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COMPOSITION OPERATORS ON WEIGHTED BERGMAN-ORLICZ SPACES
ON THE BALL

STEPHANE CHARPENTIER

ABSTRACT. We give embedding theorems for weighted Bergman-Orlicz spaces on the ball and then
apply our results to the study of the boundedness and the compactness of composition operators
in this context. As one of the motivations of this work, we show that there exist some weighted
Bergman-Orlicz spaces, different from H, on which every composition operator is bounded.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. Let By denote the unit ball in CV and ¢ an analytic map from By into
itself. In this paper, we are interesting in characterizing the continuity and the compactness of
composition operators Cyp, defined by Cy (f) = f o ¢, on weighted Bergman-Orlicz spaces. On
the classical weighted Bergman spaces Ak (By), or on the Hardy spaces H? (By) as well, the
boundedness or the compactness of Cy can be characterized in terms of Carleson measures (see
e.g. [1]). In one variable, the Littlewood subordination principle is known to be the main tool to
show that composition operators are always bounded on these spaces, whereas B. MacCluer and
J. Shapiro exhibited self-maps ¢ on By (N > 1) inducing non-bounded composition operators
on AL (By) or on HP (By). As for the compactness, the same authors gave an example of a
surjective analytic self-map of D defining a compact composition operators on these spaces ([9]).
In comparison, it is easy to check that every Cy is bounded on H* and is compact if and only
if ||¢|l,, < 1, whatever N > 1. This arises the question: what is the behavior of composition
operators on significant spaces between H> and A% (By) (or HP (By))?

This question motivated P. Lefevre, D. Li, H. Queffélec and L. Rodriguez-Piazza to start, since
2006, a systematic study of composition operators on Bergman-Orlicz spaces A% (D) and Hardy-
Orlicz spaces HP (D) on the unit disk of C (e.g. [6l [7, 4, [5]). Indeed, these spaces reveals to be a
satisfying intermediate scale of spaces between H* and the classical Bergman or Hardy spaces,
depending on the growth of the Orlicz function . As a part of their work, they gave an analytic
surjective self-map ¢ : D — D such that Cy is compact on H? (D), extending the preceding result
by MacCluer and Shapiro. They partially solved the same problem in the context of Bergman-
Orlicz spaces, by underlying the fact that the compactness of Cy on some Hardy-Orlicz spaces
implies the compactness of Cy on the correspondant Bergman-Orlicz spaces. By the way, they
prove that it is unlikely to find Orlicz functions 1 such that compactness of composition operators
on AY (D) (and definitely on H? (D)) should be equivalent to that on H>.

Yet, looking at the several variables setting, the same kind of question arises, but now even
for continuity, since there exists symbol ¢ such that Cy is not bounded on the classical Bergman
spaces AP (By ), although every Cy is bounded on H*°. The purpose of this paper is to investigate
this problem for weighted Bergman-Orlicz spaces, that is to answer the question: does there exist
some Orlicz function 1 such that every composition operator is bounded on the weighted Bergman-
Orlicz space Ag (Bx)? To do this, we need to characterize boundedness of composition operators
on Bergman-Orlicz spaces, in a general enough fashion. By passing, we give a characterization
of the compactness of Cy on AY (Bx), which may arise new questions and provide eventually a
better understanding of the behavior of composition operators on these spaces.

We have to mention that, in 2010, Z. J. Jiang gave embedding theorems and characterizations of
the boundedness and the compactness of composition operators on Bergman-Orlicz spaces AY (Bn)
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2 COMPOSITION OPERATORS ON BERGMAN-ORLICZ AND HARDY-ORLICZ SPACES

when 1) satisfies the so-called Ay-Condition ([2]). This condition somehow implies that the space
AY (By) is “closed” to a classical Bergman space and, as we could guess, these characterizations
are the same than that known for Bergman spaces; their applications to composition operators do
not provide different results from that obtained in the classical framework; especially, they give
no information for “small” Bergman-Orlicz spaces, in which we are especially interesting in.
This paper is organized as follows: after introducing the notions and materials in Section 1,
we give, in section 2, general embedding theorems for weighted Bergman-Orlicz spaces. Precisely,
given two arbitrary Orlicz functions ¥ and s, we exhibit in Theorem and Theorem 2.9
necessary and sufficient conditions on a measure p on the ball under which the canonical embedding
A (By) < L¥2 (1) holds or is compact. In general, we do not get characterizations, yet we sec
that we do when v = 1) satisfies some convenient regular conditions. In Section 3, applications
are given to composition operators and, as a consequence, we exhibit a class of Orlicz functions
defining weighted Bergman-Orlicz spaces on which every composition operator is bounded.

1.2. Orlicz spaces - Notations.

1.2.1. Definitions. In this whole paper, we denote by ¥ : R,y — R, an Orlicz function, i.e. a
strictly convex function vanishing at 0, continuous at 0 and satisfying

@ — +00.
xT T—00

Note that an Orlicz function is non-decreasing. Considering a probability space (2, P), we define
the Orlicz space LY (Q) as the space of all (equivalence classes of) measurable complex functions
f on Q for which there is a constant C' > 0 such that

/Qq/)<‘—£‘>dﬂl’<oo.

This space may be normalized by the Luxemburg norm

£l = inf{c >0, [ (%’) P < 1} |

which makes <Lw (Q), ||Hw) a Banach space such that L> (Q) C LY (Q) € L' (©2). Observe that

if 1 (x) = xP for every x, then LY (Q) = LP (Q). It is usual to introduce the Morse-Transue space
MY (), which is the subspace of LY (Q) generated by L> (£2).

To every Orlicz function v, we shall associate its complementary function ® : Ry — R, defined
by

O(y) = sup {zy — ()}
$ER+

We may verify that ® is also an Orlicz function (see [10], Section 1.3). If both L® () and LY (Q)
are normed by the Luxemburg norm, then L® () is isomorphic to the dual of MY (Q) ([I0, IV,
4.1, Theorem 7]).

1.2.2. Three classes of Orlicz functions. We now introduce essentially three classes of Orlicz func-
tions which will appear several times in this paper. This part may appear a little bit technical,
but we would like to convince the reader that this classification, which permits to get a meaningful
scale of Orlicz spaces between L and LP, is quite natural.

e The first class is that of Orlicz functions which satisfy the so-called As-Condition which is a
condition of moderate growth.

Definition 1.1. Let ¢ be an Orlicz function. We say that 1 satisfies the As-Condition if there
exist xg > 0 and a constant K > 1, such that

¥ (20) < K¢ ()

for any = > xg.
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For example,  — azP (1 +blog (x)), p > 1, a > 0 and b > 0, satisfies the Ay-Condition.
Corollary 5, Chapter II of [10] gives:

Proposition 1.2. Let ¢ be an Orlicz function satisfying the As-Condition, then there are some
p > 1 and C > 0 such that ¢ (z) < CaP, for x large enough. Therefore, LP C LY C L', for
some p > 1.

e The two following conditions are also regular conditions which are satisfied by most of the Orlicz
functions that we are interesting in.

Definition 1.3. Let ¥ be an Orlicz function. We say that ¢ satisfies the V(-Condition if there
exist some zg > 0 and some constant C' > 1, such that for every xy < x <y we have
b (20) _ % (20y)
Y(z) — Py
We refer to Proposition 4.6 of [6] to verify that we have the following:
Proposition 1.4. Let iy be an Orlicz function. Then 1 satisfies the Vo-Condition if and only

if there exists xo > 0 such that for every (or equivalently one) B > 1, there exists a constant
Cg > 1 such that

¥ (Bx)
¥ (x)

Y (BCpy)
Y (y)

<
for every xog <z < y.
Furthermore, the following class will be of interest for us: 1 satisfies the wuniform Vj-
Condition if it satisfies the V-Condition for a constant Cz > 1 independent of 5 > 1.
e Finally, one defines a class of Orlicz functions which grow fast:

Definition 1.5. Let ¢ be an Orlicz function. 1 satisfies the A2-Condition if and only if there
exist zg > 0 and a constant C > 0, such that

¥ (2)* <4 (C),
for every x > xy.

The convexity and the non-decrease of Orlicz functions give the following proposition, whose
content can be found in [I0, Chapter II, Paragraph 2.5, pages 40 and further| or in [3, Chapter
I, Section 6, Paragraph 5]:

Proposition 1.6. Let 1 be an Orlicz function. The assertions:

(1)% satisfies the A%-Condition;

(2) There exist b> 1, C >0 and 2o > 0 such that 1 (x)° < o (Cx), for every x > xo;

(3)For every b > 1, there exist C, > 0 and xgp > 0 such that ¢ ()" < o (Cyzx), for every

T 2> Top-
are equivalent.

The next proposition ([10, Chapter II, Paragraph 2, Proposition 6]) shows that an Orlicz
function which satisfies the A%2-Condition need to have at least an exponential growth.

Proposition 1.7. Let ¢ be an Orlicz function which satisfies the A?-Condition. There exist
a >0 and xg > 0 such that

¥ (z) > e,
for every x > xg.

If ¢ satisfies A2-Condition, we shall say that L¥ (Q) is a “small” Orlicz space, i.e. “far” from
any LP () and “close” to L.

To finish, we recall Proposition 4.7 (2) of [6]:

Proposition 1.8. Let ¢ be an Orlicz function. If 1 satisfies the A%-Condition, then it satisfies
the uniform Vo-Condition.
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Let us notice that for any 1 < p < oo, every function x — z? is an Orlicz function which
satisfies the uniform Vy-Condition, and then the Vy-condition. It also satisfies the Ag-Condition.
Furthermore, for any ¢ > 0 and b > 1,  —— | belongs to the A?-Class (and then to the
uniform Vy-Class), yet not to the Ag-one. In addition, the Orlicz functions which can be written

T — exp (a (In (z + 1))b> — 1 for a > 0 and b > 1, satisfy the V(-Condition, but do not belong to
the A2-Class.

For a complete study of Orlicz spaces, we refer to [3] and to [10]. We can also find precise
information in context of composition operators, such as other classes of Orlicz functions and
their link together with, in [6].

1.3. Weighted Bergman-Orlicz spaces on By. Let @ > —1 and let dv, be the normalized
weighted Lebesgue measure on By

dvg, (2) = cq (1 - |z|2>adv (2),

where dv is the normalized volume Lebesgue measure on By. The constant ¢, is equal to

_I'(nt+a+1)
Ca ™ nl(a+1)
With the notations of the previous subsection, if (2, P) = (By, dv, ), then the weighted Bergman-
Orlicz space A% (By) on the ball is H (By) N LY (By), where H (By) is the space of holomorphic
functions on By, and where the subscript « remains that the probabilistic measure is the weighted
normalized measure dv, on By. We have A% (By) C AL (By) and it is classical to check that, if
AY (By) is endowed with the Luxemburg norm ||. | »» then it is a Banach space.
For a € By, we denote by §, the point evaluation functional at a. The following proposition
infers that d, is bounded on every A% (By).

Proposition 1.9. Let o > —1 and let ¢ be an Orlicz function. Let also a € By. Then the point
evaluation functional 0, at a is bounded on Ag (Bn); more precisely, we have

N « N «
Lyt (D)) <y g (AT
AN+1+a 1— |a| — IFall —= 1— |a| :

Proof. We denote by H, the Berezin kernel at a, defined by

1 "2 N+14+«
— |a
Hy(z) = [ ——14 .z € By.
+ (%) <11—<z,a>\2> v

: L]a] | VT
It is not hard to check -and well-known- that ||H,|,, = <17|a‘) and that ||Hgl/;1 = 1. Let

©q be an automorphism of By such that ¢ (0) = a. Fix f € A% (By) and set C' = Il yw- By
the change of variables formula (e.g. [12], Proposition 1.13), and using the subharmonicity of

P <7‘f2@a’>, we get

o (L < [ vty = [ o (L) @ o).

Since 1~! is non-decreasing, we obtain

a N+14«o
(@) < Cu! <<1f::) )

hence the intended upper estimate.
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Conversely, we compute d, (H,). It gives
[Hq (a)]
= Hallp

19l

L ()
(1- o) Tl

1 B 1—|—|(Z| N+1+a
1.1 > gt )
(1.1) = 4N+1+o¢w ((1—\@])

2. EMBEDDING THEOREMS FOR BERGMAN-ORLICZ SPACES

v

(by [6) Lemma 3.9])

We will need a version of Carleson’s theorem for Bergman spaces slightly different from the
traditional one. This is inspired from [5]. Anyway, as for the study of continuity and compactness
of composition operators on Bergman spaces or Hardy spaces of the ball in terms of Carleson
measure, we will need to introduce the objects and notions involved. We first recall the definition
of the non-isotropic distance on the sphere Sy, which we denote by d. For ((, &) € %, it is given

by

We may verify that the map d is a distance on Sy and can be extended to By, where it still
satisfies the triangle inequality. For ¢ € By and h € ]0, 1], we define the non-isotropic “ball” of
By by

S(¢C,h) = {z e By, d(¢,2)% < h}.
and its analogue in By by
S(C,h) = {z e By, d(¢,2)? < h}.
Let us also denote by
Q=3S((,h) NSy
the “true” balls in Sy. Next, for ( € Sy and h € ]0,1], we define
Wem ={seBr 1= < b e@ ) |
W ((,h) is called a Carleson window.
We introduce the two following functions g, and K, 4:
ou (h) = sup p (W (&, )
£eSy

where p is positive Borel measure on By. We now set

KM,O&

0u (1)
h) = .
) os<1t1£h tN+1ta

p is said to be an a-Bergman-Carleson measure if K, , is bounded. As
(2.1) NI v (W (6,1))
for every £ € Sy, this is equivalent to the existence of a constant C' > 0 such that

2 (W (57 h)) S CUOJ (W (57 h))

for any £ € Sy and any h € (0,1) (or equivalently any h € (0,hy4) for some 0 < hy < 1). Let
us remark that, in the definition of g, and K, o, we may have taken S (£, h) instead of W (&, h),
since these two sets are equivalent in the sense that there exist two constants C; > 0 and Cy > 0
such that

S(&,Chh) C W (£,h) C S (€,Cah).
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Next we may work indifferently with non-isotropic balls or Carleson windows if there is no possible
confusion.

We have the following covering lemma which will be useful for our version of Carleson’s theorem:

Lemma 2.1. There exists an integer M > 0 such that for any 0 < r < 1, we can find a finite
sequence {&}p, (m depending on r) in Sy with the following properties:

(1) Sy = U @ (&, 7)-
(2) The sets Q (&, r/4) are mutually disjoint.
(3) Each point of Sy belongs to at most M of the sets Q (&, 4r).

Proof. The proof, using a variant of [I2, Lemma 2.22] for the non-isotropic distance at the bound-
ary is quite identical to that of [I12, Theorem 2.23]. The fact that we can take a finite union follows
from a compactness argument. ]

From now on, M will always stand for the constant involved in Lemma[2.Jl We will now define
a maximal operator associated to a covering of the ball with convenient subsets. Let n > 0 be an
integer and denote by C), the corona

1 1

1
For any n > 0, let (§,,x), C Sn be given by Lemma 2Tl putting r = o For k > 0, we set

z

To = {Z €By\ {0}, — € Q(go,kal)} u{0}.

2]

Then let us define the sets T}, ., for n > 1 and k > 0, by

T = {eBx (0} 5 € Qg ) |-

|2|
We have both
U cn =By

n>0
and

UTo,kZBN and UTW:BN\{O},nZl.
k>0 k>0

For (n, k) € N2, we finally define the subset Ay of By by
Ay = Cn NThy
We have
Aory = (W (k1) NCo)U{0};
Apr = W <fn,k, 2%) NCp, n>1.
By construction, the A, ;)’s satisfy the following properties:
(1) U(n,k)€N2 A(n,k) =Bn.
(2) For every (n,k), Ap, ) is a subset of the closed Carleson window W <§n7k, 2%) and by

construction, we can find a constant C' > 0, independent of (n, k) such that

Vo <W (é-n,ka 2%)) < éva (A(n,k)) .
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(3) Given 0 < e < 1/2, if C¢ denotes the corona defined by

c,i:{zelaaN, (1+e) <1_2in> <ol < (1+4e) (1_%”

then each point of By belongs to at most M of the sets Afn k)’s defined by
Afory = (W (&ok,1+e)NCG)U{0};
1
Afn,k) = W <§n,k7 (1 + 8) 2_n> N C,i, n > 1.

This comes from the construction and the previous covering lemma. In particular, we have

> va (Afun) < Mua (By) = M.
(n,k)eN2

For any f € A% (By), we define the following maximal function A IE

(2.2) A= sw (If(2)) xan
A
n,k>0 " (k)
where XA (g 18 the characteristic function of A, ;). The next proposition says that the maximal

operator A : f —— Ay is bounded from AY (By) to LY By, vq).

Proposition 2.2. Let ¢ be an Orlicz function and let « > —1. Then the maximal operator A
is bounded from Ag (By) to Lg (Bn,va). More precisely there exists B > 1 such that for every
f €AY (By), we have

Agllye < 2B 1],
Proof. Fix f € A% (By) and set C = [l yu- We denote by cg, ) = sup (|f]) and let 7, 1) €

An,k)
C(n,k) Yolf| .
C

Ay ) be such that |f (74,p)| >

submean property, we have

(a8

is subharmonic, and by a usual refined

IN

> ( L M) Vo (i)

n,k>0

B A L) [ o ()

n k>0 Va (Afmk)) Ak

A classical computation shows that
Vo (Amk))
ve (A1)

where D, is a positive constant which only depends on . Therefore we get,

foGe)e < o2 [ v(@)n

n,k>0

< D,

Now, we have C, = Uk>0Af ") and, by construction of the A(n,k)’s, for every n, each point of C
belongs to at most M of the sets A( k) Then, for n fixed,

Z/ <|f|>dva<M C%q,p('—g')dva.

k>0 (n k)
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Next, we of course have By C U,>0C}, and each point of By belongs to at most 3 of the C}’s. It

follows that
D MZ/ <|f|> dvg,

n>0

m>dv
o[ o (&)

for some constant B > 1. Now, by convexity, we get

A
¢ <—f> d’l)a < 15
., (556

hence [[Agl[ v < 2B | f] 4o - -

éw\

<
7N
DO
oiky
~__

QL

S

9

A

IN

We state our version of Carleson’s theorem as follows:

Theorem 2.3. There exists a constant C > 0 such that, for every f € AL (By) and every positive
finite Borel measure i on By, we have

p({z €By, 2| >1—h and |f (2)] > t}) < CKpa (2h) va ({Af > t})
for every h € (0,1/2) and every t > 0.

Proof. The proof is quite identical to that of [5, Lemma 2.3]. Anyway, we prefer to give the details.
Fix 0 < h < 1 and t > 0. We identify i € N and (n, k) € N2 thanks to an arbitrary bijection from
N2 onto N. We will write i <— (n, k) without possible confusion. Define

I= {i<—>(n,kz),sup|f| >t}
Ay
and
1
Ih:{i<—>(n,k),h>— and sup|f|>t}.
on+1 A;

Denoting by W; the smallest Carleson window containing A;, by the three properties of the A;’s
listed above, we can find some constants C > 0 and C' > 0 such that

w({z€Bn, |zl >1—hand |f(2)] >t}) < ZM(A

i€l
< > W,
i€l
< O Ko (2h)va (W)
€1y,
< CCKua(2h) va (A).

i€l
The third inequality comes from (2.]) and from the fact that, for every i € Iy, as the radius of

Wi is smaller than —-, it is then smaller than 2h. Now, as each point of By belongs to at most
M of the A;’s, we have

D va (A) < Mug <U AZ) < Muy ({Af > t}).
el i€l
and

i({z € By, |2l > 1—hand |f(2)] > 1)) £ Kpa (2h) va ({Ag > 1)),

The last lemma gives the following technical result.
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Lemma 2.4. Let u be a finite positive Borel measure on By and let 11 and o be two Orlicz
functions. Assume that there exist A >0, n >0 and ha € (0,1/2) such that

1/hN+1+a
" a (Auy T (1/RNF )

for every h € (0,hy4). Then, there exist three constants B > 0, x4 > 0 and Cy (this latter does
not depend on A, 1 and ha) such that, for every f € AL (By) such that £l yor <1, and every
Borel subset E of By, we have

/Ew (‘f’>du</ﬁ( )2 (wa) +Cl77/ Y1 (Ay) dvg.

Ko (h) <

Proof. For f € A% (Bn), [Ifll jv1 < 1, and E a Borel subset of By, we begin by writing the
following formula, based on Fubini’s integration:

23) [ Uthdn= [~ v @nis > 0By

We concentrate our attention on the expression p ({|f| > t}). We use the upper estimate of
the point evaluation functional obtained in Proposition [[9] to get that if |f (z)| > ¢, then, since

HfHAm < 1, we have
_ 1+ |z N+lta
t 1
= n <<1 )

(2.4) < oNHltay -l (( ! >N+Ha>
' B ! 1— 2]

because 1 is a convex function. Inequality (2.4)) is now equivalent to the following one:

. 1/(N+1+a)
2| >1— | ———~
U1 (svies)
Carleson’s theorem (Theorem 23] then yields that
) 1/(N+1+a)
p({lf>t) = pl{lfI>nqld>1- | ———
U1 (srires)
1/(N+1+a)
~ 1
(2.5) < CKpua |2 — N va ({Af >1t}).
¥ <2N+1+a>
Now, if A, h4 and 7 are as in the statement of the lemma, then, if
1 32N+« N
2N+1+a7p1 ( P > > 1/hN+1+
i.e. s > Tp = Wd’fl <(2/hA)N+1+a)7 then
1/(N+1+a) 3‘2N+Oé
1 T
(2.6) Koo |2 il . .
29)

IR —3avra N S ONTita o (
(1 TS
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‘4N+oz
A

s in

A
Hence, applying (23)) to GaN+a |f|, together with (2] and (24, and putting t =
([Z5), we get

<W>L¢4@%ﬂﬁmgé“@@mmw
(32N+as>
e et ()

For the second integral of the right hand side, notice that for an Orlicz function v, we have

x¢%m)§<ﬁb<53%§lf>

for any C' > 0 and any z > 0. Indeed, as ¢’ (t) is non-decreasing, we have

c+1

/ T r C
%wm»gé w<wasw( §3Q-

Therefore

w | N

and (2.7) yields

[ v (e 1) i < v (o) (0

C [>®1 3.9N+a 6.4V +a
+ QZ,_HX / ;1/11 < 1 s>va <{Af > 1 s}) ds.
TA

Using the convexity of the function 1, we get

[ v (e 1) i < v (o) ()

nC 3.2N+ta roo /3 9N+a 6.4Vt
Tovva a4y A s e\ )

i.e.
A Gl < o (wa) p(E) 2N+a T woa (A > u}) du
< Y2 (za)p(E) + 24N+a/ Y1 (Ay) dvg
and the proof of the lemma is complete. O

2.1. The canonical embedding A%' (By) < L¥2 (1). We state our boundedness theorem in
the Bergman-Orlicz spaces framework as follows:

Theorem 2.5. Let u be a finite positive Borel measure on By and let ¢y and ¥y be two Orlicz
functions. Then:

(1) If inclusion A% (By) C L¥2 (1) holds and is continuous, then there exists some A > 0
such that

1
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(2) If there exists some A > 0 such that

1/hN+1+a
Agyt (1/pN+1+a)) )

(2.9) Ko (h) =Onso (7/)2 (

then inclusion A%' (By) C LY2 (i) holds and is continuous.
(3) If in addition 11 = 9 = 1 satisfies the uniform Vo-Condition, then Conditions (28) and
29) are equivalent.
Note that embedding A4 (By) C LY¥2 (u) is continuous as soon as it holds. It is just an
application of the closed graph theorem.
Proof of Theorem [2. 1) For the first part, let us denote by C' the norm of the canonical embed-
ding jo : AL (By) < LY2 (u). Let a € By, |a| =1 — h and &€ € Sy be such that a = (1 — h) €.
Let us consider the map
1 ¢;1 (1/hN+1+oz)
fo = oN+ita 1 /pN+ita a (?)
R S o (VL AR h(2—h) e
= 2N+1+o¢ 1/hN+1+oz |1—(1—h) <Z,£>|2

Recall that H, is the Berezin kernel introduced in Proposition [[L9l As we saw in the proof of this

latter, f, is in the unit ball of AL (By) and our assumption ensures that

G (Fall ez uy = Ifall ez gy < C
so that

(2.10) 1> /}BN Vs <@) dp.

Let us minorize the right hand side of ([Z.I0]). We just get a minorization of | f,| on the non-isotropic
“pball” S (&, h). If z € S (&, h), then a straightforward computation yields |1 — (z,a)| < 2h. Hence,
for any z € S (a,h),
¢71 (1/hN+1+oz)
‘f(l (Z)‘ Z - 8N+1+a

—1 1 hN+1+a
12/3 (> ('—é')duzwz (7’[)1 SSVLMC )>u(s(a,h)),

which is Condition (2.8) and the first part of the theorem follows.
2) The second part will need Lemma 2.4l First of all, we know (Proposition 2.2)) that there

exists a constant Cyy > 1 such that, for every f € AL (Bn), HAfHLwl(]BN) <Cug Hf”A”’l(BN)' Let

Therefore

now f be in the unit ball of A%' (By); it suffices to show that £l 2 (uy < Co for some constant

Cp > 0 which does not depend on f. Let C' > 1 be a constant whose value will be precised later.
Condition (2.9) is supposed to be realized, that is there exist some constants A > 0, ha € (0,1/2]
and 7 > 0 such that

1/hN+1+a
(2.11) K, (h)

< 77% (Alf)fl (1/hN+1+a))

for any h € (0,h4). By using convexity of ¢, and applying Lemma 2.4 to f/Cjps (which of course
still satisfies [|f/Cml jv» < 1) and E = By, we get the existence of constants B > 0, x4 and
C1 > 0, all independent of f, such that

|f] ) 1 ( |f] >
/BNw(BCMé i< & [ v (pey )

% (1 (B) s (20) + o).

IN
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Of course, C; may be supposed to be large enough so that Cin > 1 and, up to fix C =
1 (By) 2 (xa) + Cin = 1, we get [|f|| pum(,) < Co = BCyC which completes the proof of (2)
of Theorem

3) First, it is clear that Condition (2.9]) implies Condition (28]). For the converse, we need the
following claim:

Claim. Under the notations of the theorem, if Condition (28] holds, then there exist some A as
large as we want and 1 > 0 such that

1
AT (g /N

for some ha, 0 < hp <1 and for any 0 < h < h4.

(2.12) ou (h) < " (

Proof of the claim. We assume that Condition
1

v (Auy! (1/AN 1))

holds for some A >0, hy, 0 < hy <1, >0and any 0 < h < hy. We fix A > 1 and we look for
some constant h 7 4, <1 such that

1 1
<
Aofy—1 o - N+1+«
D RN O (WD)
for 0 <h < hjz 4. Now it is easy to verify that Inequality (ZI4) is equivalent to
~1 N+l+a
1
Ao % (1/h ) <1
- 1 N+1+a\ — h]Y+1+a
it ((haa/h) ia

by concavity of ¢»~!. Then the claim follows by choosing h i 4 small enough. O

(2.13) ou(h) <n

(2.14)

We come back to the proof of the third point. Let suppose that i belongs to the uniform
Vo-class and let A > 0, hy € (0,1] and 7 > 0 be such that

1
(1) 1 T (R ))

for every h € (0,h4). The previous claim says that we can find B > 1and 0 < K = K <1
such that

1
v (Bt ((&/m)NTE))
for every 0 < h < K. Therefore, we have

0 (t) 1/tN+1+a
K, (h) = sup tl\fim <n sup

0<t<h 0<t<h ¢) <sz—1 <(K/t)N+1+a>>

Oun (h) <n

1 ()

= sup
nmzw”((K/h)N“*“) Kire y (Br)

for any 0 < h < K. Let C be the constant induced by the uniform V(-Condition satisfied by
and let 8 be such that B = SC. The claim allows us to take B large enough and therefore to
assume that 5 > 1. We then have, since 9 satisfies the uniform Vy-Condition,

v (B (EWY) e
(K /h)NF1+e ~ (z)
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for any « > ¢! ((K/h)N+1+a>. Hence, for every 0 < h < K,

1/hN+1+a 1/hN+1+a
Kua(h) <n <17 Nitlto,,—1 N+1t
o Byt (RN Hre)) T (BRI (1/RA))
by concavity of 1!, and Condition (Z.9) is satisfied. O

The third point of the previous theorem leads us to define (¢, «)-Bergman-Carleson measures
on the ball:

Definition 2.6. Let u be a positive Borel measure on By and let 1) be an Orlicz function. We
say that u is a (1, )-Bergman-Carleson measure if there exists some A > 0, such that

1
(2.15) (W (&,h)) = Onso (7/) (Ap—1 (1/hN+1+a))>

uniformly with respect to £ € Sy.
We notice that (2.I5]) is equivalent to (2.8]). Therefore, we can state the following corollary:

Corollary 2.7. Let p be a finite positive Borel measure on By and let b be an Orlicz function
satisfying the uniform Vo-Condition. Inclusion A% (By) < LY (1) holds (and is continuous) if
and only if p is a (Y, a)-Bergman-Carleson measure.

2.2. Compactness of the canonical embedding A%' (By) < L% (1). For the study of com-
pactness, we usually need some compactness criterion.

Proposition 2.8. Let pu be a finite positive measure on By and let ¥ and 1o be two Orlicz
functions. We suppose that the canonical embedding ju o : AL (By) < L¥2 (n) holds and is
bounded. The three following assertions are equivalent:

(1) Jua: ALY (By) < L¥2 (1) is compact;

(2) Every sequence in the unit ball of AN (Bn), which is convergent to 0 uniformly on every

compact subset of By, is strongly convergent to 0 in LY (u).

(3) lim,_,;- | I|| = 0, where I, (f) = f'XBN\rM'
Proof. (1) = (2) We first assume that j, , is compact. Let (fy), be a sequence in the unit ball
of A (By), which is convergent to 0 uniformly on every compact subset of By. Of course,
Jua (fn) converges to 0 everywhere. By contradiction, suppose up to extract a subsequence that
lim infy [|jua (fo)llpva(,) > 0- By compactness of jy,qa, up to an other extraction, we may assume
w > 0. As
convergence in norm in L¥2 () entails p-almost everywhere convergence, we get a contradiction.

(2) = (1) Conversely, let (fy),, be a sequence in the unit ball of A% (By). In particular, (fo)n,

is in the unit ball of AL (Bx) and the Cauchy’s formula ensures that (f,,),, is uniformly bounded
on every compact subset of By, so that, up to an extraction, we may suppose that (fy), is
uniformly convergent on compact subsets of By to f holomorphic in By, by Montel’s theorem.
Now, Lebesgue’s theorem ensures that f € Agl (Bx) and, up to divide by a constant large enough,
we may assume that f, — f, which converges to 0 on every compact subset of By, is in the unit
ball of AY! (Bx). Therefore, our assumption implies that (j,,a (fn) = jua (f)), converges to 0 in
the norm of L¥2 (1) and Ju,a is compact, as expected.

that (jua (fn)), strongly converges to some g € L¥2 (u) and we must have ||g|| Lo

(3)=(2) Let (fn),, be in the unit ball of A" (By) converging to 0 uniformly on every compact
subset of By. We have

limsuPanHsz(ﬂ) = limsuplimsup ||/, (fn)—l—fn.XmH
n—oo

r—1=  n—00 L¥2(u)

< limsup ||Z,]| + limsup lim sup ‘
r—1- r—1-— n—oo

= 0.

Fuoxems]
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(2) = (3) By contradiction suppose that (3) is not satisfied so that there exist a constant § > 0
and a sequence (fy),, in the unit ball of AY (By) such that ’I(l_l) (fn)
Up to an extraction, we may suppose that (fy), converges uniformly on compact subsets of By

to f € AY' (By). By Lebesgue’s theorem, limy, o0 Hl(l—l) (f)‘

> 6, for every n > 0.
LY2

= 0; thus, for n large enough,
LY2

1n = fllzen 2 | Faoay G = )|, 2 072
which contradicts (2). O

As for the boundedness, we state our embedding compactness theorem for weighted Bergman-
Orlicz spaces as follows:

Theorem 2.9. Let i be a finite positive Borel measure on By, and let 11 and 1o be two Orlicz
functions.

(1) If the inclusion A (By) C LY (u) holds and is compact, then for every A > 0 we have

1

1/hN+1+CV
(2.17) Ku,oz (h) = Oh—0 (7;[)2 (Awl—l (1/hN+1+a))>

for every A >0, then AL* (By) embeds compactly in LY ().
(3) If in addition 11 = 19 = ¢ satisfies the Vo-Condition, then Conditions (2.16) and (2.17)
are equivalent.

Proof. 1) We suppose that the canonical embedding is compact but that Condition (2.I6]) failed to
be satisfied. This means that there exist some gy € (0,1) and A > 0, some sequences (hy,),, C (0,1)
decreasing to 0 and (&,),, C Sy, such that

€0
w (S (&n,hy)) > Wy (Agy T(1/hNF1Fa))

Let a,, := (1 — hy) &, and consider the functions

1 wfl 1/hN+1+a
(2'18) In (Z) = fan (Z) = oN+1ta ! 15h7]¥f1+a )Han (Z)
where H,, is the Berezin kernel, as in the proof of the first part of Theorem Every f, lays

in the unit ball of A%" (By) and ( fn), — 0 uniformly on every compact subset of By. So
n—o0

Proposition 2.8 ensures that (f,), converges to 0 in norm of L¥2 (y).
Now, by the proof of the first part of Theorem 25| the following estimation holds:

—1 1 hN—i—l-‘,—oz
[fn (2)] = 2 é]\f/+1n+a )

for any z € S (&,, hy); therefore

8N+1+aA A 3 1
/ s (T w) > b (51/111 (W»uw@n,hn))

A _
> (5 () o pmr )

> 1

V

€0

> R EsETY) for every n, which is a contradiction

by the convexity of 19. This yields || fn |l . ()
and gives the first part.
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2) We now assume that Condition (2.I7)) is satisfied. Thanks to the second point of Proposition
2.8 it is sufficient to prove that, for every € > 0, the norm of the embedding

I : AY (By) < LY? (By \ rBu, 1)
is smaller than ¢ for some 7 (¢) and every r such that 79 (¢) < r < 1. Let n € (0,1) and let
‘4N+oz
A:=A(e) = 0

> 0; Condition (2.I7) ensures that there exists hg € (0,1/2) such that
1/hN+1+oz
<1 —1 N+1
Wy (Ayyt (/RN 1))

for h < ha. Let now f be in the unit ball of A" (By) and r € (0,1). By the proof of Lemma [Z4]
6.4N+a

Ky (h)

applied to £ = By \ 7By and f, there exist a constant B > 0 given by B = = ¢, and

some constants x4 > 0 and C] > 0, independent of f, such that

EN—"
/JBN\rJBm%(e dp /BN\HBN% 5 dp

p(By \ rBy) 2 (za) + 0177/]Bg 1 (Ag) dug.

IN

1
Now, we choose 71 such that Cin 1 (Ay) dvg < 3 (which is possible thanks to Proposition
By

— 1
2.2) and we take ro € (0,1) such that p (By \ rBy) w2 (z4) < 5 for every r € (rp,1). We get
2 (F)|| w2y < € as soon as rg <7 < 1, what completes the proof.

3) The proof of the third point is essentially contained in that of the third part of [6, Theorem
4.11]. O

This leads us to the definition of vanishing (¢, «)-Bergman-Carleson measures on the ball:

Definition 2.10. Let @ be an Orlicz function and let p be a Borel positive measure on By. We
say that u is a vanishing (¢, a)-Bergman-Carleson measure if, for every A > 0,

1
w(W (& h)) = onso <1/1 (A1 (1/hN+1+a))>

uniformly with respect to £ € Sy.
We have the following corollary:

Corollary 2.11. Let v be an Orlicz function satisfying the Vo-Condition and let p be a Borel
positive measure on By . Then AY (By) embeds compactly into LY (1) if and only if p is a vanishing
(1, a)-Bergman-Carleson measure.

3. APPLICATION TO COMPOSITION OPERATORS ON WEIGHTED BERGMAN-ORLICZ SPACES.

For ¢ : By — By analytic, we denote by g the pull-back measure by ¢ of the weighted

Lebesgue measure v, on By, namely pf (E) = vq (¢~ (E)) for every Borel subset E of By.
Theorem and Theorem 2.9 allow us to give the following characterization with some con-
straints on the Orlicz function :

Theorem 3.1. Let ¢ be an Orlicz function and let ¢ : By — By be holomorphic.
(1) If 4 satisfies the uniform Vo-Condition, then Cy is bounded from AY (By) into itself if
and only if Mg 1S @ (1, a)-Bergman-Carleson measure.

2) If o satisfies the Vo-Condition, then Cy is compact from AY By) into itself if and only
¢
if Hg is a vanishing (1, a)-Bergman-Carleson measure.
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Proof. Thanks to Corollary 2.7 and Corollary 2.11] it suffices to notice that the continuity (resp.
compactness) of the canonical embedding Jug AY (By) < LY (,ug) is equivalent to the bound-

edness (resp. compactness) of Cy : A¥ (By) — AY (By). This just proceeds from the fact that

1Cs (D av @y = inf{C>0,/B ¢<@>da§l}

= inf{C>0,/B ¢<’—Q>d,u¢§1}

Hj“g (f)HLw(Mg) ’
for any f € AY (Bn). O

Remark 3.2. If we do not assume that 1) satisfies the uniform Vy-Condition (resp. Vo-Condition),
then Theorem (resp. Theorem 2.9]) provides a priori non-equivalent necessary and sufficient

conditions to the boundedness (resp. compactness) of Cy on AY (By).

As a particular case of the previous theorem, we state and verify [2, Theorem 3.6 and Theorem
4.3]:

Theorem 3.3. Let ¢ be an Orlicz function which satisfies Ao-Conditions and let ¢ : By — By
be holomorphic. Then
(1) Cy is bounded from AY (By) into itself if and only if pg s an a-Bergman-Carleson mea-
sure.
(2) Cy is compact from AY (By) into itself if and only if pg 1s a vanishing o-Bergman-Carleson
measure.
Proof. 1t suffices to observe that
1
¥ (Ap~L (1/pNH1+e))
for every A > 0, whenever 1 is an Orlicz function which satisfies the Ag-Condition (see Remark
2 (a) following Theorem 4.11 in [6].) O

~ hN+1+a

A first consequence of these characterizations is the following:
Corollary 3.4. Let ¢ : By — By be holomorphic and let 1, v be two Orlicz functions. Assume
that v satisfies the Aq-Condition. Then:
(1) If Cy is bounded on A% (Bn) (e.g. on any A% (Bn)), then is it bounded on AY (By);
(2) If 9 satisfies the Vo-Condition and if Cy is compact on AY (By), then it is compact on
Ap (By) (e.g. on any Ag (Bn)).

Proof. The first point follows from the remark before Theorem B3] and from the fact that if u
is a a-Carleson measure, i.e. if K, , < C for some constant C' > 1, then p is a (1, a)-Carleson
measure, since 1) (A?/)_l (1/hN+1+O‘)) < A/ANFTH for any 0 < A < 1.

For the second point, it suffices to show that Condition (ZI7) implies that p is a vanishing
a-Carleson measure, what is trivial if we apply it for A = 1. O

As one of the main motivation to this work, we are interested in finding where the break of
condition for boundedness of Cj happens between H>™ (By) and A% (By). More precisely, we
wonder if there are some spaces different from H> (By) and smaller than some A% (By) on which
every composition operator Cy is bounded. In [§], the authors show the following proposition:

Proposition 3.5. Let ¢ : By — By be analytic. Then
(3.1) 13 (S (€, h)) = Opso (hF?)
for every £ € Sy.
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In fact, this result is stated for general strongly pseudo-convex domains instead of By ([8]
Proposition 4].)

A brief comparison of Condition (BJ]) and Condition (Z9)), written for ¢y = 19 = 1, makes it
clear that if we can find some ¥, among those satisfying the uniform V(-Condition, which satisfies
the following condition P:

P: for every K > 0, there exist A > 0 and hg > 0 such that

o 1
(3:2) K < G T am )

for any 0 < h < hg,

then every composition operator will be bounded on the Bergman-Orlicz space AY (By). The
next proposition characterizes those Orlicz functions which satisfy this condition P:

Proposition 3.6. Let i be an Orlicz function. 1 satisfies Condition P if and only if, for every
K > 0 (or equivalently for one K > 0), there exists C' > 0 such that, for every x > 0 large enough,
we have

N+1l+a
Y (x) o2 < K¢ (Cx).
In particular, Condition P is trivial if N = 1 and coincides with the A?-Condition whenever
N > 1.

Proof. The first part comes from a straightforward rewritening of inequality (3.2)). The second
part is a direct application of Proposition [[L6], using convexity of . O

When N = 1, [5, Theorem 3.1] permits to remove the necessary uniform Vy-Condition in the
first point of Theorem B When N > 1, this trick fails as it is not difficult to check that if
it could be extended to the several complex variables setting, then it would imply that every
composition operator is bounded on AP (By). Yet, we know (Proposition [L8]) that every Orlicz
function satisfying the A2-Condition satisfies the uniform V,-Condition too.

Therefore, Theorem [B1], Proposition and Proposition immediately yields the following
result:

Theorem 3.7. Let ¢ be an Orlicz function.

(1) Ewvery composition operator is bounded from AY (D) into itself;
(2) When N > 1, if ¢ satisfies the A%-Condition, then every composition operator is bounded

from A% (By) into itself.
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