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BOHMIAN MEASURES AND THEIR CLASSICAL LIMIT

PETER MARKOWICH, THIERRY PAUL, AND CHRISTOF SPARBER

ABSTRACT. We consider a class of phase space measures, which naturally arise
in the Bohmian interpretation of quantum mechanics (when written in a La-
grangian form). We study the so-called classical limit of these Bohmian mea-
sures, in dependence on the scale of oscillations and concentrations of the
sequence of wave functions under consideration. The obtained results are con-
sequently compared to those derived via semi-classical Wigner measures. To
this end, we shall also give a connection to the theory of Young measures
and prove several new results on Wigner measures themselves. We believe
that our analysis sheds new light on the classical limit of Bohmian quantum
mechanics and gives further insight on oscillation and concentration effects of
semi-classical wave functions.
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1. INTRODUCTION

In this work we consider a quantum systems described by a time-dependent
wave-function 1°(t,-) € L?(R?; C). The dynamics of 4 is governed by the linear
Schrédinger equation

2
(1.1) ieO)° = f%AwE +V (@), ¢7(0,2) = v§(a).

where € R?, t € R and V = V() a given real-valued potential. Here, we already
rescaled all physical parameters, such that only one dimensionless parameter € > 0
remains. We shall mainly be interested in the (semi-)classical limit € — 04, and so
in the following refer to € as the semi-classical parameter. In the usual interpretation
of quantum mechanics, the wave-function ¢ yields a probabilistic description of
the position of the particle X (t) € R, at time ¢ € R. More precisely,

Probx (1co = / = (t, 2)Pd,
Q

is the probability of finding the particle a time ¢ € R within the region Q C R<.
This requires the wave function to be normalized ||1°(¢,)||z2 = 1.

In more generality, we recall that, although the wave function ¢ itself is not a
physical observable, (real-valued) quadratic quantities of ¢ yield probability den-
sities for the respective physical observables. Two important examples of such den-
sities, describing the expected values of observables (in a statistical interpretation),
are the position and the current density, i.e.

(1.2) p(tx) = [0°(t, @), JE(t @) = elm (P(t, 2) Vo (1, 7).
It is easily seen that if 1° solves (1.1), then the following conservation law holds
(1.3) Op® +divJe = 0.

Similarly, one can define the total energy of the particle, which is conserved along
sufficiently smooth solutions to (1.1). In our case it is given by
2

(1.4) E[)°(t)] = % /Rd | Ve (t, x)|?dx + /Rd V(2)|Y°(t, ) da,

i.e. by the sum of the kinetic and the potential energy.

The semi-classical regime of quantum mechanics corresponds to situations where
€ < 1. Note that e corresponds to the typical wave-length of oscillations within the
sequence of wave functions ¢°. In view of (1.1), this is a highly singular asymptotic
regime and thus analyzing the limiting behavior of expectation values of physical
observables requires analytical care. In particular, the limit of the highly oscillatory
wave function ¢ itself is of almost no relevance due to the non-commutativity of
weak limits and nonlinear functions.

The conservation law (1.3), is also a possible starting point of the Bohmian
interpretation of quantum mechanics [10] (see also [14] for a broader introduction).
To this end one introduces the velocity field

JE(t, Ve (¢,
(1.5) u®(t,z) = (t,2) =elm Vet o) ,

pe(t,x) Pe(t, x)
which is well-defined, expect at nodes, i.e. zeros, of the wave function ¢°. Ignoring
this problem for the moment, the Bohmian dynamics of quantum particles is gov-
erned by the following system of ordinary differential equations for the macroscopic
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position vector:

(1.6) Xe(t,x) =us(t,X°(t,z)), X°(0,z) =z € R

In other words, in Bohmian mechanics a particle is not only described by its wave
function ¥°. Rather, the wave function, called pilot-wave, is used to compute from
it the velocity (or momentum) of the particle, whose dynamics is consequently given
via the ordinary differential equation (1.6). In addition one assumes that initially
the particle’s position is not exactly known, but described by the probability distri-
bution p°(0,z) = |4§(x)|>. This probabilistic feature of Bohmian mechanics can be
understood as a lack of knowledge about the fine details of the considered quantum
mechanical system, analogously to the situation in classical statistical mechanics,
cf. [14].

The above description of the particle’s dynamics can be considered as the Euler-
ian approach to Bohmian mechanics with u® the associated Eulerian velocity. While
it is certainly interesting to directly study their limits as € — 0, this problem seems
to be out of reach so far and hence will not be the object of this paper. Instead
we shall describe how to pass to the corresponding Lagrangian point of view on
Bohmain dynamics and argue that this viewpoint naturally leads to the introduc-
tion of a certain class of probability measures on phase space, which we shall call
Bohmian measures. These measures concentrate on Lagrangian sub-manifolds in
phase space induced by the graph of the initial velocity u®(0,z). They consequently
evolve via the (Lagrangian version of the) Bohmian dynamics and can be shown
to be equivariant with respect to this phase space flow. In addition the first and
second moment of these measures yield the correct quantum mechanical position
and current density. It is therefore natural to consider their classical limit in order
to analyze the emergence of classical dynamics from quantum mechanics (in its
Bohmian interpretation).

The main analytical tool for studying the classical limit of Bohmian measures
will be the theory of Young measures, which provides information on weak limits of
oscillatory sequences of functions. The obtained limit will then be compared to the
well established theory of (semi-classical) Wigner measures associated to ¢°(t), see
e.g. [22, 18, 28]. These are phase space measures which, after taking appropriate
moments, are known to give the correct classical limit of (the probability densities
corresponding to) physical observables. We shall prove that the limiting Bohmian
measure of 1°(t) coincides with its Wigner measure locally in-time. That is, before
caustic onset, where the first singularity occurs in the solution of the corresponding
classical Hamilton-Jacobi equation. Furthermore, we shall argue that in general
the limiting Bohmian measure differs from the Wigner measure after caustic onset.
In the course of this we shall also prove new results on when Wigner transforms
tend to mono-kinetic Wigner measures.

The purpose of the present work is thus twofold: First, to shed new light on the
classical limit of Bohmian mechanics. Second, to give further insight on oscillation
and concentration effects of semi-classical wave functions (with finite energy) by
means of two physically natural, yet again mathematical very different, descriptions
via phase space measures. Moreover, we believe that our analysis may very well
be used as a first building block towards an optimal transportation formulation of
quantum mechanics, by combining our results with those given in [4, 16] and [19]
(cf. Remark 2.6 below).
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2. A LAGRANGIAN REFORMULATION OF BOHMIAN MECHANICS

2.1. Existence of Bohmian trajectories. We start with some basic assumptions
on the potential V. Since in this work we shall not be concerned with regularity
issues we assume

(A1) V e C®(R%LR), V(x) > 0.

This is (by far) sufficient to ensure that the Hamiltonian operator
&2
(2.1) H® = 75A+V(x),

is essentially self-adjoint on D(H¢) = C§°(R%;C) C L?(R%;C), cf. [27]. It therefore
generates a unitary Co-group U (t) = e~ "/ on L?(R?), which ensures the global
existence of a unique strong solution 1 (t) = U¢(t)1y € L?(R?) of the Schrodinger
equation (1.1), such that

lo°(t, s = 195 (1, e = WG 3, Vi€ R
From now on, we shall also impose the following assumption on the initial data:
(A.2) Y5 € C®(R?Y), with |[¢§]|z2 = 1 and E[1)§] < 400, uniformly in e.
Since U¢(t) and H® commute, we also have that the total energy is conserved, i.e.
E[y°(t)] = Elygl, VteR,

and thus, in view of (A.2), E[¢°(t)] is uniformly bounded as ¢ — 04 and for all
t € R. In addition, the dispersive properties of U¢(t) together with the assumption
(A.1) imply that if 9§ € C*(R?), for a > 0, then °(t,-) € C*(RY) for all times
t € R. In the following, we denote

1Ny o= 15l + eV o]l

and we say that a sequence f¢ = {f°}oce<t is uniformly bounded (as € — 04) in
H!(R%C), if
sup || f*|l a2 < +o0.
0<e<1
Note that the two conservation laws given above, together with (A.1), (A.2), imply
that ¥°(t,-) € HX(R?) uniformly bounded as e — 04 and for all ¢ € R. Moreover,
in view of (1.2) we have

(2.2) 172 Mo < el Vst )llee [19°(E )2 < B,

and we conclude that for all ¢t € R: J&(t,-) € LY(R%R?) uniformly as ¢ — 0,
provided assumptions (A.1) and (A.2) hold.

Next, we recall the main result of [29] (see also [7]) on the global existence of
Bohmian trajectories.

Proposition 2.1. Let (A.1), (A.2) be satisfied. Then the map X§ : v — X¢(t,x) €
R? induced by (1.6) exists globally in-time for almost all x € R?, relative to the
measure p§ = |[5(z)|?dx and X{ € C' on its mazimal open domain.

Moreover, the probability density p°(t,-) is the push-forward of the initial density
pg under the map X;, i.e.

po(t) = X7 # pf.
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We consequently infer that the Bohmian trajectories, defined through the ordi-
nary differential equation (1.6), exist p§—a.e. and that for any compactly supported
test function o € Cp(R?) it holds

(2.3) /R o)t x)dr = / o (X (1, 2))pf () da.

Rd
This property is also called equivariance of the measure p®(t,-) in [7, 29].
In addition we may interpret (2.3) as a way of giving sense to the solution of the
continuity equation

(2.4) Op® + div(p®u®) =0,

where ¢ is given by (1.5). Due to the possible occurrence of nodes in ¢ (t, ), the
vector field u® (¢, x) is in general not Lipschitz in x. In fact, not even the general
existence theory [3, 13] for velocity vector fields which only have a certain Sobolev
or BV regularity applies to Bohmian trajectories. The property (2.3) therefore can
only interpreted as a very weak notion of solving the continuity equation (2.4). To
this end, consider the weak formulation of (2.4), when multiplied with test function
o € C5(0,00) x RY), i.e.

/OO 0o (t,x)p° (t, z) + u®(t,x) - Vo(t,x)p®(t, x)dzdt = —/ o (0, z)pg(z)dx.
0 Jre R

Applying formula (2.3) to the left hand side of this identity, we obtain
/ / (Oro(t, XE(t,2)) + (8, XE(t2)) - Volt, X(t,2))) o (2)da =
0o Jre

— [ a0
Rd

Now, using the fact that p§ — a.e. it holds: u®(t, X¢(t,x)) = X(t,x) by (1.6), the
fundamental theorem of calculus allows to conclude the following statement.

Corollary 2.2. The density p°(t) = X£ # p§ is a weak solution of the conservation
law (2.4) in D'([0,00) x RZ).

2.2. Bohmian measures on phase space. We shall now reformulate Bohmian
mechanics by taking the Lagrangian point of view. To this end we first introduce
the Lagrangian velocity

Pe(t,z) = X°(t,z),
for which we want to derive an equation of motion. In view of (1.6), we can
differentiate P°(t,z) p§ — a.e. to obtain

P(t,x) = 0puf(t, X°(t, ) + (Xs(t,a:) ~V)u€(t,X€(t,x))
= Ot (t, X°(t, 2)) + (u*(t, X (¢, 2)) - V)u (t, X*(t, x)).

To proceed further, we need an equation for the velocity field u®. To this end, we
recall the well-known hydrodynamic reformulation of quantum mechanics, where one
derives from (1.1) a closed system of equations for the densities p®, J¢. Assuming
that ¢ is sufficiently differentiable, they are found to be (see e.g. [15])

Op® +div J® =0,

JE® J®

(2.5)

2

2.6

A 5
8tJE+diV< \/F) .

/P
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Remark 2.3. Under the regularity assumptions on V and ¢ stated above, the
weak formulation of the quantum hydrodynamic equations (2.6) holds in a rigorous
way, i.e. each of the nonlinear terms can be interpreted in the sense of distributions,
see [15, Lemma 2.1]. Let us also point out that the hydrodynamic picture of quan-
tum mechanics originates in the seminal work of E. Madelung [23], who interpreted
p®, J¢ as a description of a continuum fluid instead of a single particle.

Identifying the current as J® = p°u® we can formally derive from (2.6) the
following equation for u®:

€ € € _i A\/F
(2.7) oput + (uf - V)u +VV—2V<\/FE>.

The right hand side can be seen as the gradient of the so-called Bohm potential (or
quantum potential), given by

> AVpE(t, o)

e &
(2.8) Vi(to) ==~ ok

Plugging (2.7) into (2.5) we finally arrive at the following system of ordinary dif-
ferential equations:

X¢=p*
(2.9) . ’
Pf = -VV(X®) - VVi(t, X9),
subject to the initial data X¢(0,2) = x and P¢(0,z) = u®(0, ), where u°(0,z) is

the initial velocity given by

u(z) = elm (

V5 (33)>
ix) )

Note that the system (2.9) fully determines the quantum mechanical dynamics. It
can be regarded as a system of ordinary differential equations, parametrized by
the spatial variable 2 € R? through the initial data, where the position density
p° (and its derivatives up to order three) have to be determined additionally. At
least numerically, p* can be computed via ray tracing methods, based on the push
forward formula (2.3), which requires the trajectories X¢(¢,x) for all x at time t.
This fact makes the Lagrangian reformulation particularly interesting for numerical
simulations, see e.g [20].

In order to give (2.9) a precise mathematical meaning we shall in the following
introduce what we call Bohmian measures on phase space R% x Rg. To this end we
denote by M+ (R% x ]Rg) the set of non-negative Borel measures on phase-space and
by (-,-) the corresponding duality bracket between M(R$ x R%) and Co(R$ x RY),
where Co(R% x R?) is the closure (with respect to the uniform norm) of the set of
continuous functions with compact support.

Definition 2.4. Let ¢ > 0 be a given scale and ¥° € H!(R?) be a sequence of
wave functions with corresponding densities p®, J¢. Then, the associated Bohmian
measure 3° = B[] € M (R x RY) is given by

(8%, ) = /Rd o= (z)p (x, Z:((i))> de, Ve Co(Rg X Rg).
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Note that in the definition of 8¢ a fixed scale ¢ is imposed via the scaling of the
gradient in the definition of the current density (1.2). Formally, we shall denote
the Bohmian measure by

(2.10) §(x,p) = p*(2) © 6 (p ) ) — @)@ (p eIm (Vj’((?)) ,

where § is the usual delta distribution on R?. Obviously, (2.10) defines a continuous
non-negative distribution on phase space. In addition, the first two moments of 3¢
satisfy

/ B°(z,dp) = p°(2), / p B (, dp) = pF () () = J°(z).
]Rd Rd

However, higher order moments of 3¢ in general do not correspond quantum me-
chanical probability densities (defined via quadratic expressions of ¢¢). In partic-
ular, the second moment of 3¢ yields

2
/Rd % B85 (x,dp) = %pe(m)lue(w)lz~

In classical kinetic theory, this would be interpreted as the kinetic energy density
of the particle. However, in view of

2

e € . 1 |Je(2)]? &2 _
@) Bl =5 [ Ve@Pd =g [ LS [ vyt

we see that the second moment of 3¢ is not what in quantum mechanics would be

called a kinetic energy density, since it does not account for the second term o £2.

Note that this term formally goes to zero in the classical limit € — 0.
To proceed further, we shall introduce the following mapping on phase space,

(2.12) @7+ (z,p) = (X°(t, 2, p), P(t, 2, p))

where X, P¢ (formally) solve the ODE system (2.9) for general initial data x,p €
R?. From Proposition 2.1 we conclude the following existence result of Bohmian
trajectories in phase space.

Lemma 2.5. Under the same assumptions as in Proposition 2.1, the mapping ®f
exists globally in-time for almost all (z,p) € R%¢, relative to the measure

By (@, p) = po(x) @ 6(p — ug(x)).
Moreover ®; is continuous w.r.t. t € R on its mazimal open domain and
pe(t) = @ # Fg.

Proof. First note that ®; when restricted to {graph(u§)} C RZ x R¢ is well defined
B6 — a.e., since the map X} established in Proposition 2.1 does not run into nodes
of 15 (t,-) for almost all z relative to p§. Now, let us w.r.o.g. consider test function
o(z,p) = o(z)x(p) € Cp(R?9) and denote u® = J/p*. Then, we have

(3 (0.0) = [ | olan(u (e (tayis

= [ ol (e (6 X (k) ol
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where for the second equality we have used (2.3). By definition u® (¢, X°(¢,z)) =
P=(t,x), hence

(01 = [ (X a)(P () po(a)de = (85 45 © By, )

Since P¢(0,z) = u®(0, X°(0,x)) = u§(0,x) the assertion of the lemma is proved. O

Remark 2.6. Formally, this allows us to interpret 5°(¢) as a solution of the fol-
lowing kinetic equation

(2.13) O +p-Vauffs =V (V+V5) VpB° =0,

subject to (mono-kinetic) initial datum 5§ defined in Lemma 2.5. As before, equa-
tion (2.13) can be seen as a conservation law in phase space (endowed with a
complex structure). The main problem of (2.13) is, that the term V,V§ - V,5°
can not be defined in the sense of distributions in a straightforward way. We re-
mark, however, that in the purely diffusive setting of the quantum drift diffusion
equation [19], these mathematical difficulties were overcome by using Wasserstein
gradient-flow techniques. We believe that a combination of [19] with the results
given in [4, 16] can lead to rigorous mathematical results on (2.13). From a math-
ematical point of view, the study of the kinetic equation (2.13) is also interesting
for initial data given by more general positive Borel measures. Clearly, in this case
the connection with the Schrodinger equation is lost.

Given that the time-dependent Bohmian measure [°(f) concentrates concen-
trates on the Lagrangian manifold generated by the quantum mechanical phase
space trajectories induced by (2.9), it is natural to consider the limit of 5°(t) as
€ — 04 in order to study the classical limit of Bohmian mechanics. This will be
the main task of the upcoming sections.

3. THE CLASSICAL LIMIT OF BOHMIAN MEASURES

We recall that the assumptions on the initial wave function v¢§ together with the
arguments given at the beginning of Section 2 imply that for all ¢ € R the solution
of the Schrédinger equation ¢ (t) is uniformly bounded in H!(R?) as ¢ — 0., with
a bound independent of time (namely, the initial energy). Since the latter will
be the main technical assumption needed from now on, we shall for the sake of
notation suppress any time-dependence in the following and formulate results on
Bohmian and Wigner measures associated to general sequences of L? functions
with uniformly (in €) bounded mass and energy. In Section 6 we shall get back to
time-dependent Schrodinger flows and apply the results of the previous sections.

3.1. Existence of limiting measures. We start with the following basic lemma,
which ensures existence of a classical limit of S¢.

Lemma 3.1. Let 1¢ be uniformly bounded in L*(RY). Then, up to extraction of
sub-sequences, there exists a limiting measure 3° = f € MT (R x Rg), such that

BN B in MT(RE x RY) w — .

Proof. In view of Definition 2.4 we have, for all test functions ¢ € Co(R% x R%):

[(B%, @) < ||<P\|Loc(R2d)||P€||Ll(Rd) < +-o00,
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uniformly in e, by assumption. By compactness, we conclude that there exists
a sub-sequence {e,}nen, tending to zero as n — oo, such that nose £ in

MT(RY x Rg) weak — *. O

When ¢° = 9°(t) evolves according to the Schrodinger equation with initial
data such that [|¢§]l,2 = 1, then ¢ is in L®(Ry, M*(RY x RY)) uniformly as
e — 0, since p° is in L®(Ry, L'(R%)) uniformly as e — 04. Thus there exists
a sub-sequence (which we shall denote by the same symbol) and a t-parametrized
family of limiting probability measures 3° = 3°(t), such that 5° tends to 3° in
L>®(Ry, M+ (R x ]Rg) weak — *. This is of importance when we shall get back to
Schrédinger wave functions in Section 6, in particular for Proposition 6.1.

Next, we shall be concerned with the classical limits of the densities p®, J¢. Since
they are both uniformly bounded in L'(R?), provided ¢ is uniformly bounded in
HL(R?), we conclude, that, up to extraction of a subsequence, it holds

e—0

(3.1) p° 20 p, in MTRELR)w —x, J° —=" J, in MH(RERY) w —

Moreover, it has been proved in [15], that J < p in the sense of measures and thus,
by the Radon-Nikodym theorem there exists a measurable function wu, such that
(3.2) dJ = u(z)dp.

Formally, the function u(x) € R? can be interpreted as the classical limit of the

Bohmian velocity field u®. The following statement gives the connection between
the limits (p, J) and 5.

Lemma 3.2. Let ¢ be uniformly bounded in H:(R?). Then

(33 o) = [ ). 3@ = [ o8

Moreover, we also have

(3.4) i [/ oo dndp) = [[ ptanap),
e—04 R2d R2d
provided that in addition ¢ is compact at infinity, i.e.

lim lim |9 (x)|? dz = 0.

R—o00e—04 |z|>R

Thus, the classical limit of the densities p®, J¢ can be obtained from the limiting
Bohmian (phase space) measure 8 by taking the zeroth and first moment. In
addition no mass is lost during the limiting process at |z|+ |p| = +o0, if in addition
1 is compact at infinity.

Proof. We first prove assertion (3.3) for p°. To this end let o € Cy(R?) and write

//de *(dz,dp) = //RM B¢ (dx, dp)

//de )(1 = xr(p))B° (dz, dp),

where for a given cut-off R > 0, xg € Co(R?), such that: 0 < g < 1 and xr(p) = 1
for |p| < R, as well as x(p) = 0 for |p| > R+ 1. In view of Lemma 3.1 the first
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integral on the r.h.s. converges

/ / 2)Xr(p)B° (de, dp) =% / / B (dz, dp).
R2d R2d

On the other hand, the second integral on the r.h.s. is

// )(1 — xr(p))B°(dz,dp) < / P ()0 () 1{us|> Ry d,
R2d Rd

where u° = ,T: and 1 denotes the indicator function of a given set 2 C R%. We
can now estimate
C

(1 1 €
| r@o@usm de< 5 [ 17 Ca)lo(@)dr< 3

where C' € R, is independent of €. Here, the last inequality follows from (2.2)
together with the uniform bound of ¢ in H!(R?). We can therefore take the
respective limits ¢ — 04 and R — 400, to obtain the desired statement for the
position density p®. The assertion (3.3) for J¢ can be shown analogously.

Finally, in order to prove (3.4), we refer to [18, 22], where it is shown that

lim p(z) dz :/ p(z) dz,
R4

E—>0+ Rd

N

provided ¢ is compact at infinity. Jointly with (3.3), this directly implies (3.4). O

The main task of this work is henceforth to study the limit 5 € M (RZ x RY).
In particular, we want to understand under which circumstances /3 is mono-kinetic.

Definition 3.3. We say that 8 € M*(R? x Rg) is mono-kinetic, if there exists a
measure p € MT(RY) and a function u defined p — a.e., such that

(3-5) Bla,p) = p(x) © 6(p — ulz)).

Obviously, for every fixed € > 0 the Bohmian measure 8¢ is mono-kinetic by
definition, see (2.10). Note however, that the limit statements for p° and J¢ given
n (3.1), do not allow us to directly pass to the limit in 8°. Thus, in general we
can not expect the limiting Bohmian measure 5 to be of the form (3.5). In order
to obtain further insight into the situation, we shall establish in the upcoming
subsection a connection between [ and the, by now classical, theory of Young
measures.

3.2. Connection between Bohmian measures and Young measures. Con-
sider a sequence f. : R? — R™ of measurable functions. Then, we recall that there
exists a mapping p, = p(z) : RT — M*(R™), called the Young measure associated
to the sequence fc, such that x — {(u(x),g) is measurable for all g € Cy(R™), and
(after selection of an appropriate subsequence):

lim o(x, fe(x)) dx —/ / o(x, N)dp, () de,
e—0 ]Rd Rd m

for any function o € L'(Q;Co(R™)), cf. [6, 25, 26]. In view of Definition 2.4
we expect a close connection between the classical limit of Bohmian measures and
Young measures. To this end, we shall first state one of the key technical lemmas
of this work.



BOHMIAN MEASURES 11

Lemma 3.4. Let ¢° be uniformly bounded in H(R?) with corresponding densities
p¢,JE € LY. Then, for x € R? a.e., there exists a Young measure
ot R X R — M,

associated to the pair (p°, J¢), such that

(3.6) Bla,p) > / L () di
0

in the sense of measures, with equality if p° — p in L*(RY), as ¢ — 0,. In the
latter case, jig is a probability measure on RITT,

The property of weak convergence of the particle density is crucial in order to
express the limiting Bohmian measure 8 by (a moment of) the Young measure
associated to p®, J*.

Proof. Assume weak convergence of p° — p in L'(R%), as e — 0,. Thus, by the
Dunford-Pettis theorem p® is uniformly integrable Next, consider the sequence

€l o € J E(w))
0*(a) = (el (2, )
for ¢ € C§°(R?%; R) such that w.r.o.g. ||¢|/r=~ = 1. Then |af| < pf, and in addition
the sequence of is uniformly integrable. Thus o — a® in Ll(Rd) weakly, even
though J¢ does not necessarily converge weakly in L. In view of Deﬁnition 2 4 we
obviously have (8¢, ¢ f af (z)dz, and thus also in the limit (3, ¢ f «@
On the other hanndt7 we know that for 2 € R?, the mapping

a: (z,r§) %T@(x,i)

is continuous in 7, £ and measurable in z, hence a Carathéodory function (cf. [25]).
From what we have seen before, we know that a(z,p®(z),J(z)) = a®(x) con-
verges weakly in L'(R? R) and thus Theorem 2.3 in [25] asserts the existence of a
probability measure p,., associated to (p°, J¢), such that

iy [t @) @)de= [ [ re (x £) dua(r,6)
/ / o(z,p)du, (r,rp) dz,
R4 Rd+1

where the second line follows from the simple change of variables rp = &. Since
p° > 0 the Young measure y, has to be supported in [0,00) x R? and thus, we

obtain
(B,0) = / / P o, p)dpa (r, rp) de,
R4 J[0,00) x R4

i.e. the assertion of the theorem, provided p — p in L'(R9).

On the other hand, if we discard the assumption of weak L' convergence of p?,
we infer the existence of a Young measure p, such that p,(R1) < 1, ie. not
necessarily a probability measure, and that (see also Proposition 4.4 in [25]):

liminf/ a(x,ps(m),Js(x))de/ / r (2, p)dug (r, rp) d,
€20 Jpd R4 J[0,00) xR4

This concludes the proof. (I
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To proceed further we recall the following definition: A sequence of (measurable)

functions {f: }oce<1 : RY — R is said to converge in measure to (the function) f as
e — 0, if for every § > 0:

tim meas ({|.(x) — f(x)| > 5}) =0.

0 ~
Note that if in addition 0 < f. —=' f in MT(RY) w — *, then in general: f < f in
the sense of measures.

Theorem 3.5. Let ¢° be uniformly bounded in H} (RY) with corresponding densities

ps,JE € LY. If p° 2% p strongly in L*(R?) and J° 2% T in measure, then 3 is
mono-kinetic, i.e.

s (po I@
(37) ﬁ@m%—ﬂ)®5< mm)‘

and in addition J = J, where J is the measure weak — limit established in (3.1).

Proof. We first note that strong convergence of p¢ in L!(R?) implies that p° gy p
in measure. Since it is known that convergence in measure of p¢, J¢ is equivalent
to the fact that u, is only supported in a single point of R4+, cf. [25, Proposition
4.3], we conclude

(3.8) i (r,€) = 6(r — plx)) © 6(¢ — J(2)).
In addition, since strong convergence of p in L'(R%) also implies weak convergence,
we can insert (3.8) into (3.6) (with equality), to obtain

B(w,p) = p"*(x) @ 8(p(x)p - I (x)),
and a simple change of variable yields (3.7). By computing the first moment of
(3.7) w.r.t. p and keeping in mind (3.3), we conclude that J = J in this case. O

Recalling the results of [15], we infer that the limiting measure 8 given by (3.7)
can be rewritten as

Bz, p) = p(x) @6 (p - u(z)),
where u is defined p — a.e. by (3.2). In this case u can be considered the classical
limit of the Bohmian velocity field.

Remark 3.6. In the case where p® 8:% p in measure, but not necessarily weakly
in L'(R9), we still know that the Young measure is given by (3.8). However, in
such a situation, we can only conclude that
_ J(z)
Bla,p) Zple)@d|p—=—].
px)
If p = 0, which in principle may happen, no information on f is provided.

One may want to describe the classical limit of 5° by the Young measure v,
associated to (p®,u®) instead of (p°, J°). However, the problem with using v,
instead of p, is the fact that u® := J¢/p° is only defined p° — a.e. and thus, we
can not directly obtain a result for v, analogous to the one given in Theorem 3.5.
Rather, we need to assume the existence of an appropriate extension of u¢ defined
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on all of R%, which satisfies the required convergence in measure. In this case, a
change of variables yields

Vx(T7 5) = Td,uI(T’ 7“5), (T, f) € R1+d.
Thus, instead of (3.6) we obtain

(3.9) B(z,p) = /000 rvg(r, p) dr.

Despite the above mentioned drawback, the measure v, is still useful to show that
the converse statement of Theorem 3.5 is not true in general. To this end, we
assume (3 to be mono-kinetic, i.e. B(z,p) = p(x) @ 0 (p — u(x)), from which we
conclude from (3.9) that

supp, ,, </ TV, (T, D) dr) C {(x,p) € R : p=u(z),z € supp p}.
0

Thus

supp,. ,Vz C {(T,p) eR?:p=wu(z),r>0}U{(r=0,p):pe€ ]Rd}
and we consequently infer

Vi (r,p) = wa (1) ® 0(p — w(@)) + 6(r)72(p),

where supp, w, C (0,00). The appearance of the second term on the right hand
side makes the converse statement of Theorem 3.5 fail in general. In other words,
the fact that 8 is mono-kinetic does not imply that v, is a delta distribution in p,
which makes it impossible to conclude the strong convergence of u¢ (or J¢). This
fact can be further illustrated by the following example.

Example. First note that for any ¢ € L?(R?) we can write

(3.10) V(@) = Vp(a)e’S E,

where S¢(z) € R is defined p° — a.e., up to additive integer multiples of 2. In this
representation (which should not be confused with the WKB ansatz to be discussed
in Section 6) the current density reads J° = p*V.S°. Assume now, that for some
measurable set Q C R? we have

P~ = pila + p3liri o)

with p§ 2% 0in LY(Q) strongly and p§ 20 p2 # 0 in L}(R?/Q) weakly. Simi-
larly, we assume
S° = Sf]-Q + S;l{Rd/Q}
with VST 20 VS1 in L*(Q) weak—x (but not strongly) and V.S§ 20 VS,
almost everywhere on R?/€). Then, one easily checks that
B(z,p) = p2lirajay @ d(p — VSa2(x)),

i.e. mono-kinetic. The corresponding Young measure however, is found to be
Vx(rv p) = WI(T)I{R‘!/Q} ® 5(}7 - VSQ(:E)) + 5(7')152713(]9),

where w,(r) is the Young measure of p51(ge/qy and v, (p) is the Young measure
of VS{1q. In other words, the oscillations within S{ do not show in the limiting
Bohmian measure § (since the corresponding limiting density vanishes), but they
do occur in the corresponding Young measure.



14 P. MARKOWICH, T. PAUL, AND C. SPARBER

4. COMPARISON TO WIGNER MEASURES

In this section we shall compare the concept of Bohmian measures (and in par-
ticular their classical limit) to the well known theory of semi-classical measures,
also called Wigner measures, see e.g. [17, 18, 22] for a broader introduction. In the
following, we denote the Fourier transform of a function ¢(z) by

©):= [ el

4.1. Short review of Wigner measures. In order to obtain a phase space pic-
ture of quantum mechanics one usually considers the Wigner function (or Wigner
transformation) w® = w®[y)¢], as introduced in [30]:

0 e [ (= 5 ()

In view of this definition, the Fourier transform of w® w.r.t. p is given by

@2 @)= [ ey = (o4 S0)7 (o - 5u)

)

2

and thus, Plancherel’s theorem together with a simple change of variables yields
[wf|| L2 (r2ay = e 42m) 24| 72 may -

The real-valued function w®(t,x,p) acts as a quantum mechanical analogue for
classical phase-space distributions. In particular, its moments satisfy

(4.3) P () = /Rd w®(z,p)dp, J(x)= /dews(x,p)dp,

where the integrals on the r.h.s. have to be understood in an appropriate sense,
since w® ¢ L'(RY x Rg) in general.

Remark 4.1. More precisely, it is proved in [22, 18] that the p-Fourier transform
satisfies w® € CO(RZ;Ll(Rg)) and likewise for the Fourier transformation of w®
w.r.t. x € RZ T his allows to define the integral of w® via a limiting process (after
convolving with Gaussians), cf. [22] for more details.

The evolution equation for w* (¢, z, p) = we[¢°(t)] is easily derived from the linear
Schrodinger equation (1.1). It reads

(4.4) Ow® +p-V,uw + 0% [V]w® =0, w(0,z,p) = wj(z,p),

where w§ = w[)§] and ©¢[V] is a pseudo-differential operator

O WIN)w0) ==y [ 6V @ (oa) 700 dy g
with symbol §V¢ given by

e = L (v 50) V- 59)

e—=04

Obviously, under the assumption (A.1) it holds 0V —" y - V.V, in which case
(4.4) formally simplifies to the classical Liouville equation on phase space.

Note that the Wigner picture of quantum mechanics is completely equivalent to
the Schrodinger picture. The main drawback of using w® is that in general it can
also take negative values and hence can not be regarded as a probability distri-
bution. Nevertheless it has the following important property (see e.g. [18]): For

7

(2m)?
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any operator Op®(a), defined by Weyl-quantization of the corresponding classical
symbol a(z,p) € S(RE x R%), one can compute the expectation value of Op®(a) in
the state ¢° via

(4.5 0,00 (@)1 = [ alepwt @ p)dado

where the right hand side resembles the usual formula from classical statistical
mechanics. To proceed further, we recall the main result proved in [22, 18]:

Proposition 4.2. Let 1° be uniformly bounded in L?>(R?). Then, the set of Wigner
Junctions {w}oce<1 C S'(RE x RY) is weak—+ compact and thus, up to extraction
of subsequences

w® 7] 2% W =w in S'(R4 x ]RZ) W — %,
where the limit w € M*T(RZ x Rg) is called the Wigner measure. If, in addition
e € HY(RY) uniformly, then we also have

ﬂmfﬁmmzé ﬂ@=4ﬁﬂ%@)

This result allows us to exchange limit and integration on the limit on the right
hand side of (4.5) to obtain

(%, Op® (a)°) 12 510>+ /,/de a(z,p)w(x,p) dz dp.

The Wigner transformation and its associated Wigner measure therefore are highly
useful tools to compute the classical limit of the expectation values of physical
observables.

In addition it is proved in [22, 18], that w(t) = ®; # wo, where wy is the initial
Wigner measure and ®(t) is the classical phase space flow given by the Hamiltonian
ODEs

e—=04
—

. w(z,dp), J(x)

(46) {X_Pa X(O,m,p):x,

P=-VV(X), P(0,z,p)=np.
In other words w(t) can be considered a weak solution of the Liouville equation.
Note that ®; is formally obtained from (2.12) in the limit e — 04. It is there-

fore natural to compare the Wigner measure associated ¢ with the corresponding
classical limit of the Bohmian measure associated to 1°.

4.2. The sub-critical case. As a first step we shall prove the following basic
result, relating S and w in the sub-critical case w.r.t. to the scale €.

Theorem 4.3. Assume that 1¢ is uniformly bounded in L?>(R?) and that in addition
(4.7) eVyE 250, in L2, (RY)
Then, up to extraction of subsequences, it holds

w(z,p) = Bz, p) = p(x) ® 5(p).

The result can be interpreted as follows: Sequences of functions ¢ which neither
oscillate nor concentrate on the scale € (but maybe on some larger scale), yield in
the classical limit the same mono-kinetic Bohmian or Wigner measure with p = 0.
Note that for the free Schrodinger flow the condition (4.7) is easily seen to be
propagated in time.
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Proof. Let ¢ € C5°(R% x R%) and write

oo = @ 0ma) = [ e (05 Vo= [ e .0)ds

N /Vzﬂp(w,ns) - JE (@) da,
Q

by using the mean value theorem. Using the fact that ¢ € C§°(R% x RY), we can
estimate

(85, ¢) — (5 ® by )| < C / 7 (@)] dz < O oz leVe< 2@y,

and since, by assumption, eV¢°® — 0 in LlOC(Rd) we conclude that the limiting
Bohmian measure is of the form given above.

In order to prove the same statement for the Wigner function we again use the
mean value theorem to write

(4.8) W (x + gy> = (z) £ % /01 Vo (z n %y) Ly ds,

and consider the Fourier transformation of w® w.r.t. the variable p € R?, i.e
N € \— €
'U}E(J?,y) = ¢5 (Z‘ + §y>¢e (Z‘ - §y)7

as computed in (4.2). Inserting (4.8) into w*(z,y) we can write

(W=, @) — (0%, )| < (R%, )],

where for every ¢ € Cp(RY x Rz) the remainder R® can be estimated using the
Cauchy-Schwarz inequality:

‘/ R (z,y)o(z,y) dxdy‘<s // ;vy / ’Vi/f(x—i-fy) ‘ds) dz dy
R2d
<520// (z,y ‘V¢5<aj+ ) ‘ dzx dy

<E2C|VYe 122

where the last inequality follows from a simple change of variables. We therefore
conclude w*(z,y) — p(x), as € — 04 and an inverse Fourier transformation w.r.t.
y then yields the desired result. O

Remark 4.4. The proof given above, shows that the conclusion 8 = p(x) ® d(p)

still holds, if (4.7) is replaced by the weaker assumption: J¢ E_>—O>+ 0, strongly in
L (R?).

loc

4.3. The case of mono-kinetic Wigner measures. In situations where we have
concentrations or oscillation on the critical scale £ the connection between 5 and w
is much more involved. The first problem we aim to analyze in more detail, is to
find sufficient conditions under which the limiting Wigner measure is mono-kinetic.
We remark that mono-kinetic Wigner measures correspond to semi-classical limits
of Schrodinger flows before caustic onset time, see [28] and Section 6 of this paper.

The first result in this direction given in the following theorem, which can be
seen as an analogue of Theorem 3.5 for 8. Recall the representation formula (3.10),

i.e. ‘
U () = V() S @7,



BOHMIAN MEASURES 17

which we shall use frequently in the following.

Theorem 4.5. Let ¢° be uniformly bounded in H(R?), and assume p° 610>+ p
strongly in L*(RY). If in addition there exists an extension of S to be denoted by
the same symbol and a function S € C1(Q), such that

. .
51_1}& VS — VS| [L~ @),

where Q C R is an open set containing supp p, then it holds
w(z,p) = Bz, p) = p(z) @ d(p — VS(z)).
In view of Theorem 3.5, the above given assumptions are of course far from

optimal when one is only concerned with the limit of 3.

Proof. The assertion for § follows immediately from the definition of 3¢, by using

0
that J¢/p® = V.§°© g vy uniformly on supp p C .
In order to prove the assertion for w, we use the p—Fourier transformed Wigner
function and the representation (3.10), which yields

e . €s . €s e
@) = o (a+ S) o (- S0) e (95°a.0)
where we denote the difference quotient

555 (z,y) = é (55 (:r + %y) s (m - %y)) :

We aim to show that @w*® converges weakly to
@) = plw) exp (iy - VS(x)).

To this end we shall first show that /p® 20 /P strongly in L*(R?%). Since, by
assumption

/Rd< Pe(x)>2dacz/Rd p°(z) dz e204 g p(g:)dx:/Rd( p(x))de,

it suffices to show \/p® — /p in L?(R?) weakly. This, in turn, follows from a Young
measure argument based on Proposition 4.2 and Proposition 4.3 of [25].
With the strong L? convergence at hand, we can write

@)~ o) = (o (0 S0) (5= 50) = o)) 250

+ pz) (eiéSE(fc,y) _ eiy~VS(ac)) .

Due to the strong convergence of 1/p® and the strong continuity of the shift-operator
on L?(R%), the first term on the right hand becomes zero in the weak limit as
e — 04, i.e. after localizing with a compactly supported test-function. It remains
to estimate the third term, for which we use

05 @y) o VS@)| 1585 VS y| < |VSS — 85|+ [6S — VS|,

0
by the mean-value theorem. Here, we first note that [0S — VS| 50, due to
the assumed continuity of VS. For the other term we again invoke the mean-value
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theorem and write

VS — 65) < %/

1

ly-V(Sa ) (m+ %y) ds.

It is then easily seen that the this term likewise goes to zero, as ¢ — 04, by
assumption on (the gradient of) S¢. O

Alternatively, we can also show the following variant of Theorem 4.5.

Corollary 4.6. Let Q° C R? be an open set containing supp p°. Then the assertion
of Theorem 4.5 also holds true, if there exists an extension S€ defined on Q¢ and a
function S € C! (UE<1 Q¢) such that

lim HVSE - VS”LQO(QE)
64)04,
In comparison Theorem 4.5 we hereby impose a slightly stronger assumption

on the limiting phase function S. In turn, the assumption on the extension S°¢ is
slightly weaker than before.

Proof. The only difference from the proof given above is, that this time we write

e~ A~ € € Ly x Y- x
@ (z,y) — w(z,y) =\/,05 (o + 51/) \/pg(:v — 52;)6”’ VI — p(a)elr VI

(e gl ) (e e

Due to the strong convergence of 1/p¢ and the strong continuity of the shift-operator
on L?(R?), the first two terms on the right hand side cancel each other in the limit
e — 0 (see also Example III.1 in [22]). The second term is then treated similarly
as before using the mean-value theorem. [

4.4. The general case. As we have seen, we cannot expect w or 8 to be mono-
kinetic in general. It is therefore natural to study the connection between the two
measures under more general circumstances.

Theorem 4.7. Let ¢° be uniformly bounded in H1(R?) with corresponding densities
o5, JE € L. If
eVVE 250, in L2 (RY)
and if there exists an extension of S€, such that
0?8°

al'zal'j
where €2 is an open set containing supp p®, then it holds

lim [(w®, @) — (8%, 0)| =0, Vg€ Co(Ry x Ry).

e—=04

e—=04

—' 0, V{,jel,....d,

€ sup
reE

Proof. We again consider ¢° to be given via (3.10), and the corresponding p—Fourier
transformed Wigner function

0 (2,y) = \/,05 (x + %sy) \/pf (w - i;y) exp (i65°(z,y)),

which we want to compare with the p-Fourier transformed representation of 3¢,
which, in view of (2.10), is given by

B (2, y) = p°(z) exp (iy - VS (x)) -




BOHMIAN MEASURES 19

To this end, we rewrite

@) = (o (o + S0) o (2= T0) = 5701+ 57 (0) ) xp (857 ).

and also

11
05%(z,y) = 5/ Vv.se (m + %y) ~yds
~1

2 T 1
=VSi(z)-y+ i/ / y' D%s® (Jc + 6S—Ty)y dr ds,
2 0 —1 2

where D?S¢ denotes the Hessian matrix of S¢. In other words, we have §S¢(z,y) =
VSe(x) -y + ®°(z,y) and thus we obtain

@ (z,y) — B (2,y) = p°(x)elVS @ (ei‘bs(w) B 1)
€S €S o e
(g
In view of the assumption on S¢ the first term on the right hand side goes to zero,

as € — 04 and we therefore only need to take care of the second term. Using again
the mean-value theorem we can rewrite

\/pf(x+ gjy)\/pa(w—zsy) = ;/Oly-vz (x/pf(erZ)) V(e - 2)
+;/01\/my~vz( 05(95*2))

Now, let ¢ € Co(R?9) with |supp ¢| < R < co. Then, we can estimate, using the
Cauchy-Schwarz inequality several times

L[ emviETa v (Ve E)

ds
z=ey/2

d “(x).
z=ey/2 S+p (ZE)

ds dz dy

z=¢ey/2

<) ([ rio) dm)m ( /MR V@ dx>1/2,

where C(p) > 0 depends on the supp ¢. By assumption, this bound goes to zero
as € — 04, which yields the assertion of the theorem. (]

Note that the eV/p® 2% 0in L2 (R4), implies that the one part the quantum
mechanical kinetic energy (2.11) which is not captured by the second moment of 3¢
has to converge to zero (at least locally in ). In fact, it is shown in the following
corollary, that this assumption is “almost necessary” (i.e. at least for wave functions

which are slightly more regular) to infer 5 = w.

Corollary 4.8. Assume ¢° € HL(R?) uniformly bounded, eV° compact at infinity
and that there exists a k > 0, such that:

(4.9) |5£|’“+11/)/5('§\) € L*RY), uniformly, as € — 0,

and let w = . Then eV/p? 2% 0 in L2(RY).
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In combination with Theorem 4.7 we conclude that for wave functions ¢ which
are uniformly bounded in any e-scaled Sobolev space of higher order than H1(R9)

and for which eV*® is compact at infinity, the fact that eV/p® gy 0in Lloc(Rd),
is indeed a necessity to obtain w = .

Proof. Recall that (for u¢ = J¢/p°) we have
// p|*w (z, p) dz dp = / |uf ()| p° () dx 4 £* / IV pe (x)|? da
(4.10) 7 7E
~ ([ wrrandedp e [ V@R de,

in view of (2.10) and (2.11). Thus

[ v deip< tim [ pls e dedp
< lim // |p|*we (x, p) da dp = hm // Ip*n® (p) dp,
e—=04 R2d R2d

where n° denotes the momentum density, i.e.
— 2
) = [ s =7 ()
Rd 3
Now, using the results given in [22, Proposition 1.7], it is easy to show that

lim // Ip|*w* (x, p) dz dp = // Ip|*w(z, p) dx dp,
E~>0+ R2d

provided that ¢ satisfies the assumptions stated above. Since f = w, by assump-
tion, we obtain

lim / / D26 (2, p) du dp — / / IpPw(z, p) de dp = / / Ip28(z. p) da dp.
e—=04 J JR2d R2d R2d

We therefore conclude from (4.10) that eVy/p? 2% 0 in L2?(R%). d

In Subsection 5.1 we shall show that an e-oscillatory velocity field V.S¢ may
cause the limiting Bohmian measure to be different from the Wigner measure.

5. CASE STUDIES

In this section we shall study the case of oscillations and concentration effects on
the (critical) scale £ and compare the corresponding Bohmian and Wigner measure.

5.1. Oscillatory functions. Let ¢°(z) = f(z)g (%), where f € C§°(R% C) and
g € C(R%,C) is assumed to be periodic w.r.t. some lattice L ~ Z%, i.e. g(y+/¢) =
g(y) for any y € R? and ¢ € L. In other words, 1° is a slowly modulated high-

frequency oscillation. Computing the corresponding Bohmian measure we find

. 2| (Z\[? Vg (%) | Vi)
= - o[p—1 £ .
B =f@)P e (3)| @ <p m ( IR )
Taking ¢ € Co(RZ XRZ) we conclude by invoking the theory of two-scale convergence
(see e.g. [2]), that

(B, 0) |}1,| /If )19y Isﬁ(fvl ( (())>> dy da,
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where Y C L is the fundamental domain of the lattice L. We thus find, that the
limiting Bohmian measure is given by

6 B =1f@Pe g [ lawP s (- (S00) ) gy

On the other hand, let

L
be the Fourier series of ¢g(y), where L* denotes the corresponding dual lattice, and
consider the Wigner function of ¢°, after Fourier transformation w.r.t. the variable
p R e

~¢ € \7F € Ao —i((x/e L —(x/e— -m™
@ (z,y) :f(x+§y>f(x, Ey) S G Ge e (VDL /ey,
£* m*

Then it is easy to see that, as € = 04:

@ (ey) = [f@)P Y lge

LreL~

[ @)t s

and hence the Wigner measure associated to the L-oscillatory function ¢ is given
by

(5.2) w(z, D e Y (g0

£xeL*

2ezy-€ )

More precisely we find that

—0
W) = > |ger
*eL*

(p—17),

which should be compared to (5.1).

Lemma 5.1. For g € C®(R?) the limiting measures (5.1) and (5.2) coincide, if
and only if carries only a single oscillation £* € L*.

Proof. In order to show that 5 # w it is enough to prove that their respective
second moments do not coincide. To this end, we compute

[P = 115 [ 1ot (2 a

[ bl = 11@F 3 16 Flae = V@ [ Va0 P

£reL*

Using the polar decomposition g(y) = 7(y)e®®®) these integrals can be rewritten as

[ ot (S8 )' - [ rtivot)Fay

/ Vg(y)Pdy = / Vr () + r()RIVOw)Pdy.
Y Y

Obviously these two integrals can only coincide, if |Vr(y)| = 0, which implies
g(y) = ce®®®, with ¢ > 0 and 6(y) € R. In this case the support of the a-
projection of /3 is the closure of the range of V#, i.e. bounded in Rg. On the other

and
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hand, the support of the x-projection of w is L*. Hence, for a smooth function g
the two supports can only be equal if §(y) = y - £* for some ¢* € L*, in which case
w=f. |

Assume now that f is real-valued and let g(y) = €. Then, the sequence v°
is obviously uniformly bounded in H2(R?) and the phase S¢(z) = ef(z/e) is such
that

. %8s 9% (f) 0
Oxe0x;  Oypdy; \e "

Therefore the first assumption of Theorem 4.7 is satisfied, but the second is not,
unless § = 0. As stated above, § # w.

=1,....d.

5.2. Concentrating functions. We consider wave function 1° which concentrate
at a single point. To this end, let, for some zy € R?, % (x) = e~ %/2f (%) with
f € C°(R%;C). Thus |¢%(z)|*> = 6(z — z0), as € — 04. The corresponding Wigner
measure has been already computed in [17, 22] as

(5.3) w(z,p) = (2m) 4| f(p)? ® 6(z — o),

where fdenotes the Fourier transform of f. On the other hand, we easily compute

e =t (O o (s (L)),

o=t [ (G (x’h“ <fo((>)>> v
[ ()

by a simple change of variables. We therefore conclude

3 % [ 11w (0 (S ) ap

and thus

In other words,

G0 Blep o) [ 1767 (p- 10 (ST ay

Again we see that the Wigner measure (5.3) and the classical limit of the Bohmian
measure (5.4) are rather different in this case.

Lemma 5.2. The limiting measures (5.4) and (5.3) do not coincide, unless f = 0.

Proof. Again, it is enough to prove that the second moments of 5 and w do not
coincide. By the same arguments as in the proof of Lemma 5.1, we conclude that the
second moments can only coincide if f(y) = ce’®W) | ¢ > 0, which is in contradiction
to the fact that f € L?(R%), unless ¢ = 0. O
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5.3. Examples from quantum physics. As a possible application we shall now
consider some important examples of quantum mechanical wave functions, which
incorporate oscillatory and concentrating effects in their classical limit.

Example (Semi-classical wave packets). In this example we consider so-called semi-
classical wave packets (or coherent states), which incorporate, both, oscillations and
concentrations, i.e.

— T

vy =iy (2

for some given profile f € C§°(R% C). Similarly as before, we compute

z—1z0\/|? v“<m)
f(ﬁ))‘ ¢ | z,po +Velm W dz,

which in the limit ¢ — 04 yields

Blan) = [ 1o (e - a) @ 60— ).

On the other hand, the Wigner measure of a coherent state is found in [22] to be

wa) = [ | 1$@)Pde 8o = a0) @ 50— o).

Thus, f = w in this case, a fact which makes coherent states particularly attractive
for the study of the classical limit of Bohmian mechanics, cf. [9]. Note that for
po = 0 this can be seen as a particular case of Theorem 4.3, since coherent states
concentrate on the scale /z.

ipo - d
\/g )e’Lpo I/sa x07p06R7

N

(80 = e [

Rd

Example (Eigenfunctions). Let us consider a Hamiltonian operator
£2
Hf = _EA + V(x),

with (real-valued) smooth confining potential V(z) — 400 as || — oo. The
corresponding spectrum is known to be discrete and the associated spectral problem
reads

Hepr = X5 s, neN,
with normalized eigenstates 15 € L2(R?) and eigenvalues \,, € R. Now, let {e,, }nen
be a sequence such that €, "—3 0 and X\ir "=3° A € R. Since V(z) is confining
(and since ¢~ is normalized) there exists a subsequence, which we denote by the

same symbol, such that
2 n—oo

[ |” =5 plx) # 0,
weakly in measure. Since H¢ is self-adjoint the eigenfunctions v can be chosen
real-valued and we therefore conclude B(x,p) = p(z) ® §(p).

For the particular case of the harmonic oscillator V(z) = 3|z[* the Wigner
measure w, as computed in [22], is w(z,p) = §(|z|* + |p|* — A), i.e. a uniform
distribution on the energy sphere. Thus, w # §, unless A = 0 and p(z) = §(z),
which corresponds to a classical particle at rest, sitting at the minimum of V' (z) =
%|az|2 In more generality, the fact that w # 8 can be concluded by invoking results
from quantum ergodicity, see e.g. [21] or microlocal analysis, which shows that

suppw C {3[p|]*> + V(z) = A}.
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6. CONNECTION TO WKB APPROXIMATIONS

WKB expansions are a standard approach in semi-classical approximation of
quantum mechanics (see e.g. [11, 28] and the references given therein). To this end
one seeks an approximation of the exact solution (¢, z) to (1.1), in the following
form

(6.1) Vo (2) = a(t, 2)e50)/z,

where S(t,x) € R is some e-independent (real-valued) phase function and a®(z) a
slowly varying amplitude (not necessarily real-valued), which admits an asymptotic
expansion
af ~a+eag +eas+ . ...

Note that the ansatz (6.1) specifies a certain e-oscillatory structure of ¢ (due to
the fact that the phase S(z) is assumed to be e-independent). In particular, it
should not be confused with the representation (3.10), which is much more general.
Obviously, we find that the Bohmian measure in this case is

B [ (O] = la*(t, 2)|* @ 8(p — VS(t, 2)).

By plugging (6.1) into the Schrédinger equation (1.1) and assuming sufficient smooth-
ness, one obtains in leading order the following equation for the the phase

1
(6.2) oS+ 5\%‘\2 +V(z)=0
and the leading order amplitude
(6.3) dha+ Va- VS + %AS — 0,

which is easily rewritten as a conservation law for p = a?, i.e.
Op + div(pV S) = 0.

Equation (6.2) is nothing but the classical Hamilton-Jacobi equation. If we set
u = V.9, then we clearly obtain from (6.2) the inviscid field-driven Burgers equation

(6.4) u+ (u-Viu+ VV(z) =0,

which can formally be seen as the classical limit of (2.7).

The main problem of the WKB approach arises from the fact that (6.2), or
equivalently (6.4), in general does not admit global smooth solutions. In general
S(t,-) € C=(R) only for t € [0,T*), for some (typically small) finite time 7% > 0,
which marks the appearance of the the first caustic, or, equivalently, the appearance
of the first shock in (6.4), cf. [11, 28]. Caustics reflect the fact that new e-scales are
generated in the exact solution (¢, x), which are no longer captured by the simple
ansatz (6.1). Nevertheless, at least locally in-time the WKB approximation yields
a simple representation for ¢¢(¢, z). In addition is was shown to be robust enough
to be extended to nonlinear Schrédinger equations, see [11, 12]. Its connection to
Wigner measures has been extensively studied in [28]. The connection to Bohmian
measures is given in the following result.

Proposition 6.1. Let Assumption A.1 and A.2 hold and let T* > 0 be the caustic
onset time. Assume there exist smooth solutions a,S € C>([0,T*) x R?), with
a(t,”) € L?>(R?). Then, for the exact solution ¥°(t) of the Schridinger equation
with WKB initial data, it holds

B(t,,p) = w(t,z,p) = la(t,x)]* ® 6(p — VS(t,2)), Vte[0,T).
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Proof. The statement for the Wigner measure has been proven in [15] and (in more
generality also in [28]). In order to prove that 8 is mono-kinetic before caustics we
refer to [1], where it is shown that for T € [0,7*):

p° 2% a2, I 2N jaf?vs,

strongly in C([0,T]; L*(R%)). Thus, recalling Theorem 3.5, we directly conclude
the desired result. (]

In other words, as long as the WKB approximation is valid (i.e. locally in-time
before caustics) the classical limit of the Bohmian measure of the true solution ¢ (t)
to the Schrodinger equation is mono-kinetic and the same holds for the Wigner
measure. For the latter it has been shown in [28] that locally away from caustics
the Wigner measure can always be written as a sum of mono-kinetic terms. The
proof requires the use of the Hamiltonian flow (4.6) governing w(t). Unfortunately,
such a limiting phase space flow is not available for 5. All we can conclude from
above is that for ¢t € [0,7*), the dynamics of 8 is governed by

{X:P, X(0,2) =z,

(6.5) :
P=-VV(X), P(0,z)=VS(0,z).

This is the characteristic flow associated to (6.2). Since it breaks down at caustics
no information for ¢ > 7™ can be obtained by following this approach. A possible
way to overcome this problem could be a Young measure analysis of the Bohmian
trajectories themselves along the lines of [5], which, however, is beyond the scope
of this work.

Remark 6.2. In order to give an intuition on the limiting behavior of the Bohmian
measure after caustics, we recall that by stationary phase arguments (see e.g. [28])
the wave function after caustics can be approximated by a superposition of WKB
states. To illustrate the kind of phenomena which can happen in this situation, we
consider here a sum of two WKB states, i.e.

7/J€($) _ aleisl(a:)/e + a26is2(l‘)/€,

with real-valued a;,as € C$°(RY), Sy, S, € C°(R?), such that, for all z € R? it
holds: VSi(z) # VSa(x) and a1 (x) > az(z).
One the one hand, we infer from [28], that, in this case the Wigner measure is
given by
w(z,p) = ai(z) ®6(p — VSi(z)) + ai(z) @ d(p — VSa(x)),
i.e. the sum of two mono-kinetic measures. On the other hand, a lengthy but

straightforward computation shows that the limiting Bohmian measure acts on
test-function ¢ € Cy(R??) as follows:

(6.6) G =5 / " (. 0)p (z. 0(x, 6)) b d,

where
n(zx,0) := a?(x) + a3(z) + 2a1(x)az(x) cos b,

and

O(z,0) :=

(. 0) (a% (x)V Sy (x)+a2(2)V Sy (x)4a; (x)as(x) cos O(V.S; (x)—f—VSQ(x)) )



26

To this end, we note that the computation of the current vector field Im (

P. MARKOWICH, T. PAUL, AND C. SPARBER

Vy©(x)
¥ (z)

yields a smooth function which is periodic in 0(z) = (S2(x) — S1(x))/e and thus
admits a Fourier expansion w.r.t. §. By standard two scale-convergence we infer
that the limit as ¢ — 04 is given by the zeroth order coefficient of this Fourier
series, from which we deduce (6.6).

Finally, let us mention that multi-phase type WKB methods have been used
recently, for the study of the “quantum hydrodynamic” regularisation of the Burgers
equation [24] (see also [15, 28]).
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