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GLOBAL WEAK SOLUTIONS FOR A DEGENERATE PARABOLIC SYSTEM
MODELING THE SPREADING OF INSOLUBLE SURFACTANT

JOACHIM ESCHER, MATTHIEU HILLAIRET, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

ABSTRACT. We prove global existence of a nonnegative weak solution to a degenerate parabolic
system, which models the spreading of insoluble surfactant on a thin liquid film.

1. INTRODUCTION

It is a widely used approach in the study of the dynamical behavior of viscous thin films to
approximate the full fluid mechanical system by simpler model equations, using e.g. lubrication
theory and cross-sectional averaging. In most of such models surface tension effects may then become
significant, or even dominant. Therefore, also the influence of surfactant, i.e. surface active agents on
the free surface of thin films, is of considerable importance. A surfactant lowers the surface tension
of the liquid and the resulting gradients of surface tension induce so-called Marangoni stresses which
in turn cause a spreading of the surfactant on the interface. We investigate here a model in which the
surfactant is assumed to be insoluble. In addition we include gravity but neglect effects of capillarity
and van der Waals forces. Writing h(t, z) for the film thickness and I'(¢, ) for the concentration of
surfactant at time ¢ > 0 and position z € (0, L), Jensen and Grotberg derived in [B], [[J] the following
system:

3 2
ah = 0, (GT}’ @JL—%&CU(P)) i Qu. (1.1)
G2 , ,

Here Q) := (0,00) x (0, L) denotes the time-space domain of the unknowns h and I'; with L being
the spatial horizontal latitude of the system. We further impose no-flux boundary condition for A
and I, i.e.

Oyh=0,I'=0 on (0,00)x{0,L}, (1.3)
as well as initial conditions for these quantities:
(h,1)(0) = (ho,T) in (0,L), (1.4)

where hg and T'y are given. Equation ([.T]) for the height function h is a consequence of the conserva-
tion of momentum and the kinematic boundary condition, reflecting the model assumption that the
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velocity of the free interface balances the normal component of the liquid, cf. [[d, P, [0]. Equation
(L.3) is an advection-transport equation for the surfactant concentration on the interface in which D
is a non-dimensional surface diffusion coefficient, assumed to be positive and constant. The positive
constant GG represents a gravitational force.

Of considerable importance in the modeling is the surface tension o(I'), a decreasing function of
the surfactant concentration. Several equations of state giving the dependence of the surface tension
o upon the surfactant concentration I', including

r
ol)=0s—pT or o')=0s—p ln(l:i:r—),
may be found in the literature, see [[I, P, [[3] and the references therein. In this paper, for technical
reasons we assume that

oeC(0,00), 0(0)>0, 0<0y<—0 <on, (1.5)

which is satisfied in particular by the first example above. A straightforward consequence of ([[J) is
the fact that o grows at most linearly:

lo(r)] <o(0) + o, 720. (1.6)

Observe that the coupled system ([.1]), (I.3) is degenerate parabolic in the sense that parabolicity
is lost if h or I" vanish. While modeling issues related to surfactant spreading on thin liquid films have
attracted considerable interest (e.g., see [, f, [0, [4] and the references therein), much less research
has been dedicated to analytical aspects. In [[[7, [§, local existence results are shown. In [f]
global existence of weak solutions is derived for a variant of ([11)), ([23) without gravity but including
a fourth order term in h modeling capillarity effects. Local asymptotic stability of steady states
(being simply the positive constants) is investigated in [f] for the case of soluble surfactant. These
results in particular show that, starting with initial values near steady states, problem ([L.1)-(L.4)
admits a unique global positive classical solution.

Our aim here is to prove the existence of global nonnegative weak solutions to ([L.1))-(.4) for
arbitrary nonnegative initial values. The core of our analysis is the fact that system ([L.1)-(L.3)
possesses an energy functional entailing various a priori estimates on (h,I'). We regularize ([L.1])-
(L.4) appropriately to obtain a uniformly parabolic system with coefficients (depending nonlinearly
on (h,I")) being regular enough to apply abstract semi-group theory to prove well-posedness of the
regularized system. This approach warrants that the thereby constructed nonnegative solutions exist
globally provided they are a priori bounded in W,. The aforementioned energy estimates provide
such bounds and inherit also compactness properties in suitable function spaces to the family of
regularized solutions, which allows us to extract a subsequence converging to a weak solution.

In fact, we shall establish the following result:

Theorem 1.1. Let D, G > 0 and suppose (L.J). Given nonnegative ho,Ty € WZ(0, L) satisfying
Opho(z) = 0,To(z) at x =0 and x = L, there exists a global weak solution to (L.1)-(L.4), i.e. a pair
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of nonnegative functions (h,T") such that h(0) = hgy, I'(0) = Ty,

h € Loo(0,T; Ly(0, L)) N Ls(0, T;CY5([0, L)),  h*? € Ly(0,T; W0, L),

T € Loo(0,T; L, (0, L)) N Ly(0, T:C([0, L)), 8,0(T) € Li((0,T) x

Jr = (—% % Oy (h5/2) + \/% a,ro—(F)) € Ly((0,7) x (0, L)),

¢
5

d [* G [t
— | hpdr = y/— R332 5. d
G [ hear = 5 [ ow .

d L L
A T / Byt (—D6$F+\/EPjS) de

for all v € WL (0,L). In addition, introducing the function ¢ defined by ¢"(r) =
and ¢(1) = ¢'(1) = 0, the weak solution (h,I') satisfies

[Pl = [holly,  IT@ | = [Tollx, =0,

Eo(t) -+ /t D0<8) ds S LQ(O), t Z 0,

js 1= ——= 9, (B*%) +Vh 8,0(T) € Lo((0,T) x (0, L)),

for all'T >0, and

with
calt) = [ |5 el + o) o,
and
Dot = G i+ 105+ o 0.0
1 ||VA@ ao ) 800D [Jory T

(0,1)),

—ao'(r)/r forr >0

(1.7)
(1.8)

Observe that the notion of weak solutions is readily obtained by testing ([1])-([[4)) against ¢ €
W2 (0,L) and integrating with respect to the spatial variable. Also, the weak formulation ensures

the time continuity of A and I' (for some suitable weak topology with respect

to space), so that

the initial data (h,I")(0) = (hg,[¢) are meaningful. Observe finally that, thanks to the “energy
inequality” ([.§), we actually have an improved regularity on T', namely T € Ly (0,T; W4 (0, L)).

Remark 1.2. Theorem is actually valid under the weaker assumption ho, Ty € W}(0, L), the
proof being similar to the one given below using an additional (but classical) reqularization of the

initial data.
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We close the introduction by outlining the content of our paper. Section 2 is devoted to a regular-
ized version of the original system ([.1))-(.4). Roughly speaking, the coupling terms in (L.1)-(L.2)
being of the same order as the diagonal terms (so that we are dealing with somehow a full diffusion
matrix), we have to mollify them in order to be able to apply the abstract theory developed in
[@ for quasilinear parabolic systems. The regularization is then crucial to establish global existence.
First, we derive the local well-posedness and a priori estimates then ensure the global well-posedness.
Various compactness properties of the family of regularized solutions are established in Section 3,
allowing us to recover a weak solution in the sense of Theorem [T In the Appendix we collect some
tools used for the compactness arguments in Section 3.

2. A REGULARIZED PROBLEM

For ¢ € (0,1) and f € Lo(0,L), let N.(f) be the unique solution in W$(0, L) to the elliptic
boundary-value problem

Ne(f) =€ BN(f) = f in (0,L), OuNe(f)(0) = O:N(f)(L) = 0. (2.1)

Clearly,
N € L(L5(0,L), W3(0,L)) N L(C7([0, L]),C**([0, L])) , 7 >0,

is a positive operator. We define the following functions

r (r = V2P

a(r) =G 3 ag(r) = 5 , r>0, (2.2)
bre(r) =r—e, =0, (2.3)

and notice that
G <nrm(), r>VE, with pi=S (2.4)

We next fix n; € (n,1) and define

ag(rys):=m s+ (1 —m)r, ai(r) ::/ Vvai(p)dp, r>0,s>0, (2.5)
0
and

@wwzllwﬂmMm r>0. (2.6)



ot

A DEGENERATE PARABOLIC SYSTEM MODELING THE SPREADING OF INSOLUBLE SURFACTANT

The regularized problem reads

a2,5(h5) /\/;(he) a

atha - aa: (al(ha) 8xh5 - \/h/_g T

Za(he,l“g)> in Qu, (2.7)

ot — ( g G2elhbo (D)o he Ne(h) ) - (Oq(hg))) 28)
haal(he)
_Ble) — o in
10, (0 s — ol Nn) T2 o'0)) 21 i Qe
Oyhe = 0,I-=0 on (0,00)x {0,L}, (2.9)
(he;T2)(0) = (hog,Toz) in (0,L), (2.10)
where ¥, := X_(h., I'.) solves
Yo — % 0y (No(he) 0,5.) =0(l.) in Qu, 0:2.=0 on (0,00) x{0,L}. (2.11)

This problem admits a unique global strong solution:
Theorem 2.1. Let hy, 'y € W(0, L) be nonnegative functions satisfying Oyho(x) = 0,To(x) = 0 at
x=0,L. Fore e (0,1) set

hoe:=ho++ve, To.:=Tg+e¢. (2.12)
Then there is a unique global nonnegative solution (h.,T'.) with

h.,T. € C*((0,00), L2(0, L)) NC((0,00), W5(0, L)) NC([0,00), Wy (0, L))
to the regularized problem (27)-(BI0). Moreover,
he(t,z) > e, T.t,x)>¢, (t,z) € [0,00) x (0, L) .
The remainder of this section is dedicated to the proof of this theorem.

2.1. Local well-posedness. We first focus our attention on the local solvability of the regularized
problem. Given ¢ € (0,1) fixed we use the notation

Vg = Wy 50, L) NC([0, L], Dy)

with Dy := (£%,00) and v > 1/2, where Wz := W)/ 4(0, L) coincides with the fractional Sobolev
space W, := WJ(0,L) if v < 3/2 or is the linear subspace thereof consisting of those u € Wy
satisfying the Neumann boundary conditions d,u(0) = d,u(L) = 0 if v > 3/2. Observe that V] is
open in WZB and that ho., o, € ng. In the following we use the notation C'~ to indicate that a
function is locally Lipschitz continuous.

The proof of the next result about Nemitskii operators can be found, e.g., in [, Sect.15]:

Lemma 2.2. Given g € C*(Dy), let g% (u)(z) := g(u(z)), z € (0,L), for u : (0,L) — Dy. Then
g* € C=(V4, Wy) for v € (1/2,1).
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We shall also use the following continuity result about pointwise multiplication of real-valued
functions.

Lemma 2.3. (i) If v > 0, then pointwise multiplication C7([0, L]) x C7([0, L]) — C7(]0, L]) is con-
tinuous.

(i1) If v > 1/2, then pointwise multiplication Wy x W — W] is continuous.

(111) If s > v > 0, then pointwise multiplication C3([0, L]) x W' — W is continuous.

Proof. While assertion (i) is obvious, assertion (ii) is a consequence of [, Thm.4.1], and assertion

(iii) is proved in (see also B, Eq.(8.3)]). O

The next proposition guarantees a nonnegative maximal solution to the regularized problem (P-7)-
(B-I0). The crucial point is that, though the local solution which we construct belongs to I/V22 50, L),
an a priori estimate in T, is sufficient to obtain global existence, see (E-IJ) below.

Proposition 2.4. The regularized problem (B7)-(B.10) admits a unique maximal strong solution
(he,I'c) on the mazimal interval of existence J := J (). The solution possesses the reqularity

he,T. € CH(T\ {0}, La(0, L)) NC(T \ {0}, W5 5(0,L)) NC(T, W5 (0,L)) .
Moreover, if for each T > 0 there is some c¢(T,e) > 0 such that
min {h(t,2), To(t,2)} = 24+ o(T,0) 7, [he@®)llwy + T Ollwy < c(Te)  (2.13)
fort € JN[0,T] and x € (0, L), then J = [0,00), i.e. the solution exists globally.

Proof. To establish the result we shall use the theory for quasilinear equations from [B, Sect.13]. We
simplify the notation by omitting the subscript ¢ everywhere in (B.7)-(RB.10) for the remainder of the
proof. In the following we write u := (h,I") and introduce

al(h) !
a(u) = ﬁi(r) — o'
O Dgivmy ~ o N D)
and
Y(h,T
F(u) =0, (6<u>8w <N<(al<h)>>))
with
_az(h) N (h) 0
b(u) = vh
0 ¢ 22(Mba(l) Vao(h, N (h))
hay (h)

Thus, setting
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we may re-write equations (R.7)-(B.10) as a quasilinear problem of the form

Ou + A(u)u = F(u) in (0,00) x (0,L) , (2.14)
Bu=0 on (0,00) x {0, L} , (2.15)
u(0,-) = u® := (hg, T) on (0,L) . (2.16)

We next verify the assumptions of [, Thm.13.1] which then guarantees the existence of a weak
solution to this quasilinear problem. Subsequently, we shall improve the regularity of the weak
solution. In the following, we let £ € (0,1/8) denote a sufficiently small number so that in particular,
for y:=1/2 -2 >0,

Vgt Ci=C([0,L]) . (2.17)
Consequently, classical elliptic regularity applied to (B.]) ensures
Necl=(va 50t with  N(f)>&? forall feVa©. (2.18)
Lemma R.3(i) and (B.9), (B.17) easily yield
[h = ai(h)] € C* (V5 5,C7) (2.19)
and we obtain from ([[.3), (B3), (B.17), (B.18), and Lemma R.3(i) that
(7, T) = ag(h, N(h))T'(T)] € C*~ (V" x Vg~5,C7) (2.20)
while (B.6), (B.17), and (B.1§) entail
{P — %] cC\- (V5,0 . (2.21)

Thus, (ET9), (E20), and (E20) imply
[u=(h,T) = a(u)] €C (V5" x V5, (C)") . (2.22)
Note that if u = (h,T) with h(x),T(z) > €% for z € (0,L), then the matrix a(u(z)) has strictly

positive eigenvalues due to ([.J). Therefore, letting 2& := 3/2 — 3¢ so that v > 2& — 1, and using
the notion of [P, Sect.4 & 8] (in particular, see [}, Eq.(8.6)]), it follows from [}, Ex.4.3.e)] that

(A, B) € C' (V3 * x V5 5, E%((0, 1)) . (2.23)

That is, (A(u), B) depends Lipschitz continuously on its argument u € V3~ x V3~ and for each
such u fixed it is normally elliptic with operator A(u) in divergence form having C7-coefficients with
v > 2& —1. We next study the regularity properties of the function F'. Clearly, the function g, given
by g(r) := as(r)/+/r, 7 > €2, belongs to C*(Dy) by (B2) so that Lemma P.3 applies to yield

az(h) 1—y =€ 1x/1—€
[h»—) \/E}EC (Vg =, Wy ) .
Since (R.17) and (R.1§) provide
[h — \/W] eC (Vg 5,0,
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we obtain from Lemma R.3(iii)

[h - 2y N) ﬂMh)] ec (Vg 5 m,79) . (2.24)
As above we have by Lemma .3, (B-9), (), and (£.13)
[h — M] cC (Vg W, %), [h — ao(h,N(h))] eC (Vg oW, %),
hal(h)
from which we deduce, using (.3) and Lemma P.3(ii),
[u _(hT) s ¢ 22U)em) O‘O(h’N(h))] eC (Vi x Ve wi o) (2.25)
hCLl(h,>
Since ; in (R.3) is smooth in Dy, we get from (R.17) and (R.18)
[h = 9N (a1 (h))] € C1= (Vg ~5,C11) (2.26)

The operator f — f—e23, (N (h)d,f) is invertible in £(C4*?,C7) for h € V3¢ by (BI5) and ellipticity,
and it thus follows from (2.11)), (B.1]), the Lipschitz continuity (in fact: analyticity) of the inversion
map £ — ¢~ for linear operators, and [ — o(I')] € C'~ (V3 ¢,C7) that

[(h,T) = 0,5(h,T)] € C*~ (V3" x Vg~5,Ct) .
Combining this with (:29), (B:29), and (.2§) we derive from Lemma P.3(iii)
Fel (Vg s x Vg s Wyt x Wyt) . (2.27)

At this point observe that W, ¢ = W;’g in the notation of [ (in particular, see [J, Eq.(7.5)]) since
¢ < 1/2. Thus, recalling that 2& = 3/2 — 3¢ and choosing the numbers (7,7, s,0) in [, Eq.(13.2)]
to be (=&, 1 —&,1+&,2&) we may apply B, Thm.13.1] due to (P:23) and (-27). We conclude that
the quasilinear problem (B-I4)-(E1q) with u® = (ho,T) € Vi x V& admits a unique maximal weak

W§/2_3£-50111ti0n (h,T') in the sense of [}, Sect.13] on some interval J; that is,
w= (h.T) € C(T\{0}, Wylg ™™ x Wylg™™) NCH (T \ {0}, W, ™™ x W, 57 7)

The solution v = (h,I") exists globally, i.e. J = [0,00), provided that (h,T")|jo 7] is bounded in
W} x W4 and bounded away from the boundary of VB1 ¢ for each T > 0. In particular, the solution
exists globally provided (B.13) holds.

We now aim at improving the regularity of u = (h,T") as in [J], Sect.14]. Given 6 > 0 and £ > 0
still sufficiently small, set J5 := 7 N[0, 00). Then

h,T€C(TWay )N CH (T, W ™)

from which we derive
h,TeC(Js, Wy %), 0<2p<2, (2.28)
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by B, Thm.7.2]. Taking p := £ and setting p := 1 — 6¢, we have W;g_gg_% — CH, and it thus
follows from (B.2§) analogously to (B.29) that

[t a(u(t))] € C(T5, (€*)") .

Hence, if we put 2/ := 2 — 8¢ so that u > 24 — 1, we obtain similarly to (B:23) from [}, Ex.4.3.e),
Eq.(8.6)] that

(A(u). B) € C*(J5,£(0, 1)) (229)
Set then 2v := 3/2 + £ and note that, for £ > 0 small enough,
3/2 <2 <20 <2 and 20=2>¢=2v—-3/2. (2.30)
Also observe that (B.27) and [, Eq.(7.5)] ensure
F(u) € C°(T5, Wy § x Wy g) — C/(T5, Wyis? x Wi™?) . (2.31)
Gathering (R.29)-(R.31)) and invoking [B, Thm.11.3], we conclude that the linear problem
Opv + A(u(t))v = F(u(t)) in (J5 \ {0}) x (0,L) , (2.32)
Bv =0 on (Js\{d}) x{0,L} , (2.33)
v(0,+) = u(d, ) on (0,L) , (2.34)

has a unique strong W3”-solution (in the sense of [@, Sect.11])
v e C(Ts\ {0}, Wi x W) N CHTs \ {0}, WG 2 x W35 2) .

Hence, v and u are both weak W, /273 _solutions to (£:32)-(39) and thus u = v by uniqueness of
weak solutions to linear problems. Making § > 0 smaller we may replace J5\ {0} by Js, and using the

embedding W22 < C1+¢ for ¢ sufficiently small, we get h,I' € C&(J;,C1*¢). But then u = (h,T)
satisfies

u — 0, (a(u)0pu) = F(u) on Js5x (0,L)

subject to the boundary condition Bu = 0 with a(u) € C¢(J5,C*) and F(u) € C5(Js, Lo) from which
we readily conclude that

h, T €C(J5,Wig) NCH(Ts, Lo)

with § > 0 arbitrarily small by invoking [B, Thm.10.1] with (Eo, Ey) := (Lg, W3 3). This proves the
proposition. [

2.2. Global well-posedness. Let (h.,T.) denote the unique strong solution to (R.7)-(R.10) on the
maximal interval of existence J = J () provided by Proposition P.4. We now show that (£.13) holds
which implies J = [0, 00). Introducing the abbreviations

H.:=N.(h.), A.:=N.ay(h.)), B.:=N.(.), X.:=%.(h.,T.), (2.35)
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and subsequently omitting the subscript e everywhere in (R.1)-(B.10) to simplify notation, the strong
solution (h,T") = (he, ') thus satisfies

oh = 0, (al(h) axh—% aggz) in 7\ {0} x (0,L), (2.36)
ar = o, (G az(h)ba(1) v/ o (h, H) axA> (2.37)
hal(h)
A(T) , .
+0, ((D B(B) —ag(h,H) T o (F)) @CT) in J\{0} x(0,L),
d,h = 9,0'=0 on J\{0}x{0,L}, (2.38)
(h,T)(0) = (ho,To) in (0,L). (2.39)

We begin with some obvious consequences of the structure of (.36)-(R.39).
Lemma 2.5. For (t,x) € J x (0, L), we have
h(t,z) > e, T(t,z)>e, (2.40)
IA@1[x = [lholl, T = IToll1 - (2.41)

Proof. Since as(1/e) = ba(e) = 0 by (B2) and (2.3) and since hy > /e and 'y > ¢ by (B.19), the
assertion (R.40) is a straightforward consequence of the comparison principle applied separately to

(39) and (B-37). We next integrate (236) and (£.37) over (0,¢) x (0, L) and use (P-3§) to obtain
(EAD). O

In the next lemma, we collect several properties of H, 3, A, and B.
Lemma 2.6. We have, for (t,x) € J x (0, L),
IHOl, < 1R@)]lp, pe[lo0], Ve< H(ta), (2.42)
10 H(O)|I5 +2 € [|02H (1[5 < [[9:h()]]3 (2.43)
e 10:H(t)]loo < [[R(E)]]1 (2.44)
[A@) Iy < llaa(h@)lp, P € [1,00], (2.45)
10 A)]13 +2 €* 107A[®)]13 < 10sc (R(E))]]3 (2.46)
e [10: A1) lloo < [l (h(®)]1, (2.47)
1B, <T@, pe[lioc], &< Bt z), (2.48)
10 B(t)|3 +2 € |02B(1)]5 < 19.T(#)]3 (2.49)
e 0. Bt)]loo < T (2.50)
IVH@®O ()15 +2 & (10, (H()2:2(1)) 15 < [VH(0)da (L (1)]3, (2.51)
e [H(£)0:X(t) ]l < 2l|a(T(®)]h- (2.52)
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Proof. The first assertion of (R.43) follows from the classical contraction properties of N~ while the
second is a consequence of (.39), (B.40), and the comparison principle. We next deduce from (£.39)
that
10:H (#)[13 + 110:h (1) 3

2 )
from which (2:43) follows. Finally, we infer from (2:39) and the positivity of H that —e* 92H < h.
For (t,x) € J x (0, L), we integrate the previous inequality first over (0,z) and then over (z, L), and
use the homogeneous Neumann boundary conditions to obtain

L
10, H )2 + € [O2H(®)[2 = / D.h(t) D, H(E) da <
0

L

—&? 0. H(t,z) < / h(t,y) dy < ||h(t)][y and g2 0. H(t,z) < / h(t,y) dy < ||h(t)|]1 .
0

Combining these two inequalities gives (R.44).

Next, the proofs of (R.43)-(2.47) and (R.48)-(R.50) are similar to those of (R.43)-(R.44).

We now turn to X and first notice that, since H > /e by (.49), the solution ¥ to (R.I1)) belongs
to W2(0, L). We thus may multiply (B:11)) by (—9,(Hd,X)) and argue as in the proof of (B-43) to
establish (R.51)). Finally, consider (¢,z) € J x (0, L). As in the proof of (£.44), we integrate (.11)
first over (0,z) and then over (z, L), and use the homogeneous Neumann boundary conditions to
obtain

—e* H(t,2)0,5(t,z) < /:(0’(1“) = X)(t,y) dy < [lo(C@) [l + 1@l

L
e® H(t,2)0,5(t,x) < / (o(l) =X)(t,y) dy < [o(C@)[lx + 15| -
As (B-T])) implies that ||X(¢)][1 < ||e(I(¢))]]1 by classical approximation and monotonicity arguments,
we obtain (R.57). O
We next define

CIQ(h)\/ﬁ

= —duen(n) + YIS 0.3, (2.53)
J. = JagOh ) 0,0(I) — G ‘:z?h) b2<FF> A, (2.54)

and show the existence of a Liapunov functional for the regularized problem (R.30)-(B.39) inherited

from the one of ([[.1)-([.4).

Lemma 2.7. Givent € J, we have
t
L)+ / D(s) ds < £(0), (2.55)
0

with
L(t) ::/O [g \h(t,z)]* + o(T(t,x))| d, (2.56)
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cb”(?“):—a/?(f)ZO, o(1) = #(1) = 0, (2.57)

2D(1) G||Jf<>||§+||J<>||3 ) V@00 (T(0)]2 (258)
1= ) Ao T+ (1 - 1) 0a(B)
+2D/ ‘a“ "

Observe that the last term in D(t) is well-defined as ;(B) > ooz > 0 by ([L.F), (B.4), and (£.43).
Proof. 1t follows from (P-30)-(E-33) that

dc . az(h)vV'H

+/0 ¢"(T) 0, [—D g?((gﬁ +ao(h, H) T a'(F)} 0, dx

G /OL ¢"(I') 0,1 a2(h)bz(2)al<zg(h7 1) 5,4 dv

G 6 1 G

with

R, = /OL [G “Q(hz:)q 0,50 — ag(h, H) |310(F)\2] iz
)

R, = / {Ghag(};b”

On the one hand, it follows from (B4), (B.H), and (E.5]]) that

|8$a1(h)|2} d .

R, < /0 [ H 10,5 — aolh, H) [0,0(D)?] de
< —(n—n) |VEsom)|, - = m) |[Vigeom)].
On the other hand, (B-3), (B) and (E-49) give

L
R, < / [ 10.A[2 — [Bpon (W] do < —(1—n) |Bson ()] -

Collecting the above inequalities yields Lemma .7 after integration with respect to time. O
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We next estimate the Lo-norm of d,h. While the previous estimates only depend mildly on ¢, this
will no longer be the case in the remainder of this section. In the following, the constants C, Cj,

. are independent of the free variables. Additional dependence on, say, ¢ or T" > 0, we express
explicitly by writing C'(¢), C(e,T), ...

Lemma 2.8. We define the function Ay by A} = ay and A;(0) =0. ForT >0 andt € JN[0,T],
we have

1A+ [0-A BB, < CieT), (2.59)
A (1 ()] + 10:h()]2) ds < Cu(e,T). (2.60)

Proof. Introducing ag(h) := h and
ag(h) @CH

a2
Fo=— O.h VH 0,5, Fy:= —— O0,n, F3:=— 0, (HO,2
1 (wo)() V Sk VI 2= O HO)
equation (R.36) reads

Recalling that o = /ay, it follows from (B.61]) that

L L L
/ 815}7/ 815./41(}1,) dx —|—/ 81./41(}1) 81581./41(}1) dr = / <F1 -+ F2 -+ Fg) 815./41(}1,) d.ﬁl],
0 0 0
2 2 1 2 1 L 2
10 ()l + 5 dt H& Aih)llz = 5 daa (Ml + 5 i ai(h) (Fy + F3 + F3)” dz

d
191 (M) 15+ - 10 Av ()l <

7 |

To estimate the term involving F, we write

4 _ ﬂ ! axAl(h/)
[vam A, = |(Z%) 0 S22 v o
a9 ! 1
: <\/—a_0) (*) ai(h) o

and observe that ([.4), (2-41)), (2:42), and (B.59) ensure that
%@ﬂ@”g”H@WM<“W”msm@u+wmsc@,

c1/4 = £9/4

while we infer from (P-2) and (B:40) that
_ /3 |I3R* = 2y/eh — ¢
VG 4h3

()0

(2.62)

2

102A1 (h)l

o]

| A

o
v
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Consequently,
Vai®) B| < C@) 10 Aim)],
We next turn to the term involving F, and deduce from (P.4) and (P.43) that
CLQ(h) 81H
vai(h) F = ay(h Ho,Y
H 1(h) Py 2 2y/hay(h) 1(7) H3/? ,
as(h) 102 H |
< ar(h Ho.%
N i =l KL ™
noo\1/2
< (qgmm) Nl 10:H]x 15O,
Owing to (C8), (E1), (B2, and (E53), we obtain
hili 2 ||o(T
|V B, < ) oy P 21700 < ey oy
Since

_AA() _ A

al(h) h ~ \/g

by (B.9) and (R.40), we end up with
Var(®) Fy
Finally, by (24), (B22), (E-5]1), (B59), and (B:64)), we have

[Vai(h) Fslla =

, = C6E) Mi)]lo

ha(h) VH )
< (o22) " Nl 10, o),
VI, (1)
< CE) a1,

whence

IV ai(h) Fsl2 < C(e) D2 || As(h)||22
It then follows from (P.63), (R.63), (B.63), and (B.66)) that

|91 (Rl + % 10 A1(R)I; < Cle) (102As(R)Il5 + M1 (R) |2 + D [ AL(B) ) -

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)
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Owing to (R2) and A} = ay, we have, for (t,z) € J x (0, L),
0< LA(h(t2) < AL + L2 0. A ()],

1/4 L
< () [ 0w Al a2 oAbl

G

1/4
< (53) I LA + 2 A0},

and we thus infer from (P.4]]) and Young’s inequality that

Gllholly
48L3

0< LAh(2)) < 2 A (h(t)) o + LI 0, A ()],

whence
[AL(h()]leo < C (1 + [0 A (hE)),) , t €T (2.68)
Inserting this inequality in (B.67]) gives

10 (R)]I5 + % 1041 (R)3 < C(e) (L+D) (L+[10.A4u(R)]]3)

from which we conclude that, for ¢t € 7 N[0, T,

100 As (B2 2 + / B (B()) 2 ds < (1+ 00 A ()12 exp{c<e> (t+ / D(s) d)}
hence by (B.53)
0. A B + / D (h(s)I3 ds < C(=.T) . (2.69)

A first consequence of (R.6§) and (R.69) is that (.59) holds true. Next, recalling (2.33), (.40),
(2.61), (2.63), (£.63), and (R.66), we obtain for t € J N[0,7] and z € (0, L):

(ZF Oy ) t,y) dy
1
< / Tl [|8ta1(h)|+zx/a1(h) I

< <||8ta1 )l )

< C(e) ([0 (h ||2+ ||8 Al( Mo + 1AL (B)l|c + DY A(B)IL?)
and we infer from (P-6§) and (£-69) that
10, AL (1)l < C(e,T) (1 + [Gaa(R()], +D()'?) .

|00 As(h(t, )| =

/8%41 h(t,y)) dy‘
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Using next (2.59) and (R.69) we obtain

t
/ |0x AL (R . ds < C(e,T) [1 +/ (||8ta1(h(s))||§ +D(s)) ds| < C(e,T).
0
Since oA, (1)
Tyl h 3
pu— <
|893h| al(h) = Ge3/2 ||896A1(h)||oo
by (R.2) and (£.40), the estimate (2.60) follows from the above analysis and (R.69). O

We now improve the estimates on I' and begin with an L..-bound.

Lemma 2.9. Given T >0 and t € J N[0,T], we have

IT(t) ||l < Ca(e,T). (2.70)
Proof. Let T > 0 and t € J N0, T] be given Define again ag(h) = h,
g =——— \/ o(h, H) 0,A and ¢ := 0,q,
ao(h)a1

and the parabolic operator

Pw = dyw — 0, {(D g,i((g)> —ag(h, H) Fa’(F)) 31’60} +G q 0w+ G qba(w),

so that (B.37) also reads
Prl'=0 in J\{0}x(0,L). (2.71)
We next observe that ¢; = ¢11 + ¢12 + ¢13 with

a9 !
= - h) O.h \/ag(h, H) 0, A,
w = = () @ o Vaalh )
N CL?(h’) ?71azH+ (1 - ?71)833}7,
G2 ‘= — O, A
2 <h>al<h) Voo dD)
(13 = — meﬂ

CLQ(h)
By (MD) (m>> (m)a and (@), we have

3e 1/2
< __
H%ﬂm > (G)

C(e) l1oshll, (g2 1ot

c2

10:hll e (m | Hlloo + (1= m1) [12lloe)"® 102l

h3

o0

IN

that is,
lalle < Ce,T) (020l - (2.72)
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We next infer from (2.4), (.40), (R.41), (P.42), (B.44), (B.47), and (B.59) that

< ( U )1/2 M |0:H |l + (1 = m) [|0:h]]

@ c1/4

< Cle) (

112/l = 102 Al

[[ol|1
52

a(h
MRS

that is,
lq12lloe < C(e,T) (L4 [[0:0(1)]] ) - (2.73)
It finally follows from (R.1), (R.4), (R.37), (B.49), (B.45), and (R.59) that

1/2 ai(h) — A
sl < ()" iz A < 0 1) (a4 1410) < €T fln ()

and thus

g3llec < C(e,T). (2.74)
Combining (.72), (B.73), and (R.74)), we conclude that
las@)loe < Cle, T) (1 +[10:2()]) »
which by (R.60) gives

t
/ lg1(8)||oo ds < C(e,T), te€ JTNI0,T]. (2.75)
0
Now, let @) be the solution to the ordinary differential equation
dQ
o O =G lla®)ls b2(Q1) =0, teT, (2.76)

with initial condition Q(0) := ||Tg||cc > . We clearly have Q(t) > ¢ for t € J and
PQRM) = G (la(t)llse + @t 7)) b2(Q) =0, (¢, 2) € T\ {0} x (0, L)
Recalling (B.71]), the comparison principle entails that
L(t,z) <Q(t), (t,x)e T x|[0,L]. (2.77)
Since by(Q) < Q, we deduce from (R.79), (R.76), and (R.79) that, for T > 0 and t € J N[0, T7,

t
@l < Q) £ Q) e {6 [ o)l ds} < Ce),
0
as expected. O
The final step of the proof of Theorem B.] is an Lo-estimate on 0,1

Lemma 2.10. For T'> 0 andt € J N[0,T], we have
18:L (1[I, < Cs(e, T) - (2.78)
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Proof. Introducing ag(h) = h and v := 9,8,(T), it follows from (R.4) and (.37) that
ag(h)bg(r) Ozo(h, H) ( D )
0, A+ +ao(h,H) | v | =0.
(M) (h) gi(B) "

Differentiating with respect to x we obtain

_ / az(h)ba(')/ao(h, H) D « =
01 0. [ﬁm 0. (G R ¢ RN 7)] 0.

Since y(t,x) = 0 for (t,x) € J x {0, L} by (B-33), we deduce from the above equation that

0p(T') — BY(T) Ox (G

1d, LoD / 2 -
5 B+ [ (504 ool D)) B0 l0f do=30% (2.79)

i=1

with

//B
i o= /Bl 0wy { 61(< )> 83+n16‘H+(1—m)5’h] v dx,
Y, = —G/ BT ;,;y( aoal) ) 8uh by(T) /ao(h, H) 9, A da

o az(h) 5(T)
Y = G/ﬁl Wﬁlf v Vao(h, H) 9,A d,

L as(h) MmO H + (1 —n1) 0.h .
Y= G/ Ai(D) 0y Vao(h)ai(h) bQ(F) 2/ao(h, H) O:A dz,
_ ) i)

We now estimate each of the terms Y;, 1 < i < 5, separately for 7> 0 and t € J N[0,7]. By
[E40). 43, B49), B:50), and (E70), we have

B
i< |VED o, 1o o S50 1o+ o+l ol
r h
< cen) [ B o] ol VAT 04, |
that is,
Vil < S ||V | +Cle.T) (14 10:012) I3 (2.80)
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It next follows from (2.2), (2.40), (B-42), (R.44), (B-59), and (R.7Q) that

Wl < 6 VAT o, IVERDI | (2=) <h>Hw I0.Hl.. llao(h, L oAl
3¢\ /2
< cen VED o, (%) |"55| 1o 11122 locswl,
< CET) I0:hl ||VAD 0], .
so that
vl < |VED o, + o) ol (2.81)
while (B4), (240), (240), (2-42), (2.47), and (@) ensure that
1
Yol < VG ||VEIT) o] ‘ | e leo(h DI 10:A1L
1
< o) e 1By, AT 0.,
whence
2
Vel < £ | VED) o[, + Cle. 1) Il (2.82)

Finally, owing to (£4), (£.40), .41), (.49), (2.44), (R.40), (R.59), and (.70), we have
o, H o.h
Vil < Vi@ |VAD o, 1B 10l IOy

o1/4
< CeT) (”h”1+||a blle) Bosea(ill, VAT 2.

that is,

Vil < S ||V 0, + Cle.T) (14 10,012 (283)
and
Vsl < VG ||VED) | IVBB) )l llao(h, EILE (024,

< o) g P ) w0 (2.8

that is,
Y5l < S || VAT o, +Cle ). (2.85)
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Collecting (R.80)-(R.89), we deduce from (£.40), (B.43), and (R.79) that

d L
GIli+vE [ 8@ 1ol d

d 2 L D / 2
s+ [ (505 + o)) (D) l0sn

L
/0 BT 0 de+Ce.T) (1+[0:h]%) (14 []2) -

<

1
2
1
2

™

<

Thus, on J N [0, 7] we have

1
5 dtHV( E < Ce,T) (L+18:R(0]%) L+ v@)I) -
Thanks to (E:60), the above differential inequality entails that [|y(¢)]|3 < C(e,T) for t € J N[0, T].
As
lnl Il
0, = <
9T lo’(T)|T" — ope
by ([F) and (£:40), Lemma P.I7 follows. O

Gathering (2.40), (B.:59), (B.70), and (R.7§), we have thus established that, given 7' > 0, there is
C(e, T) such that

1)y + 1T ][wy < Cle,T), teTN0,T],

from which we deduce that 7 = [0, 00) according to (B.IJ). This completes the proof of Theorem P.T].

3. EXISTENCE OF WEAK SOLUTIONS

Pick € € (0,1/2). By Theorem P.1|, Lemma B.§, and Lemma P.7, there is a unique global strong
solution (h.,T.) to (R.36)-(R.39) with initial conditions (hg ., [o.) given by (R.19) and satisfying

and

with

he(t,z) > e, Tot,x)>e, (t,2)€ Qu, (3.1)
1Bl = llholls + Lve,  [ITe(®)[ly = [ITolls + Le, =0, 3.2

+ /t D.(s) ds < L(0), t>0, (3.3)

L[% (t,2)]* + ¢(To(t,z))| dx, t>0, (3.4)

2D.(t) = G |Jp()]3 + |!Jse< )H% n) [V H:()0:0(T-(1))]I3 (3.5)

+(1 = m) [V he(t)0,o (T ||2 ( —ﬁ)G ||5’x041( e( D
+2D / ‘af“ x,
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the functions Jy., Js., He, A., B., X, and ¢ being defined in (R.53), (B:54), (B:33), (B.11), and
(B.57), respectively. We first deduce from (B.J) several estimates which provide us the compactness
of (he,T.).

3.1. Compactness. Observe that the definition (£:57) of ¢ and the property (L) of o imply that

oo (rlnr —r +1) o(r)<ow (rlnr—r+1), r>0, (3.6)
¢(r) < max{p(0),¢(r+1)} S oo +o(r+1), r=0. (3.7)
An easy consequence of (B.4) and (B.7

<
<

is that

)
£.(0) = /0 _Gerqﬁ(Fo(x)Jra)} dx

< ’ _Gw+am+¢(ro(x)+a+1)] dx

< [ (o) +1)°

o(z)
2

o(r) +1)
2

ﬁc\

+ 000 + ¢(Lo(z) + 2)] dr

L.(0) < Cy. (3.8)

This allows us to derive some uniform estimates with respect to e.

Lemma 3.1. Given t > 0, we have

||h€(t)||z+/0Lr€(t,x) |InT.(t,z)] dz < Cs, (3.9)

[ W 16 & < ¢ @0

/Ot/OL [\amm(he>l2+(\/5+h€+m+@) |8xa(F€)|2} deds < Cs, (3.11)
[ (BP0, + ) @ < ¢ en. @12

Proof. Recalling that r|Inr| < 1/e for r € [0, 1], we deduce from (B.q) that

00T|lnr|§¢(r)+aor+@, r>0. (3.13)
e
Owing to the nonnegativity of D, it follows from (B.2), (B-J), (B-g), and (B:I3) that

G L ool
5 12e(£)]13 + o0 / [.(t,2) [InT.(t,2)] dz < Le(t) + 0o |[Te(t)]i + —
0

L
< L:(0) 400 ([olly + Le) + == < C,
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and we obtain (B.9). Next, (B.I0) and (B.I1)) are straightforward consequences of (B.3), (B.H), and
(B), since the lower bound (B1]) on h. guarantees that /h. > '/, Recalling the definition (23) of
aq, we infer from (B.I7]) that

t pL G t prL
Q € xlle ras = — xlle zxras
1(h))? |0phe]” dad ; he |ouh|” dad
0 JO
— // (2)|" dads .

We next argue as in the proof of (2:6§) to establish that

C

v

heliZ, < € (Il + llo. (a2)]3)
and (B.I7) follows from (B.J) and the above two inequalities. O

We now turn to the compactness properties of (I'.). with respect to the space variable and first
establish a preliminary result. Recall that B. = NV.(T'.) with N. defined in (P.1)).

Lemma 3.2. Given t > 0, we have
L
/ B.(t,2) |In B.(t,2)| dz < Cs. (3.14)
0

Proof. Let j be the convex function defined by j(r) := rlnr —r for r > 0 with conjugate function
j*(r):=¢€", r > 0. Then

rs < j(r)+j%(s) and j(r) <rj'(r), (rs)€[0,00)". (3.15)
We infer from the definition of B, the convexity of j, and (B.13) that

L L L
/ J(B.) dr < / B, j/(B.) di < / (B. j'(B.) +* /"(B.) 0,B.]") da
0 0 0
L L L
= / 7'(B:) (B: =€ 0;B.) dr = / J'(Be) T do < / ((Te) +5°('(B))) do
0 0 0
L
_ / (I. T, —T. + B.) dx.
0
Since I'. and B. are nonnegative and || B.||; < ||T¢||: by (48) and (B.1]), we end up with

L L L
/ Jj(B.) dz S/ I'. InT; dx S/ I, |InT,| dz,
0 0 0

from which we deduce (B.14)) with the help of (B.Z), (B.9), and the elementary inequality r|Inr| <
rinr+2/e,r > 0. O
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We next define the function w, € C([0, L]) by w,(0) = 0 and
wi(16) = (o), b€ (0,1],

where o(d) > 1 denotes the unique solution to

1
0(0) In(p(0)) = 3 for ¢ € (0,1].
Introducing the subset X’ of C([0, L]) by

X = {fEC([O,L]) A fle = supM < oo} ;

wty Wiz = yl)

and noticing that it is a Banach space equipped with the norm

Fo e s= 1 oo + [Fx

we have the following result:

Lemma 3.3. Given t > 0, we have

| lono oI + lotru(s))3) ds < .

In addition, letting Qr == (0,T) x (0, L) for T >0, the family
(0,0(I2)). is relatively weakly sequentially compact in L (Qr)

and .
/HL@MMSQG»
0

Proof. For t > 0 and 0 < y < x < L, we note that

o(Te(t,2)) —o(L(t,y)] < /x\amU(Fe(tZ))\ dz

23

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

< ([ ) ([amona)”. o

We infer from (L[.3), (.6), and (B.14) that, for R > 1,

/ “BU(B.L2) dr < o / "Bt2) ds < o / (Lo (Bo(t:2)) + Lo (Bt 2))) Bo(t,2) dz

L

IA

InR J,
UooCG
InR

< oR | —y|+

0o |2 — |+ =2 | Lpoo)(Ba(t,2)) Ba(t,2) |InB.(t, 2)| dz
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Choosing R = o(|z — y|/L) and using (B.17), we conclude that
* C
| BiBue.2) d: < = C ullz — yl)".
v

In o(|z —y|/L)
Recalling (B-29), we have shown that

Lo.o NP 2
0 (Ta(t, 7)) — o(Te(t,y)] < C wellz — y]) (/ '@;i;g;g;z;;' dz) |

Consequently;,

o <o ([ RG" e

Integrating the above inequality with respect to time and using (B-17]) give

oot s < co. (5.99
It also follows from ([.3), (B.43), (B-9), and (B.I1)) that, for 7" > 0,

[ ooz a < [ (/ L dz> ([ st ) a

< 0G5 sup {[|B(t)[1}

te[0,7)

< 00Cs sup {[IT()[l} <

t€[0,T]

which, together with (L), (B3), (B:23), Poincaré’s inequality, and the embedding of W} (0, L) in
L. (0, L) completes the proof of (B-I9).

Consider next 7" > 0 and a measurable subset E of )7 with finite measure. Arguing as above, we
deduce from (LJ) and (B.11) that, for R > 1,

1/2
/ 0,0(T.)| dzdt < C ( / B. d:cdt)
E E

1/2
¢ { / (1[07R]<B€)+1(R,oo)(85)) B. d:cdt}
FE

IN

1/2
< o [rime gy [ vwe®) B b a]

In R
Owing to (B-14), we conclude that

1\ /2
/|a |dazdt<C(R\E\+ R) ,
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o\ 2
limsup su / 0,0 (I, d:pdt} < (—) )
¢Hopg,|E|25{ E| (Fo) InR

Letting R — oo entails (B.20) by the Dunford-Pettis theorem.
Finally, by ([F]), we have

oo [r—=s| =00 (r=s) <o(s) —a(r) =|o(r) —als)|, r=s=0,

and thus

so that
and (B.21]) follows at once from (B.19). O

The next result deals with the time compactness of (h.) and (T';).
Lemma 3.4. Let T > 0. Then
(Oihe). s bounded in  Ls;4(0,T; Wy (0,L)'), (3.24)
(0I.).  is bounded in  Lig/17(0, T W118/17(0, L)).
Proof. By (£.3@) and (.53), we have
Oihe = 0, (W Jf,s) -
As (Jf.)e is bounded in Ly(Qr) by (BI0) and (y/a1(he)). is bounded in Lyg/3(0,7; Loo(0, L)) by

(B-I12), the family (wal(he) Jfﬁ) is bounded in Ls,4(0,T; Ly(0, L)) and (B.24) readily follows from
this property. )
Next, owing to (B.G) and (B.54), equation (2:37) also reads

0.0(L:) I.
or. =0, | —vaolhe, H.) T, J,. — D . 3.26
( ( ) ’ VB (B:) \/6£(Bs)> (8.26)

On the one hand, it follows from Holder’s inequality, (B.43), (B.9), and (B.9) that

16/15

T T
[ VAT v a5 e < [ fathe HOI I 15
0 0

8/7

T
8/15 2/15 16/15
= / ][5/ T D7 | Tsella ™ dt
0

T 7/15 T
< c ( [ dt) ( / ||Js,€||3dt)
0 0

We then deduce from (B.I0) and (B:2]]) that
(\/ao(ha, H.)T. J8,€> is bounded in  Lyg/15(0,7"; Ls/7(0, L)) . (3.27)

£

8/15



26 J. ESCHER, M. HILLAIRET, PH. LAURENCOT, AND CH. WALKER

On the other hand, it follows from ([.5), (B.39), and (R.4]) that

. B. + €2 |0?B. B. 3/2
. o Bete |02 |S [De £ 2B, . (3.28)
V 61(36) V0o Be 0o Voo

I'.
<
B ' V0o Ba
Since
€202 Be |5 < ITells + | Bells < 2 [IT:]ls
by (B:39) and (.43), we deduce from (£.49), (B.9), and Holder’s inequality that

9\ 3/4
B W LN e N (@) @ I
< C (7 0,2 Ty e
<

L

C (/ e |0,T. da:+|]1“€|]io) .
0

Thanks to (B.11]) and (B.21)), the above inequality implies that

T
/0 Hef"’/?agBe}}zjj dt < C(T).

As

9/4 9/8 9/8
IV/Bellghs = 1 Bellg)s < ITellgss < Tl ITefly < € [IT]|2®

by (B49) and (B.2), we infer from (B.21)) that (1/B:). is bounded in Lg,,(Q7) and conclude that the
right-hand side of (B.2§) is bounded in Lg/4(Qr). Consequently,

r
—_— is bounded in L4 (Qr) . (3.29)
B{(&))E
Recalling that (8360(1"5)/\/6{(35)) is bounded in Ly(Qr) by (B.I1), we end up with
0,0(T,) I, . )
<%) is bounded in  Lyg/17(Qr) - (3.30)
1 = £
The claim (B.27) is now a straightforward consequence of (B:26), (B:27), and (B-30). O

Thanks to the previous analysis, we have the following compactness properties on the families
(he)e and (T';)e.

Lemma 3.5. For each T > 0 and ¥ € [0,1/5),

(he). s relatively compact in  Ls(0,T;CY([0, L])), (3.31)
(T'o)e s relatively compact in  Lo(0,T;C([0, L])) . (3.32)
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Proof. For (t,z,y) € (0,00] x (0, L)?, we have
et ) = el p)] < et )2 = et )27 < o=y JJon (0272) O]}
and we infer from (B.12) that
(he). is bounded in  Ls(0,T;CY?([0, L])). (3.33)

By the Arzela-Ascoli theorem, C*/°([0, L]) is compactly embedded in C”([0, L]) for all ¥ € [0,1/5)

and it follows from (B224)), (B-33), and [20, Corollary 4] that (B-37]) holds true.
Similarly, X is compactly embedded in C([0, L]) (since wy(d) — 0 as 6 — 0) and we infer from

(B:21)), (B23), and [R0, Corollary 4] that (B.33) holds true. O

3.2. Convergence. According to (B.10), (B.11)), (B:20), and Lemma B.3, there are functions h, gi,
I', g, J¢, and Jg and a sequence (ey)g, € — 0, such that, for all 7> 0 and ¥ € [0, 1/5),

h., — h in Ls(0,7;C"([0,L])) and a.e. in Qr, (3.34)

Orai(he,) = g1 in La(Qr), (3.35)

I'., — T in Ly(0,7;C([0,L])) anda.e. in Qr, (3.36)

Opo (T ) —g in Li(Qr), (3.37)

Jre = J5 in La(Qr), (3.38)

Joep = Js in Lo(Qr). (3.39)

An obvious consequence of (B.1]), (B-2), (B.34), and (B.34) is that

h>0, T'>0, ¢ =0d.a1(h), ¢g=09.0(), (3.40)

[0l = [[rolly,  P@]x = ITolly, ¢=0. (3.41)

The next step is to investigate the convergence of (H., )i, (Xc, )k, (A, )k, and (B, )x in the light
of (B-34) and (B.30). For that purpose, we need the following preliminary results.

Lemma 3.6. Consider s; € (0,1). There is Cy = Cy(s1) > 0 such that, for all e > 0,
INz(W)lless < Co Nlwlles,  w € ([0, L]) (3.42)
the operator N being defined in (P-1)).

1 /1 -t
V=% (5-2)

as a resolvent on C*' of the negative Laplacian subject to homogeneous Neumann boundary conditions
and noting that the latter has zero spectral bound, the assertion readily follows from [[3, Cor. 3.1.32]
and [[3, Def. 2.0.1]. O

Proof. Interpreting
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Lemma 3.7. Consider 0 < sg < s; < 1. There are numbers ¥ € (0,1), C;9 > 0, and p > 2, all
depending on sy and s1, such that

lwlleso < Co wllesy wll,™,  w e C([0, L]). (3.43)

Proof. Let sy < 09 < 01 < sy andlet v € (0,1) and p > 2 be such that s; = o;+2v and so < 09— 1/p.
On the one hand, since C*([0, L]) is continuously embedded in L,(0, L) and C***([0, L]) is continu-
ously embedded in W(0, L), interpolation theory guarantees that (C”([0, L]),C'**([0, L])) is

continuously embedded in (L, (0, L), W, (0, L))
method. Since

(C”([O,L]),C””([O,L]))U oo = CT([0,L]) and (L,(0,L), Wl(O,L))J .

by [B, (5.1), (5.21), (5.22) | and Bj¥(0, L) is continuously embedded in B} (0, L) which is itself
continuously embedded in By (0, L) W7H(0,L) by B, (5.3), (5.5)], we have shown that

[wllwer < Cls1,01,p) [wlles,  w e ([0, L]). (3.44)
On the other hand, we have
[wllygo < Cloo,01,p) ||w||00/01 [wll{r=e0lor w e W0, L),

o1+v,00

o1 iwoey Where (++) 1 denotes the real interpolation
1 3 )

— BJL(0, 1)

while the choice of p implies that W (0, L) is continuously embedded in C*([0, L]) by [/, (5.1), (5.3),
(5.5), (5.8)]. Consequently,

[wllero < Cs0,00.p) lwllwgo < Clso, 00,01, p) lwlfpel w777, w e WH(0,L).  (3.45)

Combining (B.44) and (B.43) gives (B.43) with ¥ = 0¢/0;. O
A useful consequence of (B-34), Lemma B.G, and Lemma B.7 is the convergence of (H,, ).

Lemma 3.8. Given T > 0, we have
H. . — h in Ls(0,7;C([0,L])) and a.e. in Qr. (3.46)
Proof. We first claim that
H. — h in Ly(Qr) andae. in Qr. (3.47)
Indeed, it follows from (£.49), (B.9), and (B.19) that

t
|H:()]|2 < C5 and / | H.(s)|)2, ds < Cs (1+1) (3.48)
0

for t > 0. We may thus assume (after possibly extracting a further subsequence) that
H. —h in Ly(Qr) (3.49)
for all 7 > 0. It also follows from the definition (£:33) of H. that

L
IH:(t)]I3 + & ”a$H€<t)”§:/ He(t,x) he(t,x) do, t=0.
0
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Consequently, given T' > 0, we deduce from (B.4§) that
T
[ 0~ by ae
0

< /Thﬂ<ﬂb+éuaﬂmnb+wwH2—2/‘Hta»Mt@dx i

VAN

/ / ho(t 2) — h(t,2)) + h(t,2) (h(t2) — H.(t,2))] dadt

CsT/? (/O | he(t) — Hth) // (t,z) (h(t,z) — Ho(t,x)) dadt .

We then take ¢ = ¢, in the above inequality and pass to the limit as k — oo with the help of (B.34)
and (B.49) to complete the proof of (B.47), extracting possibly a further subsequence to obtain the
convergence almost everywhere.

Now, fix sp € (0,1/5) and let ¢ € (0,1) and p > 2 be given by Lemma B.7 with s; = 1/5. By
(B33), (B:43), Lemma B.G (with s; = 1/5), Lemma B.7, and Holder’s inequality, we have

QA|mgw—h@

IA

oo dt

< Clow) [ V0 = MO V)~ OO

< Clon) [ (VO + IAOIE) 10~ AOIR0 A 0) — HO I a
< Clon) [ MO (O + IO 20 | 0) -~ IO

< Clout) [ QO 102 10— <>Wwpm)kﬁ

T 2(1-9)/p
< C@mT)<A Wﬂxw—h@MSw)
2(1-9)/p

< C@mT)<ATW£JO—h@W§ﬁ> ,

where we have used (2.49) and (B.9) to obtain the last inequality. The convergence (B.44) then follows
by (B.47) thanks to the continuous embedding of C*([0, L]) in C([0, L]). O

The last result of this section is devoted to (A.)., (B:)e, and (X.)..
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Lemma 3.9. For T > 0, we have

A, — aq(h) in Ly(Qr) and a.e. in Qr, ( )
OpAey, = Ozar(h) in La(Qr), (3.51)
B., — T in Ly(Qr) anda.e. in Qr, (3.52)
Y., — o(l) in Ly(Qr) and a.e. in Qr, (3.53)

after possibly extracting a further subsequence.

Proof. The proofs of (B.5(0) and (B.52) are similar to that of (B.47), the necessary bounds stemming
from (BTI) and (B21).
Concerning (X.)., we infer from () that

L
1 1
= [ o s de < 5 oI+ 5 I%I5.

so that (3.). and (ey/H. 6126)5 are bounded in Ly(Qr) by (B-19). Consequently, (2.). is weakly
relatively compact in Ly(Qr) while (e2\/H. 6126)5 converges to zero in Ly(Q7). These information
along with (R.11]) and (B.36]) allow us to conclude that we have, after possibly extracting a further
subsequence, the weak convergence in Lo(Qr) of (3., ), to o(I'). We then argue as in the proof of
(B.47) to complete the proof of (B.53).

Finally, owing to (R.40) and (B.11), (0, A.). is bounded in Lo(Qr) from which (B.51]) follows by
(B.50) after possibly extracting a further subsequence. O

15|12 + &

3.3. Passing to the limit in (2.3d). Observing that (R.36) also reads d;h. = —0, (\/al(hg) Jf@),

we have

d L L
7 he 1 dx = / 0p ¥ \Jar(he) Jye do (3.54)
0 0
for all ¢» € WL (0, L).
Now, it follows from (B.9) and (B:34) that < al(hek)>k converges toward \/aj(h) in Ly (Qr) for
T > 0. Combining this convergence with (B.3§) yields that («/ ai(he,) Jﬁek)k converges weakly
toward v/a;(h) Jy in Li(Qr). We may then pass to the limit in (B:54) and find that

d L L o
pm h i dv = / 0,0 v ai(h) Jy dx (3.55)
0 0
for all ¢» € WL (0, L).
3.4. Passing to the limit in (£.37). We note that (2.37) also reads

r
o', = -0, (D —— 9,0(I'.) + Vao(he, H.) T. Js,g) . (3.56)
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Let T > 0. We first identify the limit of the second term in the right-hand side of (B.56). It follows
from (B.2) and (B.21) that

[ || (Vs - vi)

IN

2
dt
2

T L
/ / (e, HL) — | T dadt
0 0

T
/0 ”O‘O(haHE) - hHoo ”Fz-:”oo HFs”l dt

IN

T
< c / (1. = hlloo + llhe — Blloe) [Te]lc dt

1/2

< o) ([ - vz )

whence
2

dt =0 (3.57)

2

T
lim

< a0<hsk7H€k) - \/E) F5k
k—o0 0

by (B-34) and (B-4d). In addition, owing to (B-4]]), we have

T 9 T T
[va@=n|)ar< [t ae<e e - .
0 2 0 0

so that

dt =0 (3.58)

k—o0 2

lim OTH\/E . — )

by (B.30). Gathering (B.57) and (B.5g), we have established that

voaolhe,, Ho ) T., — VR T in Ly(Qr),

which, together with (B.39), implies that

ao(hey Hep) Tey Jsey = VRT T, in Ly (Qr). (3.59)
We now turn to the first term of the right-hand side of (B.56) and use (R.33) to obtain

0,0 (T':) _ g2 &%Be 9,0(T'.)
|o'(B.)] VBB /BB

0,0(l.) =

(3.60)
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On the one hand, it follows from ([.5), (R:48), (R:49), and repeated use of (B.11]) that

T L |92 2 1/2
// %0) | oat < Cye? //LxBf‘ dadt
VB (B:) o Jo 0ob:
T o 9 1/2
< oo ( / 122B. 3 dt)
0 15
81—‘ 1/2
< oo ( / 9.3 dt)
0 2e?
T 5 1/2
< oo ( [ |0:7(T)I dt)
0 o0
T 1/2
< et ([ ool @)
< Ot
so that
T 2B, I.
lim 52/ ax/ 8’”0/( N — (3.61)
=0 0 \/Bl(Ba) \/61(36) 1
On the other hand, we have
1 1 1
- <~ and ——
Bl oo M Bl e e 9T

by (L.H) and (B.53). Recalling that (9,0(I.,)), converges weakly toward d,0(I") in Ly (Qr) by (B37)
and (B.4(), Lemma [A.1 (see the appendix) ensures that
0.o(l:,) N 0,0(T)
0'(B:,)| o' (1)]
Furthermore, as ¢ is a Lipschitz continuous diffeomorphism with a Lipschitz continuous inverse and

0,0(I") € L1(Qr), we have also 0,I" € L1(Qr) with 0,I" = 0,0(I") /o' (T"). Consequently, we may pass
to the limit in (B.5@) and deduce from (B.59), (B.60), (B.61]), and (B.63) that

L L
% T dr = / D [—D 8T +VhT T, do (3.63)
0 0

for all ¢» € WL (0, L).
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3.5. Identifying J;. Recalling (B.39), (B.40) and the formula

a2,€<h€) \/Hs 8 2
h€a1 (hs) THe

the key toward the identification of the limit of J;. is the behavior as ¢ — 0 of the term involving
9,2.. At this point, we observe that (B-51)) and (BI1) guarantee that (v/H. 83525)6 is bounded in
Lo(Qr) for all T > 0, so that this quantity has weak cluster points in Ls(Q7). However, nothing
is known so far on (0,%.), and it is yet unclear whether these cluster points can be determined in
terms of h and o(I"). The aim of the next result is to remedy to this fact.

Jfﬁ = —8ma1(h€) +

Lemma 3.10. Given T > 0, the family (0,3.)
sequentially compact in Li(Qr).

is bounded in Ly(0,T; L1(0, L)) and relatively weakly

£

In order not to delay further the identification of J;, we postpone the proof of Lemma B.10. Let
T > 0. Recalling (B.53), we deduce from Lemma B.I( that, after possibly extracting a further
subsequence, we have

9,%., — 0,0(T) in Li(Qr). (3.64)

On the one hand, since (H,, /(1 + H.,)), is bounded due to the positivity of H., and converges a.e.
to h/(1+ h) by (B.47), we use once more Lemma [A.] to conclude that

1+H O0p e, \/ 80 in Li(Qr).

On the other hand, it follows from (B.51]), (B.I1]), and the positivity of H,, that

| H. : .
< A 0.2 ) is bounded in  Ly(Qr) .

€

Combining these two properties implies, after possibly extracting a further subsequence, that

1+H€k 0p X, \/ 8 o) in Ly(Qr). (3.65)

We next observe that Lebesgue’s dominated convergence theorem and (B.34) ensure that

A2.e4, <h5k>
hskal h

Since (/14 H.,), converges toward v/1+ h in Ly(Qr) by (B-40), we end up with
aze, h’“ v Y g i Lo(Qr). (3.66)

n L4(QT) .
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We then infer from (B.39), (B.38), (B.40), (B.63), and (B.66) that
3h

In particular, thanks to (B:39), (B-39), and (B-40),
Vh 0,0(T) € Ly(Qr) . (3.68)

Proof of Lemma [5.10. We put & := 9,%.. Let © € C*(R) be a nonnegative and convex function
satisfying ©(0) = 0 and define the function ©; by ©,(0) = 0 and ©(r) = r©”(r), r € R. Since &,
solves

£ — e 89% (He ge) = 6350'(1—‘5) n (07 L) with 6&‘(0) = ge(L) =0,
by (B.11]), we have

L L L
/ @/<§6) §edr = —e? / @//<£6) 0.8 0, (H: &) dw +/ @/<£€) Oyo(I.) dx
0 0 0

L L
< £ / 0,01(€.) 0,H. dv + / o'(&) 0,0(T.) dx.
0 0

On the one hand, performing an integration by parts and using (R.35) and the nonnegativity of 6,
and h. give

L L L
- /0 0,01 (&) 9, H. dv = /0 O.(&.) (H. — h) da < /0 0.(c.) H. dz .

On the other hand, it follows from the convexity of © that

/0 ©'(¢.) 0,0(T.) dr < /0 [O/(&) & — O(&) + O (8,0(T.))] da.

Consequently, gathering the previous three inequalities we obtain

/0 “ o) dr < /0 C oy H. dr 1 /0 "0 (0u0(T.) dr. (3.69)

We first use (B.69) to obtain an Li-bound on (£.).. For § € (0,1) and r € R, define ®5(r) :=
Vr2+6%2 — 4. It is a nonnegative and convex function vanishing at zero and we infer from (B.69)
with © = &4 that

L ) L 1 1 L
/O Ds(&) do < 6 /0 <5_\/ﬁ> H. d:c+/0 O (0,0(T.)) da.

We then pass to the limit as 6 — 0 and conclude that ||&.||; < [|0,0(I)||;. Integrating this inequality
with respect to time and using (B:I9) then give that

(&), is bounded in  Ly(0,775 Ly(0, L)) . (3.70)
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To improve (B.70), we need a refined version of the de la Vallée-Poussin theorem (recalled in
Lemma [A.9 below) which asserts that the weak compactness ([B:20) of (0,0(I.)), in L, (Qr) implies
the existence of a nonnegative and even convex function ¥ € C?(R) such that ¥(0) = 0, ¥’ is concave
on [0, 00),

v
= sup/ / (0,0(I.)) dxdt < oo and lim (T):oo. (3.71)

56(0 1) T—00 T

Then 0 < ¥”(r) < ¥”(0) for r € R and it follows from (B:69) with © = U that
L

//(
\I///(O) L ) L
/0 V(&) do < — /O & H. da:+/0 U (0,0(T.)) d.
) and using (R.51]), (B.11]), and (B.71]), we end up with

/T/L W(E) dedt < C""I’T(O) + K(T).

Since ¥ is even and superlinear at infinity by (B.71]), the previous bound implies the uniform inte-
grability of (£.). in L;(Qr) and the Dunford-Pettis theorem entails the expected result. O

Integrating over (0,7

3.6. Identifying J,. We first recall that
r
= ao(h., H.) d,0(T.) — “2€<h€) ble) 5 4.

Let T'> 0. For ¢ € Lo(Qr) and 6 € (0, 1), we have

// ( ao(he,, H.,) 9,0(0..) — VI 8,0(T) | dwdt = Iy + Lp(0) + Isi(8),  (3.72)

Ly, = / / ( ag(he,, H.,) — \/E) 8,0 (., dadt |
Ly(8) = / / v (ﬁ— 1 f5h> (0.0(T.,) — 0,0 (T)) dadt,

I = I') dzxdt.
wo) = [ ot (1) do
We infer from (B.19) and Holder’s inequality that

with

T
Lal < 16lmon / colhon, Ho) —VA| 00T, dt
T 2 1/2
< \/07 Hw”Loo(QT) </ &0<h5k7H5k)_ h dt) )
0 [e'e)
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whence, by (B.34) and (B.44),

lim [;,=0. (3.73)

k—00

Using again (B-19) along with (B-4]]) and (B-6g), we find

T L
a0 < Wliean [ [ VEh (001 +0c0(D)) dodt
T
< Vi lWlaon [ (1Ml 10T+ I [VE 0] ] a

or ([ o a) "o

Since h belongs to Ls(0,7; L (0, L)), we conclude that
sup | 14(9)| < C(T) Vo 1l @r) - (3.74)

IN

Vo Wl Lo @)

Finally, owing to (B:37), (B-40), and the boundedness of h/(1 + dh), we have
lim I3(3) = 0. (3.75)
— 00

It then follows from (B-73), (B-73), (B-74), and (B-77) that

// < ao(he,, Hey) 0,0(T:,) — VI O, ()) drdt

Since § is arbitrary in (0, 1), we may let § — 0 in the previous inequality and realize that

< O(T) V6 [¥llreir -

lim sup
k—00

ag(he,, He,) ,0(T.,) = Vh 9,0(T) in Li(Qr). (3.76)
Next, since
< a2€<h ) i and 0< b (I) <1,
\/ h CL1 Fz—:

we readily infer from (B.34), (B.30), and Lebesgue s dominated convergence theorem that

A2,ey, (hsk) bQ(Pek) 3 .
—\/— in L .
hecar(he) T, Vac H(er)
Combining this property with (B.51) yields

Az ¢ (he ) b2<F€ ) .
SN DA ]2 duan(h L . 3.77
hekal(hek) Ff'?k 4G Oél( ) . 1<QT) ( )

Thanks to (B.39), (B-74), and (B.71), we have identified .J;:
To = Vh ,0(T) — ,/% Ducrs (h) = o (3.78)
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3.7. The energy inequality. Let 7' > 0. Since J; = j; and J; = j, by (B:67) and (B:7§), we infer
from (B33, (B33, (B3, and (BAT) that

/ / jf dedt < hm mf / / erk dxdt ,
/ / 32 drdt < hm mf / / e, dzdt,
o Jo

T
| sl de < i / 9y (ho)IE dt

— 00

We next set 2, . := y/min {h.,n}0,0(I'.) for n > 1 and € € (0,1) and observe that
/ l2nel3 dt < / |/ d.0(r
0 0

by (B1l). Fixn > 1. As (w/min{hek,n})k is bounded in L (Qr) and converges a.e. toward

vmin {h, n} by (B:34), it follows from (B-37), (B-40), and Lemma [A7]] that (2, ., )x converges weakly in

L1(Qr) toward \/min {h,n}d,0(T') and also in Ly(Qr) according to (B-79) (after possibly extracting
a further subsequence). We then infer from (B.79) that

T L T
/ / min {h,n} |0,0(T)|? dvdt < lilgn inf/ H\/hak oy0(I';,)
0o Jo - Jo

Since the right-hand side of the above inequality does not depend on n, Fatou’s lemma leads us to

2
)|, @t <cs (3.79)

2
dt .
2

T L T 9
/ / h |9,0(D)? ddt < liminf/ H\/hgk 0,0(0.)|| dt.
0 0 k—oo  Jg 2
A similar argument ensures that
T 2
/ / h |0.0(T)|? dodt < hmlnf/ H\/Hak oyo(l:,)|| dt.
2

Finally, for § € (0,1) and € € (0, 1), we define
0,0(T,)
V/(B: + 0|0’ (B.)|

C(S,e =
and deduce from (P.6) and (B.I1]) that

/ e / / ool < . (3.80)

Owing to (L[.J) and (B.59), (((ng +5)|0’(B€k)|)71/2>k is bounded in L. (Qr) (by 1/y/00p) and
converges a.c. toward (I + 6)|o’(I)]) ™2 in Q7. Using once more (B:37), (B40), and Lemma [.1]
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we conclude that ((s.,), converges weakly toward 0,0(I")/+/(I' +0)|o’(I')| in L,(Qr) and also in
Ly(Qr) by virtue of (-) Takmg the liminf in (B.80) gives

|8 ol / / |00 I‘gk
< .
/ / T+ 9) |cr )| dxdt hm 1nf dxdt

Using again ([[.J), we further deduce

4oy / 10, VT + 0|3 dt < hmmf/ / 19 Ugek dxdt .
5k

The above inequality readily implies that /T belongs to Ly(0,7; W34 (0, L)) and

,0(T.,)|?
40, / Oy VT2 dt < hm mf / / 0 S dadt
’ H ||2 /81<B€k

Collecting the above information and taking into account (B.3)-(B.5) together with (B.34), (B.3d) we
conclude the energy inequality ([.§) since n = 3/4.

APPENDIX A. AUXILIARY RESULTS

We first recall a classical consequence of the Dunford-Pettis and Egorov theorems, see, e.g. [L],
Lemma A.2] for a proof.

Lemma A.1. Let U be an open bounded subset of R™, m > 1, and consider two sequences (vy,)n in
L(U) and (wy,)n in Loo(U) and functions v € Li(U) and w € Ly (U) such that

v, = v in L(U),
lw,(2)| < C and lim wy,(x) =w(z) ae in U

n—oo
for some C' > 0. Then

lim [ |v,| |w, —w|dz=0 and v, w, —vw in Li(U).
n—o0

We next recall a refined version of the de la Vallée-Poussin theorem [[J].

Lemma A.2. Let U be an open bounded subset of R™, m > 1, and F a subset of Li(U). The
following two statements are equivalent:

(i) F is uniformly integrable, that is, F is a bounded subset of L(U) such that

lim sup/ |f| de=0.
TC JeF J{|f12e}

(ii) F is a bounded subset of L1(U) and there exists a convex function ® € C*([0,00)) such that
®(0) = P'(0) =0, D' is a concave function,

)
lim r) _ lim ®'(r) = 0o, and sup/@(m) dr < c0.

r—00 T r—00 fef U
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A proof of Lemma [A.d may also be found in [{] and [[[f, Theorem I1.1.2] but without the concavity
condition on the first derivative of ®. Since the sequential weak compactness in L'(U) implies (and
is actually equivalent to, thanks to the boundedness of U) the uniform integrability by the Dunford-
Pettis theorem, the existence of the function ¥ in the proof of Lemma indeed follows from (B.20)
and Lemma [A.J.
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