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Strong phase-space semiclassical asymptotics

Agissilaos G. ATHANASSOULIS! Thierry PAUL T

Abstract

Wigner and Husimi transforms have long been used for the phase-
space reformulation of Schrédinger-type equations, and the study of the
corresponding semiclassical limits. Most of the existing results provide
approximations in appropriate weak topologies. In this work we are con-
cerned with semiclassical limits in the strong topology, i.e. approxima-
tion of Wigner functions by solutions of the Liouville equation in L? and
Sobolev norms. The results obtained improve the state of the art, and
highlight the role of potential regularity, especially through the regularity
of the Wigner equation. It must be mentioned that the strong conver-
gence can be shown up to O(log%) time-scales, which is well known to be,
in general, the limit of validity of semiclassical asymptotics.
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B On the initial data of the Wigner equation 45

1 Introduction and main results
Consider a wavefunction u®(x,t) satisfying the Schrodinger equation,
ieJuf = (-%A +V(x))us,
ut(t =0) = ug(x).

The Wigner transform (WT) W¢(z, k,t) of the wavefunction u is defined in
the standard semiclassical scaling,

(1)

W(a, k1) = / e T R 2)
yeR™
In that case W corresponds to a pure state. A Wigner function W need not be
the Wigner transform of a wavefunction u; when working with mized states the
Wigner function can be

We(z, k,t) = / e 2k o (1 4 5%, x — 5%7 t)dy (3)

yeRn

for the density matriz p°(z,y), which satisfies the von Neumann-Heisenberg
equation

i 2

iepi + 5 (Bx — Ay)p" — (V(x) = V(y))p® =0,

(4)
p°(t =0) = pj.
(p§ corresponds to a pure state if there is a u(z) € L? such that p§(z,y) =
ug (@) (y))-
Now denote by ® the e-dependent smoothing operator

lz—az'|2 | Jk—k'|2

@:f(x,k)H( 2 )nfeiw[ I ]f(:c’,k’)da:’dk’. (5)

EOLOk

o, and o}, are e-independent parameters that can be used for fine tuning. As a
matter of notation we will use f = ®f.

Whether we deal with pure or mixed states, the smoothed Wigner transform
(SWT) is defined as

W =oW. (6)
The WT and SWT satisfy equations associated with (1), (4). As was shown
in [3], the equation for the SWT W¢(z, k,t) is
aWe + (27rk Oy + 5220, - ak) Wet
+2Re[i [ s FS (W (o 1 255 k- S)as] =0, (g

W(t=0)=Ws.



In accordance with the meaning of o, oy, the well-known equation for W¢ can
be recovered by setting o, = o, =0 in (7).

It is well known that given a family of problems as in (1), studying the
limit € — 0 presents difficulties, both in terms of analysis (e.g. the appearence
of caustics; also worth mentioning that typically 4 doesn’t have a meaningful
limit in €) as well as computation (the complexity of solving numerically problem
(1) blows up as € — 0). That’s the reason why several asymptotic techniques
have been developed to treat semiclassical (also called high-frequency, or short-
wavelength in some contexts) problems — one approach being based on Wigner
measures (WMs).

WDMs are a very powerful and elegant tool, which under minimal assumptions
in many cases allows a simple and elegant description of the semiclassical limit.
On a mathematical level, the idea is that (in an appropriate sense) lgfg We is

a natural object (even when ling u® is not), and evolves in time under simple
E—

asymptotic dynamics.
A very simple way to state the core result is that, if the potential V' is smooth
enough then (up to the extraction of a subsequence)

We(t) = WO(t)
in an appropriate weak-* sense, where

8tWO + 27k - 8kWO — %8IV . 8kW0 =0,
WO(t = 0) = lim W,

see e.g. [12]. The Liouville equation can then be solved with the method of
characteristics, i.e. is effectively reduced to an ODE problem.

WDMs have been also used to derive asymptotic models in problems featuring
systems of equations, nonlinearities, stochastic or periodic coefficients, inverse
problems etc; see for example [12, 7, 8, 10, 13, 14, 15, 16, 18, 20] and the
references therein. However, there are intrinsic limitations to the WM approach,
that have only recently started to attract systematic attention — see e.g. [6],
section 1.2.3.

The motivation of the present work is threefold, and can be summarized as
follows:

On a technical-mathematical level, we show results that improve upon the
state of the art on strong-topology semiclassical limits. See section 1.2.1 for
more details. It must be noted that the application (and extension) of the
machinery developed in [3] is crucial to the proofs here. Moreover, all the error
estimates are constructive, most of the constants are computed explicitly — in
fact all of them are computable, including in particular the time dependence.

On a numerical level, our results justify the use of the SWT for fast coarse-
scale simulations; see e.g. [1, 2], and section 1.2.2.



Finally, on a more qualitative level, the ideas developed here can be used as
an intermediate step to work out problems in which the semiclassical limit is
not effectively known; see section 1.2.3.

1.1 Statement of the assumptions

Let » € NU {0} be fixed. The main assumption will be
Assumption Al(r) There is a My > 0 such that

JIV(S)I(L+[S]"+2)dS = M. (8)
Now denote the augiliary potentials Vi (z), Vi(z) to be

Vi) = (2)° fe TV (@),

27

Vi) = ()" e = ar.

The parameter n is set to be

4
n= <72T~max<(4nl)ai, Zoi>+l>e

Tk
(see equation (101) and above for the rationale behind this scaling).

There are C,D,R >0, 0 € (r + 1,7+ 2) such that VA € (NU {0})"
[AI<1+0 = [[92Va(@)llx <C, (10)
A >1460 = [|0AVi(2)]|~ < (11)

)4l T _lAl-1-¢6 .
< (2m)AIMy + D%(n + 550925) A=t (W#) .
In addition, Vm = 0,1, ..,r

6—m

(1 — e~ +E7DS%) | S 1Y (S)|| 1 gy < Cle 2

+e) (12)

There is a somewhat stronger version of this assumption which is much
simpler:
Assumption A1’(r) There is a My > 0 such that

JIV(8)[dS = Mo, (13)
and 3R, D >0, 0 € (r + 1,7 + 2) such that
VS| > R : |V(S)] < D|S|~ (140 (14)

We mentioned that A1'(r) = Al(r). Indeed,



Lemma 1.1 Equations (13) and (14) imply (8), (10), (11), (12).

Proof: The proof is given at the beginning of section 4.4.

In some cases we will use
. 1
Assumption A2 A1(r=0) holds, and moreover ||W¢||gr = o(e 72 ||W§]|L2).
Remarks:
e The reason we use the more complicated (but weaker) Assumption Al(r)
instead of A1’(r) is that there are relevant examples not covered by it; a simple

example is given by a lower-dimensional potential: consider Vi(xy,...,2,) =
Vi1, ..., xq) with d < n; if V, satisfies

—(d+146)

VIS| >R ¢ |V.(Sy,...,54)| < D

d
25
j=1

it is easy to check that A1l follows — although in general A1’ does not.
e Following assumption Al(r=0), V(z) € L*°. This suffices to imply that the
Schrodinger operators —3A +V(z), —1A+ Vi (z), —3A+ Vi (z) are essentially
self-adjoint on L?(R™). This is something that we will use, e.g. in applying
theorem 2.1 (and the reason why we introduce V; here).

We will not comment on this explicitly any more.

o It is clear that if Al(r) is true, then Vr' € [0,7] NZ Al(r') is also true.

1.2 Formulation of the main results

Theorem 1.2 (L? semiclassical asymptotics) Consider a potential V (x) and
an initial Wigner function W§, such that (A2) is satisfied.

Denote by We(x, k,t) the solution of the corresponding Wigner equation with
ingtial data W§ as in (A2), We(t) = ®WE(t) the corresponding SWT, p(x,k,t)
the solution of the Liouville equation

Oup + 27k - Opp — 5=0,V - Orp = 0,
(15)
plt = 0) = Wg,
and by p5(x, k,t) the solution of

Bips + 21k - Opf — 220, Vi - Op§ = 0,
N (16)
pi(t=10) =Ws.
Then there is an O(1) explicit constant C, depending only on n,o,,ox, Mg
such that, for allt € [0,T], m € N,

p§(t) — We ()| <
(17)
< ECTeTnm maa{LIVS)ISI L1} [We|| g,



IIpi(t):VNW(t)IILz < C\/gTeTnﬂ'maz{l,HV(S)|S|2HL1}HW()E”HI _

[|WEL| 2 W,z
ollL (18)
—0 (TeTmrmaz{1,||v<s>|5|2||L1}) ’
llp(t) = We@)z2 <
) (19)
< C (VAT + DIWellr + Tel| W) eTrmmar LIV SISPIlL),
[lp(®) =W (®)|| L2 Tnrmaz{1,||V(S)|S|?||,1 m _
W <Cye(1+Te {LIV(S)ISIIl, }||W%HIZ2 —
(20)

=0 ((1 + T)eTmrma:c{l,HV(S)|S|2||L1}) )

Remarks:

e Observe that the result can be extended beyond time-scales T = O(1), up to
T = O(—log(¢g)). As is well known, semiclassical asymptotics in general cannot
be extended for longer time-scales [5, 17]. It is worth noting that we can go to
such time scales with A1(r=0), which amounts to 2 derivatives on the potential,
as opposed to analytic potentials (in [4]) or C* potentials (in [5]).

e Similar approximations hold e.g. between W¢(t) & p$(t), etc; see the proof.

e One can see in the proof that all constants are (or can easily be) computed
explicitly. Although of course they will be pessimistic, given a problem (i.e.
potential and initial data) they provide one with an a priori estimation of all
the errors involved. This is true for the following theorems as well.

‘Il\II//VV?IIIIZ; = 0(e7%) — see lemma
B.1. Therefore this result does not yield a significant estimate for pure states
(i.e. the relative error bound obtained is not o(1)). See corollary 1.6 and the
remark thereafter for pure states.

e Pure states, i.e. W§ = W¢[uf], typically give

Theorem 1.3 (Negative-index Sobolev spaces) Consider somer € N. As-
sume that Al(r) is satisfied, and W§ € H'~".
Then, for allt € [0,T]
16 (1) = WD)l | < CT|Wg||r-1-reTPUHLm (2 4 25 ) 4+
+C(€TD(r,n) + eT[D(T,n)-l—D(r—l,n)])ﬁ'|W§||H1_T+ (21)
+(e 4 £8)CTeTPr+Lm)+Drm)] || We|| -1

As long as there is a constant Cy, independent of €, so that ||[We(t)||g-r >
C1, equation (21) yields a relative error estimate in a straightforward manner.



Remark: As long as the assumtpions of [12] are satisfied, it can be used to
bound from below ||[We(t)||g--. Take ¢ € S, ||¢||lur < 1; [12] assures that
(We, ¢) - (W9 ¢). So a sufficient condition is that there is a ¢g(¢) so that, for
t €10, 7], (WO (t), do(t))| > 2C; > 0.

If that’s true, then it follows automatically that

Jeg : Ve € (0,60) : [(WO(t) — WE(L), do(t))]| < Ci.

Of course this is mostly a technical point; we are not aware of any meaningful
example where ||W§||z-- = O(1), and later ||W=(t)||z-- = o(1).

Theorem 1.4 (Positive-index Sobolev spaces) Consider some r € N. As-
sume that Al(r) is satisfied, and W§ € H'T".
Then, for allt € [0,T]

16%(6) = WOl lr < CIWg|ggver [T (7 + e5) 4

(22)
TP+ D] (o 4 £ 557) _’_eTD(r,n)\/E}
Moreover, if in addition
Wellaer s
= o0lg 2 s 23
We@ ¢ 25)

equation (22) yields directly a relative error estimate as well.

Remark: A sufficient condition for equation (23) is given by % =
oL

0(5*%). Indeed, to see that, apply

1 1 1
W@l 2 (W) = < =
W@l ~ W@z [[We]]z2
to estimate W in the lhs of equation (23).

It is interesting to look at some corollaries:

Corollary 1.5 (L? limit) Assume that (A2) holds, and IWQ € L?(R?*™) such
that
tim (W8 — W = 0.

Denote p®(z, k,t) the solution of
8tp0 + 27k - 3kp0 — %&EV . akpo =0,
POt =0) =Wg.

Then, ¥Vt € [0,T],
Lim [|p°(t) = W*(t)||z2 = 0.



Corollary 1.6 (Strong limit with concentration) Assume that3s € N,WQ) €
H'™* such that

Lim W9~ W - =0.

E—

Assume moreover that assumption A1(s) is satisfied, and recall the definition of
p°(z, k,t), in equation (24).
Then, ¥Vt € [0,T],

lim [16°(t) = W* ()]l = 0.
Remark: Pure states. It is important to note that this result can also be
applied to pure states: for example if the initial data is a coherent state, then

(provided the potential is smooth enough) the assumptions of corollary 1.6 are
satisfied for s = [§] + 2; see lemma B.2.

However, strong aproximation doesn’t have to mean strong limit:

Corollary 1.7 (Strong approximation with concentration) Assume (A2)
holds, and W§ — W{ & L? in weak-+ sense (as in [12]).
Then
(W= (#) — p°(8)]] 2
W51

=o(1).

Remark: While neither p°(t), nor W¢(¢) have a limit in L? as e — 0, they are
asymptotically close to each other in L? Ve > 0. The point here is that there are
situations where this might apply while corollary 1.6 not — for example when the
convergence to the Wigner measure isn’t known in norm, or when the potential
isn’t smooth enough.

Observe finally that an L? approximation is much stronger than and H~*
limit. For example, the L? approximation implies any oscillations that might
develop during the quantum evolution (i.e. absent from the initial data) are
necessarily small in L? sense — while of course the H~ (2172 limit tells us only
that eventually any oscillations will cancel out in weak sense.

Finally there are a couple of somewhat technical points worth mentioning;:

e As long as 0,04 > 1, the SWT “preserves positivity”, i.e. if W¢(x, k) is the
Weyl symbol of a positive operator, then we (z,k) > 0. (This is well-known, and
is a property that the WT itself does not have; see lemma A.2). Our asymptotic
analysis here does not assume anything on the sign of we (z, k). Still, it should
be noted that a strong approximation which preserves sign might be of particular
interest in more difficult (e.g. nonlinear) problems.

e It is also important to note that the basic limitations come from the break-
down of Sobolev regularity in pj, W¢. Therefore, to understand where there
is an actual breakdown of the approximation, as opposed to a mere technical
limitation of our tools, it will be important to get sharper assumptions on the



validitiy — and failure — of theorems such as 2.2. The weaker assumptions e.g.
of theorem 1.9 is one possible way forward.

1.2.1 State of the art

One reason for working out strong topology semiclassical approximations for the
Wigner function, is that there is an extremely limited literature on the subject.
Indeed, most results focus on weak-* limits.

From an analytical point of view, a norm could quantify a rate of convergence
— in contrast to the weak-x convergence, which depends on the choice of test
function. This could also be extremely important with respect to computational
applications (see next section), where it is important to quantify a priori (even
if on the pessimistic side) the errors involved. From a more qualitative point
of view, it could be the way to add e-dependent corrections to the limit, thus
controlling in a more flexible way the information loss.

As long as we are working with norms, L? norms are especially well suited
— in particular in view of theorem 2.1. The H™ generalizations also, in fact,
make use of theorem 2.1. (L' approximations also make sense, in view of the
classical interpretation. We don’t work on that here, but it may be a direction
worth pursuing in the future).

To the best of our knowledge [19] comprises the state of the art for strong
semiclassical approximations. Other existing works (e.g. [4]) often use regularity
assumptions stronger than [19], and, to our knowledge, do not treat H™ norms.
Tt is therefore natural that our results here should be compared to those of [19].

In our notation, Theorem 5.1 of [19] states (or rather implies, since it also
treats higher order approximations):

Statement If

1WE] 12 < oo, /W@WLHWMS<m, (25)

then R
o(6) = WE(B)llz2 < O ((£2|W||g=eC O+ WSNISEAS ) (a)

However, there is a misprint in [19]; the statement of the theorem should
read

Theorem 1.8 If
[WE |12 < o0, /meLWWMS<m, (27)

then R
o) = ez < O ((2|W||gae T+ IVENISPAS) ) o3)



(The problem in Theorem 5.1 of [19] originally comes from from a typo in
Theorem 4.1 in that same paper. See section 2, theorem 2.2 for a detailed
treatment of the point in question).

In that light, the use of the SWT in Theorem 1.2, allows one to gain one
derivative in each of the initial data and the potential. (For example V(S) =

W satisfies (AQ) while f |V | |S|3dS OO)
+
The price one has to pay for these weaker regularity assumptions, is a larger

size of the error: for example, if 8 > 2 and ||W§||g2 = O(1), theorem 1.2 gives
[|p(t) — We(t)||2 < O(\/€), as opposed to an O(g?) error from Theorem 5.1 of
[19].

It must also be noted that neither result applies to pure states. [19] contains
a result in H~™ developed with pure states in mind, Theorem 5.2; our approach
here also yields an H~™ approximation result applicable to pure states, corollary
1.6 which follows from theorem 1.3. (Note that theorem 1.3 also improves on
the regularity assumptions of Theorem 5.2 in [19]; we don’t do the exhaustive
comparison here).

1.2.2 Numerical applications

Part of the motivation for this work has been its potential for numerical ap-
plications. Indeed, a numerical scheme using the SWT for the fast recovery of
coarse-scale observables was formulated in [1, 2], and proof-of-concept numerical
experiments showed that it is a competitive option in the semiclassical regime.
This work serves as a rigorous justification for the method.

In this regard it is worth highlighting one point in particular: it is well known
that keeping track of the WM allows one to approximate quadratic observables
of interest, with famous example

|uf (x,t)|? /Woxkt

In addition, WMs don’t break down — or even require any special treatment —
when caustic appear. However, although a WM stays well defined on phase-
space, its marginals need not exist, especially when a caustic appears. That is,
while

Ve >0 |u®(x,t)] /WE ())(z, k, t)dE,

[ WOz, k,t)dk may not be well defined, even if lz'ng |u®(t)|? ist. See [9] for more
details. This means that, if we are inetersted in an approximation of |u(z,t)|?
and not the WM W0 itself, the WM technique does, in fact, have problems on

caustics. These problems can be overcome using the SWT.

1l'Lm |uf (t)|? = +oo0 is still considered well defined; [ WO(z, k, t)dk may give rise to expres-

sions that have no value, finite or otherwise

10



This raises a more general question: can we build e-dependent corrections
of some sort into a phase-space asymptotic technique — in a computable way?
Recall that W° does not depend on ¢, i.e. any WM-based technique cannot
offer any kind of e-dependent information.

This is the motivation for constructing, in theorem 1.2, the approxima-
tion pf ~ W¢, in addition to p ~ W¢. From a mathematical point of view,
p(t) = We(¢¢(x, k), t = 0) is a good approximate solution. From a numerical
point of view however, the oscillations that W¢(x, k,t = 0) in general contains
could make even its propagation along characteristics as difficult as the direct
solution of the original problem (1) — keep in mind that this is in twice the space
dimensions than (1). On the other hand, the oscillations of W& are controlled
by the smoothing, making the propagation p;(t) = Wa(gt(z, k),t = 0) signifi-
cantly easier. (The fact that the flow comes from a smoothed potential also can
simplify a number of things, e.g. in setting up a solver for the trajectories). So
finally smoothing gives a practical way to incorporate e-dependent information
in a phase-space asymptotic technique.

One should keep in mind that in general the complexity of simulating semi-
classical problems explodes as € — 0, so apart from documenting the convergence
and limitations of any mumerical scheme, a key question is to understand the
rate at which complexity (computation time, memory used) grow in e. See [1, 2]
for more details on the use of the SWT in semiclassical simuation, including in
particular a study of computational behavior in 1-dimensional problems, of the
approximation of observables (with main example |u(z,t)|?), and examples of
calibrating the smoothing with respect to intrinsic scales of the initial data.

Finally, the fact that all the errors in this work are computed explicitly (in
contrast e.g. with weak-* results, where the errors depend, in a non-explicit way,
on the test function) can be very helpful in setting up numerical simulations.

1.2.3 Further work

To conclude this long introduction, some words are in order for the more indirect
motivations and implications. It has become more and more clear that there are
problems where WMs, in their more straightfoward application, fundamentally
fail. (For example, when there can be constructed two (e-families of) problems
whose WMs are identical at one point in time, but not at a later one).

Examples include nonlinear problems, systems with crossing eigenvalues etc
— see [6] for a survey and a plethora of references. Another example, triggered
by low smoothness in the potential, is presented already in [12], Rem. IV 3.
Loosely speaking, in all these cases the information lost in the limit to W9 is
“too much”; it is worth wondering if some modified, augmented version can still
be made to work. In some cases this has already been done; see e.g. [6].

The following is a version of theorem 1.2 under weaker assumptions (one can
easily check that the proof still applies):

Theorem 1.9 Assume that (A1) holds for some 6 € (0,+00)\N (i.e. 0 possibly
smaller than 1), and in addition that there is a constant My such that for all

11



t € (0,7
> N9k WEllze < My =0 (€5 + e H)IW(D)]22) (29)

See equation (77) and thereafter for the precise definition of Wi (t).
Then there is an O(1) explicit constant Cy such that for t € [0,T)

15(t) = WE(B) |2 <T My Co (ef +VE ). (30)
and

[173(t) = We ()]l
(W= ()| 2

= o(1). (31)

By modifying this kind of result (with nontrivial differences), we are able
to prove a result applicable to problems with potentials satisfying (A1), but
for some appropriate § € (0,1). It must be noted that § < 1 vs. § > 11is a
nontrivial dichotomy: 6 € (0, 1) includes C*\ C'! potentials, for which there are
some results, see [12], but they show convergence to an ill-posed semiclassical
limit. In other words, there are situations with 6§ < 1 where we can show
that (an appropriate version of) condition (29) holds, which finally allows the
regularization of the known, but ill-posed, limit problem [work in preparation].
A lot of the ideas and tools that had to be developed for that are in fact in this
paper.

That is, apart from an end in themselves, the results shown here (including
in particular the regularity results, section 2) are necessary in studying other,
more challenging problems as well.

The rest of the paper is organised as follows; below we define some notation
we will use; in section 2 we will present a family of results concerning the
regularity of quantum (Wigner) and classical (Liouville) equations, trying to
be as thorough as possible. The proofs can be found in section 3. Section
4 is devoted to the proofs of the theorems 1.2, 1.3 and 1.4. The corollaries
stated earlier are straightforward applcations of these theorems, and theorem
1.9 follows readily by retracing the proof of theorem 1.2.

1.3 Notations

The Fourier transform is defined as

Fk) = Fao [f()) = / e 2k () (32)

12



Inversion is given by

k) = F24 [ ()] = / 2K £ () i, (33)
Foe [F2L @] = Fily [Fass [f(@)]) = £(2). (34)

The Sobolev norm of order m on phase-space will be defined as follows:

fllmm@eny = Y 10508 fllL2men), (35)

lal+|b|<m

where of course a and b are multi-indices of length n each. More generally we
have
1 llzm@ay = > 1105F11 L2 ga)- (36)
lal<m

H~™ will be the dual of H™. This definition is equivalent to the more usual

ones, e.g. based on ||f(z)(1 + |z|)™||r2, or [ 32 102 f117 2 (geny -

laj]<m

A more general family of Sobolev-type spaces that we will use are X"P,
with norm defined as

~

1/ (@, B[ = [[(1X? + | K1) F(X, K)o (37)

Moreover, denote for future reference

[l zms = (| f]] s

Finally, we must mention an abuse of notation that we will do: sometimes
we will suppress the € dependence of certain functions for economy, using e.g.
W (t) instead of We(t), pi1(t) instead of p5(t) etc.

2 Quantum and classical regularity results

The following theorem is a direct consequence of Theorem 2.1 of [13]:

Theorem 2.1 (L? regularity of the Wigner equation) If the Schridinger
operator —%A—i— V() is essentially self-adjoint on L?(R™), then the correspond-
ing Wigner equation preserves the L?> norm, i.e. for W§ € L*(R?") there is a
unique solution of

0, W* + 2k - 9,W* + 2Re [z'fewaV(S)Wf(x, - %)ds} =0,

We(t =0) = Wg, 38)

and [|[We(t)|[2ren) = |[W§||L2@en) VE € R.
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The following estimation is quoted from [19], where it appears as Theorem
4.1 (with a different but equivalent definition for H™):
Statement (H™ regularity of the Wigner equation) For each m € N
denote

Con = / V()] S dX.
R?L

Denote by We(t) the solution of the Wigner equation (38), with initial data
We(t = 0) = W§. Then, if Cy, < 00, there is a constant C' independent of €
such that

WOl < WLz (39)

However it contains a typo. We prove a weaker result:

Theorem 2.2 (H™ regularity of the Wigner equation) Denote by W= (t)
the solution of the Wigner equation (38), with initial data We(t = 0) = W§.
Then, for each m € N, the following estimate holds for time-scales t € [0,T],
T=0(1):if

J17(S)1 181+ 1] 1)ds < o,

Rn

then there is a constant D = D(m,n) such that
IWE(O)|zrm < P WG || (40)
Remark: See equation (62) for an estimate of the constant D(m,n).
The same strategy as in the proof of theorem 2.2 works for the Liouville
equation as well:
Theorem 2.3 (H™ regularity for the Liouville equation) Denote by p(t)
the solution of the Liouville equation

1
pt + 27k - Opp — Q—&CV(JU) ~Okp =0 (41)
7

with initial data p(t = 0) = po.
Assume that A
IV(S)ISI™ ]2 < o0,

and that, Vt € [0,T]
(0208 p(t), k - 02 02 0F p(1))| < +o00,

(42)
(0A0F p(t), 0,V - O 0A0F p(t))] < +00.

14



Then the following estimate holds for t € [0,T]: there is a constant C' > 0
such that

o)l < e llpollzm (43)

A sufficient condition for equation (42) to hold is the following:
The flow associated with (41) will be assumed to be complete, i.e. any bounded
ball is mapped within some bounded ball for all times (trajectories do not reach
infinity in finite time). Moreover that py is of compact support and, for every
multi-index a with |a] < m+ 2

02V (x) € LS. (R™). (44)
Another sufficient condition is that for every multi-index a with |a] < m + 2
a3V (x) € L= (R™). (45)

Remark: Our sufficient condition involves one more derivative in the potential
(up to order m + 2), but the estimate itself involves only derivatives of order
m + 1. This will be important for example in situations where the derivatives
exist but become asymptotically large (e.g. if V was a mollified version of a
non-smooth function).

There are some more regularity results for the Wigner equation in section
3.3. We don’t discuss theme explicitly because we don’t use them directly in
the proof of our main results here. However it must be noted that in other
situations they might be very useful.

3 Proof of regularity results

3.1 Proof of Theorem 2.2

The Fourier transform of the Wigner equation (38) is

sin(meS - K)
€

W, — 27X - Ox W + 2/V(5)W(X - S, K) dS =0 (46)

For future reference denote by U(t) the propagator of this equation. Theorem
2.1 essentially tells us that, under the self-adjointness assumption,
vVt eR T ()| £2R2n)— L2 R2n) = 1. (47)

Denote ~
vap(X,K) = X*KPW (X, K) (48)

in the usual multi-index notation. By elementary computations, it follows that

XAKBX-aKW:X-aK (UA7B)— Z BjUA+ej,B—5j (49)
B;>0

15



and )
XAKB [V(S)W(X — 8, K)* e85 gg —

= [V(S)vap(X — S, K)2T5K) gg

(50)
+ 2 T () fV(S)Stvap(X — S, K)2TeSK) g,
o<i<Ai=1
To see that, it suffices to observe that
A A
XA=(S+(X-5)*=> ()X -9 =
1=0
= XA=(X-9%+ ¥ (15X -9)A!
LEL(A)
where for brevity we use the notation
A (A
() -11()
=1
and
L(A):={le NI <A, |I| >0}}. (51)

(Remark on notation: | < A < Vi€ {1,...,n}:l; < A;, and ||| = > ;). We
i=1

will use these notations freely in the sequel.

Two things should be noted: obviously if A; = 0 then there is no contribution
from the 7 coordinate; and | € L(A4) = 0 < |I] < |A].

So multiplying equation (46) with X4 K75 yields

%’UA’B -2 X ~8KUA7B +2fV(S)UA7B(X — S,K)Mds =

= 27 B'UA ej,B—e;
B]Z;O 7 (52)

> (1?) fV(S)SlUA—l,B(X - S,K)Md&
1eL(A)

which, for any m € N, is a closed system for v4 g with |A + B| < m. (For

A =0, we just forget the last term).
Moreover, observe that

d d
lvas @ = 2loas®lle 3 loas®llze (53

16



while at the same time, using equation (52),
Hvas(®)|2: = (va,B,0va,B) + (Orva,B,va,B) =

=2Re[(va p(t),2rX - Oxva,B)—

—(wa,p(),2 [V(S)vap(X — S, K)*Te8H) g6y

(54)
+(va,B,2™ Y BjVaye; B—ec;)—
B;>0
~wap, X (D2[V(9)Svanp(X - 8 K) =K as)
lEL(A)
Assuming for a moment that the integrals exist, we observe that
RBK’UA,B(t),QT(X'aKUA,B” :0, (55)

and
sin(meS - K)

Re {@A,B(t), 2 / V(S)oap(X — 5, K)

dS)} =0 (56)

by anti-symmetry.
Equation (55) is completely obvious; for (56) observe that

Re [ff(X, K)2 [V(S)f(X -5, K)wdeXdK] -

= [FX,K)WV(S)f(X — 8, K)*m=5K) g g4 X dK +
+ [ (X, K)V(S)f(X — 8, K)*™=5K) g5 xdK =

=f?(X,K)V( )F(X — S, K) 55 4o X dK +
+ [ F(X,K)V(=S)f(X — SK)MdeXdK—

= [T(X,K)V(S)f(X — 8, K)* =55 4gq X dK —
— [ F(X,K)V(S)F(X + 8, K)*™=5K) 454 xdK =

= [T, K)WV(S)f(X — 8, K)*nr=SK) ggq X dK —
— [ F(X = 8, K)V(S) (X, K)*™ 2 4GiX dK = 0

Of course for these considerations to be valid the integrals must exist; they
do, thanks to the following lemma:

Lemma 3.1 (H" regularity of the Wigner equation) Denote by W(t) the
solution of the Wigner equation like earlier. Assume that

/IV(S)I (IS]+[S[™)dS < oo, [[W5|lam <e™* (57)
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for some ¢ > 0.
Then, for each m € N, T > 0, there exist constants C, u > 0 such that

W@l am < Ce™, (58)

and
VIA+ Bl <m—1, i€ {l,.,n}, [[kdjFW )|z <Ceh.  (59)

(For our purposes it is obvious the explicit computation of C, u is not im-
portant — it is possible, as one can readily see in the proof of lemma 3.1, in
section 3.3. Observe moreover that the requirement V(S)|S| € L', which allows
for weaker possible blowup at 0 than V(S)|S|™+ € L!, originally comes from
lemma 3.1).

Now, by combining equations (53) and (54) and discarding the terms (55),
(56) that vanish identically, it follows that?

#llvas®lliee <7 3 Billvate, 5, ()llz2+
B;>0
) (60)
1 3 (DX V)T |pallvazipe, (Dllre.
leL(A) J=1
Now we sum up all the equations for |A| + |B| < m to get
& X vas®lle <
|[A+B|<m
(61)

<nHaml-maz{L VSIS I} X (lvas®)llze.
|[A+B|<m

With the help of Gronwall’s lemma the result follows. For brevity, in the
sequel we will denote

D(m,n) == (1+n™mr - maz{1,||[V(S)(|S| + S| )|} (62)

Remark: For m = 1 it is very easy to see that we can have a slightly better
constant, namely:

i 2 lvas®llce <
|[A+BI<1

<nmmaz{L,|[V(S)[SPl} X lvas®)lle
|A+B|<1

i.e. D(1,n) = nwmaz{1,||V(S)|S|?||5:}.

2We also used the obvious estimate ‘V(S)SlvA,lyB(X—S,K)M <

’V(S)SI’UA,Z,B(X - S, K)nS - K’ in equation (54).
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3.2 Proof of Theorem 2.3

Proof: The proof is essentially the same as for theorem 2.2: we have
W/V(S)p(X — S, K)S - KdS

instead of
sin(meS - K)

/V(S)W(X —- 5, K) ds

in equation (46), and then the proof follows along similar lines. The counterparts
of the terms equations (55), (56) are

Re [(020Pp, k- 8, 020F p)]
(64)
Re [(0708 ,0,V - 0, 9298 p)] .

It is clear that, if the integrals exist, these terms vanish identically by anti-
Symimetry.

Now we will work out our sufficient condition for the existence of the integrals
of equation (64): it follows easily, using the method of characteristics, that if

sup |05V (z)| < oo,

la] < m+2
x € R"”

and the flow is complete (see the statement of the theorem), then, for initial
data of compact support such that

0,020% p(0), 0:040¢ p(0), k0,0 p(0) € L?, (65)
we have Vt > 0
0,008 p(t), 09,0208 p(t), k0,0208p(t) € L2, (66)

and hence the integrals in question exist.
The second sufficient condition follows clearly.
The proof is complete.

3.3 Auxiliary lemmata

It is more convenient to prove lemma 3.1 first for m = 1 and then for m € N:

Lemma 3.2 (H! regularity of the Wigner equation) Denote by W< (t) the
solution of the Wigner equation (38), with initial data We(t = 0) = W§. Then
the following estimate holds for t € [0,T]: if

/|V(S)| |S]dS < oo,
Rn
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then we have

€02, We(#)l]122 < 160, W || + 26[[V(S)IS] |2 |W || 2

|£0k: W= (#)]] L2 < ||e0k, Wi |2+

€ i e 67
2t (1100, W5 12 + 281 (S)IS e Ws s ), 07

lek:iWe()l| 22 < |lekiWi |22 + 2mt|[V(S)]S] || oo W] |22

Proof of lemma 3.2: . .
Denote u; (X, K) = X,W (X, K), v;(X,K) = K,W(X,K), z = 0x, W(X, K).
Then one checks that equation (46) implies

s — 21X - Ocu; +2 [ V(S)ui(X — 8, K)* =200 g5 —
=2 [V($)S;W(X - SK)MdS

Byv; — 21X - vy + 2 [ V(S)uy (X — 8, K) me8 K gg — (68)

= 2’/T’U,i,

Oizi — 21X - 8Kzl+2fV Yz (X — SK)MCZS
= 27 [V(9)S,W (X — SK)MdS

Making use of the second part of lemma 4.2 (equation (151)), it follows that
an equivalent reformulation of equation (68) in terms of the propagator U(t) is

wi(t) = U(t)u;(0) + 2 f Ut —7) [V(S)S:W(X — S, K, )2 27=55) 4547,

vi(t) = ﬁ t — 7)27u;(7)dT,

||%u-

A~ t o~ ~ —~
%(t) = U(t)z(0) + 2 [ Ut —7) [V(S)S;W (X — S, K,7)<2T5K) gggr,

7=0

(69)
Now, making use of theorem 2.1, the obvious bounds |sin(reSK)|, cos(me SK)| <
1), and lemma 4.1, we readily deduce from equation (69) that

i ()12 < llus(O)]] 2 + 24/ [V(S)IS| || o2 [W] |22

sl lz2 < lwiO)l[z2 + 27t sup [fus(7)lz2 <
7€(0,t) (70)
< 103 (O) 12 + 27t (11ui (0) lz2 + 2LV (S)1S] 122 [W Lz )

[1z:(8)] 22 < 1z:0) 22 + 2=V (S)IS] |2 W] z2-
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The proof is complete.

Now we are ready for the general case.
Proof of lemma 3.1:
System (52) can equivalently be recast as

. ¢
va,p(t) =U(t)va,B( f (t—r <27T BZOBjUA_Fej,B_ej (7)+
7=0 3>

(71)

+2 3 () JV(S)S'va—ip(X — S, K, T)Wdé‘) dr.
IEL(A)

The point to repeating the idea of the previous proof, is to go through the
multiindices (A, B) so that we always have on the right-hand-side a quantity
that we have already estimated.

This is easy to check; for example let us prove the result for m > 1 assuming
it holds for m — 1. First work with all the indices such that |A| + |B| = m,
|B| = 0. It is clear that, for those terms equation (71) is just

vao(t) = U(t)UA,0(0)+

¢ A . (72)
12 [ (N JV(S)Svaio(X — S, K, 7)) g,
720 I€L(A)

But |I] > 0 (recall the definition of L(A), equation (51)) means that all the
terms of the form v4_;0 in the right-hand-side are of order at most m — 1,
and therefore bounded by assumption. By using once again lemma 4.1, and
integrating in time, we get

A|| A0(B)lz2 < lvao(®)l|ze+
X (DIVS)S [z sup  lwa-ro(r)llze <

leIL(A) 7€ (0,¢)
(73)
. < Ifoao(®)llze+
F2LV(S)ISIM e > () swp [fvaio(n)llre
leL(A) 7€ (0,t)
Now we can allow |A| 4+ |B| = m, |B| = 1, and observe that the rhs contains

only terms of the form |A| 4+ |B| = m, |B| = 0, which we just estimated. To
conclude we just proceed inductively until |B| =

The second inequality in (58) follows similarly, by a straightforward adap-
tation of the previous proof.

The result now follows.

21



Lemma 3.3 (H ™ regularity of the Wigner equation) Under the assump-
tions of theorem 2.2,

IWE @)l -m < P WG grm.
Proof of lemma 3.3: The result follows directly by noting that

sup  [({UDf9)l = sup  |[(f,U(=)g)| <[U(=O)l[zmprm || fl| -
lgllam <1 llgllm <1

Finally, the following regularity result can be shown with minimal assump-
tions on the potential:

Lemma 3.4 Assume there is a Cy > 0 such that V(z) > —C,, and the Schrédinger
operator %A —V(x) is self adjoint.

Moreover, consider a mized state as follows®: denote A € A an appropriate
index set, and

pi.0) = [ 05 o) ()Y, (74
where ||u5(t = 0)||,2 =1, and

n

[V (@)us (¢ = 0),ui(t = 0))] + D (105,u5(t = 0)l[ 2 + ||zsus (¢ = 0)]|2) < Ca.

i=1

Moreover, assume (1 + Cy) € L' (du(\),A). (In particular no assumption is
made for the behaviour of Cy in ).
Naturally the relation between p° and the Wigner function is as in equation

(3)-
Then there are C',c > 0 such that for alli=1,...,n,t € [0,T],
102, WE(B)]|2 < Ce™5,
10k, WE )| 12 < C'(1+T)ee.

Proof: First of all, if u§(z,t) is the solution of (1) with initial data u5(z), it is
straightforward to check that

o (1) = / (2, )5, (3, D) (N,

i.e. the measure du(\) doesn’t depend on time.

3 A possible example would be of the form 3 \,us,(2)%S, (y), with appropriate decay of
meN
Am, regularity of uf, of course.
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Now recall the energy conservation for equation (1):

(5 AuS(t) — V(@)us(t), u*(8)) = (5 Aug — V(z)u§, ug) =

e2 e e eV e e
= || Vus(8)]122 = (—Aus(t), us(t)) = 2(—7A“0+V(x)%7go) (Vur(t),u" () _

€

(— 2 AuE+V (z)ug,us)+C. ||us]| 12
- )

V()12 < 2

(75)

Applying that to ug, it follows that there is a B > 0 independent of A, e so
that

s @] <

g+ ¢ z . (76)

for all ¢ € R. Now observe that (in the notations of lemma B.1) in general
O, W = Q[(0z, + 0y,)7]
(i.e. not only for pure states). Therefore (using equation (166))
100, W (t)l| L2 = e~ 22| (Qa, + 0y, )P (1)||12 <
< e 527 [[[(0z, + 0y, )us (2, )75 (v, )| L2dp(N) <
<e 27 M4r [(Cy + Cu)du(N) < B'e™¢

for some B’,c¢ > 0. (We used the joint constraint on C),du(\) to interchange
norms and derivatives with the integration).
Now for the O, derivatives, recall

1Ok, WE ()| 2 < [|Ok, W (0)][ 2 + 2t sup [|0x, W (7)|| 25

T€(0,t)

see equation (70) for the derivation. The proof is complete.

4 Proof of the main results

4.1 Proof of Theorem 1.2
The proof will be broken down to several steps. Denote be Wf the the SWT
corresponding to the problem with the potential V7, i.e. the solution to
QWi + (2mk - 0, + 2520, - 04 ) Wi+
F2Re [i [ miseFS TS (@ + 25 k- )d8] =0,

2 ?

Wi (2, k,0) = WE.
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See equation (9) for the definition of V;. Naturally the corresponding Wigner
function will be denoted by Wg(t) = ®~'WE(t). Moreover denote by We(t)
the exact SWT satisfying equation (7), Ws(t) = ®W=e(t). Finally, recall the
definition of p§, equation (16), and denote for further use

My =" sup || [20K Wi (X, K, 1)]| 2. (78)
i—1 t€[0,T]
e Proof of equations (17), (19):

There is a constant C, depending only on n, o,, ok, such that

W5 = p5||> < CT(e2 My + VEM,), (79)
[WE = We||2 < CT(e2 My + eMy), (80)
[We(t) = WEt)|| 2 < CePE™ 2| [WE | a1, (81)
and ,
105(t) = p(t)||12 < CT(e + )T PO W] | 1. (82)

(In the process of this last proof we will have to use that § > 1). Recall that
D(1,n) was estimated in equation (63).
The conclusion then follows by estimating

My < |[WE@)||mr < PO WS g, (83)

where theorem 2.2 was used for the last inequality — making use of A1(r=0).

e Proof of equations (18), (20):

It suffices to combine equations (17), (19), theorem 2.1, and to use once
again equation (81), to get

IWE®)]22 = 1W§]I 2 + VE Ce™ PO |WE || (84)
with [¢] < C.
Now we proceed to the proofs of the building blocks:

Proof of equation (79):
One can Taylor expand WF into a power series # to recast equation (77) as

OWs + 21k - , W5 — L0, Vi(x) - 8, W5 = FWs (85)
where

F=—%20,. .0~

5.5 _ AA+B 77
D IR > D SR L antc-ICo DO D DR et Lok Fe
m=2 (m—1l)mod2=1 [A] =1 o

(86)

4because W< is an entire analytic function; see [3] for proof and more details. This is in
contrast to the formal ezpansion often used for the Wigner transform.
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and A, B € (NU{0})" are multi-indices. See lemma 4.3 for the full justification
of this step (i.e. of interchanging the summation of the Taylor expansion and
the dS integration).

It is clear now that the SWT equation (77) can be seen as a perturbation
of the modified Liouville equation (16). We will use lemma 4.2; however before
that some remarks are in order: o

Denote Ej(t) the propagator of equation (16), i.e. pi(t) = E1(t)W§, and
Uy (t) the propagator of equation (77), W (t) = Uy ()W§. The Liouville equa-
tion (16) can be solved with the method of characteristics for any €, > 0 and
its propagator has L? norm equal to 1, i.e.

1B (0)]| 212 = 1.

Moreover, it is clear that U;(f) = ®Uy(t)®~1, where U;(t) is te propagator
for the corresponding Wigner equation, U (£)W§ = @*1(71@)% . Following
Theorem 2.1, Uy (t) is an isometry in L? V¢ € R. (Obviously a similar statement
is true for U(t) : Wg — Wg(t))

Now by applying lemma 4.2 it follows that, VO < ¢ < T,

105(t) = Wi ()|l2 < T sup ||Er(t —7)FUL(T)W§] |12 <

T€[0,T]
(87)
<T sup ||FWi()|pe.
T€[0,T]
Recalling equation (86), we are called to estimate
15520, - 9 Wi (m)+
o0 m—1 l—m m— aA-;—B~ z NE
123 G X ATyt S S atopWE(n) | <
m=2 (m—1)mod2=1 |[A]l =1
|Bl =m —1
60'2 —~
< =0z - Ok WE (T)|[ L2+
= [-:m_l 3A+B‘7 x 57
23 o X od N | BafofWE(n) e <
m=2 (m—1)mod2=1 |A] =1
|IBl=m —1
(88)
o2 fimgd
< 5100 - O WE (1) 2+
= m—1 8A+B‘~/ x oo NE
23 G > o xR 9f0 W (7)o
m=2 (m—I)mod2=1 |[A] =1
|IBl=m —1

For a finite number of m’s, namely m — 2 — § < —1, assumption Al(r=0)
implies that _
10,45V ()|~ < O(1). (89)

As will be clear soon, these don’t yield any intersting contribution.
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Now assume that m — 2 — 6 > —1; it suffices to recall that by A1(r=0)

LY

m—1—

1024 BV, ()| = < (27)™ Mo + D" (i)~ =71 (m=1=0) (90)

where for brevity we denote

T
W =n+elol,

To estimate ||8§‘8,’3Wl‘5 (7)||z2 we need to remember that |B| > 1, therefore
for each m, [ appearing in the sum of equation (88) there is a multi-index [b| = 1
such that b < B. At this point one should recall the definition of M; (equation
(78)). With that in mind, we have

10208 W5 ()| 12 = (2m)™|| X AK Bem FLXPHod KW (X, K, 7)|| 12 <

e

< (@2m)™ | XAKB-bem FRUXPHRIKP || KPWE (X, K, 7)|[ 12 <
(91)

< (2m) =D (dnl ||X;;‘de?viX§||Lw) <dH1 ||K§B"’)de?viK§||Lw> M, =

(B—b)g

n Ag
s I () T () T s
d=1 *

m— _ 7 n i (B*b)’
=M, (4)2F ol D [T A7 (B-b),

es
d=1

Finally, with the same arguments as above, observe that

2 gt 2 L em
222110y - OWE(T)]] 12 < %zwd; ||Xde_TU§X§||Lm M, =
B (92)

o

= VEEEM,
Plugging equations (140), (91) and (92) in (88) we get

IFWE (7|2 < VE Y22 My + S+
0 > mt
+y DS (gz) T T (meps0)
m=[1+0]

| —m+Il+1 d=1
040 Z

(m—1I)mod2=1 |A]l =1
|IBl=m —1

¥, stands for all the contributions from m — 2 — 6 < —1 (see equations (89),
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(90) ). Using our previous considerations it is easy to see that

1 2|A i 5
w3 od IOFORWE a0+ P V(@) <

me
— €
Y= Z (4w
m=2

(94)
Mx m—1
SOM 2 Fo Jos " Cn = OVEM)

)

Since we already have a term of O(y/eM;) — the one coming from E;i [0z -
8ka(T)\|L2 — we will not carry ¥; explicitly in the sequel.

Moreover, it is clear that (eventually) (2m)™ My < %(n’)_wf‘ (m=)=0),
so we don’t treat explicitly the contributions from the first term of the rhs of
(90) for any m.

Now, to proceed from equation (93) we have to understand better the inner
sum. To that end, note that without loss of generality (specifically for m large
enough)

A%~ e VAL
(95)

13426

I (z2=1=2) < (2m)127% 777;@’,171).

om

The first statement is the Stirling approximation; if |A| = 0 it is clear that the
contribution of the term A% =1 (this can be seen very clearly if one goes back
to equation (91) where it originates and check it. This point will always be
understood as explained here, with no further explicit mention). For the proof
of the second statement, see lemma 4.4. Now we have

n % (B;b)d
IT A2 (B-b),
I —m—+Il+1 d=1 m—1—0\
> 020} > AlBI F( 2 ) ~
(m—Il)mod2=1 [A] =1
|IBl=m —1
n Ad+(23*b)d \/
T ——=—vuxoso/A4!(B-0b)4!
" Z I —ml+1 Z d=1 y/2n\/A4(B=b)4 T (m—1—9) <
~ 029 ATB! 2
(m—1)mod2=1 [A] =1
|IBl=m —1
1 3420 _ o 1
< (27r)42n4 (§>%1 i ologmtitt Z ! (Hn 1 )4 <
(2m)2 2 =0 Vm(m—1) Al =1 AlB! d=1 Aq(B—b)a =
|Bl=m —1
(96)
3";129\/— m—1 m 2(l m+1) |
m e\ 3 - m!
< 2n—1 (5) : Z U%lak Z AlB! <
(2m) T y/m(m—1) 1=0 |A] =1
|B] =m — 1
23+26 m—1
< 1 ok (e 2 7’L0'2 + n \m
(Qﬂ—)Z =1 (2) ( T 0'2) 2



m m

where we used the observation that Y z4 < /m, [ Y. 22 and the multinomial
d=1 d=1

expansion for the two last steps.
Going back to equation (93), we get

[FW(7)]|22 < VE Y2 M+

2, 1 —
oy O § (YT
m=[1+6]
(97)
< Ve %M1+
m—1
+’I7/9 M1D2 53 ,/ 1+a20% Z ”ﬂ(g + 2) 7 _
(2m) T
=e Lfgan—i—
nw(az+%
o M, D2 ,/ 1+a2ag o
\/ nw(a +;1§) :
iik
It is now clear that the constraints on 7 (
specified in equation (101)) for this to work are
nm(oi+2y)
Dy =— 7 <1
n+—* (98)
D, = - <o)
For example, by setting
4
n> eX . maz ((471 — 1o, —Z - O’i) (99)
2 o
it follows that 1 1
Dy < =, Dy < . 100
1<5 2 < 50 (100)
In particular n can be
r]—£<2 max ((4n—1)0§ o2 ) —l—l) O(e). (101)
k

Equation (79) follows by combining equations (87), (97) and (101).

Proof of equation (80): It is obvious that [|WE(t) — We(¢)||2 = ||®(WE(t) —
WEO)[|ze < [[WE(t) = WE()]| 2
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We will use again lemma 4.2. Recall the definitions of U(t), Ui(t). It is
straightforward to compute that if

LW = 2Re [i [ 282 (1 — 'S )V (S)W (o, — )as] (102)
it follows that
fz,kaX,K [LWf] =
= éfo(X - S, K)(l — e—n/s2)v(5) [e—m'eSK _ e7ri55'~K] ds = (103)
=21 [Wi(X - S,K) (1 - e "S)W(S)S - K em8 K gg.

Using lemma 4.1 it follows that

LW L2R2ny = [IF [LWE] || L2 (r2n) <

n Tre —n' S2\ 71 sin(emS-
<2 3 KW (X K)lageany 11— e TSNV () S| 1 ey || ZLEZEI |
(104)

Obviously |%\ < 1. Moreover, recalling assumption (A3) we have
- - 1
D W (X, K2 qrany < Mg (105)
i=1
Finally, recalling equation (12) of A1(r=0)
1= =) SV ()] 2 any < O0r'%) (106)

without loss of generality (i.e. § < 2 without loss of generality).
Therefore summarizing equations (104), (105), (106) we finally get

|LWE || L2 (rzny < MiCOn'5. (107)

Now by applying lemma 4.2 we get

We(t) — Wet) = — fo Ut —7)LUL(r)W¢dr =

= [[Wi(t) = We(#)][ 2 <
ST sup [U@)||g2or2 sup [[LWE(#)]]r2 <
T€[0,T] T€[0,T

(108)

<T (n’% +77’) ¢ My

for some O(1) constant C”.
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Proof of equation (81): Assumption Al(r=0) allows us to use theorem 2.2,
for m = 1: there is an O(1) constant D(1,n) so that

W @)llar < PO W[ (109)

Now the conclusion follows by application of lemma A.1 — and more precisely
its corollary described in equation (161).

Proof of equation (82): For this we will introduce an auxiliary object. Denote
p2(x, k,t) as the solution of

Orp2 + 27k - Oppa — %&cv < Opp2 =0,
N (110)
p2(t =0) = We.,

First of all observe that, using again equation (161), there is a constant C,
depending only on o, ok, n, My, such that

llp2(t) = p(Dllze = [IW5 = Willz2 < CVE|IW |- (111)

We will proceed in a way analogous to what we did earlier to show that p
and p; are close.
By substracting equation (110) from (16) it follows that h = p; — py satisfies

Oph + 2k - Oph — =9, Vy - Oh =
= Fxlk o il2m [ (1= eV (S)pa(X — 8, K)S - KdS], (112)

h(t =0) = 0.

By using again lemma 4.2 — it is clear that Liouville equations with W2
potentials are well posed in L? — it follows that, for t € [0, 7],

A2 < TI[(1 — eS|V (S)| | My < TMyC(e + 7). (113)
Recalling equations (106) and (83), equation (82) follows.

The proof of theorem 1.2 is complete.

4.2 Proof of Theorem 1.3

The proof is to a large extent analogous to that of theorem 1.2 (using the H~™
continuity of U(t), theorem 3.3, instead of the L? continuity — theorem 2.1 —
which we used before). Therefore, we will not discuss in detail points that were
treated previously.

The main idea is that

IWe(t) — p(t)|| - < [[WE(E) = WE)|| -+
HIWE = Well g + [[W5 = p§ll—r + |05() — p(t)]| -
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It will be shown that there is a constant C' such that

oy 9
W5 — p5|| - < OT||W§||gr-1-reTPOHL™ (3 4 V), (114)
W5 = We||g—r < CT(e3 +&)||W5 || 1T+, (115)
W (t) = W) - < C||WE|[r-reT P10 /e, (116)

and
1p(8) = p()l -+ <
< (e 4 &3)CTeT P+ +Dm] || e | o+ (117)
+C/eeTPrm)| |WE| | gra—r.

Now we proceed to the proofs of the building blocks:
Proof of equation (114):

Recall that [ (t) is the propagator of equation (16), i.e. p(t) = Ey(t)W¢,
and Uy (t) the propagator of equation (77), W (t) = Uy (t)W§.

It follows from theorem 2.3 (applying the second sufficient condition), using
the assumption Al(r), that

NEL ()| frrpr < P
With respect to the sufficient condition, observe that

sup |02Vl L= < |[VA(S)|SI"?]| oy < oo
la<r+2

Therefore, it follows by duality (just as in lemma 3.3) that
NEL ()| r s —r < P,

(Recall that D(r,n) was defined in equation (62), and can be estimated using
Al(r)).

Moreover, it follows from lemma 3.3 that U;(t), U(t) are bounded in H~" —
H™.

Now by applying lemma 4.2 it follows that, VO < ¢ < T,

1p5(t) = Wi )|l < T sup |Er(t — 7)FUL (T)W§ |-+ <
T7€|0,
(118)
< TelPrn) sup ||[FWE(T)||g-r-
7€[0,T]
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Recalling equation (86), we are called to estimate

2 —~
Hs%a O WE(7)+
2 em~1 l—m+1 21 -1 m—l1 [ At+B Vl(x)aAaBWE <
+ Z @mym™ Z ? Ux( ) Z A1B! ( )HH*T X
(m—1)mod2=1 ‘B\‘A:\ 7:711_1
o2 s
< 5210 - O WE (7)1 +
00

7n 1 8,A+B‘7 —_—
R G Y% | & D 92 OP W (1) |-+ <
m= (m—1l)mod2=1 |A| =

2 —_—
< G0 - W (Dl -+

X m-1 9ATBY, - N
23 e X ot ¥ el 02 0P WE () |
m=2 (m—1l)mod2=1 Al =1

|IBl=m —1
(119)
Now we proceed to estimate ||020BWE (7)|| -

10208 Wi (7)]| -+ =
= (27)™|| XAK Be~ Flo2 X+l KPIWe (X, K, 7)|| pr—r <

2 2
< (@m) | XAK Bbem Foe NPk K P | o | KW (X, K, 7) || <

< n) o (L 1xee o)

(H [hiokames -%"“inHLw) W (X, K, )| e =
d=1

(B—b)

Aq (Bblg
= 01 () () 7 WP =
k

= |[W5l--ret P01 (42) 5 ooy Y T AF(B-b), "
Finally, with the same arguments as above, observe that 120
G110, - W (7] [+ <
< hom 3 |1 Xaem FE o W oo POT = (1)

— ﬁ faanWOHH i tD(r+1,n)

Og
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Plugging equations (11), (120) and (121) in (119) we get

IEWE (D= < VE L2 ||[W || gr-1-rTPOHLM 5 4

. o0
18 Wl -1 —re™ D em) 2 m—1-0
+7] 2 2 E n' e F( 2 )
A

m=[1+0] (122)
no Ay (B—zb)
A2 (B-b),
1 —m+Il+1 d=1 ¢
> 020k > ATB!
(m—1I)mod2=1 [A]l =1
|IBl=m —1

31 stands for all the contributions from m < 6 + 1, and behaves simlarly to
VEIWE | gr-1-eTPH1m) (see e.g. equation (94) ).
By working in complete analogy to the proof of equation (79), (114) follows.

Proof of equation (115): It is obvious that
(Wi (@) = WOl < W) = W)l

We will use again lemma 4.2 to estimate ||[W§(t) — We(t)||g--. It is straight-
forward to compute that if

LW = 2Re [if e2miSe(1 — ¢SV (S)WE (2, k — £2)dS| (123)

it follows that

LWl = IF LW |7 <

n - G2\ 1 sin(emS-
<2 3 Al | KW (X, K )l (1= 7SOV ()il (155552 o <
< 20| |[WE || -1 €T PHL) Mg,

(124)
Recalling equation (12) of A1(r=0), ||(1 — e~ SV (8)S;||1: = O(e + €2);
equation (115) now follows.

Proof of equation (116): It follows readily by application of lemma A.1 for
p=2,m=-r,s=2.

Proof of equation (117): Recall the definition of ps(z, k, t), equation (110).

First of all observe that, using again lemma A.1, there is a constant C,
depending only on o, 0k, n, My, such that

l1p2(t) = p(8)] |11 < PN WE = Wi < CVEe™P0M |[W || ar. (125)
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By substracting equation (110) from (16) it follows that h = p; — py satisfies
Bih + 21k - Oh — =9, V1 - Oph =

= Fxmanl2m [(1— e~ VW (8)pa(X — S, K)S - KdS), (126)

By using again lemmata 4.2, 4.1 it follows that, for ¢ € [0, T],

[R(®)] - < CTE™PEM|(1— eS|V (S)] |22l p2(8) | -1-r <
(127)
< (e + %) O TeTPC+LITDEM]| [We | 1o,

for some constant C’ depending only on n, o, o, My. (We also used theorem
2.3 to estimate the rhs of ||h(t)||g-+ < |Ip1(O)||ag-+ + ||p2()||g-+)-

Using the triangle inequality, equation (117) follows.

The proof of theorem 1.3 is complete.

4.3 Proof of Theorem 1.4

The proof is very similar to that of theorem 1.3. We will only discuss explicitly
the points where differences arise.

Of course the main idea is that

IWe(t) = p)lz- < [[W2(t) — We()] |-+

W = Welar +[IWF = oSl + [1p5(8) — p(O)]] -

It will be shown that there is a constant C such that

W5 — p5 || < OT||W§ || gareTPOHL™ (3 4 V/E), (128)
W5 = We||ar < CT(e + &7 )| |[Wg || grsr el DL +Dm] (129)
W) — WE@)|| - < O|[WE| grasreT P /2, (130)

and

1p1(t) = p(O)]| - < CVEe™ P Wi ier+

+CT€T[D(T’n)+D(T+1’n)]HWOEHH'NA ((€ + €9;2T). (131)

Now we proceed to the proofs of the building blocks:

Proof of equation (128): It is entirely analogous with the proof of equation
(114), in the proof of theorem 1.3 (section 4.2) — it is not necessary to replicate
it here.
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Proof of equation (129): It is obvious that

W5 (t) — We ()]

ar < Wi () = We@)]|ar-

We will use again lemma 4.2 to estimate ||Ws(t) — We(t)||g-. Using lemma 4.1
it follows that, if L is defined as in equation (123), then

| LWE | ar = ||F [LWE] || ra- <
2 /g2 A sin(ewS-
< O|| |KIWi (X, K, )|z [|(1— e S)(IS]7+ + |SPV(S)| [ |2z K| <

enS-K

< ClIW§| | rrer e P [|(L = e S)(SI + ISPV (S) |1

(132)
Now recall assumption A1(r) to see that
11 = eSSV (S)||aany < Cle +°7) (133)
Therefore
ILWE||rr < Cle+ 757 |[W5 || e PO+ (134)

Equation (129) follows by applying lemma 4.2.

Proof of equation (130): It follows readily by application of lemma A.1 for
p=2,m=—-r,s=2.

Proof of equation (131): Recall the definition of ps(z, k,t), equation (110).
First of all observe that, using again lemma A.1, there is a constant C,
depending only on o, orn, My, such that

[lp2() = (&)1 < e"PEM W5 = W[ < CVEe™ MW g1 (135)

Applying lemma 4.1 to equation (126) once more (and using again Al(r) ),
it follows that for ¢t € [0, T

Rl < Ol —eS5*) (S| + SV (S)] 1 llp2 (&)1 <
(136)
< CeTPU+1m) | WE|| o (€ + €777).

Using the triangle inequality and lemma 4.2, equation (131) follows.

The proof of theorem 1.4 is complete.

4.4 Auxiliary lemmata

Proof of lemma 1.1:
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First of all

JIVIISI*2ds < [ [V(S)dS+ [ [V(S)]]S]"+2dS <
[SI<1 |S]>1

00
< M0+D f sr+2+n—1—n—1—9d8 < 00
=1

s=

because r — 6 < —1. This, together with equation (13), implies equation (8).
Now denote for convenience

2

W=+ T (137)
One observes that
1024 BY, ()| = < (2m)™ [ [V(S) (H S§A+B>d) 1817 |dS <
d=1
< @2m)™ [|V(S)]|Sme 15 ds < (138)

<@en™ [ |V(9)S|™dS+D [ r(m2)ee”/’"2dr> .
Isi<1 r=1

For a finite number of m’s, m —2 — 6 < —1, in which case, using equation (138)
and equation (8), for |A| + |B| < m we have

102 BVA ()] Lo < (2m)™ Mo+D/r<m—2)—9dr =0(1) (139)

r=1

Now assume that m — 2 — 6 > —1;° then equation (138) leads to

1028V, ()| e < (27)™ My + D(2m)™ [ r(m=2—0=n'S"qgq —
=0 (140)

= (2m)™ My + DEDZ ()= "5 T (k=)

This concludes the proof of equations (10) and (11).

5We don’t have to worry about m — 2 — § = —1 because we have restricted § ¢ N.
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Now observe that

(1 = e="S*)[ SV (8)|| r () <

S NS il 1—e 71817
|S1<1 |S|>1

oo 1.2
_e—n's _
< 77/M0 + D f 5T+1 1Sne+1+9 Sn 1d8 <

o2y (141)
A [S%S)
< n/MO +D fsr—1—9n182ds + f sr—l—OdS —
1 s=A
r42—0_ r—6
=n'My+D (77/7‘4”_2_9 L 7’2_7“ ) =: M;.
By selecting A = /=2, we get
=i r42-0 [ —
Ms(r) =n'Mo + D (77/ g iJ)rz—e L+ 92—)7- ) =
(142)
josr oo
= nIMO + Dnr+276’n + T,@fr .
By recalling our assumption that 6 > r + 1 it is easy to see that
Ms(r) < C(e72" +¢) = o(1). (143)

This concludes the proof of lemma 1.1.

Lemma 4.1 (A version of the Young inequality) Let f € L'(R"). Then,
if g € L2(R*"),

| /f(S)g(w = s, k)ds[2@en) <|fllr@mllgllL2@eny; (144)

ifge H™™(R"),

I [ £5)gte = 5. 0)dsllrmguaey < 1fllpscen gl mguanys—— (145)

and if g € H™(R*"), f(s)(1+ [s|™) € LY(R™),

|| /f(s)g(x — S, k)dSH]:Hm(Rzn) < C||g||]_‘Hm(R2n) Z ||f(5)|8|l||L1(]Rn). (146)
=0
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Proof of equation (144):

1] F(s)gle — 5, K)ds|Zagaany = [ F($)g(x — 5. 0) Fw)glx — v, k)dudk =
= [ J 9w~ s.R)glz — y. K)dedh () ()dsdy < |[F1% |9l B ony-

Proof of equation (145): Denote B = {¢| ||¢||zu= < 1}. Then
1] F(5)gl = s, ksl geony = sup | F(5)g(a = 5, R)dso(a, ydadk <
peB
<A llzr @y sup [o(z = s, k)¢(w, k)dzdk < || f||Lr @)
cb,s

g| |H—m(R2n).

Proof of equation (146): Recall that

|| ff - S k)dSH]—'Hm(RZu) =
= ||(27m‘ 27rk VB [ f(s)g(@ — s, k)ds||p2(ren),
[Al+]|BI<m
therefore it suffices to work for one choice of A, B with |A| + |B| < m

H ff {,C - 87]€)dsxA]€B||L2(R2n) =
[ f(s)g (gc — s,k)ds(s + (v — S))AkBHLz(RZn) <

(?)H f(s)]s|4~ l||L1(Rn)Hg($ k)x lk'B||L2(1R2n) <

N
M==

0

< |lgllm men) lgo (?)||f(5)|5||A7”||L1(]R")-

Lemma 4.2 (An observation on perturbations) Consider two equations,

vy +Tv =0,
v(t = 0) = wy, (147)
and
us + Tu = Lu,
w(t = 0) = wp. (148)

Denote E and U their propagators respectively, i.e. v(t) = E(t)wg, u(t) =
U(t)wg. Then the difference of the solutions can be cast as

u(t) —v(t) = — / E(t—7)LU(T)wodr = / U(t—7)LE(T)wodr  (149)

=0 7=0
Moreover, if
e+ Tr = f(t),
r(t = 0) = g, (150)
then .
r(t) — o(t) = — / Bt — 7)f(r)dr. (151)
7=0



Remark: The considerations here are formal; questions of well-posedness of
the equations etc should be considered each time the lemma is applied.
Proof of equation (149): Set

Y(t) = U(=t)(u(t) — (). (152)
Then
U@p(t) = u(t) —o(t) = U@)p(t) + U0)(t) = at) —o(t) =
= —(T+L)U®)pE) +U)Y(t) = —Tu(t) — Lu(t) + Tu(t) =
= —(T+ L)(u(t) —v(t)) + U)p(t) = —Tu(t) — Lu(t) + Tv(t) =
= Y(t) = -U(-t)Lv(t) = Ut)p((t) = -U(t) IO U(—7)LE(T)wodr =
= u(t) —o(t) = — fto U(t — 7)LE(T)wodr

(153)
The other equality of equation (149) follows essentially in the same way. The
proof is complete.

t
Proof of equation (151): Set 7/(t) =v(t) — [ E(t — 7)f(7)dr; by straight-

7=0
forward computation it follows that d;r' + Tr' = f(¢).
The proof is complete.

Lemma 4.3 (Interchanging summation and integration) We will show that

feQwL51—70252‘/'1(S)W15(x+ i5<72,255'7k_ %)ds _

em 52192 1 1 w2 . W
j‘ 2miST— (7]+ 2)S V(S) Zoﬁ[dz_%sd(lggaxd _akd)]mWf(x,k)dS:

_ Z j‘e27r15'a? (7]Jr57r 2) 52 ( )lem[Z_: (ZUgamd—akd)]mWf(x; k)dSa

i.e. that interchanging summation and integration is justified.

Proof: Denote

2
o(8) = = FAT Wi (a4 B2 22,
2 2
2 o2 = gm
gm(S) = 6—(774'7‘%)5 Z mlam st io 8"” akd)]mwl (33 k)
m=0

We know that > g, (S) = ¢(S) pointwise (even uniformly on compacts),

m
since it is the Taylor expansion of an entire analytic function.
Observe that since the potential always satisfies A1(r=0),

V(S) e LY (154)
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therefore, it suffices to show that
D lgm(S)I<C,

the result then follows by dominated convergence. Indeed,

lgm (S)] <

m=0

< o—(tga)s? §X _em m 1T [Sa(i020s, — 8 )] We(x, k)| <
Xx€ 27 > miom |A\Z AL A dﬂl[ alios zq kd)] fz, k)| <
- .

n A
m

Lot Fon)s® S s (MSAT] Y (49)

m=0 |A]=m d=11=0

(i0201,)! (=00, ) A4~V (2, K)

(155)
Here observe that

|(1020,,)!(~01,) 4~ W5 (2,8) | <

< maz{l,02}(2m)™ [ XLK o= T @XXPHoilK )| (X, K)|dXdK <

em 2

< mazxf{1, 02} (2m) ™| Xhe™ TN | 2| | KM e FOREE| Lo W || 2.
Moreover,

||Xéef%‘0'z|X\2||%2 _ (f e*&ﬂaimzdm)nfl fx2l6757ro'zz2dx _

1-n T(ZH
= (o) T Uak

and similarly

1—n

Ag—l — =2 |K|?)12 2\ 52 (M
IKG e 2 THET|7, = (eo) 2

3(Ag—D-1>
(weo?) 2

and therefore

|(1020,,)!(~0,) 4~ W (2,8) | <

1—n

)

—2] 1-2(A4-1)
2

—m 1
< max{l, 02} (2m)" (cop0k) 2 (57r)12 oz ° 0y

_ 2(Ag—1)—1 7
T () T (B0 12 <

1-21 1=2(Ag=0)
< Cmaz{l,02ymaz{l,0,% }maz{l,o, > }

(27T)m(€7r)1_zm\/r (211 (M)

N

2

< CBmetE® \/r (21T (A=)
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where C, B < oo are independent of m. Plugging this back into equation (155),
there are (possibly new) constants C, B < oo such that

—(n+EE02)8? w me™
gm (S)] < Ce™ 272" 57 B™ s

m=0
nodd I 2(Ag—1)—1
|A|=m ( )SAdHuX%)( ) \/F(QQI)F( 2 ><

Ay F(zld 1)F(2(Ad lq) 1)
fo—(ntFa)s? K afp g :
< Clemn mZOBm€2 |A|Z S dH”dZ::O Ll (Aa=1a)! <

<C/7 em ZBm% Z SAHZv(ld 1!I(Ag— ldl.

Tl (Aq—1g)!
m=0 |A|= d=11,=0 a(A4a=la)

(156)
At this point, using the Cauchy-Schwarz inequality one observes that

’ (ld 1)‘(Ad, e A
dHudZo HAa—la)! H Z AT VA ld(Ad oy S

Ag 2Aq
Ad'(Ad 1) Z ld'(Ad la)! Al
lg=

:l

Finally, observe that
‘ —(n+5F 0'2)5' SA‘ <Bm 77+ 2 )_%
so altogether (possibly for new constants C, B)

|gm (S )|<CEBT"62(77+” 02)7% Y =<
m=0 |A|=mm

m

CZBm€2(’I7—|—ETr 2)? Z Vm!

m=0 |[Al=m Alml =
(157)
> o1
<o § preto g [T Y <
|[Al=m

O Z Bm&'?(n—l— ET 2 \/W /1717;"‘ C/ Z (B)’”

m=0

(For the last step it is important to recall that finally 7 is fixed = Bge for
an appropriate constant By, see equation (101)).
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This justifies the interchanging of the integral and series. To proceed to
equation (86) then we carry out the (inverse) Fourier transforms in

Jemise it FoDS Y (§) 2| 32 Salioi0n, - A )W (2, k)dS =

m
g

=Fsla [e-@ﬂ"“i”zV(S) iz [ X2 Salio20s, — O0,) " Wiz, kﬂ

The proof is complete.

Lemma 4.4 (An observation on the Gamma function) Form large enough

m—1-—106 1 3420 m)!
r (2 ) < (2m)1274 Frm(m = 1)

Proof: The Gamma function satisfies the duplication formula,

1
LT+ 5) = 372%,/27T(22).
Keeping in mind that T'(m —1—-0) < T'(m—1) = (m —2)! = m(:’nlil) (we're

working for m large enough), and setting z = m_Tl_g it follows that

D(mg=)D(m5?) = 22~ 140y/2nD(m — 1 — 6)

(P(m3=2))" < D)) = B e ln 1-6) <
< 93+0 for__m!

27 m(m—1)
The proof is complete.
Lemma 4.5 (Sobolev norms of delta functions) Let zgp € R?". Then
2m>n = 6(z—2) € H ™(R™)
Proof: Take f € H™(R?"). Then

(8(2 = 20), F(N| < [ |f (@, k)| dwdl =

= J1F G )L+ J2])™ (L4 [R)™ (L + J2]) 7™ (L + k)~ dk <

< /T IFR)EQ + laly2m (1 + Kl)2mdky [T (14 k) ~2mdk [ (1+ [o])=2mdk <

+oo
< Cllfllam (1 + p"”mdp>

p=1

The proof is complete.
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A Two useful properties of the SWT

Lemma A.1 Recall the definition of the spaces X™P, equation (37). Then, for
anym € R, p € [1,00], s > 1, the following estimate holds

(158)

— T N
W = W[xmr < (1+ Emax{of:,aﬁ}) e (W] pms2
Remark: The statement and the proof are optimized for o, 0, = O(1). When
that is not the case, fundamentally the same approach can still be made to work.

We don’t treat that here explicitly.
Proof: For p € [1,00), we have

W = @W [, = [[W(X, K)(1 — e~ F X 4K (X K)[™[[7, =

= J| (= em FRX ok (O, K (X )| axaie =

(1- 67%[U:X2+02K2])|(X7 K)|mW(X, K)’dedKJr (159)

-

VETFRT< 22
+ (1 — e~ F2X 402 K) (X |)[mIV (X, K)’p dXdK <
VETFR?> -
» . P
< (Zmax{o?, 02} et [ |I(x KR, K)’ dXdK +
X2+K2<1
+ (X, KW (X, K)‘p AXdK <
\/X2+K2>%
<(z 2 o2}t WP X, K)|"W (X, K)| dxdk
~ 2ma’x{aw7ak}> Es H me_#%_,p + |( ’ )‘ ( ) ) .
VXTFKR?> -
Iz
for any s > 1.
For I, it suffices to observe that
WP = [|(X, K)|" 9P| W (X, K)[PdXdK >

Xer%,p

v . > (160)
>e [ (X K™ W(X, K)|PdXdK =% 1.

VXITR?> 1
For p = o it follows along similar lines (the only difference is technical, we

can’t raise to the p = c0).
The proof is complete.
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It might be instructive to write down explicitly some corollaries of lemma
A.l:

W = Wi|ee < (1+ gmaw{aiaai}) e [|Wl[an, 161)

W = Wllz> < (L4 Smax{o?, o7}) & [[W]|, 162)

oy ™
W = Wllg-+ < (14 gmaz{o?,0f}) &= ||W]]|Le,

(
(
(163)
(

W =Wl < (1+ Smaz{o? of}) & W[ 164)

Lemma A.2 (Critical smoothing) If 0,0, =1, then

We(z, k) = (Opweyt (W) 63 ks o)

n .
e 2\ -ryke Ty (a-y)?
x.k = e z .

2
co?

where

If o0, = 1 we will say that we have critical smoothing, and the SWT
coincides with the Husimi transform.

Moreover, if Opwey (W€) is a nonnegative definite operator, and ooy, > 1,
then We > 0.

Proof: Recall that
(L(z, k), We[f,g)) = [ L(z,k)e*™™ f(x + F)g(z — F)dydzdk =

— fL(X;rY’k)EQm'k@

dkg(X)dX f(Y)dY =
= [ L(XEY ek)e?™ P XY dkg(X)dX f(Y)dY = (Opwey(L)g, f)-

Moreover, it is straightforward to see that, as long as o0 = 1,

9 n _zl[\w—wmﬂr\k—km?]
FIo,ko(xak:) = ( ) e 7z Tk = WE[ Zo,ko}($7k)'

EO O

Therefore
W (20, ko) = (W2, Fyg o) = (Opweyt (W) 820 kos P ko) -

For the second part of the theorem, it is obvious that if o0 > 1, We can be
cast as a Gaussian molification of a Husimi transform. But the nonnegativity of
the operator passes on to the Husimi transform, and any Gaussian smoothing
preserves it.
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B On the initial data of the Wigner equation

In the case of a pure state W*¢[uf](z, k) = [ e 2"y (z + Z)uf(x — Z)dy the
following identity holds:

/Wf(x,k)dxdk TN

More generally, in the case of a mixed state W¢(z, k) = [ e 2" p(z + &£, 2 — &)dy

we can recover the trace of the operator with Weyl symbol W — equivalently,
with kernel p:

/We(m, k)dzdk = /p(x,x)dw =tr (OpwW(z,k)).

This means that the conservation of [ W¢(z,k)dzdk in time evolution re-
flects a significant physical fact; it emerges therefore as a reasonable normaliza-
tion to set

/Wa(x,k)dmdk =1 (165)

for all € > 0. This is the normalization consistent with the standard scaling of
the Schrodinger equation, and the concept of a Wigner measure [12],

we —~wO, /Ws(a:,k)d:cdk = /Wo(x,k)dxdk =1.

At the same time, the L? norm in also preserved (see theorem 2.1), and this
is also of physical significance,

W= [u) (2, k)22 = & #[|u”] 2.
In the case of mixed states it corresponds to the Hilber-Schmidt norm,

W= (@, k)l L2 = ™ 2|p(z,9)l|z2 = €% ||Opw W (@, k)| 5.

Since we deal with linear homogeneous equations, switching between the
two is completely painless. The results here are formulated without any one

normalization being fixed, that is why the assumptions involve quantities of the
UWellam
W&z

form
It is instructive to look at pure states and how they scale:

Lemma B.1 For the Wigner transform of a pure state, W& = We[u¢], the
following holds:

19, We |2 < 2e~

|0, u%|| > ||u] L2,

n

O Wel|p2 <dme™ 2
|| Ok,

2 |z,
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Proof: Denote by @ the mapping

: € €
Qi fag) = [0 p(a s Pn - ay,
For example, the Wigner transform of a pure state can be recast as
Weu'] = Qu (z)ur (y)].
It is easy to check that ’
Q|| =2

Moreover, it is easy to check that

fll2 (166)

00, u] = Q [2mi= e 0 ()]

The proof is complete.

The importance of the following lemma is that it assures us that for coherent
states the convergence to the Wigner measure is in fact in H~" norm, not just in
weak-* sense. This is in particular useful when working with strong semiclassical
limits for pure states.

Lemma B.2 (Wigner measure for coherent states) Assumeu§(x) is a co-

herent state,
n xr — 330

\/E )eQﬂikoib7 (167)

with a € S.
Then, for ¢ € S, and for all € N, 2r > n, there is a constant C depending
on a(x), r such that

(W] = 8(w0, ko), )| < Clll|rsz (57 +£75).

Remark: Similar results can be shown for WKB initial data, i.e. u®(z) =
A(z)e* 5@,

Proof: It suffices to work for zg = kg = 0. Indeed,

(WE [USL ¢> —ec 3 fe_gmkya(ﬁ%)a(w}? )¢(:E7 k‘)dydl‘dk =

= [e ™ Ma(x + @)a(x — @”)(ﬁ(ﬁx, k)dydxzdk =

= /e_%ikya(x + @)a(m - @W(o, k)dydxdk +

I

2 2

+/672’Tikya(:17+ @)a(:c ﬁy)Rldyd:rdk,

I
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where of course R; is the remainder of the Taylor expansion. We will collect
and estimate all the errors in the end; in the meantime we have

f e_QWikya(l' + @)a(m — @)(ﬁ(o’ k)dydxdk =

= [ e 2R (0, k)dka(x + @)a(w - @)dydw =

= [ $2(0,y)a(z + YE¥)a(x — Ye¥)dyde = [ $2(0,y)]a(z) + En)[a(z) + E})dydz =

= $(0,0) + [ 62(0,9)[a(z) Ex + a(x) E{ + By E{]dyda,

52) around z, and bo(x,y) = [ e 2 kg (z, k)dk.

where of course Ey, Fj are the Taylor remainders from Taylor expanding a(x +
Vey
Now, about the errors: |Ri| < |z|v/€||[V@||L~, and therefore

1] < VeIVl | [ e 2 R va(w + Y2)a(z — Y54 || dydwdk| <

< VAVl L= | [ 8(y — 0)a(z + Y2¥)a(z — YZ¥)|z|dydz| < VE||Vo||L=~ [ a®(z)|z|dz

Moreover, |E1|, |Eq| < $|y|v/E||Val|L=. Therefore,

| [ 6200, y)a(x) Evdydz| < EIUL=| 16, (0, y)a(z)|y|dydz| =

= Az [16,(0,y)| [yldy [ la()|da.
Finally, for the Ej E} term, one observes that

J 62(0,y) E1 B} dydzx =
= [ $200,9)[a(z + )a(x — 5¥) — a(2) Er — a(z) B} — a*(x))dydz,
and since we can select a M > 1 such that

|z|>M, yeR™

3200, 9) (@) By + a(2) B + a?(x)]dydz < v/ / $2(0,9)dy,

yeR"
it follows that

| [ 6200, y) ErBldydz| <| [ &

$2(0,y) Er B dydx|+
|z| <M, yeR™

+ve [R 1620, )|dy +| [ $2(0,y)alz + YEL)a(ax — L
P

|z|>M, yeR™

)dydz|.

Now we have

o

$2(0,y)E1 E{dydz| < £||Vall2e [ dx [ $2(0,)|y|>dy,
|z| <M, yeR™ |z| <M
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Li=| [ $(0,9)al+ YEY)a(e — YE¥)dydz| <

|z|>M, yeR™
< f 60 y)ale + E)a(r — YEY)dydz|+
|x|>1\/1,|y|>MA
o[ $00,y)ae + LEY)a(e — YY) dydz| <

|| >M, |y|<M

ly|>M

<| [ Ba(0.) (fale+ )l — 52)dr ) dyl+
+| Ik $2(0,y)a(z + @)a(x - @)dydbﬂ.
|z|>M, |y|<M

At this point observe that®

1 VE
2 > Myl < M = Sl < |z + Yoy] < 20z

now making use of the fact that a € S it follows that, as long as || > M, |y
M, there are Cy > 0,s1 > n such that

N

Vey \/y 1
|a(x+ 2 )a(:v )l \02 (1+|$|)51
so that finally

L<lla@)|Z. [ [6200,9)|dy+Co [ |62(0,9)dy [

dx
(A+]z[)"1
ly|>M lyl<M o> M

To summarize (and keeping all the M dependencies explicit — that will be
important later),

|(Welug] = 6(x = 0,k = 0),¢)| <

<a@)2. [ |9200,9)|dy+Co [ |¢2(0,y)|dy M1+

ly|>M ly|<M

+Oe||Val[2 e M™ [ $5(0, ) |y|2dy + VA= 116,00, 9)| |yldy [ |a(z

)|dex.
(168)
Obviously
[ 16200,9)ldy < [ |, y)|dzdy,
lyl<M
169
J $200.9)lyPdy < [ 18, y)| lyl2dedy, (169)

[16200,9)| lyldy < [ |6(x,y)| lyldady.

by restricting, without loss of generality, € € (0, 1)
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Now it suffices to see that

[ 16z, )| (11 + y])2dedy =

= [1o(@, I +y1)? ey (1T + 2D (11 +y)) dedy <

< Ollgll a2l rmaprqrrn |2 = C' Ml

for any 2r > n.
To complete the estimation, one observes that

[ 1e00.9)ldy < [ 16(x,y)|dedy =
ly|>M ly|>M

= [ oyl gy (1 + 2D (11 +yl) dedy <
lyl>M

< O]z f dedy <
ly|>M

< O[] L2V M2

(170)

(171)

So by setting M = e~ 27, s; = n+ 1 in equation (168), and applying the

estimations (169), (170), the result follows.
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