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The norm of polynomials in large
random and deterministic matrices

Camille Male*
with an appendiz by

Dimitri Shlyakhtenko

ABSTRACT:
Let Xy = (XfN)7 . ,XI(,N)) be a family of N x N independent, normalized
random matrices from the Gaussian Unitary Ensemble. We state sufficient
conditions on matrices Yy = (YI(N), e ,Y[](N ), possibly random but indepen-

dent of X, for which the operator norm of P(Xy,Yn, Y} ) converges almost
surely for all polynomials P. Limits are described by operator norms of objects
from free probability theory. Taking advantage of the choice of the matrices
Yy and of the polynomials P, we get for a large class of matrices the "no
eigenvalues outside a neighborhood of the limiting spectrum® phenomena. We
give examples of diagonal matrices Y iy for which the convergence holds. Con-
vergence of the operator norm is shown to hold for block matrices, even with
rectangular Gaussian blocks, a situation including non-white Wishart matrices
and some matrices encountered in MIMO systems.

1 Introduction and statement of result

For a Hermitian N x N matrix Hy, let L, denote its empirical eigen-
value distribution, namely

1 N
LHN = Nzé)\“
=1
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1 INTRODUCTION AND STATEMENT OF RESULT 2

where ¢, is the Dirac mass in A and A1, ..., Ay are the eigenvalues of Hy.
The empirical eigenvalue distribution of large dimensional random matri-
ces has been studied with much interest for a long time. One pioneering
result is Wigner’s theorem [?], from 1958. Let Wy be an N x N Wigner
matrix. Then the theorem states that, under appropriate assumptions,
the n-th moment of Ly, converges in expectation to the n-th moment of
the semicircular law as N goes to infinity for any integer n. This result
has been generalized in many directions, notably by Arnold [2] for the
almost sure convergence of the moments. The convergence of the em-
pirical eigenvalue distribution for covariance matrices was first shown by
Marcenko and Pastur [27] in 1967, and has been generalized in the late
1970’s and the early 1980’s by many people, including Grenander and
Silverstein [16], Wachter [40], Jonsson [22], Yin and Krishnaiah [44], Bai,
Yin and Krishnaiah [7] and Yin [42].

In 1991, Voiculescu [37] discovered a connection between large random
matrices and free probability theory. He showed the so-called asymptotic
freeness theorem, which has been generalized for instance in |21, 35, 39|,
which implies the almost sure weak convergence of the empirical eigen-
value distribution for Hermitian matrices Hy of the form

HN - P(XNaYNvY}kV)a
where

e P is a fixed polynomial in 2p 4+ ¢ non commutative indeterminates,

e Xy = (Xl(N), . ,XZSN)) is a family of independent N x N matrices
of the normalized Gaussian Unitary Ensemble (GUE),

e Yy = (YI(N), o ,Y;,(N)) are N x N matrices with appropriate as-
sumptions (see Theorem 1.3 below).

The limiting empirical eigenvalue distribution of Hy can be computed by
using the notion of freeness. Recall that an N x N random matrix X )
is said to be a normalized GUE matrix if it is Hermitian with entries
(Xé%)lgn’mg ~, such that the set of random variables (X,%’)Kng ~, and
(v2Re (XT(LAQL), V2Im (X,(ﬁg) J1<n<m<n forms a centered Gaussian vector
with covariance matrix %1 ~2. Moreover, the result of Voiculescu holds
even for independent Wigner or Wishart matrices instead of GUE ma-
trices, as it has been proved by Dykema [13] and Capitaine and Casalis
9] respectively.

Currently, it is known for some random matrices, as for example Wigner
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and Wishart matrices, that, almost surely, the eigenvalues of the matrix
belong to a small neighborhood of the limiting eigenvalue distribution for
N large enough. More formally, if Hy is a Hermitian matrix whose em-
pirical eigenvalue distribution converges weakly to a probability measure
@ it is observed in many situations [6, 43, 4, 5, 29| that : for all ¢ > 0,
almost surely there exists Ny > 1 such that for all N > Ny one has

Sp( Hy ) CSupp () + (—¢,¢), (1.1)

where ” Sp “ means the spectrum and ” Supp “ means the support.

The convergence of the extremal eigenvalues to the edges of the spec-
trum of a single Wigner or Wishart matrix has been shown in the early
1980’s by Geman [15], Juhasz [24], Fiiredi and Komlés [14], Jonsson [23|
and Silverstein [34, 33]. In 1988, in the case of a real Wigner matrix, Bai
and Yin stated in [6] necessary and sufficient conditions for the conver-
gence in terms of the first four moments of the entries of these matrices.
In the case of a Wishart matrix, the similar result is due to Yin, Bai,
and Krishnaiah [43] and Bai, Silverstein, and Yin [4]. The case of a com-
plex matrix has been investigated later by Bai [3]. The phenomenon "no
eigenvalues outside (a small neighborhood of) the support of the limiting
distribution® has been shown in 1998 by Bai and Silverstein [5] for large
sample covariance matrices and in 2008 by Paul and Silverstein [29] for
large separable covariance matrices.

In 2005, Haagerup and Thorbjgrnsen [19] have shown (1.1) using opera-
N)), where P is
a polynomial in p non commutative indeterminates and Xl(N), e ,X,(,N)
are independent, normalized N x N GUE matrices. This constitutes
a real breakthrough in the context of free probability. Their method
has been used by Schultz [31] to obtain the same result for Gaussian
random matrices with real or symplectic entries, and by Capitaine and
Donati-Martin [10] for Wigner matrices with symmetric distribution of

the entries satisfying a Poincaré inequality and for Wishart matrices.

tor algebra techniques for matrices Hy = P(Xl(N), e ,X;,(,

A consequence of the main result of the present article is that the phe-
nomenon (1.1) holds in the setting considered by Voiculescu, i.e. for
certain Hermitian matrices Hy of the form Hy = P(Xy, YN, Y3 ).

Theorem 1.1 (The spectrum of large Hermitian random matrices). Let
Xy = (Xl(N), e ,XZSN)) be a family of independent, normalized GUE ma-
trices and Y 5y = (Yl(N), o ,Yq(N)) be a family of N x N matrices, possibly
random but independent of Xy. Assume that for every Hermitian matriz
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Hy of the form
Hy =P(YnNn, YY),

where P 1is a polynomial in 2q non commutative indeterminates, we have
with probability one that:

1. Convergence of the empirical eigenvalue distribution: there
exists a compactly supported measure p on the real line such that
the empirical eigenvalue distribution of Hy converges weakly to
as N goes to infinity.

2. Convergence of the spectrum: for any ¢ > 0, almost surely
there exists Ny such that for all N > Ny,

Sp( Hy ) CSupp (p )+ (—¢,2). (1.2)

Then almost surely the convergences of the empirical eigenvalue distri-
bution and of the spectrum also hold for all Hermitian matrices Hy =
P(Xn,Yn, YY), where P is a polynomial in p + 2q non commutative
indeterminates.

Theorem 1.1 is a straightforward consequence of Theorem 1.6 below,
where the language of free probability is used. Moreover, Theorem 1.6
specifies Theorem 1.1 by giving a description of the limit of the empirical
eigenvalue distribution. For readers convenience, we recall some defini-
tions (see [28] and [1] for details).

Definition 1.2. 1. A *-probability space (A,.*,T) consists of a uni-
tal C-algebra A endowed with an antilinear involution .* such that
(ab)* = b*a* for all a,b in A, and a state 7. A state T is a linear
functional T : A — C satisfying

T[] =1, 7[a*a] >0 Va € A. (1.3)

The elements of A are called non commutative random variables.
We will always assume that T is a trace, i.e. that it satisfies T[ab] =
Tlba] for every a,b € A. The trace T is said to be faithful when it
satisfies T[a*a] = 0 only if a = 0.

2. The non commutative law of a family a = (ay,...,a,) of non
commutative random variables is defined as the linear functional
P — T[P(a, a*) }, defined on the set of polynomials in 2p non
commutative indeterminates. The convergence in law is the point-
wise convergence relative to this functional.
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3. The families of non commutative random variables ay, ..., a, are
said to be free if for all K in N, for all non commutative polynomials
P, ..., Pk

7P, ay) o Pilaial,) | =0 (1.4)
as soon as iy # iy # ... # ig and 7[Py(ay,al) | =0 for k =
1,...,K.

4. A family of non commutative random variables x = (x1,...,xp) is
called a free semicircular system when the non commutative random
variables are free, selfadjoint (x; = xf, i =1,...,p), and for all k
m N andi=1,...,p, one has

T[xﬂ = /tkda(t), (1.5)

with do(t) = 5=v/4 — 2 1«2 dt the semicircle distribution.
Recall first the statement of Voiculescu’s asymptotic freeness theorem.

Theorem 1.3 ( |21, 35, 38, 39] The asymptotic freeness of Xl(N)7 XN
and Yy). Let Xy = (Xl(N), . ,XIgN)) be a family of independent, nor-
malized GUE matrices and Y y = (Yl(N), . ,Yq(N)) be a family of N x N

matrices, possibly random but independent of Xy. Let x = (xy,...,xp)
be a free semicircular system in a *-probability space (A,.*,7) and 'y =
(y1,-..,Yq) in A? be a family of non commutative random variables free

from x. Assume the following.

1. Convergence of Yy: Almost surely, the non commutative law
of Yy in (My(C),.*, 7n) converges to the non commutative law of
y, which means that for all polynomial P in 2q non commutative
indeterminates, one has

™~ [P(YNaY}kV)} ]\:; T[P(Y7y*)}a (16)
where Ty denotes the normalized trace of N x N matrices.

2. Boundedness of the spectrum: Almost surely, for j =1,...,q
one has
lim sup HYj(N)H < 00, (1.7)
N—o0

where || - || denotes the operator norm.

Then the non commutative law of (X, Yn) in (Mn(C),.*, 7y) converges
to the non commutative law of (x,y), i.e. for all polynomial P in p+ 2q
non commutative indeterminates, one has

™w[P(Xn, YN, Yy)] @T[P(X,y,y*)]. (1.8)
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In [19] Haagerup and Thorbjgrnsen strengthened the connection between
random matrices and free probability. Limits of random matrices have
now to be seen in more elaborated structure, called C*-probability space,
which is endowed with a norm.

*

Definition 1.4. A C*-probability space (A,.*,7,| - ||) consists of a *-
probability space (A,.*,T7) and a norm || - || such that (A, | - |) is a
C*-algebra.

By the Gelfand-Naimark-Segal construction, one can always realize A as
a norm-closed C*-subalgebra of the algebra of bounded operators on a
Hilbert space. Hence we can use functional calculus on A. Moreover, if
7 is a faithful trace, then the norm || - || is uniquely determined by the
following formula (see |28, Proposition 3.17]):

la| :l}ifolo( [ (a*a)* ] )1’“ Va € A. (1.9)

The main result of [19] is the following.

Theorem 1.5 ( [19] The strong asymptotic freeness of independent

GUE matrices). Let X{N), . ,X,(,N) be independent, normalized N x N
GUE matrices and let x1,...,x, be a free semicircular system in a C*-
probability space (A, .*, 7, -||) with a faithful trace. Then almost surely,
one has: for all polynomials P in p non commutative indeterminates,
one has

N
1P, X = [P )] (1.10)
This article is mainly devoted to the following theorem which is a gener-
alization of Theorem 1.5 in the setting of Theorem 1.3.

Theorem 1.6 (The strong asymptotic freeness of XfN), o ,X,(,N), Yy).
Let Xy = (X{N), . ,X,(,N)) be a family of independent, normalized GUFE
matrices and Yy = (Yl(N),...,Yq(N)) be a family of N x N matrices,
possibly random but independent of Xy. Let x = (z1,...,2,) andy =
(y1,-..,Yq) be a family of non commutative random variables in a C*-
probability space (A,.*, 7, -||) with a faithful trace, such that x is a free
semicircular system free from y. Assume the following.

Strong convergence of Y y: Almost surely, for all polynomials P in
2q non commutative indeterminates, one has

[PV, Y] = [Py y) (111)

IPOYw Y — 1Pyl (1.12)
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Then, almost surely, for all polynomials P in p + 2q non commutative
indeterminates, one has

The convergence of the normalized traces stated in (1.13) is the content
of Voiculescu’s asymptotic freeness theorem and is recalled in order to
give a coherent and complete statement. Theorem 1.1 is easily deduced
from Theorem 1.6 by applying Hamburger’s theorem [20] for the conver-
gence of the measure and functional calculus for the convergence of the
spectrum.

Organization of the paper: In Section 2 we give applications of The-
orem 1.6 which are proved in Section 9. Sections 3 to 8 are dedicated to
the proof of Theorem 1.6.

Acknowledgments: The author would like to thank Alice Guionnet
for dedicating much time for many discussions to the subjects of this
paper and, along with Manjunath Krishnapur and Ofer Zeitouni, for
the communication of Lemma 8.2. He is very much obliged to Dimitri
Shlyakhtenko for his contribution to this paper. He would like to thank
Benoit Collins for pointing out an error in a previous version of Corollary
2.1 and giving the idea to fix it. He also likes to thank Mikael de la Salle
for useful discussions.

2 Applications

2.1 Diagonal matrices

The first and the simpler matrix model that may be investigated to play
the role of matrices Y in Theorem 1.6 consists of deterministic diagonal
matrices with real entries and prescribed asymptotic spectral measure.

Corollary 2.1 (diagonal matrices). Let Xy = (XfN),...,X,(,N)) be a
family  of independent, normalized GUE matrices and let
Dy = (DgN), o ,DéN)) be N x N deterministic real diagonal matrices,
such that for any j =1,...,q,

1. the empirical spectral distribution of DJ(»N) converges weakly to a

compactly supported probability measure pu;,
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2. the diagonal entries of D](-N) are non decreasing:
D™ = diag (AM (), ... AG) ), with AV (G) < <AV ),
3. for all € > 0, there exists Ny such that for all N = Ny, for all
j=1...q,
Sp( DY) c S )+ (-
p( D) € Supp( py ) +(—¢,¢).

Let v = (v1,...,v,) in [0,1]2. We set D}, = (DgN)(vl), . ,D(SN)(UQ)),
where for any j =1,...,q,

Dj(.N)(Uj) = diag (Agji)ijNj (), .- ’)‘E\]fvjtvjNJ (7) ), with indices modulo N.

Let x = (21,...,2p) and d° = (di(v),...,dy(v)) be non commutative

random variables in a C*-probability space (A, *,7,| - ||) with a faithful
trace, such that

1. x is a free semicircular system, free from dv,

2. The variables dy(v), ..., d,(v) commute, are selfadjoint and for all
polynomials P in q indeterminates, one has

7[P(dY) ] = /01 P(F;l(u o), F () )du. (2.1)

For any 7 = 1...q, the application Fj_1 is the (periodized) gen-
eralized inverse of the cumulative distribution function F; : t —
uj( | — oo,t]) of pj defined by: Fj’1 is 1-periodic and for all u in
10,1], F; Y(u) = inf {t € R | Fj(t) > u}.

Then, with probability one, for all polynomials P in p+q non commutative
indeterminates, one has

™~ [P(XN,D”N)} J\:O 7[P(x,d")] (2.2)
I1P(Xx DR[| — IIPGx ), (2.3)

for any v in [0,1]7 except in a countable set.

Remark that the non commutative random variables di,...,d, can be
realized as classical random variables, d; being p;-distributed for j =
1,...,q. The dependence between the random variables is trivial since
Formula (2.1) exhibits a deterministic coupling. The convergence of
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the normalized trace (2.2) actually holds for any v. In general, the
convergence (2.3) of the norm can fail: the family of matrices Dy =

(DgN) : DgN)) where

DY) = diag (0nya), In-(ny2)); DY = diag (Opnjaj41, In-nj2)-1)

gives a counterexample (consider their difference). Furthermore, let men-
tion that it is clear that we always can take one of the v; to be zero.

2.2 Non-white Wishart matrices

Theorem 1.6 may be used to deduce the same result for some Wishart
matrices as for the GUE matrices. Let 7,51,...,5, > 1 be integers.
Let Zy = (Z£N), - ZIEN)) be a family of independent positive definite
Hermitian random matrices such that for j = 1,...,p the matrix Z](.N)
is of size s;N x s;N. Let Wy = Wy(Z) = (WI(N),..., ng)) be the
family of N x rN matrices defined by: for each j = 1,...p, Wj(N) =

M;N) Z](N) M](N)*, where M;N) is a N x s;N matrix whose entries are

random variables,
(N)
Mj = (Mn,m) 1<n<rN

1<m<s; N
and the random variables (\/§Re (M), V2Im (Mym) )i<n<rNi<m<s;N
form a centered Gaussian vector with covariance matrix %12,,%. N2. We
assume that Ml(N), e ,MZSN), Zy are independent. The matrices

WI(N), U W,SN) are called non-white Wishart matrices, the white case

occurring when the matrices ZJ(N) are the identity matrices.

Corollary 2.2 (Wishart matrices). Let Yy = (Y, ... ,Yq(N)) be a fam-
ily of rN X rN random matrices, independent of Zin and W . Assume
that the families of matrices (ZfN)), ce (ZSN)), Yy satisfy separately the
assumptions of Theorem 1.6. Then, almost surely, for all polynomials P
n p+ 2q non commutative indeterminates, one has

|[P(Wx, Yn, Yy el 1P(w,y, ¥y, (2.4)
where || - || is given by Formula (1.9) with T a faithful trace for which the
non commutative random variables w = (wy, ..., wy) andy = (Y1,...,Yq)
are free.

In [29], motivated by applications in statistics and wireless communica-
tions, the authors study the global limiting behavior of the spectrum of
the following matrix, referred as separable covariance matrix:

n*n

C, = lAl/2X B, X*AY?
n n n n
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where X, is a n x m random matrix, AY?is a nonnegative definite square
root of the nonnegative definite n x n Hermitian matrix A, and B, is a
m X m diagonal matrix with nonnegative diagonal entries. It is shown in
[29] that, for n large enough, almost surely the eigenvalues of C,, belong
in a small neighborhood of the limiting distribution under the following
assumptions:

1. m =m(n) with ¢, :==n/m — ¢ > 0.

n—oo
2. The entries of X, are independent, identically distributed, stan-
dardized complex and with a finite fourth moment.

3. The empirical eigenvalue distribution £4, (respectively Lp ) of A,
(respectively B,,) converges weakly to a compactly supported prob-
ability measure v, (respectively 13,) and the operator norms of A,
and B, are uniformly bounded.

4. By assumptions 1,2 and 3, it is known that almost surely Lq,
converges weakly to a probability measure u,(,i),yb. This define a
map @ : (z,v1, 1) — ,ul(,f?,,Q (the input z is a positive real number,
the inputs v1 and v, are probability measures on RT). Assume that
for every € > 0, there exists ng > 1 such that, for all n > ng, one
has

Supp (47 £, ) CSupp (2, ) +(=<,2).

Now consider the following situation, where Corollary 2.2 may be applied

I’ n=n(N)=rN,m=m(N)=sN for fixed positive integers r and
87

2’ the entries of X, are independent, identically distributed, standard-
ized complex Gaussian,

3’ the empirical eigenvalue distribution of A, (respectively B,) con-
verges weakly to a compactly supported probability measure,

4’ for N large enough, the eigenvalues of A, (respectively B,,) belong
in a small neighborhood of its limiting distribution.

Then we obtain by Corollary 2.2 that for N large enough, almost surely
the eigenvalues of C), belong in a small neighborhood of the limiting dis-
tribution. The advantage of our version is the replacement of assumption
4 by assumption 4’. Replacing assumptions 1’ and 2’ by assumptions 1
and 2 could be an interesting question.
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2.3 Block matrices

It will be shown as a consequence of Theorem 1.6 that the convergence
of norms (1.14) also holds for block matrices.

Corollary 2.3 (Block matrices). Let Xy, Yn,X,y and 7 be as in Theo-
rem 1.6. Almost surely, for all positive integer £ and for all non commu-
tative polynomials (Py.)1<uv<e, the operator norm of the (N x {N block
matriz

PiXN, YN, Yy) oo PoXn, YN, Yy
f : (2.5)
Poi(Xn, YN, YY) oo PXnN, YN, YY)
converges to the norm || - ||-,0r of
Paxy,y?) .o Prxy,y)
: : : (2.6)
Pa(x,y,y*) ... Pr(xy,y")

where || - ||-,0r i given by the faithful trace 7, @ T defined by

Pl,l(XaY7y*) Pl,l<x7y>y*> 4
. . 1 .
(Te®T7) ZT[ZZR’J(X’Y?Y )|-
=1

Pf,l(x7 Yy, y*> <. PZ,E(X7 Yy, y*)

2.4 Channel matrices

We give a potential application of Theorem 1.6 in the context of commu-
nication, where rectangular block random matrices are sometimes investi-
gated for the study of wireless Multiple-input Multiple-Output (MIMO)
systems [25, 36]. In the case of Intersymbol-Interference, the channel
matrix H reflects the channel effect during a transmission and is of the
form

Ay Ay ... A O L. ... 0
0 A A ... A, O :
I_ 0 1'41 %12 B A, O ’ (2.7)
: o T 0
0o ... ... 0 A Ay .. AL
(A))1<e<r are ng X np matrices that are very often modeled by random
matrices e.g. Ay, ..., Ap are independent and for £ = 1,..., L the entries

of the matrix A, are independent identically distributed with finite vari-
ance. The number of matrices L is the length of the impulse response
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of the channel, ny is the number of transmitter antennas and ng is the
number of receiver antennas.

In order to calculate the capacity of such a channel, one must know the
singular value distribution of H, which is predicted by free probability
theory. Theorem 1.6 may be used to obtain the convergence of the singu-
lar spectrum for a large class of such matrices. For instance we investigate
in Section 9.3 the following case:

Corollary 2.4 (Rectangular band matrices). Let r and t be integers.
Consider a matric H of the form (2.7) such that for any ¢ = 1,...,L
one has Ay = CyM,D, where

1. M = (M, ..., My) is a family of independent r N xtN random ma-
trices such that for ¢ =1,... L the entries of M, are independent,
Gaussian and centered with variance o} /N,

2. the family of TN x rN matrices C = (Cy,...,Cp) and the fam-
ily of tN X tN matrices D = (Dy,...,Dy) satisfy separately the
assumptions of Theorem 1.6,

3. the families of matrices M, C and D are independent.

Then, almost surely, the empirical eigenvalue distribution of HH* con-
verges weakly to a measure p. Moreover, for any € > 0, almost surely
there exists Ny such that the singular values of H belong to Supp(u) +

(—e,¢).
3 The strategy of proof

Let Xy = (XI(N), XYY and Yy = (YI(N), . ,Yq(N)) be as in Theo-
rem 1.6. We start with some remarks in order to simplify the proof.

1. We can suppose that the matrices of Yy are Hermitian. Indeed for
any j =1,...,q, one has Y;.(N) = Re Y;.(N) + 7 Im Yj(N), where

N _ Ly ™ _ L s
Re v = S0 £y, v o= 2 (Y -y
are Hermitian matrices. A polynomial in Yy, Y} is obviously a
polynomial in the matrices Re YI(N), ..., Re Yq(N), and
Im Yl(N), oo Im Yq(N) and so the latter satisfies the assumptions

of Theorem 1.6 as soon as Yy does.
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2. It is sufficient to prove the theorem for deterministic matrices Y y.
Indeed, the matrices X and Yy are independent. Then we can
choose the underlying probability space to be of the form Q =
Q1 x Qy, with Xy (respectively Y ) a measurable function on 24
(respectively €25). The event "for all polynomials P the conver-
gences (1.13) and (1.14) hold“ is a measurable set Q C Q. Assume
that the theorem holds for deterministic matrices. Then for almost
all wy € (9, there exists a set Ql(wg) for which for all w; € €,
(1.13) and (1.14) hold for (Xx(w1), Yn(w2)). The set of such cou-
ples (wy,ws) is of outer measure one and is contained in Q, hence
by Fubini’s theorem Q) is of measure one.

3. It is sufficient to prove that for any polynomial the convergence of
the norm in (1.14) holds almost surely (instead of almost surely the
convergence holds for all polynomials). Indeed we can switch the
words "for all polynomials with rational coefficients” and “almost
surely“ and both the left and the right hand side in (1.14) are
continuous in P.

In the following, when we say that Yy = (Yl(N), . ,Yq(N)) is as in Sec-
tion 3, we mean that Yy is a family of deterministic Hermitian matrices
satisfying (1.11) and (1.12).

Remark that by (1.12), almost surely the supremum over N of HYj(N)H
is finite for all j = 1,...,q. Hence by Theorem 1.3, with probability one
the non commutative law of (X, Yy ) in (My(C),.*, 7) converges to the
law of non commutative random variables (x,y) in a *-probability space
(A, .*, 7,): almost surely, for all polynomials P in p+ ¢ non commutative
indeterminates, one has

TN[P<XN,YN>:| — T[P(x,y)], (3.1)

N—oo

where the trace 7 is completely defined by:
o x = (21,...,1,) is a free semicircular system,
o y=(y1,...,Y,) is the limit in law of Yy,
e X,y are free.

Since 7 is faithful on the *-algebra spanned by x and y, we can always
assume that 7 is a faithful trace on A. Moreover, the matrices Y y are
uniformly bounded in operator norm. If we define || - || in A by Formula
(1.9), then ||y;|| is finite for every j = 1,...,q. Hence, we can assume
that A is a C*-probability space endowed with the norm || - ||.
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Haagerup and Thorbjgrnsen describe in [19] a method to show that for
all non commutative polynomials P, almost surely one has

1PN o PG (3.2)

We present in this section this method with some modification to fit our
situation. First, it is easy to see the following.

Proposition 3.1. For all non commutative polynomials P, almost surely
one has

liminf [|P(Xx. Ya, Y3)| > [ Plx.y.y")l. (33)
Proof. In a C*-algebra (A, .*, ||||), one has Va € A, ||a||* = ||a*a]|. Hence,
without loss of generality, we can suppose that Hy := P(Xn, Yy, YY)
is non negative Hermitian and h := P(x,y,y*) is selfadjoint. Let Ly
denote the empirical spectral distribution of Hy:

1 N
'CN = N Z 5)\1'7
=1

where A1, ..., Ay denote the eigenvalues of Hy and J, the Dirac measure
in A € R. By (3.1) and Hamburger’s theorem [20], almost surely Ly
converges weakly to the compactly supported probability measure p on
R given by: for all polynomial P,

/ Py = 7[P(h)].

Since 7 is faithful, the extrema of the support of x is ||h]| ([28, proposition
3.15]). In particular, if f : R — R is a non negative continuous function
whose support is the closure of a neighborhood of ||h|| (f not indentically
zero), then almost surely there exists a Ny > 0 such that for all N > N
one has Ly(f) > 0. Hence for N > N, some eigenvalues of Hy belong
to the considered neighborhood of ||h|| and so |[Hy|| = ||h]- O

It remains to show that the limsup is smaller than the right hand side in
(3.3). The method is carried out in many steps.
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Step 1. A linearization trick: With inequality (3.3) established, the
question of almost sure convergence of the norm of any polynomial in
the considered random matrices can be reduced to the question of the
convergence of the spectrum of any matriz-valued selfadjoint degree one
polynomials in these matrices. More precisely, in order to get (3.2), it is
sufficient to show that for alle > 0, k positive integer, L selfadjoint degree
one polynomial with coefficients in My (C), almost surely there exists Ny
such that for all N > Ny,

Sp( LXNn, YN, YN ) C Sp( L(x,y,y") ) + (—¢,¢). (3.4)

We refer the readers to [19, Parts 2 and 7| for the proof of this step,
which is based on C*-algebra and operator space techniques. We only
recall here the main ingredients. By an argument of ultraproduct it is
sufficient to show the following: Let (x,¥y) be elements of a C*-algebra.

Assume that for all selfadjoint degree one polynomials L with coefficients
in M (C), one has

Sp( L(x,y,5") ) < Sp( L(xy.y") ). (3.5)

Then for all polynomials P one has |[|P(x,y,y*)|| = ||P(X,y,¥")||. The
linearization trick used to prove that fact arises from matrix manipu-
lations and Arveson’s theorem: with a dilation argument, one deduces
from (3.5) that there exists ¢ a unital x-homomorphism between the C*-
algebra spanned by (x,y) and the one spanned by (X,y) such that one
has ¢(x;) = &; for i = 1,...,p, and ¢(y;) = ¢g; for i = 1,...,q. A *
homomorphism being always contractive, one gets the result.

We fix a selfadjoint degree one polynomial L with coefficients in My (C).
To prove (3.4) we apply the method of Stieltjes transforms. We use an
idea from Bai and Silverstein in [5]: we do not compare the Stieltjes
transform of L(Xy, Yy) with the one of L(x,y), but with an interme-
diate quantity, where in some sense we have taken partially the limit N
goes to infinity, only for the GUE matrices. To make it precise, we re-
alize the non commutative random variables (x, y, (Yn) N>1) in a same
C*-probability space (A, .*, 7| - ||) with faithful trace, where

e the families x, y, Y1, Yo,..., Yy, ... are free,

e for any polynomials P in ¢ non commutative indeterminates

T[P(YN)] = TN[P(YN)]

The intermediate object L(x,Y y) is therefore well defined as an element
of A. We use a theorem about norm convergence, due to D. Shlyakhtenko
and stated in Appendix A, to relate the spectrum of L(x,Y y) with the
spectrum of L(x,y).
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Step 2. An intermediate inclusion of spectrum: for all ¢ > 0 there
exists Ng such that for all N > Ny, one has

Sp( L(x,Yn) ) CSp( L(x,y) )+ (—¢,¢). (3.6)

We define the Stieltjes transforms g, and gy, of Ly = L(Xy, Yy) and
respectively ¢y = L(x,Yy) by the formulas

gry(A) = E{(Tkz ® TN) [(/\lk ® 1y — L(Xn, Yy) )_1 H , (3.7)
g\ = (m®T) [(Alk ©1—L(x,Yy) ) } , (3.8)
for all complex numbers A such that Im A > 0.

Step 3. From Stieltjes transform to spectra: In order to show (3.5)
with (3.6) granted, it is sufficient to show the following: for every e > 0,
there exist Ny, v, c,a > 0 such that for all N = Ny, for all A in C such
that e < (Im \)~! < N7, one has

c —
1925 (A) = gex (V)] < 5 (Im A)77 (3.9)
The proof of Estimate (3.9) represents the main work of this paper. For
this task we consider a generalization of the Stieltjes transform. We define
the My (C)-valued Stieltjes transforms Gp,,, and Gy, of Ly = L(Xy, Y )
and respectively ¢y = L(x,Yy) by the formulas

Gry(A) = E [(idk ® TN) [(A ®1y — LXN,Yy) )*1 H , (3.10)
Gon(A) = (idy ®7) [(A @1-L(x,Yy) )" } , (3.11)

for all £ x k matrices A such that the Hermitian matrix Im A := (A —
A*)/(2i) is positive definite. Since g1, (A) = 1[G, (A1x)] and gy (A) =
Tk|Gey (A1g)], a uniform control of |G, (A) — G, (A)]| will be sufficient
to show (3.9). Here || - || denotes the operator norm.

Due to the block structure of the matrices under consideration, these
quantities are more relevant than the classical Stieltjes transforms. The
polynomial L is selfadjoint and of degree one, so we can write Ly =
ay @1y + Sy +Tw, In =ag® 1+ s+ Ty, where

p p q

SN:ZGJ'@X](N); s:zaa@xw TN:Zbﬂ'@’YJ(N)’

J=1 Jj=1 J=1
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and ao, . .., ap, b1, ..., b, are Hermitian matrices in My (C). We also need
to introduce the Mg (C)-valued Stieltjes transforms Gr, of Ty:

Gy (A) = (idy @ 7v) [(A ©1—Ty )" } , (3.12)

for all A in My (C) such that Im A is positive definite.

The families x and Yy being free in A and x being a free semicircular
system, the theory of matrix-valued non commutative random variables
gives us the following equation relating Gy, and Gr,. It encodes the
fundamental property of R-transforms, namely the linearity under free
convolution.

Step 4. The subordination property for M;(C)-valued non com-
mutative random variables: For all A in My(C) such that Im A is
positive definite, one has

Gon(A) = G, (A — 4o — R (G (A)) ) (3.13)

where

P
Rs: M+ ZajMaj.

Jj=1

We show that the fixed point equation implicitly given by (3.13) is, in
a certain sense, stable under perturbations. On the other hand, by the
asymptotic freeness of Xy and Yy, it is expected that Equation (3.13)
is asymptotically satisfied when Gy, is replace by Gy, . Since, in order
to apply Step 3, we want an uniform control, we make this connection
precise by showing the following:

Step 5. The asymptotic subordination property for random
matrices: For all A in My(C) such that Im A is positive definite, one
has

Gro(A) = Gr, <A —ap— Ry (G (A) ) ) +On(A), (3.14)
where Oy (A) satisfies

lOn(A)] < Im A)~|?

c
7z ll(
for a constant ¢ and with || - || denoting the operator norm.

Organization of the proof
We tackle the different points of the proof described above in the following
order:
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e Proof of Step 4. The precise statement of the subordination
property for M (C)-valued non commutative random variables is
contained in Proposition 4.2 and Proposition 4.3. We highlight in
this section the relevance of matrix-valued Stieltjes transforms in a
quite general framework.

e Proof of Step 5. The asymptotic subordination property for ran-
dom matrices is stated in Theorem 5.1 in a more general situation.
The matrices Y can be random, independent of X, satisfying a
Poincaré inequality, without assumption on their asymptotic prop-
erties. This result is based on the Schwinger-Dyson equation and
on the Poincaré inequality satisfied by the law of Xy.

e Proof of Estimate (3.9). The estimate will follow easily from
the two previous items.

e Proof of Step 2. This part is based on C*-algebra techniques.
Step 2 is a consequence of a result due to D. Shlyakhtenko which is
stated Theorem A.1 of Appendix A. In a previous version of this
article, when we did not know this result, we used the subordination
property with L(x,Yy) replaced by L(x,y) and Ty replaced by
its limit in law ¢ = 23:1 b; ® y;. Hence we obtained Theorem
1.6 with additional assumptions on Yy, notably a uniform rate of
convergence of G, to the My(C)-valued Stieltjes transform of ¢.

e Proof of Step 3. The method is quite standard once Steps 2 and
4 are established. We use a version due to [18] which is based on
the use of local concentration inequalities.

4 Proof of Step 4: the subordination prop-
erty for matrix-valued non commutative
random variables

In random matrix theory, a classical method lies in the study of empir-
ical eigenvalue distribution by the analysis of its Stieltjes transform. In
many situation, it is shown that this functional satisfies a fixed point
equation and a lot of properties of the considered random matrices are
deduced from this fact. The purpose of this section is to emphasize that
this method can be generalized in the case where the matrices have a
macroscopic block structure.

Let (A,.*,7,| - ||) be a C*-probability space with a faithful trace and
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k > 1 an integer. The algebra M;(C) ® A, formed by the k x k matrices
with coefficients in A, inherits the structure of C*-probability space with
trace (7, ® 7) and norm || - ||, &, defined by (1.9) with 7, ® T instead of 7.
We also shall consider the linear functional (id; ® 7), called the partial
trace.

For any matrix A in My(C) we denote Im A the Hermitian matrix
5 (A — A*). We write Im A > 0 whenever the matrix Im A is positive
definite and we denote

Mi(C)* = {A € Mj(C) | Im A > 0}.

This lemma will be used throughout this paper. See [19, Lemma 3.1] for
a proof.

Lemma 4.1. Let z in My(C) ® A be selfadjoint. Then for any A €
My (C)*, the element (A ® 1 — z) is invertible and

H(A@l—z)_lHTk@T < |Im A7 (4.1)

On the right hand side, || - || denotes the operator norm in My(C).
For a selfadjoint non commutative random variable z in My (C) ® A, its
M (C)-valued Stieltjes transform is defined by

A e (idk®7)[(A®1—z)—l]

The functional G, is well defined by Lemma 4.1 and satifies
VA € M(C)F, [|G-(M)] < [|(Tm A)7"].

It maps M;(C)" to My(C)~ = {A € M(C) | — A € M(C)*} and is
analytic (in k2 complex variables on the open set M (C)* c C¥*). More-
over, it can be shown (see [38]) that G, is univalent on a set of the form
Us = {A € My(C)" | [A~!|| <4 } for some § > 0, and its inverse el
in Us is analytic on a set of the form V, = {A € My(C)~ | |[A|| <~} for
some vy > 0.

The amalgamated R-transform over My(C) of z € Mg(C) ® A is the
function R, : G,(Us) — M (C) given by

R.(A)=GUV(A) — AL, VA € G.(Uy).

The following proposition states the fundamental property of the amal-
gamated R-transform, namely the subordination property, which is the
keystone of our proof of Theorem 1.6.
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Proposition 4.2. Letx = (z1,...,2,) andy = (y1,...,Yy,) be selfadjoint
elements of A and let a = (ay,...,a,) and b = (by,...,b,) be k x k
Hermitian matrices. Define the elements of M(C) ® A

p q
S:Zaj@)xj, t:ij®yj.
j=1 j=1

Suppose that the families x and y are free. Then one has

1. Linearity property: There is a vy such that, in the domain V,,
one has
Rs+t = RS + Rt. (42)

2. Subordination property: There is 6 such that, for every A in
Us, one has

Gore(A) = G (A — R Guse(M)) ) (4.3)
3. Semicircular case: If (xy,...,x,) is a free semicircular system,
then we get
p
Rs:Aw— ZajAaj. (4.4)
j=1

Proof. The linearity property has been shown by Voiculescu in [38] and
the R-transform of s has been computed by Lehner in [26]. We deduce
easily the subordination property since by Equation (4.2): there exists
~ > 0 such that for all A € V,,

GV =GP (M) — RA(A).

Then there exists a 6 > 0 such that, with Gy;(A) instead of A in the
previous equality,

Gg_l) (Gs+t(A) ) =A-TR; (Gs+t(A) )

We compose by Ggfl) to obtain the result. O

The subordination property plays a key role in our problem: it describes
G, as a fixed point of a simple function involving s and ¢ separately.
Such a fixed point is unique and stable under some perturbation, as it
is stated in Proposition 4.3 below. Remark first that, for R, given by
(4.4), for any A in My (C)* and M in M(C)~,

p
Im (A=Ry(M) ) =Tm A—> a;Im M a; >0 (4.5)

j=1
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and

H(Im (A =R.(M) ) )1H < || (Im A)~HJ. (4.6)

In particular, by analytic continuation, the subordination property holds
actually for any A € M (C)" when x is a free semicircular system.

Proposition 4.3. Let s and t be as in Proposition 4.2, with x a free
semicircular system.

1. Uniqueness of the fixed point: For all A € M(C)* such that

p
> llagli?,
j=1

the following equation in Gy € My(C)~,

|(Im A)~H| <

G = G, <A ~R.( G )), (4.7)

admits a unique solution Gy in My(C)~ given by Gy = Ggiy(N).

2. Stability under analytic perturbations: Let G : Q@ — M, (C)~
be an analytic function on a simply connected open subset  C
My (C)T containing matrices A such that ||(Im A)7Y|| is arbitrary
small. Suppose that G satisfies: for all A € €,

G(A) =G, (A ~R(GA)) ) +O(A), (4.8)

where the function © : Q — Mg(C) is analytic and satisfies: there
exists € > 0 such that for all A in 2,

£(4) = O] Nt A)7 3 flag < 1=

Then one has: YA € Q)
[G(A) = Gt (V|| < (T4 [(Tm A)THP ) [0, (4.9)
where ¢ = £ 30, [la %,

Proof. 1. Uniqueness of the fized point:
Fix A € My (C)* such that

|(Im A)H| < (4.10)
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Denote for any M in My (C)~ the matrix (M) = A — Rs(M), which is
in My (C)* by (4.5). We show that the function

Oy M — Gy(p(M))

is a contraction on M (C)~. Remark that ®, maps M (C)~ into M, (C)~.
Moreover for all M, M in Mg(C)~,

[BA(M) — Dp(M)]]
(idy ® 7) [<¢(M) 21— t>1 — <¢(M) 21— t)l}

< H (Im (W(M)® 1~ t)>_1

p
x> lla® ||ar - 3 |
j=1

p
<[ )73 g | (161 — M.

j=1

Hence the function ®, is a contraction and by Picard’s theorem the fixed
point equation M = ®, (M) admits a unique solution M, on the closed
set of k X k matrices whose imaginary part is non positive semi-definite,
which is necessarily G, by the subordination property.

2. Stability under analytic perturbations:

We set G : Q — My (C)~ given by: for all A € €,
G(A) = G(A) — O(A) = G, (A ~ R(G(A)) )
We set A : Q — M(C) given by: for all A € O
A(A) = A =R(O(A) = A =R (G(A) ) +Ry(G(A) ).

In the following, we use A as a shortcut for A(A). One has A—R,(G(A) ) =
A—R,(G(A) ) which is in My (C)* by (4.5). Hence we have: for all A € €,

G(A) = G(A=R(G(W)) ). (4.11)
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We want to estimate [|(Im A)~!|| in terms of [|(Im A)~Y||. For all A in €,
we use the definition of A and we write:

Im A =Im A (1k — (Im A) 'R, (O(A) ) )
Remark that

I(Im A)™' R, (O(A) )| < £(A) = [[OA)] [|(Im A)~ Z la;|* <1—e

by assumption. Then Im A is invertible and one has
¢
(mA) =3 ( (Im A)""R,(9(A) ) ) (Im A)~!
£20

We then obtain the following estimate
¢
I(m A)7Y < HZ( (Im A)'R, (O(A) )) (Im A)~!

< 1
S 1—k(A)
By uniqueness of the fixed point and by (4.11), for all A € Q such that

[(Tm A)~H| < e4/>20_, llajl|?, one has G(A) = G14(A) (such matrices A

exist by assumption on €2). But the functions are analytic (in k% complex
variables) so that the equality extends to 2. Then for all A € ,

IG(A) = Gare(M) < IGA) = G+ 1Gaga(A) = G D).
For the first term we have by definition of G that ||G(A) — G(A)| <
|O(A)]|. On the other hand, one has

|Gare(A) = Gora(A)]]
:H1dk®7)[(A®1—s—t) S A®1—s—1t) H

I A)7H < 2 (m A).

T P

< Jhet—s—n7 | JA-Al [de1-s-07
< D IRGO)) = R(GA) ) || m A)P
< 2 Y el I A ),

We then obtain as expected

IG() = Gere®l < (142 3 sl 10m A)72) O
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5 Proof of Step 5: the asymptotic subordi-
nation property for random matrices

The purpose of this section is to prove Theorem 5.1 below, where it is
stated that, for N fixed, the matrix-valued Stieltjes transforms of certain
random matrices satisfy an asymptotic subordination property i.e. an
equation as in (4.8). This result is independent with the previous part
and does not involve the language of free probability.

Let Xy = (Xl(N),...,X,()N)) be a family of independent, normalized
N x N matrices of the GUE and Yy = (Yl(N), . ,YZI(N)) be a family
of N x N random Hermitian matrices, independent of X. We fix an
integer k£ > 1 and Hermitian matrices ay, ..., ap, b1, ..., b, € Mi(C). We
set Sy and Ty the kN x kN block matrices

p q
Sv=> aoXx™,  Ty=Y bov™
j=1 j=1
Define the My (C)-valued Stieltjes transforms of Sy + T and T: for all
A e Mi(C)* = {A € My(C) | Im A > 0},
Gsyrry(N) = ]E{(idk ® Tn) [(A ® 1y — Sy — TN)”} ] ,
Gry(N) = ]E{(idk ® TN) [(A ®1y — TN)’l] } .

We denote by R the functional
p
M — Z&j M aj.
j=1
Theorem 5.1 (Asymptotic subordination property). Assume that there
exists o > 1 such that the joint law of the entries of the matrices Y n sat-
isfies a Poincaré inequality with constant o /N, i.e. for any f : R2V*

C function of the entries of q¢ matrices, of class C* and such that
E[ lf(YN)? ] < 00, one has

Var(f(Yx) ) < 5 E[IVA(YN)IE]. (5.1)

where V f denotes the gradient of f, Var denotes the variance, Var( x ) =
2
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Then for any A € My(C)", the Stieltjes transforms Ggyiry and Gry
satisfy

Gy () = Gry (A = Ro(Gsiry (1)) ) +On(8),  (52)
where O is analytic My (C)™ — My(C) and satisfies

c _115
lOxMI < 757 || A7,
2
with ¢ = 269%0 32 oy (2, |+ S0 111) - denoting the
operator norm in My(C).

The proof of Theorem 5.1 is carried out in two steps.

e In Section 5.1 we state a mean Schwinger-Dyson equation for ran-
dom Stieltjes transforms (Proposition 5.2).

e In Section 5.2 we deduce from Proposition 5.2 a Schwinger-Dyson
equation for mean Stieltjes transforms (Proposition 5.3).

Theorem 5.1 is a direct consequence of Proposition 5.3 as it is shown in
Section 5.3.

5.1 Mean Schwinger-Dyson equation for random Stielt-
jes transforms

For A,T" in My (C)™, define the elements of M (C) ® My(C)

hsyiry(A) = (A®1y—Sy—Ty)
hr(T) = @1y —Ty)7

and Hg, vy (A) = (id,®7y) [hSN+TN (A)]  Hry(A) = (idy@7y) [hTN(A)} .

Proposition 5.2 (Mean Schwinger-Dyson equation for random Stieltjes
transforms). For all A,T € My(C)" we have

0= E | Hayur () ~ Hr, (T) (53)

—(id, ® 7v) [hTN(F) (Rs (Hoyiry(A) ) = A+ F) @ 1n hsyi1y (A)H :
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The result is a consequence of integration by parts for Gaussian densities
and of the formula for the differentiation of the inverse of a matrix. If
(91,-..,9n) are independent identically distributed centered real Gaus-
sian variables with variance 02 and F : RY — C a differentiable map
such that I’ and its partial derivatives are polynomially bounded, one
hasforv=1,..., N

oF
al'i

E giF(gl,...,gN)}:fE[ (gl,...,gN)}.

This induces an analogue formula for independent matrices of the GUE,
called the Schwinger-Dyson equation, where the Hermitian symmetry of
the matrices plays a key role. For instance, if P is a monomial in p non
commutative indeterminates, one has fort=1,...,p,

]E|:TN[Xi(N) P(XN)} } - ¥ E|:7‘N [L(XN)] v [R(XN) H

P=Lxz;R

the sum over all decompositions P = Lx; R for L and R monomials being
viewed as the partial derivative.

This formula has an analogue for analytical maps instead of polynomials.
The case of the function Xy — (A®1y—Sy) 7! is investigated in details
in [19, Formula (3.9)], our proof is obtained by minor modifications.

Proof. Denote by (€mn)mmn=1,. n the canonical basis of My (C). By [19,
Formula (3.9)] with minor modification, we get the following: for all A, T
in Mp(C)* and j =1,...,p,

E[(1y® X"

~—

(A® 1y — Sy — Tn)"! ( TN]

:]E|: <1k®€m,n)(A®]—N_SN_TN)71

1

=~
JMZ

m,n

X(CL]‘ ® en,m)(A ® ]-N — SN — TN)_l ‘ TNi| .

In these equations, E[-|Ty] stands for the conditional expectation with
respect to Tyy. Furthermore, for any M in My (C) ® My(C), one has

N
1 .
~ > (L ®emn) M (14 @ €nm) = (idp @ 75)[ M ] @ 1y.

m,n=1

Indeed the formula is clear if M is of the form M = M ® €u,» and extends
by linearity. In particular, with M = (A® 1y — Sy — T) '(a; ® 1n),
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we obtain that: for all A,T" in M (C)* and j =1,...,p,
E[(aj @XM A @1y — Sy —Tw)™ ‘ TN]
—E [(aj ® 1y) ((idk ® Tn) [(A ®R1y — Sy — TN)‘l] a; ® 1N)
X(A® 1y — Sy —Ty)™* ‘ TNl
= E[(ajHSN—i-TNaj ®1n) hoyr1y ) TN]

Recall that Sy = >0, a; ® XJ(N) and R, : M+ >0 a;May, so that
for all A,T" in My (C)™, one has

]E[(r ©1y —Tw)" Sy (A® 1y — Sy — TN)‘l}
_ E[ T®1y—Ty)" ZP:E {<aj ® X\M) (5.4)
“(A® 1y — Sy — )" ( TN] }

_ E[ hay (1) ]E[( i 0 Hsy oy (N)a; @ 1y) hy sz (A) ‘ TN}

=8|ty (1) (Ro{ s, () 91) b, W] 69
We take the partial trace in Equation (5.5) to obtain:
B de 1) [y (1) S sy ()] (5:6)
= B[l ) [y (1) (Ru(Hsyy (4) ) 1) sy (0]

We now rewrite Sy as follow:
SN=A-D)R1Ixy+ T @1y —Ty)— (A®1y — Sy —Tn).

Re-injecting this expression in the left hand side of Equation (5.6), one
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gets Equation (5.3):
B 100 © 730 b, (1) (Ru (o, (4) ) © 1) s, ()]
= B 8 73) [y (1) (A= 1) @ Ty )
sy () = iy (D)
~E {(mk &) [ by (1) (A =T) 015 ) By ey (V)]
s, (8) ~ Hry (D)

[]

5.2 Schwinger-Dyson equation for mean Stieltjes trans-
forms

We use the concentration properties of the law of (X, Yy) to get from
Equation (5.3) a relation between Gg, 11, and Gr,. We define the cen-
tered version of Hg, 7, by: for all A in M;(C)™,

KSN+TN (A) = HSN+TN (A) - GSN+TN (A)’ in Mk’(c) (57)
We introduce the random linear map

Inar: Mi(C)@Mpy(C) — M (C) ® My (C)

5.8
Mo e (D) Mg,y Y
and its mean
Lyar: M —E [ZN,AI(M) ] . (5.9)
Remark that if M is a random matrix, then
Lyar(M) = Elhz, (T) M hg, 7, (A)|M],

where (Sy + Ti) is an independent copy of (Sy 4 Ty) independent of
M.

Proposition 5.3 (Schwinger-Dyson equation for mean Stieltjes trans-
forms). For all A,T" in Mx(C)*, one has

Gsyiry(A) — Gy (1) (5.10)
~(idy, ® ) {LNM( <RS(G5N+TN (A))— A+ r) ® 1y ) ] — Oy(A,T),
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where

On(AT) =E {(idk ®7N) [ (Inar — Lyar) (Rs(KSN+TN ()@ 1N> H

(5.11)
i1s controlled in operator norm by the following estimate:

[Ox (A D)) <~ |t Ty~ |t Ay ()T 1)1+ (Tm 4) 1),
2 (5.12)

with ¢ = K20 520 llas 12 ( 20 lag | + 0 61

Proof of Proposition 5.3. We first expand © (A, T'): for all A, T in My (C)™,
we have

@N(A, F) = E

(idy ® 7n) [ (Ivar — Lnar)

5 <Rs (HSN+TN (A) — Gsytry (A) ) ® 1N> H

= E

(idy, ® ) [ZN,A,F (R (Hsyiry(A) ) @ lN) H

—(idx ® Tn) |:LN7A,F <Rs (Gsyiry(A) ) @ 1N) } -

By Equation (5.3), we get the following:

E

(i @ 7v) [ZN,A,F <RS (Hsyrry(A) ) ® 1N)H

= E

(idy ® ) {1N7A7F< (A-T)® 1N) 1 — Hpy (D) + Hgy oy (A)

= (idy ®7v) {LMA,F( (A-T)@ 1) ] — Gy (T) + Gsyay (M),
which gives Equation (5.10).

We use the Poincaré inequality to control the operator norm of ©y: if
(g1,-..,9x) are independent identically distributed centered real Gaus-
sian variables with variance v?> and F is a differentiable map R¥ — C
such that F' and its partial derivatives are polynomially bounded, then
(see [11, Theorem 2.1|)

Var(F(gr, ...gx) ) < CE[ IVF(g1,...00) I? ]
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The Poincaré inequality is compatible with tensor product and then such
a formula is still valid when F' is a function of the matrices Xn and Y
: 2 _ o
with v* = £.
We will often deal with matrices of size k& x k. Since the integer k is
fixed, we can use intensively the equivalence of norms, the constants ap-
pearing will not modify the order of convergence. For any integer K, we
denote the Euclidean norm of a K x K matrix A = (@mn)1<mn<ik DY

[A]le =

and its infinity norm by

|Alloc = max  |amnl
m,n= K

Recall that if A, B are K x K matrices we have the following inequalities

1Al < [14]le < VK] AL (5.13)
1Al < VK[ Allow < VE| A, (5.14)
IAB| < [|Alle [ B]]- (5.15)

When A is in M (C) ® My(C), its Euclidean norm is defined by consid-
ering A as a kN x kN matrix. In the following we will write an element
Z of M;(C) @ My (C)

N  k N
zZ = > Z0" €un @ € = > 2™ @ epn (5.16)
mn=1u,v=1 m,n=1
k
= Z €uv X Z(u,v)7
u,v=1
where form,n =1,..., Nand u,v =1,...,k, Z]"" is a complex number,

Zmn) is a k x k matrix, and Zuw) 18 a N x N matrix; we use the same
notation for the canonical bases of My (C) and My(C).

We fix A,T" in Mg (C)™ until the end of this proof and we use for conve-
nience the following notations:

My = RS(KSN+TN(A>)

hg\}) = hSN-‘rTN (A)
h5\27) = hTN (F)
In = Inar

Ly = Lnar.
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We consider (ﬁg\l,), ﬁ%)) an independent copy of (hg), h%)), independent of
Xy and Yy (and hence of all the random variables considered). Recall
that by definitions (5.8) and (5.9): for all A,T" in M, (C)*, we have

Iv :AeMC) — hY AR M),
Ly :AeM(C) — E[ZN(A) } € My(C).
With the notations of (5.16) we have
(idr ® 7v) [(ZN — Ly) (My ® 1N)]

= (ide @ 7w)[AY) (My @ 1x) Y]
—E[(idk ®7v) [hS) (My @ 15) h§] ‘ MN]

Lo [y @) @)
= NZ (hN) MN(hN)

m,n=1

={() " ()" ]|

To estimate the operator norm of Oy we use the domination by the
infinity norm (5.14) in order to split the contributions due to My and
due to Iy — Ly: we get

IOn(A,T)|| = HE[(idk @) [y = Ly) (My @ 1y)] | H

< vilel2 i (h(m)(mm) o (hm)(mm)
< P N N |y
—E[(R) "y ()" MN]]
R )
< KPP  max, E|(MN)wo X = Z < ) <h(l)>u/,v
1<u’ w'<k o=l

< K2 max E|[(My)u| % TN[(hS\lf’Q)) uw | — E[TN[(hS;:Q)) %v,” u
< kP2 max E |(MN ) | % TN[(kJ(\}’Z)) 7?’”/} ]’
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where we have denoted the N x N matrices

() e, = (08 oy (O 10y
(5% 50, = 08 g, —E[04) 5 ]

Remark that by (5.15), for v/, o' =1,... k,

u '

Ol = |(3D 0Ky, (0)a,)
j=1

p

> a;Ks, i1y (Aay

J=1

P
< DMl Ky (A)
j=1

< |

€

le-
Then by Cauchy-Schwarz inequality we get:

p
[Ox(A T < K723 s 2 (B Ky (4]
j=1

X max EHTN[(]@(\}Q)) um}

w,v,u’ v’ u’ v’

"

P k
< BNl 3 Var(tsyen (), (517)

u,v=1

Jj=1

1/2
X max Var <TN[(hS\1772)) %,v/} ) ) .

URIRTIRY u’' v

One is reduced to the study of variances of random variables. To use the
Poincaré inequality, we write for u,v,u’,v' =1,... k,

(Hsy+1y (M) )uﬂ, = Fqg,lv)(XN>YN)a
™ [(}&2)) %} = F® ., (Xn. Yy),

where for all selfadjoint matrices A = (Ay, ..., A,) in My(C), for all B =
(Bl, ey Bq) in MN(C) and with SN = Z?:l CLj@Aj, TN = 23:1 bj@Bj,
we have set

FO(AB) = ((ide @ m)[(A® Ly — S —Tw) ] )

1 ~ ~
= N<Trk @ Try) [(€o,u @ IN)(A® 1y — Sy —Tw) 7',



5 PROOF OF STEP 5 33

F? ., (AB)

1 -
(T @ Try) [(ew @13 ® 1y — )™

X(Eu’,v’ X ]—N) (A X ]—N — SN — TN)_1:| .
The functions and their partial derivatives are bounded (see [19, Lemma
4.6] with minor modifications), so that, since the law of (X, Y ) satis-
fies a Poincaré inequality with constant £, one has

Var (HSN+TN (A) ) e

Var(rw[(h§¥) w0 ] ) < TE[[V FE,, (Xw, YOI

u' v’

< ElIv Al vl

We define the set W of families (V,W) of N x N Hermitian matrices,
with V.= (V4,...,V,), W = (Wy,...,W,), of unit Euclidean norm in
R®TON?  Then we have

Var <H5N+TN (A) >

u,v

< ZE )
< = max |—
N [(v,w)ewldt|=0

Var (7 [(B5™) ] )

(
u,v

2
F 1)(XN+tV,YN+tW)‘ }

o

(2)
< L F Xy +1V, Yy + (W
N vard%’éw‘dm:o wwarar (KN + N W) ]

For all (V, W) in W, for all selfadjoint N x N matrices A = (Aq,..., A;),
B = (Bl,...,Bl)Z

2

d
—  FO(A4+tV,B +tW)

dtig=0

L L o) (@ 1a)
T |dtpumo NVET TN [ AN

q 2

><<A®1N—zp:aj®(’4j+tvj)_ ij@(Bj+th)>l:|

j=1 7j=1

1 - -
‘N(Trk ® TI‘N) [(Ev,u ® 1N)(A ® 1]\[ — SN — T’N)_1

p q 2
x (Zaj®vj+2bj®wj)(/\®1zv—§N—TN)*1}

j=1 j=1
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The Cauchy-Schwarz inequality for Try ® Try (i.e. for Triy) gives

2

4
dt [t=0

1 - -
< m”(ﬁvu @1y)(A® 1y — Sy —Tn)™!

Fg}g(A +tV,B +tW)

2

e
2

p q
X (Zaj®vj+zbj®W})(A®1N—5N—TN)1

J=1 Jj=1

e

Using (5.15) to split Euclidean norms into the product of an operator
norm and an Euclidean norm, we get:

2

d

—  FO(A+tV,B+tW)
dtjz=0 *

1 - -
< ﬁ”ev,u @ In|2 (A® 1y — Sy —Tn) 7'

p q 2
<[> a;@Vi+ ) b oW,
j=1 j=1 e
kf p q 2
< o M A7 Y@Vt Yy bW .
j=1 j=1 e

Remark that, since (V, W) € W, the norm of the matrices V; and W; is
bounded by one. Then we have the following:

p q

=1 i=1
p q p q

< S laglle + 237 lglle < VE( X llasll + 30151
j=1 j=1 j=1 j=1

Hence we finally obtain an estimate of Var(Hg, 17y (A) )uo):

e

k2o (& - 2 —114
Var (Hsyiny () < 55 (D lagll+D2 1631 lltm )71 (5.18)
' j=1 j=1

We obtain a similar estimate for Var (TN[(hE\l,’Q)) zf,vj ) The partial

u' v
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derivative of F( ) , gives two terms: V(V, W) € W, V(A,B) € My (C)P*¢

d
= F9  (A+tV,B+tW)

dtlt:O u'l)u'U
_ %(Trk@JTrN)[(Ev,u@lN)(F@1N_TN <Zb @ W)

x (T@1y —Tn) Heww @IN)(A@ 1y — Sy — Tn) ™
+ (Ev,u ® 1N)(F ® 1N — TN)_l(Eu/ﬂ/ ® ]-N)(A ® ]-N — SN — TN)_l

P q
X <ZCZ]‘ ® ‘/J(N) "—ij ®VVJ(N)><A® ].N - gN —TN)il].
j=1 j=1
We then get the following:

d
—  F? . (A+tV,B+tW)
dt =0

k2 & -
(S sl + S ml) o Ty
j=1 g=1

(0 A) 2 (11T )+ i 7))

2

Hence we have

Var <TN[(h§\1[’2)) g,v/] )

< S (X lasl+ S el i
<l (0m A (0 )+t A)) . (5.19)

We then obtain as desired, by (5.17), (5.18) and (5.19):

lON(AT)] < ks/zz a; H2< Z Var( HSN+TN(A))

u,v=1

1/2
X magx/Var(TN[(hg\l,’Q)) g,vj ) )

< 10 D)7 a) 7

(11 7)1+ 1 (1m )1 ),
9/2 p 2 p q 2
where ¢ = K20 0 lag[2( 520, llagl + S22 1651)
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5.3 Proof of Theorem 5.1

By (4.5), for all A in M(C)", the matrix A — Ry(Gsyiry(A) ) is in
M;,(C)" and then it makes sense to choose I' = A — R, (G 41y(A) ) in
Equation (5.10). We obtain for all A in M(C)™,

GSN+TN (A> = GTN <A — R (GSN+TN (A) ) ) + @N(A)7

where Oy (A) = Oy (A, A =R (Gsyiry(A)) ) is analytic in &? complex

variables. Recall that by (4.6), we have ||(A — Ry(Gsyiry(A) ) )_lH <
|(A)~Y|, which gives (when replacing ¢ in (5.12) by ¢/2) the expected
estimate of O (A).

6 Proof of Estimate (3.9)

Let (Xn, Yy, X,y) be as in Section 3. We assume that (x,y, (Yn) N>1)
are realized in a same C*-probability space (A,.*, 7| - ||) with faithful
trace, where

e the families x, ¥, Y1, Yo,..., Yy,... are free,

e for any polynomials P in ¢ non commutative indeterminates

T[P(Yn)] :== 718 [P(YN)].

Consider L a degree one selfadjoint polynomial with coefficients in M (C).
Define the Stieltjes transform of Ly = L(Xy,Yy) and ¢y = L(x,Yy):
forallAEC*z{ze(C‘ Imz>0},

grx(\) = E[(Tk ®7v) [(/\lk ®ly—Ly)" H , (6.1)

() = (@) |(Me1-ty) . (6.2)

One can always write Ly = ag @ Iy + Sy + Iy, Iy = ag ® 1 + s + Ty,
where

SN—ZaJ@)X Za]@)xj, TN—Zb ®Y(N)

7=1
and ag, ..., ap,b1,...,b, are Hermitian matrices in My (C). Define the
Mg (C)-valued Stieltjes transforms of Sy + Ty and s + Ty for all A €
Mi(C)" = {A € My(C) | Im A > 0},
GSN—i-TN(A) = E[(ldk X TN) [(A 1y — SN _ TN)_l]} 7

Gory(A) = (idy ®7) [(A ®1—s— TN)”].
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Then one has: for all A in C*
gy (A) = Tk[ Gsy+ry (Al —ag) ]» Gen (N) = Tk[ Gepry (Al — ag) |.
By Proposition 4.2, for any A € My (C)*, one has
Gairy(A) = Gy (A = Ro(Gasry () ) )

On the other hand, since the matrices of Y are deterministic, we can
apply Theorem 5.1 with ¢ =1

Gy () = Gry (A = Ry (Gsyimy (1)) ) + On(A),
where [|On(A)| < %z ||(Im A)7|° for a constant ¢ > 0. Define
Q) = {A c Mk((C)JF‘ I(Im A)~Y| < N”}.

Then for nn < 1/3, there exists Ny such that for all N > N, and for any
o O@)
Ain Q") one has

_ u c _ _ 1
R(A) = [Ox ()] [[(Im A7 D flag|* < ez ll(m A) HI < eN™2 < <
j=1

[\]

Then by Proposition 4.3 with (¢, G,0,Q,¢) = (Tn, Gsy 41y, OnN, Q%N), 1/2),
one has

HGS-i-TN (A) - G5N+TN (A) ”

< (123 ol 1ama) ) o))

J=1

r n A)
_ Py e UG
< c(1+z;na1u (I A)72)

Hence for every € > 0, there exist Ny and v such that for all N > Ny,
for all A in C such that ¢ < (Im A\)™' < N7, one has

&
|gLN()‘)_g€N()‘>| < ||GS+TN()‘1]€_G0)_GSN+TN(/\lk_ao)H < m(lm /\)_77
(6.3)

where ¢ denotes now the constant ¢ = k23" H@-H( P llagll +

2
el (572 2528 D).
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7 Proof of Step 2: An intermediate inclusion
of spectrum

For a review on the theory of C*-algebras, we refer the readers to [12] and
[8]. Notably, Appendix A of the second reference contains facts about
ultrafilters and ultraproducts that are used in this section.

Let (X, y, (YN)N21) be as in Section 3. We assume that these non com-
mutative random variables are realized in the same C*-probability space
(A, .*,7,| - ||) with faithful trace, where

e the families x, y, Y1, Yo,..., Yy,... are free,

e for any polynomials P in ¢ non commutative indeterminates
T[P(Yn)] := 78 [P(YN)].

A consequence of Voiculescu’s theorem and of Shlyakhtenko’s Theorem
A.1in Appendix A is that for all polynomials P in p+ ¢ non commutative
indeterminates,

T[P(X7YN)] ]\:go T[P(Xay>]7 (71)
1P YN — [Py (72)

In order to prove Step 2, it remains to show that (7.2) still holds when
the polynomials P are My(C)-valued. This fact is a folklore result in
C*-algebra theory, we give a proof for readers convenience. We need first
the two following lemmas.

Lemma 7.1. Let A and B be unital C*-algebra. Let m : A — B be a
morphism of unital *-algebra. Then m is contractive.

Proof. Tt is easy to see that for any a in A, the spectrum of 7(a) is
included in the spectrum of a (since A14 — a invertible implies that
Al 4 — 7(a) is also invertible). Hence we get that for all a in A

Iw()* = [Iw(a*a)|| < [la*al = [lal|*.
O

Lemma 7.2. Let A be a unital C*-algebra. Then for any integer k > 1,
there exists a unique C*-algebra structure on My(C) ® A compatible with
the structure on A. In particular, if A is a C*-probability space equipped
with a faithful tracial state T, then My(C) ® A is a C*-probability space
with trace (1, @ ) and norm || - ||;.or, where 7, is the normalized trace
on Mg(C) and || - || s er is given by Formula (1.9).
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Sketch of the proof. For the existence we consider the norm given by the
spectral radius. The uniqueness follows from Lemma 7.1. O

Proposition 7.3. Let £ > 1 be an integer. For all N > 1, let zy =
(ziN ,...,ZZSN)), respectively z = (z1,...,2,), be self-adjoint non com-
mutative random variables in a C*- probability space (An, . *, T, || - |7y )5
respectively (A, .*, 1, - ||). Assume that the traces Ty and T are faithful
(hence the notation for the norms) and that for any polynomial P in p

non commutative indeterminates,

P — T[P(2) (73)
1P@lly > I1P@- (7.4)

Then for any polynomial P in p non commutative indeterminates with
coefficients in M (C),

1PN lnery  —  1P(@)]lner (7.5)

N—o0

We abuse notation and write with the same symbol the traces in M (C)
and Ay when N = k. There is no danger of confusion.

Proof. For any positive integer k£ and any ultrafilter &/ on N, we define
the ultraproduct

u
A® = T M(C) @ Ay,
which is the quotient of

{ (an)n>1

VN > 1, an € M;(C) ® Ay and supljay]|| < oo },
N>1

=

by

{ (an)nz1 | VN =21, ay € Mp(C) ® Ay and ]yrrzleaNH =0 }
—

The algebra 21*) is a C*-algebra whose norm || - [|g is given by: for all
a in A® | equivalence class of (ay)y>1

lalla = Jim [laxlrory-

Furthermore A® is a C*-probability space which can be identified with
M (C)@AM . The trace 7 on A is given by: for all a in AV, equivalence
class of (Ax)n>1, one has

7:[01] = ]\lflLer,{T[AN]



7 PROOF OF STEP 2 40

If the classical limit as N goes to infinity exists, then the trace of a does
not depends on the ultrafilter & and is given by the limit. The trace on
A% is (1, ® 7). Notice that (7, ® 7) on A* is not faithful in general,
which implies that the norm || - ||q# and the norm | - ||;, o+ given by
(1 ® 7) with Formula (1.9) are not equal on the whole C*-algebra.

At last, we can equip A® with a structure of operator-valued
C*-probability space. Define the unital sub-algebra B of A*) as the set

b € M;,(C) } cA®.
The conditional expectation in 2A*) is given by (id, ® 7) : A*) — B.

For j = 1,...,p, we denote by Z; in AL the equivalence class of the

sequence (ZJ(N)) n>1. We have by definition of A®): for all polynomial P
in p 4+ 2¢ non commutative indeterminates with coefficients in My (C),

1PN =, 12(2) e

Let C*(z) be the sub-algebra spanned by z = (Z,...,3,) in AV and
let C*(z) be the sub-algebra spanned by z in A. Then by (7.4), the C*-
algebras C*(z) and C*(z) are isomorphic. Hence we get an isomorphism of
the *-algebras My (C) ® C*(z) and My(C) ® C*(z), and so an isomorphism
of the C*-algebras by Lemma 7.1. Hence, for all polynomial P in p + 2q
non commutative indeterminates with coefficients in M (C),

1P(@)[lac = || P(2) |07

Hence we get
1P llners 2, 1P(@)lr

for all ultrafilter &. Then the convergence holds when N goes to infinity.
[

Proof of Step 2. Let L be a selfadjoint degree one polynomial in p + ¢
non commutative indeterminates with coefficients in M (C). Define £y =
L(x,Yy) and ¢ = L(x,y). Then by Proposition 7.3, for all commutative
polynomials P, one has

1PN lner =2 [1P(O)]lner-

The convergence extends to continuous function on the real line and then,
with an appropriate choice of test functions, Step 2 follows. O]
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8 Proof of Step 3: from Stieltjes transforms
to spectra

Let Xy, Yn,x and y be as in Section 3. As before x,y, and Yy are
assumed to be realized in a same C*-probability space (A, .*, 7, -||) with
faithful trace. Let L be a selfadjoint degree one polynomial with coeffi-
cients in M (C).

For any function f : R — R and any Hermitian matrix A with spectral
decomposition A = Udiag (A1,..., \x)U*, with U unitary, we set the
Hermitian matrix f(A) = Udiag (f(M),. .., f(Akx))U*. For any function
f:R— R, we set

Dn(f) = (e @ ™n) [f(L(Xn, Yn))].

By Step 2, for all € > 0, there exists Ny > 1 such that for all N > N,

one has
Sp( L(x,Yy) ) C Sp( L(x,y) ) + (—¢,¢).

Hence, for any function f vanishing on a neighborhood of the spectrum
of L(x,y), there exists Ny > 1 such that for all N > Ny, the function
f actually vanishes on a neighborhood of the spectrum of L(x,Yy). In
particular, with uy (respectively vy) denoting the empirical eigenvalue
distribution of Ly = L(Xx, Yy) (respectively {xy = L(x,Yy)), one has

E[DN(f)]:E[/fduN}:E[/fd,m}— /deN. (8.1)

Furthermore, by Estimate (3.9), with the Stieltjes transforms of Ly and
of £ defined by: for all A in C*

gry(A) = E[(Tk@)TN)[()\lk@lN—LN 1 } /—d,uN

gen(A) = (Tk®7)[(A1k®1—€N)’1} Z/Al_tdyN(t),

we have shown that: for any e > 0 and A > 0, there exist Ny, c,n,v,a >0
such that for all N > N, for all X in C such that ¢ < (Im \)~! < N?
and [Re \| < A

1923 (V) = ey (V)] < <5 (Tm A) ™ (8.2)

N2

With (8.1) and (8.2) established, it is easy to show with minor modifica-
tions of [1, Lemma 5.5.5] the following result.
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Lemma 8.1. For every smooth function f : R — R non negative,
compactly supported and vanishing on a neighborhood of the spectrum
of L(x,y), there exists a constant such that for all N large enough

C

- (8.3)

E[Dx(N ] | <
To get an almost sure control of Dy(f), we use the fact that the entries
of the matrices Xy satisfy a concentration inequality.

Lemma 8.2. With f as in Lemma 8.1, there exists k > 0 such that,
almost surely
N Dy(f) — 0. (8.4)
N—oo
Proof. The law of the random matrices satisfying a Poincaré inequality
with constant % and L being a polynomial of degree one, for all Lipschitz
function ¥ : Myn(C) — R, by [17, Lemma 5.2| one has:

P(|(Ly) ~E[U(Ly) ] | 2 6) < Kye ket (8.5)

|W(A)=V(B)|

where K7, Ky are positive constants and |V, = sup A B

A#BEMyN (C)
Recall that the Euclidean norm || - ||, of a matrix A = (a; ;)

ij=1 1s given
by

kN

Z |ai ;|

,j=1

[A]le =

For any Hermitian matrices A in My (C) and any function f : R — R,
we set

o (4) = (n @ ) [f(A) ] (8.6)
For all smooth function f: R —-R, N > 1and 0 < kK < %, we define

/ 1
B](\J;)K = {A € Myn(C) ) A is Hermitian and ‘(I)g\]: 2)(14)‘ < s }, (8.7)
0 _ ol ") . .
and denote py’ = [(Px')sy.,.|c- Define Ui’ @ My (C) + R by: VA €
My (C)
w(4) = swp {2 (B) = o 114 - Bl . (8.8)

BeBY).

and denote Dy (f) = \IJ%)(LN). By [17, Proof of Lemma 5.9], \D%) coin-

cides with @%) on B](\J;)ﬂ and is Lipschitz with constant ]\IJ%)] r < p%}n_
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For all Hermitian matrices A in Myy(C), M in Myn(C) and n > 1,
one has %“:0(14 +tM)m = S AMMA™ and then %n:o(ﬂf ®
™)[(A+tM)"] = (1. @ T3 ) [nA" 1 M]. So for all polynomials P, one has
D ACDE\J,D)(M ) = (1 @ 7nv)[P'(A)M]. Hence, by density of polynomials, for
any smooth function f : R — R one has DAQ%)(M) = (,@7n)|[f'(A) M].
By the Cauchy-Schwarz inequality, we get

2
DA (N = |(m @ ) [ (A M)
< (@) (A)] % (7 @ 7w) [M ™ M]
o 1M
_ U g o [M]le
Then, for any smooth function f, one has
1 ”
f «_- (f"?) 1/2
where || - ||oo denotes the supremum of the considered function on the set
of kN x kN Hermitian matrices. Hence we get that |U{|, < p%)}i <
%N71/272m 7
= .

We fix f a smooth function, non negative, compactly supported and van-
ishing on a neighborhood of the spectrum of L(x,y). By the Tchebychev
inequality

P(Ly ¢ B = B(Dx(7) > 1) < N"E[D(f?)] < 520)

where we have used Lemma 8.1 (f’? also vanishes in a neighborhood of
the spectrum of L(x,y)). Moreover, since \IIS\];) and @%) are equals in
B and 95 [ < 25 .

E[Dx (/)= Dx(£)] | < 190 1Py ¢ B <108 oy (8:11)

Now, by (8.5) applied to Ui for all § > 0

P(’DN(f)_E[DN(f)] ]>N%+ and LNeB](V{L)

< P(|5st)~=[55)] > g — [BID8(0 - Da7)] | )

< Kyexp ( — VEE,N"(6 — ‘E[[)N(f) — Dy (f)] \))

By (8.10), (8.11), Lemma 8.1 and the Borel-Cantelli lemma, Dy(f) is
almost surely of order N'** at most. O]
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Proposition 8.3. For every e > 0, there exists Ny such that for N > Ny
Sp( L(Xn,Yy) > C Sp( L(x,y) ) + (—¢,¢) (8.12)

Proof. By (1.11) and [1, Exercise 2.1.27], almost surely there exists Ny €
N and D > 0 such that the spectral radii of the matrices (Xy, Yy) is
bounded by D for all N > N,. Hence, there exists M > 0 such that
almost surely one has

Sp< L(Xy, Yy) ) c [=M, M].

Let f : R — R non negative, compactly supported, vanishing on

Sp( L(x,y) )+(—¢/2,¢/2) and equal to one on [—M, M|\ (Sp( L(x,y))+
(—e,€) ) Then almost surely for N large enough, no eigenvalue of
L(Xy,Yy) belongs to the complementary of Sp( L(x,y) ) + (—¢,¢),
since otherwise

(e ® TN) [f(L(XN,YN) )] > N-l> N“L-x

in contradiction with Lemma &.2. O

9 Proof of Corollaries 2.1, 2.2 and 2.4

9.1 Proof of Corollary 2.1: diagonal matrices

Let Dy = (DiN), e D(SN)) be as in Corollary 2.1. For any j =1,...,p,
the number of jump of Fj_1 is countable. We show that the convergence
of the norm (2.3) holds when we chose v = (vy,...,v,) in [0, 1]? such that
for any k # ¢in {1,...,q}, the sets of jump points of u — F, ' (u+wvy) and
u > F; ' (u+v,) are disjoint. We show that for such a v, the family DY,
satisfies the assumptions of Theorem 1.6. In all this section, we always
denote \;(j) instead of )\Z(N)(j) foranyi=1,...,Nandany j=1,...,q.

The convergence of traces, case v = (0,...,0): Since the matri-
ces commute, we only consider commutative polynomials. We start by
showing that for all polynomials P,

™ [P(DN) } — /01P<F1_1(u), L Fo N () )du. (9.1)

N—oo

Denote by p the probability distribution of the random variable
(Fi'(U),...,F;(U) ) € RY, where U is distributed according to the

q
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uniform distribution on [0, 1]. In order to get (9.1), we show that the
sequence of measure in R?

1 & 1 &
(N ;%(1)7 SR ;%w)

converges weakly to . This sequence is tight, since there exists a B > 0
such that for all j =1...¢, for alli =1...N, one has \;(j) € [-B, B].
Hence it is sufficient to show the following: for all real numbers ay, .. ., a,,

for all € > 0, there exists n > 0 such that

. 1
limsup N Z 101 44] ()\1(1)) X o X oo ag4n) ()\l(q))
i=1

N—oo

(] = 00,a] X -+ x] — 00, a,] ) ‘ <e (9.2)
Fix (a1,...,a,) in R? and € > 0. Remark that one has

p(]—o00,a1] x - x] —00,a, ) = jglli?qu(aj)'

Let jo be an integer such that Fj,(aj,) = p(]—00,a1] x -+ x] =00, a4] ).
Forany j = 1,...,q, the empirical spectral distribution of Dj(-N) converges
to p;. Then for all @ in R point of continuity for Fj, one has

%Z 1) o.q) ()\Z(J)) — Mj( | — 00, d] ) (9:3)

N—oo

Let n > 0 such that

d :ujo( ]ajovajo + 1] ) <e/2.

e for all j =1,...,¢, the real numbers a; + 1 and a;, + 1 are points
of continuity for Fj}.

By (9.3) with @ = a; + n, there exists Ny > 1 such that for all N > N
and j =1,...,q, one has
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The A;(j) are non decreasing, so we get
Vi=1...q, ng(FjO(ajo)—s), NG <a;+n. (9.4)

On the other hand, by (9.3) with j = jy and @ = a;, + 7, there exists
Ny > 1 such that, for all N > Ny, one has

1
NCard {z =1...N ‘ Ai(jo) < ajy +1 } < Fj(aj, +1n) +¢/2.

But Fj,(aj, + 1) < Fj,(aj,) + /2, so that
Card {z =1...N ‘ Xi(Jo) < aj, +1 } < N(]Tjo(ajo)+5>.
The A;(jo) are non decreasing, then we get
Vi > N(Fjo(ajo) n 5), N(jo) = ajo + 1. (9.5)

By (9.4) and (9.5) we obtain: for all N > N,

N
1
‘N Z 1]—00,a1+77] ()‘2(1)) X X 1]—00,aq+7ﬂ (Al(qn - Fjo<aj0 + 77) <€
=1

and then (9.2) is satisfied. So the convergence (9.1) holds when v is zero.

The convergence of traces, case v in [0,1]%: To deduce the gen-
eral case we shall need the following lemmas.

Lemma 9.1 (Quantiles of real diagonal matrices with sorted entries).
Let Dy = diag (A1,...,Ay) be an N x N real diagonal matriz with
non decreasing entries along its diagonal. Assume that the empirical
eigenvalue distribution of Dy converges weakly to a compactly supported
probability measure . Let F' denote the cumulative distribution function
of i and F~1 its generalized inverse. Let v in (0,1) a point of continuity
for F~1 and (ix)ns1 a sequence of integers, with iy in {1,..., N}, such
that iy /N tends to v. Then, one has

Niy — F71(v).

N N—o00
In particular, we have the convergence of the quantile of order v:

AL+ [oN) N—_NZOFA(U)-
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Proof. Denote w = F~'(v). We can always find n > 0, arbitrary small,
such that w —n and w + n and points of continuity for F'. Then, one has

%le—m,w—nl(&') 2 1] =00, w—n] ) = F(w—n).

N—o0

Then, the A\; being non decreasing, for any ¢ > 0 there exists N, such
that for any N > Ny, one has

Vi > <F(w—n)+€)N, i = w—n. (9.6)

Since v is a point of continuity for £/, we get that F(w —n) < v. We
chose ¢ < v — F(w —n). Then, we get F(w —n) + e < v. Hence, there
exists Ny such that, for any N > Ny, one has iy > (F(w —n) —I—s)N and
so, by (9.6): for any n > 0, there exists Ny such that for all N > Ny, one
has w —n < \;,. Hence, we get for all n > 0,

—n < liminf \; .
w = <l
With the same reasoning, we get that

limsup A, = w+n,

N—oo

and hence, letting 1 go to zero, we obtain the expected result. O]

Lemma 9.2 (Truncation of real diagonal matrices with sorted entries).
Let Dy = diag (A1,...,An) an N x N real diagonal matriz with non de-
creasing entries along its diagonal. Assume that the empirical eigenvalue
distribution of Dy converges weakly to a compactly supported probability
measure (1. For any vy < vy in [0, 1], we set

D™ = diag (At (N - - Anan))-

Let F denote the cumulative distribution function of u and F~' its gen-
eralized inverse. We set wy = F~1(vy), wo = F~1(vy), a; = F(wy) — vy
and ay = vy — F(wy). Then, the empirical eigenvalue distribution of

Dj(:,jl’UQ) converges weakly the probability measure proportional to
a15w1 + M( - N ]wl,wg[ ) + a25w2.
Proof. We only show the lemma for vy = 0, the general case can be

deduce by adapting the reasoning. We then use, for conciseness, the
symbols v, w and a instead of v1,w; and a; respectively.
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If F'is not continuous in w (i.e. if pu(w) # 0) and v # F(w), then
for any « in 0, (F'(w) — v)/2[, the map F~! is continuous at the points
v+ o and F(w) — . By Lemma 9.1, we get that

]\}lill /\1+ |(v+a)N| = hm )\1_;,_ (F(w)—a)N| = w. (97)

Hence, for any continuous function f, we get

1 1+ | (F(w)—a)N |

¥ 2 T 2 (a=20)f(w), (98)

N—o0
i=14|(v+a)N|

If F' is continuous in w, we take v = 0 in the following.

We can always find § > 0, arbitrary small, such that F(w) + ( is a
point of continuity for F'~!. Remark that we then have

w=F"F(w)) < F ' (F(w)+f).
By Lemma 9.1, we get
Mirayang 2 F7HE W) + B). (9.9)

Moreover, we can always find 7 in |0, F~! (F(w)—i—ﬂ) —w][, arbitrary small,
such that w4+~ is a point of continuity for /' and F(w +~) < F(w) + 8.
Then, by (9.9), we get that, for N large enough

Card{ i 2 1+ [(F(w)—a)N] ‘ Ai < wﬂ} < L(F(w)+B)N] = (F(w)—a)N|.

Hence, for any continuous function f, we get that for IV large enough

1 N
Y - /]w7+oo}f(w)du(x)

i=1+|(F(w)—a)N|

¥ D FON ) = [ f@)nte)

i=1 Jw,400]

L(F(w) + B)N] = L(F(w) — a)N] (9.10)

+ 1 lloe
By (9.8) and (9.10), we obtain

o[£ S 700 — afw) - [ r@au

N—oo i=1+oN] Jw,+o0]

< f e (40 + 8+ p(lw,w+ 7).

Letting «, 8,y go to zero, we get the result. O]
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Let v in [0, 1]9. We now show that, for any polynomial P, one has

N—oo

[P0 ] o [ P(E e B ) e )

At the possible price of relabeling the matrices, we assume v; > ... > v,
and set

N1 = N—LleJ,
N; = |vuN]—|vuN|, Vi=1,...,4q

For any 7 =1,...,q, we decompose the matrices D](-N) (vj) into

N : N N
D§ )(vj): diag (D](-J),...,D(. )),

74

where for any i = 1,. .., q, the matrix D](.iy) is V; x N;. We set for any ¢ =
1,...,q, the family Dy(i) = (Dg), e Dé{j)). Foranyi,j =1,...,q, we
denote by F;; the cumulative distribution function of the measure ob-
tained in Lemma 9.2 with (Dy, p, v1, v9) replaced by (D§N),uj, Vi1, V;).
Then, for any polynomial P, one as

Z L [P(Dx(0))].

By Lemma 9.2 and by the case v = (0, ...,0), we deduce that

) 1 ot —1 -1
| - . L F )d
P POND)] =2 e [ P(F ). k)
with the convention vy = 1. The merge of the different terms for ¢ =
1,...,q gives as expected

1
v [P(D”;V)} o / P(F;l(u+v1),...,F;(uﬂq) )du. (9.12)
o Jo
The convergence of norms: Let v = (vy,...,v,) in [0,1]? such that
for any k # ¢ in {1,...,q}, the sets of jump points of u — F ' (u + vy
and u — F, ' (u+vy) are disjoint. We now show that, for all polynomials
P, one has
1P| — Sw [P,
Supp pv

where 1V is the probability distribution of the random variable (F TN U+
v1), ..., 7N U +v,) ) € RY, where U is distributed according to the
uniform distribution on [0, 1]. In view of the above, we have

liminf |P(DY)]| > Sup |P).

Supp pv
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It is sufficient then to show that, for any n > 0, there exists Ny > N such
that for all = 1,..., N, one has

(>\i+Lv1NJ<1)7 s A Lo (@) ) € Supp p" + (—n,n)". (9.13)
Indeed, by uniform continuity, for any polynomial P and € > 0, there

exists 7 > 0 such that, for all (z1,...,2,) in Supp p” + [—1,1]? and
(y1,-..,Y,) in R? one has

<e€

=l <0 = [Pl ) = Pl )

and hence: for all ¢ > 0, there exist n > 0 and Ny > 1 such that for all
N > Ny, foralli=1,... N

N

_I:nlf}_)}ivlp()\iﬂmm(l), o Aoy (@) ‘

7

max |P| < max |P|+e.
Supp p¥+(=n,n)4 Supp p®

Suppose that (9.13) is not true: there exist 7 > 0 and (Ng)g>1 an in-
creasing sequence of positive integer such that for all £ > 1, there exists
1 such that

N, N v
()\z('k-ﬁ)LmeJ (1>7 R )\Ek‘t)thNkJ (q) ) ¢ Supp p’ + (_77’ n)q'

By compactness, one can always assume that i, /Ny converges to ug in
0,1|. Forall jin{1,... except a possible jy, we have that ug+wv; is a
[0, J s pt ap Jo, j

point of continuity for F j_l and so, by Lemma 9.1, AWK

i+ [v; Nk (j) converges
to Ffl(“o + v;). Recall that

Supp ' = { (F7 (u+v1),. o Byt v,) ) [we0,1] .

Then we have, for N large enough and for all w in [0, 1], that |/\Eiv+kivj Nl (jo)—
0
F]gl(u + Ujo)‘ > le.
. Ny, :
dist (A jf% w1 (G0), Supp fu55) > 1,

which is in contradiction with the fact that for IV large enough the eigen-
values of DJ(-(])V) belong to a small neighborhood of the support of 1.

9.2 Proof of Corollary 2.2: Wishart matrices

Let r,s1,...,5, > 1 and (Wy,Yx) be as in Corollary 2.2 and denote
s = 51+ ...+ s,. We use matrix manipulations in order to see the norm
of a polynomial in the 7N x rN matrices Wy, Yy, Y as the norm of a
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polynomial in (r 4+ s)N x (r + s)N matrices Xy, Yy, Y, Zy and some
elementary matrices, where Xy is a family of independent GUE matrices
and YN, Zy are modifications of Y n,Zy. We will obtain the result as a
consequence of Theorem 1.6.

Define the (r + s)N x (r 4+ s) N matrices ey = (e(()N), egN) o ,e]()N)):

Y

Ny 1Ly Onven
“ a ( OsN,rN OsN ) ’ (914>

M L , j=1,.9.15)
O(sj 1 4-tsp)N
Recall that by definition of the Wishart matrix model for j =1,...,p

W™ = M 2N N (9.16)

J J J

where M ;N) is an 7N x s; N complex Gaussian matrix with independent
identically distributed entries, centered and of variance 1/rN. Let Xy =

(f( fN), e XéN)) be a family of p independent, normalized GUE matrices
of size (r 4+ s)N x (r + s)N, independent of Y and Zy and such that

for j =1,...,p, the rN x s; N matrix M;N) appears as a sub-matrix of
rts v(N) : - T(N) _ [rts (N) (V) (N)
=2 X, in the following way: if we denote M;" = |/=Fe; " X; e,
then

0,y MM

M](N) _ Ofsy+ts,-1)N 0 .(9.17)
s;N

Osj 14 +5p)N
Let Yy = (}71(N), . ,%(N)) and Zy = (ZEN), e ZZ(,N)) be the families of
(r 4+ s)N x (r + s)N matrices defined by:

- YN 0, .
YfN)Z(OZVN Al R B (9.18)
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By assumption, with probability one the non commutative law of Y  con-
verges to the law of non commutative random variablesy = (y1,...,y,) in
a C*-probability space (Ao, .*, 7, ||-||) and for j = 1...p the non commuta-
tive law of Z; converges to the law of a non commutative random variable
z; in a C*-probability space (A;,.*, 7, -||) (we use the same notations for
the functionals in the different spaces). All the traces under considera-
tion are faithful. Let B denotes the product algebra By x By x - -+ x B,
We equip B with the involution .* and the trace 7 defined by: for all
(bo,...,by) in B
(bos -+, bp)" = (bg, -+ -, b)),

~ r S1

7'[ (bo,...,bp) ] = T—FST(bO)_'—T—l-S
The trace 7 is a faithful tracial state on B. Equipped with .*, 7 and with
the norm || - || defined by (1.9), the algebra B is a C*-probability space.
Define y = (91,...,9q), 2= (Z1,...,%,) and e = (e, ..., €p,) by

s
(b)) + -+ . jST(bp).

U; = (yj,Olgl,...,OBp), 7=1...,q,
Zj = (0607'"703]‘—17zj?03j+1’"'703p)7 J=5...,p,
ej = (0807"'708j71718j708j+17"'708}2)’ ]:O,,q

Lemma 9.3. With probability one, the non commutative law of
(Yn,Zn,ey) in (Myion(C), ", Trrs)n) converges to the law of (y,z,e)
in (B,.*, 7).

Proof. Let P be a polynomial in 2p 4+ 2¢ + 1 non commutative indeter-
minates:

T(r+s)N [P(?Ny?}kva Zy,en) |
T

= T PYN' 7?*707" 7"'707" 717“ 707" 7"‘707‘
T+STN[ (Yy o Oy, Oy N\N_/_JE)}
P P
~ 5 (N)
: 2 P Qun e O 250 O Oy B D D) |
" 2t -1 P p—j
r
P *0,...,0,1,0,...,0
N_)OO T+ST|: (y7y7 ) ) ) b ) ) >:|
P P
8.
+ i _7[P(0,...,0,2;,0,...,0,1,0,...,0 9.20
Zs—i—r [ <\‘,_/ AN H/_,)} ( )
=1 2q+j—1 P p—1
= 7P,y 2], (9.21)

where the convergence holds almost surely since each term of the sum
converges almost surely. O
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Lemma 9.4. For all polynomials P in 2p + 2q + 1 non commutative
indeterminates, almost surely

HP(?Nan\hZNaeN) H ]\:))o HP(S’,SI*,Z,Q) H

Proof. Lemma 9.4 follows easily since for any polynomlal Pin 2p+2q+1
non commutative indeterminates, ||P Y N, Y N Zn,en) H is the maxi-
mum of the p + 1 real numbers

® ||P(?N7Y7V7OTN7"'707'N71TN707‘N7“'701'N>||7
—_——— —— ——
p p
P(0 0, v.Z™ 0 0,n, 1.5, 0 0 =
L4 H (SjN7"'7 S]'Na j ) S]'N7"'7 SjNu SjN7 SjN7"'7 SjN)”7j
—_—— —_—— ——

2q+j—1 P p—j
1,....p,

and ||P(y,¥*,Z,e)||> is the maximum of the p + 1 real numbers

e |P(y,y*0,...,0,1,0,...,0)],
—— N —

P p
e |P(0,...,0,2,0,....0,1,0,...,0),i=1,....p.
—— —— ——
2q+j—1 P p—1
O
Let x = (21, ..., ,) be a free semicircular system in C*-probability space.

Let A be the reduced free product C*-algebra of B and the C*-algebra
spanned by . We still denotes by 7 the trace on A and the norm consid-
ered |- || is given by (1.9) since the trace is faithful. By Voiculescu’s theo-
rem and by the independence of X (v and (YN7 V4 ~), with probability one
the non commutative law of (X, Yy, Zy, ey) in (M8 (C), ", Targs)w)

converges to the non commutative law of (X,y,%,e) in (A,.*, 7). Define

the non commutative random variables m = (1my,...,m,) and W =
(W1,...,0y) in Aby: for j=1,...,¢q,

- r4+s - - . .
m; = . €oT;€j, Wj; = eo(mj Zj + mj)z. (922)

Lemma 9.5. For any polynomial P in p + 2q non commutative inde-
terminates, there exists a polynomial P in 3p + 2q + 1 non commutative
indeterminates, such that one has

P(WNv YN7 Y?V) OrN,sN
OsN,rN OsN

) PRy, Y. Y. Zxen),  (9.23)

eoP(W,5,5") = P(X,5,5", %, e).
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Proof. We set Wy = (WI(N), cee WISN)) given by: for j =1,...,p,
- - - - (N)
WM = e (M ZE 4 i) = ( Wi Orvew ) o (9.24)
OsN,rN OsN

Let P be a polynomial in p + 2¢ non commutative indeterminates. By
the block decomposition of Wy and Yy, one has

( P(Wn, YN, YY) Opnsn

= 6(()N) P<V~VN7YNa?>]kV)'
OSN,TN OsN

Furthermore, By definitions of X and W: for j =1,...,p

J

M(N)*)2
T+, (N)o(N) (N) (N N) o(N) (N
TS (00 XM 2 4 R

~ (N N) 7 (N) (N ~
W = 02 + T
(N
€0

Define for j = 1,...,p the non commutative polynomial P; deduced by
the formula

r+s

Pj(i’j, 2]', e) = €y (eozijej,%j + €j.i'j€0)2, (925)

and define P deduced by

PR, ¥, % e) = e P(Pl(jl,él,e), . ,Pp(:ip,zp,e),y,y*>. (9.26)

The polynomials are defined without ambiguity if x,y,y*, z, e are seen
as families of non commutative indeterminates (without any algebraic
relation) instead of non commutative random variables. Remark that,
by definition, for all j = 1,...,p the non commutative random variable
w; equals Pj(Z;, Z;,e). Hence it follows as expected that

P<WNa YNa Y?V) OrN,sN _ I
OsN,rN OsN

€0P<WJS/75/*) = P(ivyay

It is well known as a generalization of Voiculescu’s theorem that, under
Assumption 1 separately for Zl(N), ey ZIZ(,N)7 Yy and by independence of
the families, with probability one the non commutative law of (W, Y )
in (My(C),.*,7n) converges to the non commutative law of (w,y) in a
C*-probability space (A,.*, 7, || - ||) with faithful trace, where

. w = (wy,...,w,) are free selfadjoint non commutative random
variables,
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2. y=(y1,-..,Y,) is the limit in law of Yy,
3. w and y are free.

For any polynomial P in p 4+ 2¢ non commutative indeterminates

T[P<W7Y7y*)] = ]\}EI;OTTN [P(WN7YN7Y}<V>}

—  Im 7"+37_ P(Wnx, YN, YY) Oyen

© Nox r (r+s)N OsN,'rN Osn
. r+s <

= A}g%o T+ [P(Xn, YN, Yy, Zyn,ex) |
T+S_ 5 i oy~

= —7[Pxy.¥" 2]
T+ S . ek

= r T[eop(WaY»Y)}a

where the limits are almost sure. In particular we obtain that, for all
polynomials P in p + 2¢ non commutative indeterminates, one has

leoP(W, 3, )l = |1P(w, y,y°)]- (9.27)

By Lemmas 9.3 and 9.4, the family of (r + s)N x (r + s)N matrices
(Y N Ly, e ~) satisfies the assumptions of Theorem 1.6, hence for all poly-
nomials P in 3p + 2¢ + 1 non commutative indeterminates, with P as in
Lemma 9.5, almost surely one has

|P(Xn, Y, Vi Zyen)| — |P& 3.5 7e)]  (928)

Remark that

IP(Wa, Y, Y5 H ( (W, Yn. ¥i) orN,sN) H
sNrN Osn
|

|P XN,YN,YNyzNaeN)H

1P(%,y,5",2,€)| = leoP(W,y,5")| = [|P(w,y,y")l
Together with (9.28), this gives the expected result.

9.3 Proof of Corollary 2.4: Rectangular band matri-
ces

We only give a sketch of the proof. Details are obtained by minor modi-
fication of the proofs of Corollaries 2.2 and 2.3. Let H be as in Corollary
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2.4:
A Ay ... AL O 0
0 A A A0
H— 0 A A Ar 0 (9.29)
: ..' ... ... .. 0
0o ... o0 A A A

We start with the following observation: the operator norm of H is the
square root of the operator norm of H*H, which is a square block matrix.
Its blocks consist of sums of /N x t/N matrices of the form A7 A,,, [,m =
1...L. By minor modifications of the proof of Corollary 2.2, we get
the almost sure convergence of the normalized trace and of the norm for
any polynomial in the matrices Ay = (AfA,,)im=1.1 as N goes to the
infinity. By Proposition 7.3, we get that the convergences hold for square
block matrices and in particular for any polynomial in H*H. Hence the
result follows by functional calculus.

A A theorem about norm convergence, by
D. Shlyakhtenko!

Lemma Let (A,7) be a C*-algebra with a faithful trace 7, and con-
sider B to be the universal C*-algebra generated by A and elements
LW L™ satisfying LO*zLU) = §;_;7(z) for all x € A. Moreover,
consider the linear functional ¢ determined on * — Alg(A, {LW};) by:

Yla=r,

¢(x0L(i1)x1 . xk_lL(ik)xkyoL(jl)*yl - yl_lL(jz)*yl) = 0 whenever
L1,y Try Yo, .-,y € A and at least one of k and [ is nonzero.

Then 1) extends to a state on B having a faithful GNS representation.
Moreover, (B, 1) = (A, 7)%(E, ¢) where (€, ¢) is the C*-algebra generated
by n free creation operators (1, ..., ¢, on the full Fock space F(C") and
¢ is the vacuum expectation.

Sketch of proof. Consider the A, A-Hilbert bimodule H = L*(A,7) ® A
with the inner product

((@a,d®@ad)s= (&) 2ma"d
and the left and right A actions given by
z-(§®a) y=r{®ay.
1Research supported by NSF grant DMS-0900776
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Let B be the extended Cuntz-Pimsner algebra associated to H®" (see
[30]), i.e. the universal C*-algebra generated by A and operators Ly, :
h € H satisfying the relations

LiL, = (h,g)a, h,g € H"™
CLth = Lahb> h € H@n, a, be A

It follows from the results of [32] that if we denote by (B,1)) the free
product (A, 7) * (£, ¢), then:

g:ﬂfgj = 5i:jT<I>, Vo € A,

Y(xoliy 1 -+ - xk—lgikxkyof;lyl " 'yl—lf;lyl) =0,
Ve, ..o Ty, €A K+1>0

Ifh= Y, ¢P g a(.k));;:l € (A® A)® C HP is a finite tensor, write

ki

It then follows that

E;LEQ - <hvg>A7 h’)g € HEB'IZ
alpb = gahb, a, be A, h € H®"

which in particular means that ||¢4]|3 = ||¢;¢x]] = ||h]|? so that the map-
ping h — £, is an isometry. We then extend ¢ to a map from H®" into B.
Note that the extension of ¢ still satisfies alyb = {45, whenever a,b € A
and h € H®".

From this we see that (by the universal property of B) there exists
a *-homomorphism 7 : B — B, so that ¢ = zﬁ om. Thus all we need
to prove is that 7 is injective. But by [30, Prop. 3.3], it follows that
B is isomorphic to the Toeplitz algebra T (since in this case obviously
(H®" H®") 4 = A) acting on the Fock space F = @),.,(H®")4*. If we
denote by E the canonical conditional expectation from 7 onto A and
consider the state # = 7o F, then the resulting Hilbert space is the closure
of F in the (faithful) norm ||€|| = 7((&,£)4)"/?; from this we see that the
GNS representation of B associated to the state 6 on B is faithful. Since
Bis exactly this GNS representation, it follows that = is injective. [

If Ay is a sequence of C*-algebras and w € SN\ N is a free ultrafilter,
we shall denote by
A=]]Ax
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the quotient

T4~ - (ﬁ AN) /{(@)%s: tim flax] =0}

Then 2 is a C*-algebra.

Let now X}g), = 1,....,n, N = 1,2,... be self-adjoint random
variables and assume that X (J) = 1,...,n are such that for any non-

commutative polynomial P,

n(PXY XY o (P X))
1 n n
IPXY, . X — [P, X))

Let LU, j =1,....n be a family of free creation operators, free from
each other and from {X } nj U{XW1Y, In other words, they satisfy:

Ll = r(z), Vo€ C({XP ), U X))
We use the notations

Ay = o*(xP,..xWy, By=cxxP,.. XV Lo, L0
A = cv(xWO X0y B=C*XxW, .. xmW O  pm)

and we denote by 7y and ¥y the respective states on Ay and By (=
(An,7n) * (€, ¢)). We denote by 7 and 9 the respective states on A and
B (= (A,71)*(€,9)).

Consider now the ultrapowers

Q[:ﬁANCSB:ﬁBN.

The formula
U (zn)Foy — lim Yy (zy)
N—w

defines a state on B.
We shall denote by XU) € 2 the sequence (X (])) 1. Then by as-

sumption, we have that the map o taking X to X ) extends to a state-
preserving isomorphism from (A,7) into B with range
A=CxXD .. X)),

We shall also denote by LU) the constant sequence (LW)%_, € B.
Then for any element of A represented by the sequence x = (xN)F, we
have:

L9219 = §ij(r(an)) ¥
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which (since the L? and operator norms coincide on multiples of identity)
is equal to 7(z)1d,=; € 2. It follows from the universality property that

R Nee SIS < OISR X0}

is a quotient of (A, 7) (€, ¢), the quotient map 3 determined by the fact
that it is v on A and takes ¢; to LY. On the other hand, if we consider

the GNS-representation 7 ofAB with respect to the restriction of ¢, we
casily get (by freeness from A and {LY)};) that the image is isomorphic
0 (A, 7)*(E,¢). Thus mo f =id so that actually

~ ~

B:(AT)*(E,¢)—» B=C(XV . X0 LA LM

is an isomorphism.
Consider now a non-commutative x-polynomial P. Then

1P, X))
— ||P(XO .,X<n>,L<l>,...,L<n>>||%
— lim HP( D¢ I A NN 0N P

N—w

Since the left hand side does not depend on w, we have proved:

Theorem A.1. Let X(‘ € (An,7n), j=1,....,n, N=1,2,... be self-
adjoint random vamables and assume that X (A 7),j=1,...,n are
such that for any non-commutative polynomml P,

rPxV, . xM)) o rpx O, x My
(1) n
IPXR, X ay = PXD, L X)) 4.

Let (¢1,...,0,) € &€ be free creation operators, and let By = (€, ) *
(An,7n), B = (€,9) * (A,T). Assume that the traces 7; are faithful.

Then for any non-commutative x-polynomial Q,

1QXY, ... X e, ) sy = 1QXD, . XM ey, 0]

It should be noted that if S;,...,95, are free semicircular variables,
free from {XJ(\‘Z)}N,]-U{X(]')}j, then Cy = C*(X](\P, . ,XJ(\?), Sty...,Sn)is
isometrically contained in By, while C = C*(XM, ..., XM g, . S)
is isometrically contained in B. Thus the analog of Theorem A with ¢;’s
replaced by a free semicircular family also holds.
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