dy
We may then apply Lemma @ (ii) and find that

1 Xy 19 / 2 2 ]
> exp |—=— lim w. log |w,|* dy| .
Cwru(v,a) — Cwrn(v,a) p[ 27 nooo c| nl” log " dy

According to [[I|, Theorem 2], we have

/|w|2 log |w|? dy + lim /|wn —w|* log|w, —w|* dy = lim /|wn|2 log |wy, |* dy
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and, as a consequence, it follows that

L >
Cwiu(v,a) — Cwiu(y,a

) exp {—% (7] logn + (1 - 77) log(l - 77)):|

This proves that n = 1. Using (R.4), we have lim / |w, — w|? log |w, —w|*dy=0.
n—oo
Hence w is an extremal function, which completes the proof. O

The remainder of this section is devoted to the a priori estimates which are
needed to establish the boundedness of minimizing sequences in H(C).

3.2. A priori estimates for Caffarelli-Kohn-Nirenberg inequalities

Lemma 3.4. Assume that d > 2, p € (2,2*) and § € (¥(p,d),1). For any e > 0,
there exists an A > 0 such that, for any v € H'(C) with ||v||Lrc) = 1 and Eplv] <

ooy then [vllme) < A

If d > 3, there exists a positive function af : (2,2*) — (—o00,a.) such that,
whenever a € (aX(p),ac), the same conclusion holds if 0 = 9(p,d).

Proof. By Holder’s and Sobolev’s inequalities, for any p € [2,2*], we have

2
9(d, 1—-9(d,
lollZney < (IS Tolliie™)

. 9(d,p) 2 (1—-9(d,
< [Corn(1,2",0) (I90l22(¢) + AollollEaey))] il Siy" ™

where Ag := aZ. Let t := [[Vofzc)/llvllf2c) and write A = A(a) for brevity.
Because of the condition &[v] < (1 +¢)/ Cern(6, p, a), we have

H’U“i:ﬂ(c) (1+e) ||”Hip(c)

||UH%2(C) ~ Cexn(0,p,a) ||UH%2(C)

(Cexn(1,2%,0))7 )
Cekn(8,p,a)

(t+ AN)f = E[v]

<(1+e) (t+ 80)"

This proves that ¢ is bounded if 6 > ¥(p, d).
If d> 3 and 6 = 9(p, d), let

KL= (14¢) Cogn(1,2%, a0 — 1) /(Coxn (0, p,ac — 1)) -

Since Cekn(1,2%,0), the best constant corresponding to Sobolev’s critical embed-
ding D*?(R?) — L2 (R?), is achieved among radial functions, by (E-) the above
condition reads L )
t+ A<k A§ AT [t+Ao]
which again shows that ¢ is bounded if @ > a¥(p), for some a’(p) such that a. —
a%(p) > 0 is not too big.
Since [0, (t+A)° = Elo] < (1+2)/ Coxn(6,p, ), [olliacey and [ Vol =

t]v|lL2(cy are also bounded as soon as t is bounded, thus establishing a bound
in HY(C).
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Ifd = 2 let 0 > 9(p,2) = p72 . For a choice of ¢ such that n = (p 2) <0, i.e. for
q> m, by Holder’s 1nequahty we have [[v||rec) < [Jv]7, “(C) HU||L2(C Hence,
from

(1+¢) Hvllip((:)
~ Cekn(t,p,a HU||i2(c)

(CCKN (17 q, a‘))n
CCKN(Q,P, a)

we deduce that ¢ is bounded. As above, this proves that v is bounded in H'(C). O

(t+A) < (t+A)"

<(1+e)

Notice that as € — 04, the lower bound for a’(p) can be defined as af(p), which
is determined by the condition

roAd T Alad(p)"F =1,

Hence, with d > 3, the condition a > aZ(p) holds with £ > 0 small enough for any

_d
CEKN(H)pa Qe — 1)1/19(17111) 2(d—1)
CEKN(L 2%, ac — 1)

a > aj(p) = ac — ac (3.1)

We shall comment on this bound in Section ﬂ

Proof of Theorem [ (i). Consider a minimizing sequence (vy,),, for & such that
lvnllLec) = 1. For any given ¢ > 0, the condition Epfv,] < W is satisfied
for n large enough. By Lemma B.4, (v,), is bounded in H!(C). By Proposition B.3,
we know that it converges towards a minimizer v € H'(C) with [|v|[rsc) = 1, up

to translations and the extraction of a subsequence. This concludes the proof with
a* = ay given by (B.1)). O

3.3. A priori estimates for the weighted logarithmic Hardy inequalities

Lemma 3.5. Assume thatd > 2, v > d/4 and v > 1/2 if d = 2. For any € > 0,
there exists an A > 0 such that, for any w € H'(C) with ||wl| 2y = 1 and F,[w] <
= then ||w|uic) < A.
Cwru(v,a) ©)

If d > 3, there exists a* € (—o00,a.) such that (L.Q) also admits an extremal
function in DL2(RY) if v = d/4, d > 3 and a € (a*, a.).

Proof. By (R.1) and (R.4)), we find that for any a < a. and any p € (2,2*),

lwllEe
/|’LU|2 IOg HwHZ ) dy = Hw||L2(C) log (“wllL (C))

L2(c)

< m [wl?2¢) log [Coxn(L,p, a) (t + A(a))]

with t := || Vw|? 2(C)/HwHLQ(C) and A(a) := (o — a.)?. Assuming that lwllrz@cy =1
and F,[w] < (1+¢)/ Cwru(7, a), using (R.3) we find that

t+A __ l+e <(1+5)A(a)1‘4w
[Conn(1,p,0) (¢ + A())] 77 72 " Gwen(,0) ~ Gun(rae—1)

which provides a bound on w in H!(C) if one of the two following cases:
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(i) Ford > 3, if either v > 4 or v = 4 and A € (0, a2) is small enough (we choose
a =0, p=2% so that %ﬁ:%),

(i) If d = 2, for all ¥ > 1 (we choose a = —1, and p > Qill ).

O

Proof of Theorem (i11). Consider a minimizing sequence (w, ), for F, such that

lwn L2y = 1. For any given ¢ > 0, the condition &,[w,] < CVV%@Y”/) is satisfied

for n large enough. By Lemma B.5, (wy,), is bounded in H!(C). By Proposition B.3,
we know that it converges towards a minimizer w € H*(C) with [[w|[r2(c) = 1, up
to translations and the extraction of a subsequence. This concludes the proof with
a* = liminf. o, a}. O

4. Proof of Theorem [1.4

This section is devoted to the limit cases 6 = ¥(p,d) or v = d/4. A sharp criterion
for the existence of extremal functions for Caffarelli-Kohn-Nirenberg and weighted
logarithmic Hardy inequalities given by the comparison of their optimal constants
with the optimal constants of Gagliardo-Nirenberg and Gross’ logarithmic Sobolev
inequalities.

As already noted in the introduction, Can(p) < Corn (¥ (p,d),p,a) and Crg <
Cwru(d/4,a) for any a € (—00, a.). When equality holds, compactness of minimiz-
ing sequences is lost, because of translations. Here we shall establish a compactness
result for special sequences of functions made of minimizers for Coxn (0, p, a) and
Cwru(vn, a) with 6, > ¥(p,d), nh_)n;@ 0, = 9(p,d) and ~,, > d/4, nh—{go n = d/4.

4.1. Compactness of sequences of extremal functions for Caffarelli-
Kohn-Nirenberg inequalities approaching the limit case 8 = 9(p, d)

Lemma 4.1. Letd > 2,p € (2,2*) and a < a.. Consider a sequence (0y,), such that
0, > V(p,d) and lim,, o 0, = ¥(p,d). If (vn)n is a sequence of extremal functions
for (ﬁ) written for 0 = 0, such that ||v,||recy = 1 for any n € N, then (vy), is
bounded in H*(C) if Can(p) < Coxn(V(p,d),p,a). In that case, (vy,), converges, up
to translations and the extraction of a subsequence, towards a minimizer v € H*(C)
of Ey(p,ay, under the constraint ||v||Lrc)y = 1.

Proof. For brevity, let us write § = ¥(p,d) and recall that 6,, — 6 > 0 for all
n € N. Consider first a smooth, compactly supported function v. such that ylv.] <
1/ Ccxn(0,p,a) + € and ||vc||rp(c) = 1. We have

1 1
liminf ———— < liminf & =& < -
I"Igg CCKN(Gnapaa) o gglg on [UE] G[UE] o CCKN(Hapa a) e

for any € > 0 and can pass to the limit as € — 04. On the other hand, we know
from [E] that Coxn(0n,p,a) is bounded uniformly as n — oo, so that
1 1

0 < liminf < . 4.1
n—00 CCKN(envpaa) o CCKN(r&(pv d)vpaa) ( )
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Consider now the sequence (vy,), of Lemma [[.]. With

tn = [ VoallEze)/lonlizc) »
the Euler-Lagrange equation satisfied by v,, for each n € N reads
— 0, Av,, + ((1 — On)tn + A) v, = Corn(On, p, a)_1 (tn + A)lfe" v,P"' on C.

As in [H], using the translation invariance of (@) in the s-variable, the invariance
of the functional & under rotations on S¢~!, and the fact that v,, is a minimizer,
we can assume that v, is nonnegative and achieves its maximum at some fixed,
given point w, € S~!. By the maximum principle, we know that —Awv,(0,w,) >0
and hence M, := v, (0,w«) = [[vn| L~ (c) is such that

Mﬁ_Q > CCKN(onvpa a) ((1 - on) tn + A) (tn + A)‘gn_l :

After the extraction of a subsequence, we may assume that (L), converges and
L :=limy 00 Ly, € ((1 = 60,) Corn(bn, p, a), +o0] where L, := MP—2 t;‘)". Let us
consider the rescaled function f,, defined on C,, :== Rxa,, S~ by v, () = M,, fn(v),
where y = o, ¢ and 02 = (t,, + A)* =% MP~2/ Coxn(0n,p,a). For any n € N, the
function f,, is nonnegative, satisfies

and reaches its maximum value, 1, at the point (0,w,,), where w, = 0, w.
Assume by contradiction that

lim ¢, =o00.
n—o0

In such a case, we know that &, [v,] ~ tor [0nl1Z2(gay SO that [[vn]|fagay ~ 0

and ”VU"H?J?(W) =tn ||vn|\iQ(Rd) ~ tL=% Moreover, we have MP~2 = L, t/» — oo
and, by (1), 02 ~ t1=0 MP=2 ~ L, t, — 0o, and f,, solves

— 0, Afn + ! LG” (L+o(1)) fr=f27".
n
As a consequence, A f,, is locally uniformly bounded.

Next we define on R? the functions g,(s,I1, w) = fu(s,w) pn(s, I, w), where
w € o, S* ! and II,, is the stereographic projection of o, S¥~1 onto R%~!, considered
as the tangent plane to S ! at w,. The cut-off function p,, is smooth and such
that p,(z) = p(z/log(l + 0,,)) for any z € R? with 0 < p <1, p=1 on B; and
supp p C Bs. Locally around (0,w,,), II,, converges to the identity while its first
and second derivatives converge to 0. Hence we know that

IVgnllf2may < IV Falfee,y(1+0(1) and [[Vfalfae,y ~on > My [Voalise
as n — 0o. Altogether, we find that

0—0,) 25 4522,
||vgn||iZ(Rd) ZO(tfl )3 BpE 2)
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which means that (Vg,), is bounded in L?(R?) and (g,,),, converges in HL, .(R?) to
a constant if L = oo. In any case, up to the extraction of a subsequence, (g,,), con-
verges weakly in Hi. (R?). Since Ag, is bounded in L>(R?), by elliptic estimates,
(gn)n strongly converges in CZ_(R?) to a nonnegative function g : R — R such
that, with 8 = 9(p, d),

—0Ag+Ag=g""" iR g(0) = |gllLers) =1,

where g is constant and A = 0if L = oo, and A = (1 — 0)/L otherwise. However, if
L = 00, then g = 1 cannot be a solution. This proves that L is finite and A takes a
finite, positive value. Moreover, HgnHiz(Rd) ~ o2t | Vgallie (R%) ||Vgn||iZ(Rd) is

bounded so that (g, ), weakly converges in Hl(Rd) to g # 0. Hence we get

liminf &, [v,] = liminf (£, + A)? =% Ey[v,]

n—oo n—oo
M2 21-0) - V9IS L0y
> liminf £p[v,] = lim inf —=- i IV Falliéie, Ifallise) = :

limy o0 || fllf s ga)

eventually after extraction of a subsequence, where the latter inequality holds by
semi-continuity.
Let

_ A o 2(1-6,
Eo,.c.[f] 1= 020D <|an||iz<c>+g—%||fn|%2(c>> IfalzSey™

so that &, [vn] = &p,.c.[fn]/ an||Lp(C Because of the change of variables, we
know that Inequality @ becomes

Eo,.,¢. 1]
||f||ip(cn) N CCKN(ﬂnvpaa)

By the local strong convergence of the sequence (gy)n, there exists a sequence
(Ry)y with limy, o R, = 0o such that

v feHYC,) . (4.2)

IEdy
5 and lim fC"H(Rd\BﬁR”) 15
n—00 anHLp(cn)

fcntR I8 dy
AT

lim
n— o0

Here Br denotes the ball of radius R centered at (0,w,) in R4+ Consider now
two smooth cut-off functions p and ¢ such that 0 < p<1,0< (<1, p=1on By,
¢ =1on R\ By, and supp p C Ba, supp ¢ C R4\ By. Then we define p,, and
Co by pu() := p(x/R,) and ¢, (z) == ((z/R,,) for any z € R¥1. We can write

1 _ Goncalfnl o Eoucalfnpnl + EonclfnCal = mn
CCKN(onaI% a) an”ip(cn) - an”ip(c )

where 1, = C'/R,, for some constant C' > 0. Inequality @) applied to f, p, and
fn ¢ shows that

1 o M palline >+ancn|\ip<c >—77n
CCKN(enapva’) o CCKN( napv )an”
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By passing to the limit n — oo, we find that ¢ € (0, 1] is such that

8P 4 (1-0)YP <1,

Hence § = 1, Hg||€p(Rd) = limy, o0 || [ pn||€p(cn) and using ([L1)), we readily find
that

1 1
> liminf ————— =liminf &, [v,
CCKN(ﬁ(p, d),p,a) n—00 CCKN(en,p,a) n—00 [ ]
2(1-6
1V91122 ey 917 Sty 1
||gHiP(]Rd) o CGN(p) 7
a contradiction with our hypothesis. |

With Lemma 1], it is straightforward to establish the results of Theorem B
using Proposition 3.9 as in Section @ Details are left to the reader.

4.2. Compactness of sequences of extremal functions for the weighted
logarithmic Hardy inequality approaching the limit case v = d/4

Lemma 4.2. Let d > 3, a € (—0,a.), and assume that Crs < Cwru(d/4,a).
Consider a sequence (vVn)n such that ~v, > d/4, lim, o v, = d/4 and a sequence
(wn)n of extremal functions in HY(C) for (R.A) written for v = yn: Fy, [wy] =
1/Cwra(yn,a) and ||wy || 2may = 1 for any n € N. Then (wy,)n is bounded in
HY(C) if CLs < Cwru(d/4,a). In that case, (wy,), converges, up to translations and
the extraction of a subsequence, towards a minimizer w € H(C) of Fay4, under the
constraint ||wl|rzcy = 1.

Proof. For any n € N, the function w,, solves the Euler-Lagrange equation

1
—Aw,, — W </ |Vw,|? dy+A> Wy, (1 +10g|wn|2) = fip W
n C

for some Lagrange multiplier u,, € R. Multiplying this equation by w, and inte-
grating by parts, we get

1
/|an|2 dy — — </|an|2 dy+/\)/|wn|2 (1+1og|wn|2) dy = i .
c 29 \Je c

Let t, = ||an||iZ(C) and assume by contradiction that lim, .. t, = co. By
definition of Cwru (7, a), we know that

1 2 2
5 [ ol o, 2 dy = log (Cwri.) -+ )

From the above estimates, we deduce that

fin = tn — (tn + A) [i + log (CWLH(%, a) (tn + A))}
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also diverges as n — oo like —t, logt,. As in Section Q, notice that, using ap-
proximate minimizers for the case v = d/4, it is easy to verify that

1
lim inf < .
n—oo Cwra(Vn,a) ~— Cwru(d/4,a)

Let us define M,, =: max¢ w,. By the maximum principle, we have

_tn—i—A

1+log M?) <, ,

which shows that M, > t1» A7) 4 o as n — 0o and a,, := ML/ t, 1 is such

that liminf,, .o a, > 1. Let 0, := M,%/ 4 and consider the sequence of rescaled func-
tions (f,)n defined on C,, := R x o, S*! by w,(-) = M,, fn(c, ). These functions
are such that || fy|l12(c,) = 1 and they solve

tn + A
25, 02

n  lp+ A
I e
fn log | fnl 02 +2,7n0721

n

~Af, — (1+logoi) fn .
Moreover, we can assume with no restriction that the function f, attains its max-
imum value, 1, at the point (0,w,,) with w, = 0, w,, for some given w, € S¥~!. By
assumption, we know that -, > d/4, so that, for n large enough,

t t
Vil dy = = < — 2 — =t, M /7" = —
/Cn Vil dy =25 < 54/ " an
and
o tn+ A d t, loga, log a.,
o2 + Dm0 (1+1logoy) = T(l +0(1)) < Ta (1+0(1)) .

As in Section [L.1, let II,, be the stereographic projection of o, S*~! onto R,
considered as the tangent plane to S%! at w, where w,, = 0, ws.. Let g, be such
that g, (s, I, w) = fn(s,w) pn(s, I, w) for any (s,w) € R x 0, S*~! = C,. Here p,
is a cut-off function as in Section EI From the equation for f,,, we deduce that Ag,,
is bounded in L°>°(R9) uniformly with respect to n € N. Using elliptic estimates,
up to the extraction of subsequences, we can prove that (g,), locally converges
towards a function g, defined on R? and satisfying

~Ag—Ag(1+loglgl) =Bg mR?, ¢(0)=1.

where A = % lim, o0 (tn + A)/02 and B := lim, o (loga,)/a, are two nonneg-
ative real numbers. If lim,,_.oc a,, = +00, then A = 0 = ”9”%2(]@)’ B =0andyg

satisfies —Ag = 0 on R%, which means ¢ = 1. But on the other hand, the uniform
boundedness of f,, in L2(C,,) implies that g € L2(R?), a contradiction. Notice indeed

that
/ lg|? do < liminf/ lgn|? do < hrninf/ Iful?dy=1.
Rd n—o0 Rd n— o0 Cn

The sequence (an)y is therefore bounded, A, B are positive and 6 := [5. lg|? dx €
(0, 1]. Notice indeed that g = 0 would contradict g(0) = 1 and hence § > 0.
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As a consequence of the strong convergence of (g,), in L2 _(R?), there exists a
sequence (R,,), with lim,_,. R, = co such that

lim |ful?dy =6 and lim |fnl>dy>1—-0.

n= JC,NBr, o0 /N (R Bag,, )

Here Bpr denotes the ball of center (0,w,) and radius R in R¥*! > C,. As in

Section , consider two smooth cut-off functions p, , such that p=1on By, (=1

on R?\ By and supp p C B, supp ¢ C R?\ By. Then, we define p,, () := p(z/R,),

Cn(2) = ((x/Ry). We know that anll%ﬂ(cn) > | fn pn”%ﬂ(cn) + | fn CnH?}(cn) for any

n €N, limy, oo || fn aniZ(Cn) =0 and lim, o0 || fn Cﬂ”iz(cn) =1 — 6. Moreover, we

have vanHiZ(cn) =2 IV (fa Pn)”i?(cn) +IV(fa Cn)”i?(cn) + 1, with 9, = O(1/Ry).
For any f € HY(C,,), define

Pl ot Jo, WEP dy+ 2 [, 1fI dy
Yn:Cn =op °" .
1 12 TE
Xp [2% Je. 2, 08 (aniz(cn)) dy}
fcn ‘f|2 dy

Inequality (R.9) simply amounts to F,, ¢, [f] > G forany f € H(C,). By

assumption, we know that, for any n € N, 1/Cwru(vn, a) = Fylwn] = Fy,.c.[fn)
and | fullr2(c,) = 1. From the above estimates, we have

1
Froeull o (50 [ 1P toss dn)
Tn Je,
= vanHi?(Cn) + A ”fn”?ﬁ(cn) Z Qp + ﬁn + Tin

with
an = [V (fupn)lEae,) + Al fnpnlac,) -
B = IV (faGalllEae,) + Al fa GallEace,) -

lim, 5001, =0.

By definition of F,, ¢, , we can rewrite a,, and 3, as

L ) i |2 [[fn Pn”;;(cn)
Qp = ]:'yn,,Cn, [fn pn] [GXP (Q»Yn an |fn pn| 1Og (W) dy):| ’

(CTI)

o I 6ol B e
Bn = Fry,.c0lfn Cn {exp (ﬁ an | fn Cal? log (W) dy)] .

2
CTLHLZ (Cn)

By applying (@) to fn pn and fy Cn, we find that

fn Gallie
and  F,, ¢, [fnCa] > | IE2(c.)

anpnll%ﬂ(c )
F n Pn) > ——————2 = Conilr )
Yoo S Pn] Cwru(yn, a)

~ Cwira(m, a)
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Using [f], Theorem 2] and (R-4), we obtain

lim |fn|2 1Og|fn|2 dy
Cn

n—r oo

= Jin [l 0g fupul? dy+ Jim [ 15, G og £, dy

n— o0 Cn
With
x = lim,,_, o exp {ﬁ an | £ pul? log (M) dy} :

2
[l fn PnHLZ(Cn)

2
y = lim,, .o exp [ﬁ an, |fn Cn|2 log (%) dy:| )

(Cn)

and n =4, if § < 1, we find that
limn inf 1 o inf [f]
iminf ———— =limin -
n—oo Cwrn(Yn,a)  n—oo Yn:Cn
1 1
S dwr+ (- 0)yrs [55(1 _5)175}
ry

v

liminf —————M— .
n—oo Cywru(Vn, a)

Hence we know that 6° (1—8)!7% < 1 by LemmaP.] (ii). This proves that ¢ € (0, 1]
is actually equal to 1.

Since Cwru(d/4,a)~ > liminf, . Cwru(yn,a)” !, we have

1
. S lim—— —liminfF |w,
Cwru(d/4,a) — n—oo Cwru(yn,a)  n—oo n[t0n]

2 2
o IVl +A
> liminf Fy 4 [wy,] = limin i LA (Cn)
n—o noo T 2 [ |fal?log|ful? dy
2 ,
Jza IV fI? da - 1
< T LalfPloglfPdy — Cpg

a contradiction with the assumption Crg < Cwru(d/4,a). This proves that (t,)n
is bounded. |

With Lemma §.2, it is straightforward to establish the results of Theorem E
using Proposition as in Section @ Details are left to the reader.

5. Concluding remarks and open questions

Let us conclude with some comments on the range of the parameter a for which
(L) admits extremal functions if & = ¥(p, d). If (B.J)) is satisfied, this is the case and
because of the strict monotonicity of a — Coxn (¥ (p, d), p,a) as soon as Can(p) <
Cexn(9(p,d),p,a), we know that this inequality also holds for any larger value
of a, up to a.. In Section [I.§, we gave a sufficient condition for which Can(p) <
Cokn(¥(p,d), p,a) holds. Let us give some details.

Consider R given by ) To obtain R < 0, a sufficient condition is to have
R1 < 0 and Ro < 0. This can be established in some cases.
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Proposition 5.1. Let d > 5, p € (2,2*) and 6 = J(p,d). There is a constant
a € (—o00,ac) such that R is negative if a € (a,ac). In such a case, Can(p) <
Cekn(9(p, d), p,a) holds and (1) admits an extremal function in DL2(R).

Notice that the expressions of R; and Ro being polynomial of order 2 in a and p,
an explicit expression of a can be established, which depends of p and d.

Proof. With no restrictions, that is, up to a scaling and a multiplication by a
positive constant, the radial minimizer u for 1/Cgn(p) solves the Euler-Lagrange
equation

—Au4u—uP1=0.

Let xo == [, [W/[*r?=tdr, yo := [° [ul?*r?~ dr and zg == [} |u[P r¢! dr. Mul-
tiplying the equation by u 7?1 and ru/r?~! and integrating with respect to r €
(0,00), we find respectively

Xo+yo—20=0
and

d— d

2 d —_
TX0+§}’0—520—0-

Let xo := [i° [W/[2r@thdr, yo := [ |ul?r®™ dr and zo := [ [ulP r*T dr. Mul-
tiplying the equation by ur?t! and ru/r?*! and integrating with respect to r €
(0,00), we find respectively

xg —dyg+y2s—2z2=0

and

d—4 d+2 d+2 _
Tty - FF =0,

With e = y/|y|, let us observe that

. 2 -
|z+y|727 — |y|*2’7 <1+2x_e+%>
lyl |yl

_ x-e || (z-e)? 1
= [y|=*7 <127— TpT2v(r+1) +0(—)
ly| ly[? ly[? ly[?

as |y| — oc. Consider a radial smooth function g, so that fRd x g dr =0, and define
gn(@) := g(z + ne). Using [p. (z-e)?gdx =3 [p.|z]? g dv, we find that

z|? g dx 1
/ |x|—2vgndx:n—2v 1+@M+O(—2) asn — 0o,
R n Jga g dx n

where r(v) := 2 v (y—a.). With the notations of Section I3, R given by (.3 takes
the value

X2 Y2 2 pp\ 22
R=0r(a) =+ (1—-0)r(a+1)=—= ——r(2L)—=.
@200 rlat)2 -2 ()2
Using the above identities and ¢ := ya/yo > 0, we can eliminate x;, y;, and z; for
1 =1, 2 in the expression of R = Rt + Ry in terms of t. Notice that Ry and R4
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are polynomials of degree two in terms of a, with finite coefficients depending on p,

d (but not on t). For a = a., we observe that

d—4 2d—(d-2)p
2p 2(d+2)—([@d-4)

R=— p(2d+(pf2)t),

thus proving the result. |

In practice, it turns out that the bound given by () is actually better than
the condition of Proposition in many cases. This however leaves open the ques-
tion to decide if Inequality ([L.1]) with 6 = 9(p,d), d > 2 and p € (2,2*), admits
extremal functions for any a € (—o0,a.) or if @ := inf{a € (a,a.) : Caon(p) <
Con(9(p,d), p,a)} is finite. In such a case, ([L1]) would admit an extremal func-
tion for any a > a and would not admit any extremal function for any a < a. If
a > —oo, whether there is an extremal function for a = @ is also open.
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