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Abstract

This paper reconsiders a block bootstrap procedure for Quasi Maximum Likelihood estima-
tion of GARCH models, based on the resampling of the likelihood function, as proposed by
Gongalves and White (2004). First, we provide necessary conditions and sufficient conditions,
in terms of moments of the innovation process, for the existence of the Edgeworth expansion
of the GARCH(1,1) estimator, up to the k—th term. Second, we provide sufficient conditions
for higher order refinements for equally tailed and symmetric test statistics. In particular, the
bootstrap estimator based on resampling the likelihood has the same higher order improvements

in terms of error in the rejection probabilities as those in Andrews (2002).
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1 Introduction

It is well known that the quasi likelihood function of a GARCH (Generalized Autoregressive Condi-
tional Heteroskedasticity) model, introduced by Bollerslev (1986), depends on the entire past history
of the observables. In this case, resampling blocks of observations is not equivalent to resampling
blocks of the likelihood function. This point has been lucidly pointed out by Gongalves and White
(2004), who indeed suggest to construct bootstrap estimators of GARCH models based on resam-
pling blocks of the likelihood function. We go a step further, and we investigate the higher order
properties of such estimators. This is accomplished in two steps. First, we establish the necessary
conditions for the existence of an Edgeworth expansion up to the k—th term. This collapses to the
existence of a minimum number of moments of the innovation process. Second, we provide sufficient
conditions for higher order improvements of equally tailed and symmetric t-tests based on Quasi
Maximum Likelihood Estimators (QMLE) of GARCH(1,1) parameters. This is done by providing
the sufficient number of moments of the innovation process needed for the moments of the actual
and bootstrap statistics to approach each other at an appropriate rate. Broadly speaking, this al-
lows to control the rate at which the difference between the Edgeworth expansion of the actual and
bootstrap statistic approaches zero. Linton (1997) calculated the Edgeworth-B distribution function
for the GARCH(1,1), and we extend his setting to the Edgeworth expansion in the context of the
existence of refinements of the bootstrap. If we were willing to assume that all the moments of the
innovation process exist, then all the assumptions in Andrews (2002) would be satisfied and higher
order refinements would then follow from his Theorem 2. On the other hand, for the GARCH case
we can prove refinements for QML estimators under somewhat weaker assumptions on the existence
of moments of the score and Hessian derivatives, than those required in Andrews (2002).

In nutshell, we need (i) conditions on the parameter space of the process in order to ensure that
the GARCH process is exponentially J—mixing (see e.g. Carrasco and Chen (2002)), (ii) smoothness
of the density of the innovation process (iii) the existence of a given number of moments of the
innovation process. First, we show that under (i)-(iii) the Gotze and Hipp (1994) conditions for
the existence of the Edgeworth expansion for weakly dependent observations are satisfied. Then,
we show that (i)-(iii) suffice to obtain the same higher order refinements of Andrews (2002). Thus,
the block bootstrap, based on resampling the likelihood, leads to an error in rejection probability
and confidence interval coverage probability of smaller order than 7-/2~¢ for equal-tailed t-tests for
GARCH parameters and of order smaller than 7!~¢ for symmetric t-tests, for £ > 0, and such that
¢ <~vand &+ v < 1/2, where ~ is the parameter controlling the lengths of the block [, i.e. [ ~T7.

Needless to say, an advantage of using bootstrap estimators is that of obtaining more accurate

inference on the GARCH(1,1) parameters. Gongalves and Kilian (2004, 2007) focused on bootstrap



inference for conditional mean that is robust to GARCH or other unspecified forms of conditional
heteroskedasticity. However, there are many cases in practice where we are interested on the GARCH
parameters themselves. From a more empirical perspective, one of the most popular application of
bootstrap estimation of GARCH parameters is in the context of risk management, and more precisely
in the evaluation of Value at Risk and Expected Shortfall. For example, Christoffersen and Gongalves
(2005) rely on bootstrapping GARCH parameters in order to take into proper consideration the
contribution of parameter estimation error when evaluating Value at Risk; Mancini and Trojani
(2005) address the same issue using an estimation and bootstrap procedure robust to the presence
of outliers. Both papers rely on the residual based bootstrap approach outlined by Pascual, Romo
and Ruiz (2006).

If one knew the data generating process (DGP), then a residual based bootstrap approach, which
makes direct use of the structure of the model, seems to be more natural than a nonparametric boot-
strap approach, such as the block bootstrap. Hidalgo and Zaffaroni (2007) show the first order validity
of the residual-based bootstrap for ARC H (c0) process, which indeed include finite GARCH (1,1).
Hence, it is interesting to investigate whether the residual-based bootstrap provides higher order
improvements over asymptotic normality, and whether these improvements are sharper than those
provided by the block bootstrap. This is a quite challenging task, and we leave it for future research.
Nevertheless, we outline how the arguments used by Hidalgo and Zaffaroni to show first order validity
cannot be directly extended to show the higher order properties of the residual-based bootstrap.

In the case of possible nonlinear Markov processes, recent papers by Andrews (2005) and Horowitz
(2003) have established that higher-order refinements, very close to those attainable in the iid case,
can be achieved via the use of the Markov bootstrap, even in the case the underlying transition
density is unknown, and replaced by a nonparametric estimator. Though a GARCH process is not
Markov, under certain conditions is approximate Markov, as in the definition of Horowitz. Thus, we
have analyzed the applicability of the Markov process for the estimation of the conditional variance
parameters. If the marginal density of the innovation process is known, then the results of Andrews
(2005) apply and the Markov bootstrap provides refinements arbitrarily close to those attainable
in the iid case. On the other hand, whenever the density of the innovation is unknown and has
unbounded support, as in the gaussian case for example, then some of the assumptions for the
existence of higher order refinements are violated. This point has been already outlined in Horowitz
(2003).

The rest of this paper is organized as follows. Section 2 describes the implementation of the
bootstrap procedure based on the resampling of the likelihood function. Section 3 establishes the
higher order improvement of the bootstrap approximation of the coverage error of confidence inter-

vals for GARCH parameters, and summarizes the main theoretical results. Section 4 outlines the



difficulties involved in the establishment of possible higher order refinements for the residual-based
bootstrap. Section 5 briefly outlines the use of the Markov bootstrap, whenever the marginal density
of the innovation is unknown and has unbounded support. Section 6 reports Monte Carlo simulation
results, which provide some evidence of the improved accuracy of bootstrap, for the error in the

coverage probability. All the proofs are collected in the Appendix.

2 The Block Bootstrap: Set-Up

Suppose y; is generated by the GARCH(1,1) process,
(1) v = g, he =00+ 052 | +05h_y, t=1,...T

where 7, is iid and 07 = (91, 05, 0;) is the true parameter vector.
We define the log-likelihood function as if \7/4—27 were normally distributed, thus using a Gaussian
likelihood. The quasi maximum likelihood estimator, QMLE, is then defined as:

T
~ 1
(2) Or = arg max ; Ly (0)

where

1 <& . 1 32
— L () = —= Inh;(0) — = :
TZ ¢ (0) ant() tht(g)
t=1 t=1 t=1
Note that after a few manipulations, and imposing hy = 77, = 0, we have that'

he = 0+ (02m7 ) +03) his

t—1 J

(3) = 01 |1+ Z H ((9277?—1‘ + (93)
j=1 i=1

From (3) it is immediate to see that resampling blocks of the observable series y; is not equivalent
to resampling blocks of the log-likelihood.
Thus, we need to resample b blocks of length [ from the loglikelihood L, setting bl = T'. Hereafter, let
I;, i =1,...,b denote identical and independent draws from a discrete uniform on 0,1, ...,7"—[. Thus,
foreachi =1,..,b1; = j, with j = 0,1, ..., T—[, with equal probability 1/(7'—[+41). Now, for all § € O,
define L7 (0) , L5 (0) , ..., L7_11 () ..., L7 (0) tobe equal to Ly, 41 (0) , Lry12(0) ...y Ly 41 (0) 5 . Ly () -
Note, that we use the same random draws [; for any 6§ € ©. In general, resampling the data or re-

sampling the likelihood is equivalent. However, in the GARCH case, the (quasi) likelihood function

'Note that if either hg or n, are different from zero, then the expression in (3) holds up to a term converging to

zero exponentially as ¢t — oo.



depends on the entire past history of the observables. In this case, resampling blocks of observa-
tions is not equivalent to resampling blocks of the likelihood function. This point has been lucidly
pointed out by Gongalves and White (2004), who indeed suggest to construct bootstrap estimators
of GARCH model based on resampling blocks of the likelihood function. We use the moving blocks
bootstrap (MBB) of Kiinsch (1989) as in Gongalves and White (2004).

It should be pointed out that, if we were just interested in first order validity, then we could have
set [ = 1 and relied on the iid nonparametric bootstrap. In fact, as the score is a martingale difference
sequence, bootstrap samples based on iid resampling of the log-likelihood would have ensured that
the first two bootstrap moments properly mimic the correspondent sample moments. However, as
for refinements, we need to match higher moments, and in this case the fact that the score is a
martingale difference sequence does not help.

We now use the resample log-likelihood in order to construct the bootstrap estimator 5;, that is:
~k 1 r -~ /
07 = arg max ; <L:(9) - (E (VL;(eT))) 9) .

~ / ~
Note that the recentering term, (E* (VL;" (GT))> 0, ensure that the score, evaluated at 6, has zero
mean.

Define the Hessian and the variance of the score as BT and A' respectively, where
BY = B (=V;L(0")
and
1 I
At =Var [ —=> " VyL(0") | = E (VoLi(0")VoLi(67)) .
VT t=1

Also, define the sample analogs of Bt and Af, that is

T
P 1 —~
BT — _T ; Vth<9T>

T
—~ 1 ~ ~
(4) Ar == > VoLi(0r)VoLi(07).

t=1
Our objective is to provide higher order refinements of the approximation of the coverage error for
the t-statistic

(5) to; T = vT <§_1E§_1>,,1/2 (@T — 93) ;

(22

fori=1,2,3.



Define the bootstrap analogs of By and Ar as B} and A}, where
= % ;T; v (VLi@r) - B (VLI (B7) )
and i
(6) Z (vei @) — B (VE@D)) (V2i @) - B (VL))
The bootstrap analog of 5, 7 is then given by:
(7) fo.r = VT (By A3 By 1)11 v (0 —Bir).

As VL,(6") is a martingale difference sequence, Ay is a consistent estimator of Var (\/LT S V(;Lt(QT)> .
However, as within each block, V L} (0r) is correlated with its neighbours, A\*T cannot be a consistent

estimator for Var* <% ST VL (/H\T)) . Hence ty, p cannot have a standard normal limiting distri-

bution, under the bootstrap probability law. A consistent estimator of Var* (% Zle VL; (ET)) is

instead given by:

B ey S X (Ve - £ (5, 0)

=0 j=1 m=1

®) (Ve sm(0r) = B* (VL 0r ))>.

o~ o~ N1/2 wd ~ ~ 1/2
Now, let 7 = (B;lATB;1> Oy = (B}_lAi}B}_1> ~ and following Hall and Horowitz (1996),
define the adjustment term as
T;T = 8T,ii/5;“,n'v

and the adjusted t-statistics as:

1/2 —~
(9) oo =VT (B Ay By ) " (Bip —0ur) i

3 The Block Bootstrap: Refinements

Define the vectors containing the centered score, the centered outer product and all their derivatives
up to order d; i as:
(10)

Fiar, (0) = (v@Tt(e) v (ngt (9)) VoL 00V, L1 (0) .., Vit (ngt OVl (9)")) ,




where V,L; (0) = Vo, L; () — E (V. L, (9)) ,
VoL (0)Vo,L: (0) = Vo L (0) Vo, L () — E (Vo,L: (6) Vo, Ly (0)') , and dy 1, depends on k, which is

the number of terms in the Edgeworth expansion, i.e. d;, > k + 3.

In what follows, we rely on the following assumption:
Assumption A: (i) The parameter space © is a compact subset of R3" such that
O = {01,0s,0501,05,05 >0, 05+ 05 <1}, (i) 07 = (9{,9;,03) Oy = (élT@T,@gT) are in the
interior of © (iii) 7, is #2d(0, 07) and it has a positive continuous density.
Assumption A ensures that y; and ht(HT) are strictly and covariance stationary §—mixing processes,
with exponentially decaying mixing coefficients (see e.g. Carrasco and Chen (2002)). Let NT be
a neighbourhood of ', then for any 8 € NT, fitd,,, (0) is also f—mixing process with exponential
decay.
In Lemma A1l in the Appendix, we show that Assumption A ensures that the Gotze and Hipp
(1994) Cramer type conditions hold. Hence, in order to prove the existence of the k—th term of the
Edgeworth expansion for the statistic in (5) we need to show the existence of enough moments for
the components of f;;q,, (), for i = 1,2,3. This is accomplished in Theorem 1, where we provide
necessary and sufficient conditions for the existence of the k—th term of the Edgeworth expansion
for the t-statistic in (5).
Hereafter, let (1 + 3 TP (0 8z)> ®(z) denote the Edgeworth expansion of ty, up to order k
(see e.g. p.142 in Andrews 2001). We have:

Theorem 1: Let Assumptions A hold. Then

(11) lim 7%/2 sup

T—o0 ZER

=0

P (tg, < 2) — (1 +) T (a/az)> B(2)

(i) only if £ (nf(k+2)(k+4)> < 00
(i) and if £ <77§(k+3)(k+5)> < 0.

Theorem 1 provides a set of necessary and a set of sufficient conditions for the existence of the k-th
term of the Edgeworth expansion of the statistics. Needless to say, for £ = 2,3 (i) is also a necessary
condition for obtaining higher order refinements for equally-tailed and symmetric t-tests respectively.

Hereafter, zf ., and z denote the (1 — «)/2 bootstrap quantile for ¢j  and the (1 — )

*
’tei,T’ﬂ
*

quantile for t;hT‘ respectively. As usual, 2w /2 and z are constructed from the empirical

tei,T|,0é
distribution of the bootstrap statistic ¢}, 7.

We have:
Theorem 2: Let Assumption A hold. Let {+7 < 1/2 and & < 7y, where 7 is the parameter controlling

the block size, i.e. | ~T7. If K (nf(dl’k+d2’k+2)(k+2)p) < 00, where dy, > k+ 3, doy, > k+ 1, and

7



k/2

p> 0/2-e=7) then:
(i) for k =2,
P <t9i7T < _2:97;,T10‘/2 or tg, r > Z:ei,T,l—a/2> —a+o (T—(1/2+£))
(ii) for k = 3,

P(farl < 1) =0 o).

to, T

From Theorem 2, it is immediate to say that we obtain the same higher order refinements for the
error in rejection probability (ERP), as in Andrews (2002). As an immediate corollary, we also have
that the bootstrap error in the coverage probability (ECP) is of order smaller than 7~(/27 for the
equal-tailed test and of 7~(%% for the symmetric test, with £ < 1/4. It is interesting to note that, in
the exponentially mixing GARCH(1,1) case, the only conditions we need for higher order refinements
are in terms of smoothness of the density and of existence of a sufficient number of moments of the

innovation process.

4 The Residual-Based Bootstrap

The residual-based bootstrap is based on iid resampling of the centered residuals. Let 7, = v;/ h,} /2 @T) ,
we resample, with replacement, from the empirical distribution of 7,, and obtain the sequence 77,
where 1} is equal to 77, — T 1 Z;‘le n;, t = 1,...,T with equal probability 1/T. n},n3, ..., n% are defined
analogously, so that 7}, is i¢d conditional on sample. We then proceed as follows:
Fix yo, ho, = ﬁ*f = 51,T + 52,Ty(2) <y /9\3,Tho
yi = '
1y =010 + Oy 712 + O3l
us = h3'"*n;
and so on, until sequences y;, h;, t =1,...,T are formed.
Now, define the bootstrap QML estimator as:
T

0, = argmaxy L;9(0)
be6

1 T 1 T y*2
y - * _ = t
- e ( 2 Zln hi () 2 h;:(e)) ’
t=1 t=1

where the superscript (RS) denotes the fact that the bootstrap likelihood is based on the residual

bootstrap approach.



This residual based bootstrap procedure has been recently suggested by Pascual, Romo and Ruiz
(2006). See also Christoffersen and Gongalves (2005), for an application to Value at Risk evaluation
with GARCH models.
In the case of correctly specified ARMA models, the asymptotic first order validity, as well as re-
finements, of the residual-based bootstrap have been already established (see e.g. Inoue and Kilian
(2002), Kreiss and Franke (1992), and Bose (1988)).
Robinson and Zaffaroni (2006) establish conditions for strong consistency and asymptotic normality
of QML estimators of ARCH(co) models. Now ARCH(00) models encompass GARCH(1,1) models.
In particular, the ARCH(o0) model allows for a higher degree of memory, including also long-memory
behavior. Hidalgo and Zaffaroni (2007; hereafter HZ) take a step further and establish the first order
validity of their residual-based bootstrap analogs.
Below, we outline the key steps in the HZ proof for the residual-based bootstrap first order validity,
and sketch the further steps one should follow in order to establish higher order refinements. In fact,
the interesting question is whether the residual based-bootstrap may provide sharper refinements
than the block-bootstrap does. This is a rather involved issue, and we leave it for further research.
The key point is that we can express h;, the score, and the hessian, as well as their bootstrap
analogs, as a function on entire past of squared innovations. For notational simplicity we just focus

on h;. Recalling equation (3), it’s bootstrap analog is given by:

ht(ﬁ) = 91 + (027]? 1 + 93) ht 1

t—1 J
1+ > T (6217 + 65)

7j=1 =1

hi(0) = 01+ (9277:31 + 63) hi y

t—1 j

1+ Z H (9277:Ei + 93)

j=1 i=1

(12) S

Thus one can write b} (07), as hf(07) = h (7;2,,m;25, ..., 7% 0") , Now,
| L
E* (? Zh;(@*))
L T t? T
LSS S ),

i1=11i=1 ip=1

as any permutation and combination can occur with equal probability 1/7.2

?Note the abuse of notation. As we are resampling from centered residuals, more correctly we should have

(m;, —T7'Y, ﬁt)z , though for notational simplicity we simply write @21

9



Let Ay ,(0") be a truncated version of hj(07), i.e. hj,\, (07) = b (02, 025, ., 0;%01,0, ..., 0) , HZ
proof (see Lemmas 6.13-6.15) for first order asymptotic validity is based on three arguments. The
first argument is that the process can be truncated, and the truncation error approaches zero fast

enough, i.e.
1 X
o <T > (hieh) - h;M(m))> =0, (M),
t=1

where d > 1 depends on the degree of memory of the process. Note that,

| T ;| LT r KL
B TZhI’M(QT) — M E :§ : § h (s Ty s Mgy ) = Vi,
=1

i1=112=1 =1

where Vr s defines a V-statistic. Define, the U —statistic Ur s as

T\"' Qe A
UT,Mz(M) oo h@ T, 00,)

1< <. <iy <T

The second argument is that V —statistics are very accurately approximated by U —statistics, in fact
by e.g. Theorem 5.1 in Grams and Serfling (1973),

E(‘VTJ\/[ — UT7M|T) = O(T_T), for r > 0.

Finally, the third argument is that, by the law of large numbers for U —statistics,

E (UT,M — %i ht,M((ﬂ)> =0 <¥> .

The same applies if we replace 67 with ET. The point is that, as for first order validity, it suffices to
match the Hessian and the variance of the score. As the score is a martingale difference sequence,
it all collapses to match sample and bootstrap sample first moments. In fact, as we outline below,
things get more complicated once we move to higher moments.

The question is whether we can also obtain refinements for the residual-based bootstrap and whether
they are sharper than those obtained via the block-bootstrap.

A crucial condition for bootstrap refinements is that the "distance" between the Edgeworth
expansion of the statistic and that of its bootstrap counterpart approaches zero at fast enough rate,
which in turn defines the "sharpness" of refinements. This collapses to check the speed at which
the distance between higher moments of the statistic and its bootstrap counterpart approaches zero.
Hereafter, let f7, ;| @T) be the bootstrap analog of f;; 4, , (HT) evaluated at A7, defined as in Section

3. Also, with an abuse of notation, let f; @T) be a generic element of f7, ; @T) .

10



In a nutshell, to have an improvement in the error in coverage probability (ECP) of T, we need
that (e.g. Andrews 2002):

atm) g <T1/2 th (%)) _pam) g (ﬁ Z_:ft (6T)>

where a(m) = 0 if m is even and a(m) = 1/2 if m is odd, @ = 3/2 and m = 4 for equally tailed

(13) TP (

> TC> — 0,

test, and a = 2, m = 5 for symmetric tests. Needless to say, the residual-based block bootstrap will
provide sharper refinements if ¢ > £, where £ is defined in Theorem 2 above. Now, as convergence

in 7—mean implies converges in probability, the statement in (13) is implied by

(14)
T E (TW Sr (HT)) — T (T1/2 > <e*>)

T°E (T<
Now, f; </0\T) writes as

) = o(1), for some r > 0.

17 (%) = f (77?531,772“32,- ST 7‘9T)

and define its truncated version as
f:M <9T> =f (ﬁ:zlanﬁza ---777:3M;‘9T> .

The left hand side of (14) is majorized by I + 13 + I11}, where
m T r
o (i3 () 1 (13 s ) ) | )
m T r
e (5 3 i) ) =8 (i3 ) |
" - i
Tetm) g (ﬁ ; fo (QT)) _patm g (T}/Q ; £, (91)) > '

It is immediate to see that the case of m = 1 can be treated along the same lines of HZ. Now, given
(3) and (10), for 0 < p < 1,

m

I =TE (TC

m

IIZ=T°F (TC

I =1° <T<

I’; — T°0 (Ta(m)(rxm)Tgp—M) ’

so that it is enough to set M = T°, for ¢ > 0 arbitrarily small to ensure that I} = o(1). The same
order of magnitude applies to /117. The difficult part is /17.

We need to compute E* <ﬁ Zthl Jim <§T>>m . For sake of simplicity, we begin by considering the
case of m = 2. By noting that

E* (f <77§31,772‘32, ---,UIEM;9T> f (772‘3771,772‘37727 -.-,nZ‘ETfM;GT))
= 0 for |7| > M,

11



2
[
NE

T=—M t=2M
M —-M T—-M T—-M T—-M T—-M
= T E _TT_M E E f ’I]il,...,nir,...,niM,eT
T=—M t=2M i1 i M Trt M

~2 ~2 ~2 )
X f (771;’---anm,w--anm,+T7 T>‘

Hereafter, let 70 < min;<p, |74], 70" < max;<ps |74], 7 < 73 < ... < 70" Thus, for a generic m,
1 & "
" (T1/2 thfM <9T>>
Tm/2 1 Z Z E" ( <n;?\/1—717' 777M T179T)
T1=—M  Tm=—M

X...X f <77§?w—7m7 ...,nﬁ_m;@T)) 1 {maxn — min7; < M}

i<m i<m

- Tm/2 1 Z Z TM+T(m) Z Z Z

Tlf—M Tm=—— 1 2M 7 (1) =2M i ('m) =2M
T—-M

T—M _
Yo Z - Y (f<ﬁ§l,...,ﬁi(l),...,ﬁi(m),...,”ﬁfM;5T>

i =2M W=2M iy gy =2M

~2 ~2 ~2
X... X f (’f]Z (m)? ...,77Z»M, w1 L) M’ 7771 (m)+M7 T))

L ST S o SIS

T1=1 Tm=1 J1=2M J A= =2M J +(m) =2M
T-M

T—M -
Yo Z S DN U8 (T S S Y

Jm=2M =2M jM+T(7rL) =2M

12

"Mr

jM-H—(l)

2 ~92 ~2 ~2 .70
X... X f (an(m)’ (AR an7 (RS an(1)+M7 "'7,'7j7(nb)+]u7 0T>>

'~ m
It is immediate to see that, contrary to the case of m = 1, E* (T}/Q ZtT:l Jim (9T>> cannot be
expressed as a V —statistic, and thus the arguments used by HZ do no longer directly apply.

In fact, we can write
1 & N\
. <T1/2 thTM (GT)>
- Tm/2 1 Z Z ‘GTM+T(m)+Tm/2 1 Z Z ‘/QTM"'T(M)’

T1=—M T T1=1 Tm=1
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where for ¢ = 1,2 ‘ZT Marm) 18 N0t & V —statistic with M +7(™ elements, as different indexes appear
with different frequency, as for example ﬁi(m), ...,ﬁ?M appears m—times, while ﬁ?l, ...,/ﬁi(l) appears
only once. Hence, we cannot directly rely on the same argument used by Hidalgo and Zaffaroni for
showing first order validity.

As m is finite, we believe it is possible to find a sharp enough bound for I/}; however this is a

rather challenging task and we leave it for future research.

5 The Markov Bootstrap

For nonlinear, finite order markov processes it has been already established that the Markov bootstrap
can provide higher order refinements very close to those available for iid observations. Andrews
(2005) has considered the case in which the transition density is known in closed form, so that the
Markov bootstrap is indeed a parametric bootstrap, while Horowitz (2003) has considered the case
in which the transition density is unknown. More precisely, Andrews (2005) suggests to recursively
resample the data from the likelihood evaluated at the estimated parameters. Thus, the bootstrap
sample is generated by the same conditional distribution as the original sample, but with the "true"
parameters replaced by the estimated parameters. However, this approach is not directly applicable
in our context, as it is well known that y;, as defined in (1) is non markovian, though (y;,c?) are
jointly markovian. Nevertheless, if we knew the marginal density of the 7, say ¢, (-), then we could
draw from it T iid observations, and use them to recursively construct h; (@T) and y; in the same
manner outlined in the previous section. In this case, the only difference between the DGP and the
bootstrap DGP is the latter is generated using b\T instead of 6. As a consequence, we could obtain
higher order refinements along the same lines as in Andrews. Needless to say, this is not particularly
useful, as in general we do not know the marginal density of the errors.

For the case in which the transition density of a Markov process is unknown, Horowitz (2003)
has suggested to draw the observations from a kernel density estimator. For one-dimensional Markov
processes of order ¢, Horowitz shows that the error in the bootstrap estimate of one-sided and
symmetrical probabilities are Op (T'*¢) and Op (T~3/%*¢), respectively, where ¢ > 0 can be set
arbitrarily small.

The key point in Horowitz result, stated in his Lemma 14, is that the cumulants of the original
and bootstrap statistics differ only of a term of order T-'/?*¢_ which reflects the uniform rate at which
the estimated conditional density converges to the true one, provided one uses a "enough" higher
order kernel. In fact, because of the markov property, all moments, as well as smooth functions of
them, can be computed via the transition density. Thus it is enough to control the error between

the estimated and the true conditional density, in a uniform manner.
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It is easy to see that f—mixing GARCH processes, with exponentially decaying mixing coeffi-
cients, are approximate Markov, according to the definition of Horowitz (2003, Section 4.3).

Though, one of the assumption in Horowitz, i.e. Assumption 4, requires that y; has bounded
support. In the GARCH context, if the innovation has unbounded support, as in the case of normal
innovation e.g., then also 3; has unbounded support and Assumption 4 is violated. Needless say, the
boundedness of the support is part of a set of sufficient conditions, and therefore we cannot claim it is
indeed necessary. We leave the study of possible higher order refinements via the Markov bootstrap

for future research.

6 Simulation results

Table 2 in Gongalves and White (2004, p. 209) reports the coverage rates of nominal 95% symmetric
percentile intervals for an ARCH(1) process, both using asymptotic theory and the block bootstrap.
They consider sample sizes T equal to 200 and 500 and, for » = 0 (in their notation, p implies
that 7, in (1) follows a itdN (0,1) distribution). We extend their simulation experiment to the
case of a GARCH(1,1) model as in (1), where the true parameter vector is given by (91, 05, «9;)/ =
(0.8,0.1,0.8)", and 7, is either iidN (0, 1) or a t—distribution with 5 degrees of freedom (¢5). We use
the MBB of Kiinsch (1989). Since our model is a GARCH(1,1), a more complicated process than
the simulated ARCH(1) of Gongalves and White (2004, page 209, Table 2), we report results for
sample sizes 300 and 500. The number of Monte Carlo replications is set equal to 4000. Table 1
reports the results of coverage rates of nominal 95% symmetric percentile-t intervals both using the
QML asymptotic approximation (ASYM) and our block bootstrap procedure (Bboot). We report the
confidence intervals (C. I.) for 65 and 3. For the block bootstrap procedure (Bboot), we have used
999 bootstrap replications. We provide the results for block sizes [ = 1,5,10,25 and 50. When the
block size is equal to 1, the block bootstrap only ensures first order validity; and then the difference
in the empirical coverage rate will illustrate the degree to which higher-order improvements help?.
Pascual, Romo and Ruiz (2006, Tables 1 and 2, p. 2299-2300) provide simulation results for a normal
and a t5 innovation process in the GARCH(1,1) context. Their simulation results provide evidence of
the good performance of the residual based bootstrap procedure, although as far as we know, there
are no theoretical results available in the literature that support the existence of refinements with

this type of bootstrap.

3We are very grateful to one of the referees for pointing this out.
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Table 1: Empirical coverage rates of nominal 95% symmetric percentile-t intervals for GARCH(1,1)

Bboot

)y T |C.Lfor | ASYM |I=1|1=5]1=10]1=25|1=50
itdN(0,1) | 300 65 85.7 | 86.1 | 89.7 | 90.4 89.3 90.2
03 81.1 83.3 | 90.2 | 91.1 87.4 89.2

500 65 92.8 91.1 | 92.7 | 92.6 93.2 91.4

03 87.2 88.1 | 89.5 | 93.7 93.1 92.2

ts 300 0 81.3 82.1 | 84.1 | 85.3 86.1 85.4

03 76.1 78.3 | 79.2 | 78.1 79.1 79.4

500 65 88.1 89.3 | 90.1 | 89.7 90.3 91.2

03 83.1 84.2 | 8.1 | 87.1 86.1 87.4

From Table 1, it is immediate to see that when 7, is 7idN (0, 1), the empirical coverage of ASYM
is substantially below the nominal one, specially for #3, even with samples of 500 observations. Also,
for sample of 300 observations, the empirical coverage of ASYM is substantially below the nominal
one for both 8, and 65.

The bootstrap empirical coverages for €, and #3 seem to be rather robust to the choice of the
block size, provided [ > 10. The improvements in coverage of the block bootstrap relative to first
order asymptotics are noticeable, specially for €3 for 500 observations, and for both 6, and 5 in
the case of 300 observations. This shows the usefulness of the block bootstrap in this context. The
simulation results of Table 1 when 7, is drawn from #dN (0, 1) innovations, all the moments of 7,
exist, and thus conditions in Theorem 2 are satisfied. Moreover, when [ = 1, the bootstrap only
ensures first order validity. Indeed, as expected, the improvements over asymptotic normality, are
smaller than in the case of [ > 10. This demonstrates once again the usefulness of the block-bootstrap
in providing refinements when the block size is carefully chosen.

Finally, Table 1 also reports the results for the case in which the innovations are drawn from t-
distribution with 5 degrees of freedom. Hence, the conditions in Theorems 1 and 2 about the existence
of a sufficient number of moments, are clearly violated. Even if the block bootstrap performs much
worse than in the case of normal innovations, it still provides some improvement over asymptotic

normality.
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7 Appendix

The proof of Theorem 1 and Theorem 2 below require the following Lemma, which ensures that the
Gotze and Hipp conditions (1994) for the existence of the Edgeworth expansion hold for the GARCH

case.

Lemma A1l:

Let Assumption A hold and assume that E (nf(dl”“+2)> < 00. Then there exist constants K; < oo

and & > 0 such that for arbitrarily large ¢ > 1 and all integers m € (6_1,T ) and 7 € Rdim(ft’dhk)
with § < ||7|| < T*:

2m—+1
E (exp (iT, Z ft,dl,k (HT)> | {773‘ : |j - m| > Kl})
t=1

where 7); is the innovation process in (1), i = v/—1 and fy 4, , (HT) = (it fotdrsr f31d,,) and for

(15) E < exp (—0),

t=1,2,3 f,ta,, is the vector containing the unique components of the score and the outerproduct

and their derivatives through order d, j, evaluated at 0" and defined in (10).

Proof of Lemma A1l:
We proceed in two steps. First we show that we can express f;q, , (QT) as a function of all the past

innovation, i.e., we can write
(16) fran, (00 =T (n,;: 5 > 0;6"), i € Z.

Then, we show that ft,dlykGT satisfies conditions (i)-(iii) in Lemma 2.3 in Gétze and Hipp (1994), and
hence the statement follows.
We begin by showing (16). Recall that the element of f; 4 , (QT) are the derivatives of the centered

score and Hessian up to order d; ;. Now, straightforward calculations give:

Vohy(67)

vGLt(‘gT) = ht(eT) (77? - 1) )

) 1, V2he(01)  Vohi(01)Vohe (0 1 ,Voh (6 Vehy (01
R ] e T R L
VaL: (07)
1, Vihe (01)  Voh, (1) '@ Vih, (07)  2(Vohi (07) ' ® Vohy, (07) @ Voh, (67))
AR by G n2 (07) " 03 (67
1, [ (Vohi (67) @ Vohy (6") @ Vohy (6'))  Vohi (67) @ Vihy (67)°
2" nt (67) nt (o)
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It now becomes apparent, that in the computation of Vth (QT) , by the law of iterated expectations

[ (((Vohy (07) '@ Vb, (07) @ Voh, (61))
ak ( i (0 )]
. [ (Vohy (61) @ Vohy (67) @ Vohy (9*))]
N h; (6")

and the term of higher order for generic % is

5 ((Vght (61) ' ® Voh, (6") @ .. @ Voh, (67) '))
hi (6) '

From Lemma 1 in Lumsdaine (1996, equations A1.1-A1.4), it follows that for i = 1,2,3
i\ * 2%k k (ot
E ((vgiht(@ >) is of the same order of magnitude as F ( Vi ) = F <ht_J G )nfk]) for any

he (67) G G
j < t. Therefore, a necessary condition for (ngl,__gjk Ly (OT)) < o0 is that E (n?fj) < 0.

Indeed, this is also a sufficient condition. In fact, Ling and McAleer (2003, p.304) show that a suffi-
(Vohe (07 )@Vghi(61))
G

can be used to show a sufficient condition for F (ngl__gjk Ly (HT)> < 00 is that F (n?k) < 00.
From the expression for VoL, (6), V2L(0), ..., VEL,(0) we see that they can be expressed as ratios of

cient condition for the existence of ( > is that F(n}) < co. The same argument

products of derivatives of h; (7) over power of hy(6"). Recalling that,
hu(8) = 0 |1+ ST T (B, + 05) |
we have that,
Vo e = 1+ 3200 T, (B + 65)
and that
t—2 pk t—2—k pnj
Vo, hy = b1 Zk:o 03 Zjlzo ‘9%1 77%—]&—1
t-3 gk ~t—2—k o1
201023 20032 521 D i< 03 M jy—1"Ti—jp1
2 ~t—4 pk ~t—2—k j3—2
3010530420 03 22520 D iacs 2ojiein 05 Mgy
+...
-1 x~t—I—1 gk x~t—2—k —(—1)
+10105 "> o 03 Zjl:l—l i< 2j1<j2 0 77?—3‘1—1“'77?—;'1—1
+..+
t-2x0 gk x—~t-2—k jo1—(t—2)
(t - 1) 9192 Zk:o 93 Ejt_lzth Jt—2<Jt—1 """ Zj1<j2 9?; ' /’7152—j1—1"/’7?—jt—1—1
V@lht/h: - 1/01
and
t—2 k— t—2—k nJ * t—2 pk t—2—k . i1—1 2%
Vo, hi = 0102 {Zk:O ko3 1Zj1:O 9?’)1773—3‘1—1 + 2 k=003 Zjlzo J10%' 77t2—j1—1
t—3 k— t—2—k jo—1 94 *
+6,05 [Zk:o ko5 ng,:l Zj1<j2 05 771?—]‘1—177?—;'2—1
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t—3 pk t—2—k . jo—2 9% *
+ Z 003 erl Zj1<j2 (jo—1)0% 77%—]‘1—177?—]‘2—1
3 t k—1 t—2—k 2 9
1010, [Zk K037 jama 2jacis 2o 0y 0y PR Y

4 —2—k 3
+Zt ‘gk Z;3:2 Z]2<J3 thz ( J3 2) 0]3 7715 Ji— lnt —Jj2— lnt —Ja— 1] +
ot

l t— l 1 k—1 t—2—k Ji— 2%
+919 [ 9 Z]z =l-1 Zj171<jz"'zj1<he nt —j1—1Th—j,—1

t—l—-1 pk t—2—k l *
+2 k0 03225501 20 g 2oy Ui — (1 =1)) 0y -1 n?—jz—l] +
+...+
— t—2—k . jt—1—(t—1 * *
910; ! th,1:t72 th72<jt71 o Zj1<j2 (]tfl - (t - 2)) 9‘:]; 1 )ngfjlfl"ntgfjt_lfl‘

Thus, we can write fiq, , (6*) = (fiiar, (QT) ot (QT) favds s (9*)) )
(17) frare =T (n_;:120), t€Z

where 7, is 7d(0, 07) with positive and continuous density, I' is a measurable function I' : R* —

R3*241k For y €RZ and x € R define (y,z)! as the sequence with coordinates,

Yi 1<t
Yi-1 1>

Recalling that £ (774(d17k+2)) < 00, it follows that E (HF ((77, a:l)t) H) < o0. Also, given assumption A,
fta,,, is B—mixing with mixing coefficients decaying at an exponential rate. Hence, condition (i) in
Gotze and Hipp (1994, Lemma 2.3) follows, i.e.

There exists K < oo and @ > 0 such that for j € Z and z1,25 € R

E|T ((n,21)") =T ((n, 22)") | < Ke M2y — a,].

As all partial derivatives of the Gaussian likelihood for GARCH(1,1) models are almost surely contin-
uous provided the innovation process has a continuous positive density, then condition (ii) in Gétze
and Hipp (1994, Lemma 2.3), follows, i.e.

For ¢t € Z there exists A, C R, P(A;) = 1, such that for all zy € A;, 3,6 > 0, there exists 7 > 0
satisfying

0
PlyeR?:Vz € R, |z — mo| < 7, 8_ft’d1 . exists at the point (y,z)" and
Mo

%f () 1) — %f (r.20))| <3) > 1.
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Finally, for a Gaussian likelihood, the partial derivatives, with respect to the same argument, of
the various component of f; 4 , are not linearly dependent; also the partial derivatives of a given
component of f; 4, ,, with respect to generic 6d, , arguments, are not linearly dependent. Hence, (iii)
in Gotze and Hipp (1994, Lemma 2.3) follows, i.e.

For some distinct [y, ..., lgq, ,, > 0,

det (Z aift,dl.,k =1, ...,6d17k> £ 0.

—o 9ty

on a set of positive P-probability.

Proof of Theorem 1:
(i) We begin with the "only if" part. As we are interested in necessary conditions it suffices

to consider T1/2 (@T - 01) . We first need to establish the existence of a stochastic expansion of
TV? (@T — 6’1) up to a term of order o (T_%> . Given A, and assuming that E(n}) < oo, it follows
that T7"/2 (@T — HZT) is asymptotically normal (see e.g. Bollerslev and Wooldridge 1992), thus

T/ <5T - 9*) = TV = Op(1).

Let Ly (0) = %Zle L, (0), then the Taylor expansion of VyLr <§T> around 67, up to the k order

writes as

0 = VoLy (0") + ViLr (07) 67
1 Zj’l:l 232:1 V910]16]2 LT (QT) (5T7.715T7]2
_'_5 Zj’lzl ij:l v929j19j2 LT (01-) 5T7.j1 (5T’j2
2?1:1 232:1 v03911 0o Ly (QT) 5T7j15T,j2
231:1 Z?kzl v919j1---9jkLT (QT) 5T,j1 X 5T,j2 X ... X (STJ'k
+...+ E E;:l Z?kzl v929j1"'6jk Lr (QT) 5T,j1 X 6T,j2 X ... X 6T,jk
Z?lzl Zj'kzl V939].1“.9jk LT (QT) 6T,j1 X 5T,j2 X ... X 5T,jk

+eri1,T,

where V@lgjlmgjk Lt (QT) denote the £ + 1—th derivative with respect to 0,,0;,,...,0,,, and 67, the
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Jjr—th component of 0. Thus,
TV? (ET — ot )
~1
(=L (0) " (Tl (0)
1 Z?121 Z?221 v910]-19j2 LT (QT) 6T7j15T,j2
+§Tl/2 23121 232:1 V929j19j2 LT (HT) 5T7j1 5T’j2 T+
> ey Vso, 05, Lr (07) 615,07,
1 Z?lzl Z?kzl Vngjlmgjk LT (QT) 5T,j1 X 5T,j2 X ... X 5T7jk
+ET1/2 Z?lzl Ej‘)kzl V920j1~~-9jkLT (QT) (STJ1 X 5T,j2 X ... X 5T,jk
231:1 E?kzl v919j1'"9jk LT (HT) 5T,j1 X 5T,j2 X ... X 5T7,jk

+T %41 7.

Hereafter, V’gLT (9*) is the matrix with generic element Vlemgjk Lt (QT) , 7 = 1,2,3 for all 7. The
expression for VgL, (HT) , VoL, (GT) , VoL, (HT) , etc. have been already provided in the proof of the
Lemma.

Recalling that, F (Vglgjl__@jk Ly (QT)> < oo is that F (n?k) < o0, in order to have an Edgeworth
expansion for the LHS of (11) , up to the k—th term, we need the existence of the (k+2) moment of the
(k+2) derivative of the score and the outerproduct, which in turn requires that £ (77,52 (k+2)(k+4)> < 00.
(ii) We now turn to the "if" part. Given Assumption A and recalling (17), we have that there exist

a constant K, and a > 0, such that for m > 1,

(18) E (“F (nt7 Me—1s -+ Tt -+ T 770) -T (nt’nt—lu o Me—my> 07 ) 0) H) S Kexp (—am) .

Lemma Al ensure that condition (15) is satisfied. Now, let d;; = k + 3, where d; x is defined in
Lemma Al. Recalling (10), E (nf(k+3)(k+5)> < oo ensures that the £ + 3—th moments of all the
component of f; ;i3 is finite. Now, the latter condition, plus (15) and (18) ensures that (see e.g.
Gotze and Hipp (1983, p.216-217) that

lim 72 sup
T—o00 2€R

=0,

P (G (ST,;C+3(0T)) <z)-— (1 + ZT‘l/Qm (8/8z)) d(2)

i=1

where ST7]€+3(0T) = %Zthl ft7k+3(9T). Finally, by Proposition 1 in Hall and Horowitz (1996),
Tlim T"/? <sup ‘P (G (ST7k+3(9T)) < z) — P(ty, < z)‘ > T’f/2> —0.
—og ZER

The statement then follows.

Hereafter, let P* denoting the probability law governing the block bootstrap, E* and Var* the
mean and variance operator under P*, also %> and %, denote convergence in probability and in

distribution under P*, conditionally on the sample.
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Proof of Theorem 2:

It is immediate to see that our set-up can be casted into Andrews (2002) set-up, with L; (6)
playing the same role as p(X;;0) and k = 1, as the score is a martingale difference sequence. Now,
given (18), Assumption 1 in Andrews (2002) holds, and given Lemma A1 his Assumption 4 is satisfied
too. As all the derivatives of the gaussian likelihood are continuous, and recalling that, because of
Lemma 1 in Lumsdaine (1996), E (Va,, .o, Lt (601) ) < oo if and only if E (1) < oo, it follows that
Assumptions 2, 3 and 5 in Andrews were satisfied if we assumed that the innovation process has all

(77 (dl ktda, k+2)(k+2)17)

moments finite. On the other hand, we have only required that F < 00, where

iy >k+3,doy >k+1,and p > 2(1/+§ The moment conditions on the likelihood derivatives
of the elements of fi; 4, , (QT) play a crucial role in the proof of Lemma 14 of Andrews. Here, we
proceed by showing that the moments conditions imposed on the innovation term ensure that the
statement in his Lemma 14 applies also in our context. The rest of the proof comes straightforwardly
from Andrews (2002).

Define the bootstrap analog of (10), that is:

dy,k

(19) firar, 0 = (VoL; 0). - V™ (VoL (0)) Vo Ly Vo Ly (6) ., Vi (VoLiVaL; (9)') )

where V, L, (0) = Vo, L: (0) — E* (Vy, L} (0)) , and
Vo, L, Vo, L, (0) = Vo, LiVg,Li () — E* (Vo,L;Vy,L; (0)') . Also, define

T
1
ST7i7d1,k(9T) . T E fi7t,d1,k (0
t=1

T

* n 1 * N

T,i,de(QT) = T Z fz’,t,dl,kwT)
t=1

Given A, d; > k + 2, 7 > 0, there exists an infinite differentiable function G(-), with G(S;) = 0 and
G(S¥) =0, where S; = E (Srq,, (07)), St = E (S;,i,dl . (§T>> , such that, for k = 2,3

(20) :,llm sup T*/? }Pr to, 7 < z) — Pr (Tl/QG (ST,i,dl,k (HT)) < z)‘ =0
and
(21) Tlim sup T*/? ‘Pr to,r < z) — Pr (T1/2G < Tldlk(QT)> < Z)‘ =0

Let Uy = T2 (Si,T,dl,k<6T) - K (Si7T,d1,k<9T))) and W5, 7 = T2 (Si*,T,dl,k<b\T) - E” <S§‘,T,d1,k (/éT)>> 5
and let W; ;. r; be the j — th element of VU, ; 7. Define

(22) virk = E (Ta(m)H,Tzl‘Ifi,k,T,ju)
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and let v; , = limy_,o v; 71, and
(23) Bors = B (T, 07 )
where a(m) = 1/2 if m is odd and 0 if m even, and 2 < m < k + 2. We need to show that

(24) lim TF2P (|TY2E* (7, W} p,) — TVPE (I Wy gopy) | > ¢T7¢) =0

T—o00

for some ¢ > 0, and

25 lim 7%\ T"?E (I W, 7;,) — lim TY?E (I W 7;5,)| = 0
.7 I

T—o0 T—o0

Hereafter, as the arguments used in the proof are the same across all 7, when there is no risk on
confusion, we omit the subscripti. Let fiyq, , (07) and f; "ty i (9T> be defined as (10) and (19),
respectively. Define ft,k = fitdi (QT) — E (fitar, (GT)) and ft,k = fitdi, (§T> — E* <f;ft,d1’k (9})),
also let Y; = Ztebj ?t,lw }7] = Ztebj T:k, and Y* = >, . 7:k, where for j =1,....7;, T, =T — 1 + 1,
bj=(j,...,j+1—1)j=1,..,band b} is an 4id discrete] uniform random variable which is equal to
b; with equal probability 1/7;. As shown in Andrews (2002), the most difficult case is that of m = 3.

Now,
PR (L 0,) = 7YY Y B )
Jj1=1j2=1j3=1

= T7%E* (V3) = 71! ZW

3
If for some C' < oo, and fori,j = 1,2,3 F ((le whdzk (Vo, Ly (0) Vo, Lt (0)')) p) < C' uniformly in

a neighborhood of 07, with diy > k+3,dyr > k+ 1, p defined as below and if £ + v < 1/2, then
from Andrews (2001),

T,
(26) lim T*/2P <T‘1le‘1 Sy -y > T—f> = 0.

T—o0

J=1

Given (26), in order to show (24), one has to show that B; and B, below approach zero, where

> T§>

By = lim T¢|T7E (V) = T'V2E (IB_, Wi r,.)| .

T—o0

T

TS (7 - B (7))

J=1

T—o0

B, = lim TF?p (

and that
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By Markov inequality and a double application of Yokoyama-Doukan inequality (Doukhan 1995,
p-25-30), there exists a constant C' and § > 0 such that,

T p
B, < o7k - g le—l Z (Yf’ _E (ng))
j=1
___3p(3+8)
< O lim TF/2+eE-1gp/2p3p/2 (E ‘f1k|3p+46> GFOGE+)+)
- T—o0
___3p(3+4)
7 < € Jim TR (g [F, ) TR
—00
. 3 +45
Thus, By — 0, provided p > W and if £ ‘flk‘ g

Also, by the proof of Lemma 14 in Andrews (2001), it follows that for the case of m = 5, we need
p > k/(3 —2¢ —4y), requiring & + 2 < 3/2, which is implied by £ +v < 1/2 and F |f1 k‘5p+46

Given (10) and the last line of (27), it suffice that the first mp+46-th moments of all score derivatives
up to order (dyx + da ) exist. In the proof of Lemma A1l we have shown that £ ((VELT (HT))m) <

2(7‘1 +T‘2)

oo if and only if E (77 < o00; by the same argument, and as a straightforward conse-

quence of the chain rule ((Vgi (LT (91‘) Ly (9T)’)>T2) < o0 if and only if E <77t(7“]1+r2+1)) < 0.

mp+45>

Now, recalling that 2 < m < k + 2, setting 6 = 1/4, it follows that E <|?1k‘ < oo and

E (V5 (V01 0) Vol 0))) ™) < oo i B (n (d““*d““)(k“)p) < oo, where dyg > k43,

day > k+1, and p >
E <n§(2k+6)(k+2)p> < o0,
As for B, along the lines of proof of Lemma 14 in Andrews (2002), recalling that [ = 77,

Wi—v)' Thus, the left hand side of (27) is approaching zero, provided

T=%E (YY) — T'?E (IB_, ¥, 7,

! 3 T T T
= %E (Z 71,]4) - % Z Z Zﬁhk?i%k?i&k

i—1 i1=119=112=1
-1 -1
(i1 + iz) T T 7
= Z <1 — ) E (fO,kfil,k‘fiz,k‘>
—l+1i9=—1+1
T-1 T-1
(i1 + i2) < 7 7
_X ( ) E (fO,kfil,kfiz,k) :
i1=—T+1i0=—T+1

Now,

-1 T—1
Yy Z (ForfipFionr) — D Z (ForTinTnr)| =

ir=—l4+1ia=—I+1 i1=—T+1i3=—T+1
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by the Doukhan mixing inequality (1995, p.9), provided v > . Also,

Z Z (i +i2) E fokfnkfzzk) -
117—T+1 sz—T“l‘l
by mixing inequality, and
-1
Z Z (i1 +i2) B fOkfukfzzk) — 0,

i1=—Il+1i0=—1+1

provided £ < 7. The statement in (24) follows by the same argument used to show that By — 0.
Finally, from (24) and (25) it follows that

lim T%2pP (Iﬁmc — Vig| > Tg) =0.

T—o0

The statement in Lemma 14 in Andrews then follows.
[ |
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