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Almansi-type boundary conditions for electric potential inducing flexure
in linear piezoelectric beams

F. dell'lsola, L. Rosa

Dipartimento Ingegneria Strutturale e Geotecnica, UnivemditRoma “La Sapienza” Via Eudossiana n. 18, 1-00184 Roma ltalia

Received: October 21, 1996

Using the recent results found in [1, 2] we prove that it is possible to induce flexure in linear
piezoelectric beams by means of quadratic Almansi type boundary conditions for the electric
potential. Beams constituted by transversely isotropic piezoelectric materials whose symmetry
axis is parallel to the axis of the beam are considered. Our choice of boundary conditions for
the electric potential has been suggested by the results found in [1, 3]. An explicit expression
of material parameters that influence flexure is given in terms of piezoelectric moduli.

1 Introduction

In a recent paper Batra and Yang [2] demonstrated the validity of the Saint-Venant (SV) principle for linear
piezoelectricity. Their results open the related question of finding the solutions of the SV-Almansi problem
for a SV cylinder constituted by linear Transversally Isotropic Piezoelectric (TIP) material. We assume that
the material symmetry axis is parallel to the axis of the cylinder. However it is implicitly implied by the
results found in [3] that for homogeneous electrical and mechanic boundary conditions — on the lateral wall
of the cylinder — one should expect a very weak coupling between mechanical and electrical phenomena.

Under the Clebsch-SV hypothesis expressed by Eq. (29), we prove that, in absence of an external electric
field orthogonal to the axis of the cylinder (z-axis), the only electro-mechanical coupling occurs under pure
extension and compression. On the other hand, when the boundary value of the electric potential varies along
the z-axis, very interesting coupling effects can arise. Indeed in the case of Almansi-type boundary conditions
-quadratic in z- we find that coupling of electrical and mechanical effects occurs in flexure.

The considered prismatic beam in the reference configuration occupies a v@lwhih is the Cartesian
product of a plane sectio@, times a straight line segmeht=[—L, L]. We will call lateral wall the Cartesian
productdC, x | andbaseghe set<C, x {—L} andC, x {L}. In this paper we assume that this space is filled
by a TIP material, and then formulate the Clebsch-SV hypothesis on stress in order to apply the semi-inverse
method of SV to solve an Almansi-type problem. In particular we prove that it is possible to control the SV
flexure and Poisson effect in SV compression and extension.

The balance equations describing the local equilibrium for piezoelectricity can be found, for instance, in
[2, 4, 8, 9]

pvT =0, bwvD=0, (8]
whereT is the Cauchy stress tensor abds the electric displacement vector.

In the Almansi-SV problem suitable boundary conditions on the lateral wall of the prismatic beam must
be added to these equations describing the nature of mechanical and electrical interactions of the bar with the
external world. We limit our analysis to the case of unloaded lateral walls §C, x |):

Tnlac, x1 =0. 2
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Moreover we will consider two kind of electrostatic interactions through the lateral wall:

i) the case in which the cylinder is in contact with a medium with low permittivity so that outside the
prismatic bar the normal component of the electric induction vector vanishes [2]

D-nlaoc,x1 =0, 3

ii) the case in which conductors at an assigned poterttiags the coordinate along the axis @f) envelop
the cylinder

oloc, x1 = po(fz) +Zp1(rz) +2%02(r ), T € OCy; (4)

this is an Almansi-type boundary condition (see [5]).

We do not specify the boundary conditions on the bases. Indeed, up to some scalar constants they will be
determined. The solution to the SV problem for linear elastic prismatic beams depends on six scalar constants
(see for instance [10]) which are in one-to-one correspondence with the resultant force and torque applied
on the bases. We will show that for a linear piezoelectric SV cylinder some extra constants are needed to
determine the flux of the electric displacement vector through the bases.

The geometry of the problem allows for a very useful decomposition of the 3-d displacement vector fields
into a direct sum of vectors parallel to the akiand vectors lying in the plane secti@) orthogonal tol .
Following [11] we decompose all the tensor algebra and tensor differential operators correspondingly. In this
way the calculations are substantially simplified in comparison to the original Almansi-SV problem [6, 10].

We prove that when boundary condition (3) applies it is possible to electrically control the Poisson effect.
For boundary condition (4) the elliptic problem for the displacement field is coupled with the elliptic problem
determining the electric potential. Postponing the study of these problems to further investigations we prove
that for a particular choice of boundary condition (4) and for SV cylinders with rectangular cross sections,
flexural displacement (“flexion &gale” following Saint Venant) can be controlled by means of the applied
potential difference.

2 Constitutive equations
Because of the decomposition of the reference placement of the bo@y ad we can identify a generic

point in the beam by means of the pair, (z) with r, € C, andz the coordinate alony. We decompose
vectors and tensors as follows:

r
D

76+, U=U,6 +U,, E=E;6 +E,, 5)
D,e,+D;, Y=X+(0e+e,0(+n8 06, (6)

where u is the displacement vectoE the electric field,D the electric displacement vectog; the unit
vector in the direction of the symmetry axgsr denotes the projection on@,, r. is the position vector
from an arbitrary origino € C,, b3 and ¢ are respectively a second order tensor field and a vector field in
C, andn is a scalar field. In the followingsee constitutive equationsve will need the decomposition of
transversely-isotropic tensors of rank two, three and four el &te the axes of symmetry, then we get [1, 3]:

C = 2u, 0, +M. @, +a (POl +10P)+

+az (P®1+1 ®P)+2a3P @ P, @)
F = ﬁllw®ez+ﬁ2(|7r|]ez+ez®|w)+ﬁ3p®eb (8)
29 = yle 2P, )

wherel is the identity operator ifR®, | . is the identity operator i€, andP = e, ® e, is the projector along
the symmetry axeb. Furthermoreyu, A, «j, Gi(i = 1,2,3), 71 and~, are scalar coefficients. The action of
the previous tensors are determined as follows (using the following conveftica= Zj Cija, (C-B)ik =
Zj Cij Bjk, C:B= Zij Cij Bji 7)2
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(AOB):C=A-C-B" , (A®B):C=A(C:B), (10)
(AOa):B=A-(B"-a) , (A®a):B=A-(B-a), (12)
(Adab=(A-b)ga , (Aab=A(a-b). (12)
. . . . . . 2x2 2x1,.
Having these in mind we may define the following block matrix representa |orls>< 2 1x1 )
— T 7
T:= ( R > : (13)
2 ¢ )
XY= , 14
( o a9
2u3 + [Mtr () + aan] |« a1
c:y = A 1
( 0xCT adr($) +an ) 49
- (B1+ B2)¢ )
=y = < , 16
( Batr (5) + an (16)
— /BlEzl T ﬂZETr )
ZE = , 17
( GEL 7)
E
SE = ( AT ) 18
(25 ). 18)
wherea = 2(a1 + az + ag).
TIP materials obey the following constitutive equations [1-3]:
T = C:Y+E5:E, (19)
D = YE-=5:%. (20)
Thus we find
1o WS+ IN(E) +aan + BE a1 + BEx 1)
ar(T + BE astr (X) +an + BE;
< D ) _ ( NEr — (B1+ B2)¢ > 22)
D, V2B, — Batr (X) —fBan )’
For what concerns the gradient operator we have the following decomposition
eraD(p) = ¢'e, +grad(y), (23)
GraD(U) = grad(u,)+grad(u;) ® e, +uU. @ e +Ue, Q& (24)

(here and in the following we writerap (Div) for the gradient (divergence) operator that act®ingrad (div)
for the one that acts i€, and, finally, the’ stands for9,. Moreover we will denote withA, the restriction
of Laplacian operatorA to C,,).

We assume that the electric fiell and the infinitesimal deformation tensar are the gradient of a
potentialy and of the displacement vectar respectively,

E = (gradey,¢),
2 = smown=( (Tguge R T) @

z

We will also need the following compatibility theorem (see for instance [12]):

— Letf be a scalar field o€,

f | = Symyrad(u) _ )
R { g* = Skwgrad(u) = Af =0, grad(g) = xgrad(f). (26)
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Here, * denotes the (counter clockwige)2-rotation operator in the plane includi@y. Theorem (26) states
that if a spherical tensor field is the symmetric part of the gradient of a vector field, then its Laplacian is
vanishing and can be uniquely completed by a skew part which is its rotation gradient.

3 Saint-Venant problem

In this section we derive the elliptic problems that characterize the deformation of piezoelectric SV beams
under the Clebsch Saint-Venant hypothesis.

FrompivD = 0 and with Eq.20 we may deduce

div(grad(uy)) , ,

oo
1MAzp — (Br+ Bz)div( 27T) — (B1+B2) 5 o +Bau, =0 (27)
with
Ao =72+ 3281/ + A), Ba = fBaca/(1u+ A) — fa.
Denoting
- 1
¢ =mp = (B B2)u
we obtain .
An— (Bu+ Ao 3) + Aoy +Bau = . (28)
Now, we introduce the Clebsch Saint-Venant hypothesis
T=0. (29)
With it and by means of (21) one may deduce
AN az B
() = = 1 B (30)
g = A177 + BlEZa (31)
T = ai(+ BEg, (32)
2+ N2 = [am+BE] . (33)

in which A; = 2(0[1 +aot 013) — a%/(u + )\), B,
FrompoivT =0 we find

B3 — Braa/ (1 + N).

o' +divr=0,7=0 = o¢"=0. (34)
Consequently, from (31)
A Ay
"— _ /- e "
B/ =g = @M= gly (35)
and from (25, 33) A
X'=Am", = Symgrad(u?)) = Ayl . (36)

where A
Avi= =1/120u )] oz - |

From 7’ =0, by using (32) and (25), there follows

"

uﬂ' « —_—
a12+gmd(;¢+@¢j_o 37)
and, if4; := aqu, + Zﬂch
azgrad(u?) + grad(grad(i;)) =0 = Skw(grad(u?)) =0. (38)

Consequently, by (36) and (38)
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a1Aan”' 1 + grad(grad(y)) = 0. (39)
Equations (36), (38) and (26) imply thaty’(r ., z) is a function ofz only.

Let h(z) = —a1A4n’/ (2); if we calculate the trace of (39), differentiate (28) with respeda &md substitute
the expression fodiv(u!/) as obtained by (36) then we obtain

AU, = 2h(z), (40)
~ A2A1
Arg' = (Aa(Bot B2) + B, B2)h(2). (41)
Applying, next, condition (26) to (36)and (38} yields
Az + f1 A" = 0. (42)

In view of the definitions olu; and ¢ and by using (40) and (41), the last equation becomes

[02F1 + 1G1] h(z) = 0 “3)
with
E, = 271 — 26a(Aa(B1 + B2) + "4 — By)
1= Y101 + B2(B1 + B2) ’
- B+ B2+ ar(Aa(Br + (2) + Aéli\l —B)
o Y101 + B2(B1 + B2) .

If the material modulus (in square brackets) appearing in (43) is non-vanishing, then (43) requires that
h(z) = 0. (44)

This will be assumed in the sequel so that, because of (35), we have

w'=0, ¢"=0=10"=0 ¢"=0. (45)
Thus we have found
grad(grad(@)) = 0 (46)
whose general integral is
Oy (rr,2) =V(2)  1x +D(2); (47)
differentiating this twice with respect to z we find
0" =v'(2) 17 +b"(2) =0, (48)

where (45) has also been used. This is gppolynomial, and so we must set

V'(z) =0, b"(2) =0, (49)
from which
V(Z) = V1 +Voz, b(z) = by + byz. (50)
Again with the aid of (45) we get
by =000 F UM )2 02D Oy = 00(r0) + G2 + 620 (51)
z — Yz\U! 7 z\!' 7 zﬂ'2a z — YUz\U! 7 z\!' 7 27r27
z? . _ ~ z2
P = @O(rﬂ') + (Pl(rﬂ')z + 902("71') 27 P = @O(rﬂ') + 901("77)2 + SOZ(rfr) 2 (52)

where owing to (47) and (50)
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1_ ~2 —
5 —V]_'rﬂ-+b1, U, —v2~r77+b2. (53)

Equation (37) impliest!” = —(v; + v,z)/ay and, consequently,
2

3
Un(r.2) =W0(r) +ut(r)z— (v +va2 ). (54)
g 2 3!

Now from (46) and (33) we obtaidiv(u,) = —(aaul + 31¢') /(1 + A) from which we deduce

. . 1
div(ul) +z[div(ul)] = T [(a2uy + Bripr) + Z(a2uf + Bri2)] (55)
so that
() = — © (oul+frpr),  dio)=—  (asU?+frg) (56)
s ,LL+>\ zZ ’ s ‘LL + A Z
and finally, by using this in (28)
Arp = —Fau? — Gypo (57)
i (Gu+ ) (Br+ )
_ ap(01t 02 _ b1(b1 + P2
F2= o+ TB2 G275 o0 e

Because of (40) , (41) and (44) and using ¢54hd (52) we have

AP = A1 +2A,3; = 0, A=A 0 +2A,0% = 0 (58)
and finally
Agr = 0, A3y = 0, (59)
Arpo = —FouZ — Gypy, (60)
A0 = 0, A02 =0, (61)
A0? = Fau? — Gspo, (62)

with F3 = 2A1 — agap/(u+ A) and Gz = 2By — a13,/(1 + \). We note that the functions! “andu2, given in
(53), satisfy Eq. (61).

To obtain the boundary condition fa® we note that from (2), (21) and (25) it follows
[aqu’-n + (grad (D)) - n] oc.x1 =0 (63)

and so, because of (%1and (54),

(grad(@?)) - n+ aqul-n =0. (64)
[ ](’)Cﬂxl

To determine the fields? andul we use

asuy + B1y’ |
s

syn(grad (u:)) =~ 5 "8

from which we conclude that

0N _ _Oézuzl + frp1 I _ _azuz2 + B2
Symgrad(u3)) = =" (e, Symgradui)) = =% UL (65)
In accordance with (26) we can set
oy _ _Oézuzl + o1 1\ _Oézuz2 + 12
Symgrad(u3)) = =50 e, Symgrad(ui)) = =50 U (66)

Skw(grad(uy)) = *g1, Skw(grad(uz)) = *gz. (67)
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where because of (26)

xgrad(aoul + xgrad(ayu? +
graci(g) = - LR N gy = "Rt <) (69

In this way, once the problem for the potentjalis solved, one can calculate andg, and findu® andu?.
This we will do in the following for two classes of boundary conditions,

D nloc.x1 =0, ©(rx,2) = o) +Zo1(r ) + 2202(r )r x € OCy:.

4 Piezoelectric beam in contact with low permitivity medium: D- n|sc xi= 0

FromD - n|gc, «1 = 0 the following boundary conditions emerge

grad(zo)-n = 7 %un, (69
grad(@y n = v, (70)
grad(@) n = Ry, (71)
so that, from Eqs(59) and(61), the relations

. +
f1 = —Blzﬁzvl-rﬁsé‘l’, (72)
U = vi-rp+by, (73)

. +
P2 = —Blzﬁzvz'fw"“ﬁg, (74)
ljzz = Vo I+ b2 (75)

and consequently
1 ﬁl + ﬂZ ~0>
= b+« , 76
o Y101+ B2(B1 + B2) < 2 A (76)
b1 — 26,29
Gl o= Vi-ro+ 7101 1 77
z ap Y11 + B2(B1 + B2) (77
1 51 + ﬂZ ~0>
= b, + , 78
IR (e S (78)
B ~0

UZZ = 1 V2 T+ FYle 2ﬂ2¢2 (79)

a1 © T yro0+ BB+ B2)
can be derived. The compatibility condition for Neuman’s problem yields two conditions

/ g’:/ A1U22+Bl<,02 =0 / DéI/ Bzu22+A2<p2 =0 (80)
Cr Cr Cr Cr

which are equivalent to

B+ B2
= Vo -
2041 2

1
g = lr.
= JCx

b2=7V2~I'B, ﬁ;’)’g I's (81)

with

Thus,
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1 ﬁl*’ﬁZ Ao)
= b +a , =0, 82
a1 101 + B2(B1 + 32) ( 2 T 72 82)
1 Y11 — 26,49 1
ul= “vper, + L u?= " vy (ry —rg). 83
27t Y101 + Bo(B1 + B2) 2Ty ? ( 2 (83)

Equations (60) and (62) can thus finally be written as

. F
ArGo = — “Vp-(Tr—rtg), (84)
fo%1
. +
grad(Z0) - tloc,a = 15 Pul e, (@5)
F
A0 = = vy (ry — 1), (86)
fo%1
grad(u?) -njac.x1 = —aiul -njac. xi- (87)

As for u? andu?l we find because of (26)

1
u70T(r7T) = u}r(o)+)\0r7r+ﬂ8*rﬂ'+2[(/\1'rﬂ')r7r+(*)‘1'r7r)*r7r]u (88)
1 _ 2 Vo - Igly 0
u.(rr) = uz()— +us*kr + 89
‘n'( ) ( ) 40(]_(//4+)\) ,Ltz ( )
Qap
— Vo (Fe —re)re+(xva-r)xr.],
4041(u+>\)[(2( B x + (xV2 - Iy) % Ir]
where
A\ = az as L0 (@b —20202) |
1=

— Vi, A\g = — b :
2aq(u+ ) 0 70 201 (u+N) | 1 1o + Bo(f1 + B2)

19 and pd are integration constants.

In this way the problem is completely solved in terms of twelve arbitrary constants? &g, ul(o)
and 3 correspond to rigid motions that shall henceforth be disregarded and thus omitted, there remain seven
constants, six corresponding to the usual SV solution and the seventh related to the flux of the electric
displacemenD through the bases. In particular we note that by assuming all the constants to vanjgh but
andbq, we find

w2 = 0, u2 =0 ut=0 W =0 ¢ =0, (90)

1 ﬂl*‘ﬁz ~o>
= b+« , 91

i Y10 + 2(B1 + B2) < 2 T ®D
5 0

W= v1b1 — 26247 7 92)

1o + Bo(f1 + B2)

0 _ o o (161 — 2a202) ]

u = — by + lr, 93

T 2001 (i + A) { LT+ BaBr + o) ®3)

V = |<‘01. (94)

V is the potential difference between the bases. Consequently the resultant force and field are given by

/ o / A]_Ué + B]_(p/
Cr x0 Cr x0

A{ PL(—2A132 + Bya) + by (Ary + Bi(B1 + 32)) } ) (95)
|
Crxo

101 + B2(B1 + B2)

/ BzUé + AQQD/
Crxo

A{ P9 (—2B, 37 + Aparr) + by (Boys + Ax(B + 52)) }

109 + Bo(B1 + (32) (96)
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whereA is the area of the cross section.
Because of (96) and (93) we see that an electric field applied through the bases of the SV cylinder
produces an elongation whose Poisson-effect is controlled. In fact, choosing

100 + Bo(B1 + B2)

20232 — a1y ®7)

gl=by

we find \p = 0 and consequently (93)
ul =0. (98)

This means that if we apply, between the bases, the potential diffexeigoeen by (94) in whichz) is given
by (97), then the Poisson effect in extension vanishes.

We postpone the discussion of other deformation cases to a forthcoming investigation. We simply remark
here that the only change with respect to the standard SV problem -when no transversal electric field is
applied- concerns the elasticity constants. More interesting results are likely to arise in the deformation of
piezoelectric cylinders embedded in an external electric field, as is suggested by the results obtained in the
following section.

5 Almansi type boundary condition:
ploc,xi = ¢o(fx) + 2p1(rx) + Z2pa(rz),  x € Cx

5.1 The general elliptic problem

In the considered case the following Dirichlet problem for the potential must hold:

Arp1=0 in C, e1lac, x1 = ¢V, (99)
AWQOZ =0 in C7T7 @2‘3C1X| = 902/', (100)
Anpo =202+ 2302  INCr,  oloc,x1 = ¢y (101)

with

s - 1 <O<1F2 +F3(By + ﬁz)/z)
27 o\ et BB+ B) )
_ G+ Gy(BL+52)/2 20 (Oéle +F3(B1 + ﬂz)/z) '

=h agy1 + (61 + B2) o a1y + Ba(B1 + 2)

Once theyp,-problem is solved we can finat (see (26)) by solving
Sym(grad(uy) = (ZalZ + Zspz) |- (102)

Similarly, u® follows from
Sym(grad(u?) = (Zally + Zspa) I« (103)

once; is known. Thus we have a well posed problem @dr ~
A0 = Zo02 + Zypp,  grad (I2) - nlac, xi = callk - Nac, x1, (104)

where
Fs 262 a1Ga+ Ga(BL+ 32)/2

= _ 71 = — .
2o ar’ Ty ary1 + B2(61 + B2)
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5.2 A boundary value problem for a SV cylinder of rectangular cross section

Let us apply these formulas to a SV cylinder of rectangular sectiog]& [0, yo]. Assuming the boundary
conditions

©2(X,0) = ko, @a(X,Yo) = ki, X € [0, ], (105)
ki — ko
p2(0y) = kot 1y0 Yy = pa%0,y), Y €10, 0, (106)
for o, we arrive at
©2(rz) = ko + Kk -1, with k = (0, (k1 — ko)/Yo)- (107)
The conditionr - n|sc_x1 = 0 allowsb, to be determined, viz.,
by =Vy-rg + (ko +K - Ig) (2@- B/'f\o‘l), (108)
1
from which
02=Vy-(ry —rg) + (Ko +K-rg) (262— B;jl) (109)
In conclusion, we have (see (66)67) and (26)) [recall the definition of the * operator]
u‘:flr = ; [(QO : (rﬂ' - rB)) rr+ (*QO . r7r) * r7r] + ‘erﬂ' +M2 * I+ U;LT(O) (110)
with
Blal
Qo=2Zgvo+Zsk, 21=(K-rg+ko) |Zs+2Z4| 2062 — AL ;
Zo=_ @ _ 20202 —oufh
203 (p+A)’ 209(p+ )

For (0 the boundary value problem reads
Arl =00 (rx —rg)+ 25, grad(@) - nlac, «1 = —oaUk - Nlac, x1 (111)
with

The evaluation of the resultant forces on the bases of the cylinder in terms of the kinematic parameters
introduced is similar to what was done in [10]. We remark here that for flexure the resultant shear force takes
the form

q::/ r.o, (112)
C

in which

o' =k-(r, —rg) (Bl — 252Al> + AlV2 “(rx —rg),
a|1 a1

so thatq can be written as

g =xJg(YVv2+YKk) (113)
where A DB A
Y = l,Y:Bl— & l, JB::/(rW—rB)®(rW—rB)dA;
a1 a1

Jg is the Euler tensor of inertia.
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The above equations make evident that by fixing the resultant shear dprites value ofv, can be con-
trolled by varyingk. Moreover, because? := (02 — 26,0) /a1 warping can be controlled by correspondingly
controlling the potentiab,. Finally, once the problem fap; is solved, we can calculat€ and consequently
derive the full expression fau,

0 1 1 2z
uﬂ'(r7z) = u‘n'(r‘fr) + uﬂ'(rﬂ')z - Vi +Vy . (114)
Q1 2 3!
We postpone the discussion of how the deformation of SV cylinders can be controlled by applying the
appropriate electric field to further investigations.

6 Conclusions

In the literature (see [7] for a detailled discussion of the results already available) all possible coupling effects
between electric and mechanic phenomena present in the SV problem have been investigated. In [2] the SV
principle is proved for linear piezoelectric materials, while in [1, 3] an exhaustive study of TIP constitutive
equations is performed. These papers implicitly suggest that more interesting coupling effects must occur
when (at least for the electric potenti@)mansi-typeboundary conditions are considered.

In the present paper we proved that by simply considering quadratic Almansi-type boundary conditions for
the electric potential it is possible -in SV cylinders which are not loaded on the lateral wall- to significantly
influence by means of the externally applied electric potential the displacement field that is induced by shear
forces applied on its bases. In particular we proved that it is possible to control

i) the Poisson effect-in SV deformation of a piezoelectric cylinder with lateral boundary unloaded and in
contact with a relatively low permittivity medium-by applying a potential difference between its bases;

i) the deformation of axes of a particular SV piezoelectric cylinder in flexure, when its lateral boundary is
not loaded but it is in contact with a family of conductors whose potential varies quadratically with the
z-coordinate.

While the first effect has been partially studied in the literature, we could not find anywhere a description of
the second.

We underline that the set of Egs. (99—104) represents an interesting elliptic problem which, to our knowl-
edge, is not studied in the literature. In our opinion it is worth further investigation with a view to applications.
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