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Norm of polynomials in large random and
deterministic matrices

C. Male*

ABSTRACT:

In this article we show the convergence of the operator norm (the largest singular value) of

any polynomial in some random matrices. If Xy = (XI(N), . ,X}SN)) denotes a family of N x
N independent random matrices from the Gaussian Unitary Ensemble (GUE), then we state
sufficient conditions on (possibly random) matrices Yy = (YI(N), ce Y;Z(N)), independent
with Xy, for which ||P(Xn,Yn, Y% )| converges for all polynomial P. Limits are described
by operator norms of objects from free probability theory. We give examples of diagonal
matrices Y y for which the convergence holds. Convergence of the operator norm is shown
to hold for some block matrices, even with rectangular gaussian blocks, a situation including
non-white Wishart matrices.

1 Statement of results

Let Xy = (X 1(N), . ,X}SN)) be independent N x N matrices of the normalized Gaussian Unitary En-
semble (GUE), i.e. for each j =1,...,p, the matrix Xj(-N) is selfadjoint with entries

XJ(N) = (Xn,m)lgn,mgN

the set of random variables (X, n)1<n<nN, and (\/§Re (Xn,m), V2Im (Xn,m) )1gn<msn forms a centered
Gaussian vector with covariance matrix %1 N2

Let Yy = (Yl(N), . .,Y]Z(N)) be N x N random matrices. Some assumptions on the generalized mo-
ments of this family, namely the convergence of its non commutative law, will be made in Section 3 after
a recall in free probability theory.

Voiculescu showed in [26] that when the size of the matrices goes to infinity, the generalized moments of
the family (Xu, Y ) can be described by a non negative linear form 7 on the set C(x,y,y*) of non com-
mutative polynomials in the p + 2¢ non commutative indeterminates x = (z1,...,%p), ¥ = (¥1,---,Yq),
Y= (yi,---,y;): for all Pin C(x,y,y"),

Km 7 P(XN,YN,Y;*V)} - T[P(x,y,y*)}, (1.1)

N—o00

almost surely and in expectation, where 7y = %Tr ~ is the normalized trace.

A different problem is the question of convergence with respect to the operator norm instead of con-
vergence relative to the trace in (1.1); in the context of free probability, that is known as strong conver-
gence. Let ||P(Xn, YN, Y%)| denote the operator norm of P(Xy,Yn, Y% ), i.e. the norm induced by
the Euclidean norm in CV or, equivalently, the largest singular value of P(Xy, Yx, Y% ) which is equal
to the root square of the largest eigenvalue of P(Xn, YN, Y% )*P(Xn,Yn, Y% ). For the polynomial
P(x,y,y*) in (1.1), the operator norm is defined by

Pyl = g (] (Poeyy) Py v )] ) 12)
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The problem we address in this paper is to give sufficient conditions on the matrices Yy so that

Jim [|P(Xx, Y, Y3 = [1P(x,y, 3"l almost surely. (1.3)
— 00

The asymptotic behavior of extremal singular values or eigenvalues of large random matrices has been
a longstanding question. It originally appared in multivariate analysis, to resolve technical difficulties
for computation of statistics written as integrals of unbounded functions with respect to the empirical
spectral distribution of a random matrix, via the Helly-Bray theorem, .

The first results on the convergence of the largest eigenvalue for a Wigner or a Wishart matrix when
the size goes to the infinity appeared in the early 1980’s in the works of Geman [11], Juhasz [17], Fiiredi
and Komlos [10], Jonsson [16] and Silverstein [23]. In 1988, in the case of a Wigner matrix, by Bai
and Yin stated in [5] necessary and sufficient conditions for the convergence in terms of the first four
moments of the entries of these matrices. In the case of a Wishart matrix, the result is due to Yin, Bai,
and Krishnaiah in [28] and Bai, Silverstein, and Yin [3]. The case of a complex matrix has been investi-
gated later by Bai [2]. In this series of papers, where the assumptions on the matrices where progressively
relaxed up to the optimal ones, proofs were basically combinatorial, and based on the truncation of entries.

The method of Stieltjes transform may be applied to investigated the support of the limiting empiri-
cal spectral distribution of a random matrix. In 1998 Bai and Silverstein showed [4] for large sample
covariance matrices the convergence of the support of the limiting distribution.

In 2005, Haagerup and Thorbjgrnsen showed [15] in the case where the matrices Y are zero that
the convergence in (1.3) holds. Their method (which will be presented in Section 3) is based on a lin-
earization trick and and on free harmonic analysis of some Stieltjes transforms. It has been used by
Schultz to obtain the same result for Gaussian random matrices with real or symplectic entries [22], and
by Capitaine and Donati-Martin for non Gaussian Wigner matrices with symmetric distribution of the
entries satisfying a Poincaré’s inequality and for Wishart matrices [7]. Some details of the method have
been improved by Haagerup, Schultz, and Thorbjgrnsen in [14] to extend the class of random matrices
that satisfy Bai and Silverstein’s "no eigenvalues outside the limiting spectra" phenomena [4].

This article is mainly devoted to the following theorem.

Theorem 1 (Strong asymptotic freeness). In Section 3 we make precise assumptions on (1) the gener-
alized moments of Yy, (2) the concentration of the entries of matrices Y, and on (3) the good rate of
convergence for some Stieltjes transforms, under which for all polynomial P in p + 2q non commutative
variables we have almost surely

lim [|[P(Xn, YN, Y| = [Py, 57+ (1.4)

N —oc0

The first and the simpler matrix model that may be investigated to play the role of matrices Y in
Theorem 1 consists in diagonal matrices with real entries. Let u1, ..., u, be probability measures in R
with compact support. For j =1,...,q, denote by F}; the cumulative distribution function of y; defined
by: for all ¢ in R, Fj(t) = p;( ] — o0,1]). Let Fj*l7 j =1,...,q be the generalized inverse of F}: for all
win0,1], F; ' (u) = inf {t € | F(t) > u} and' F;(0) = lim F,'(u). Let Dy = (D{™,..., DY) be
u—0
the family of N x N deterministic diagonal matrices defined by: for j =1,...,q
N . _1/70 (N -1

D™ = diag (Fjl(ﬁ),...,Fjl(T) ) (1.5)
Then the empirical spectral distribution of D](N) converges weakly to the measure p;, and hence the con-
vergence (1.1) holds by Voiculescu’s theorem for a certain linear form 7 on non commutative polynomials
in selfadjoint indeterminates (x,d) = (z1,...,%p,d1,...,dq). We show in Section 5.1 the following:

Corollary 1 (diagonal matrices). If for j =1...q the support of u; is a single interval then Theorem 1
holds for Dy : for all non commutative polynomial P € C(x,d),

Jim [[P(Xy, D) = [[P(x, )]+
—00

I This definition made F jfl continuous at 0
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Theorem 1 may be used to deduce the same result for Wishart matrices as for the GUE matrices. Let
r > s be integers and let Wy = (Wl(N), cee WISN)) be independent rN x N matrices of the normalized
Wishart ensemble with parameter r/s, i.e. for each j =1,...,p, W]-(N) = M;N)MJ(N)* where M;N) is a
rN x sN matrix whose entries are random variables,
N
Mj( ) = (Mn,m)lgnnga
1<m<sN
and the random variables (v/2Re (Mym), V2Im (M,m) )1<n<rN,1<m<sn form a centered Gaussian vector

with covariance matrix TLNIQTSNQ. Consider rN x rN random matrices Yy = (Yl(N), ce Yq(N)) satisfying
the assumptions of Theorem 1 or of the diagonal form of Corollary 1.

Corollary 2 (Wishart matrices). For all polynomial P in p+ 2q non commutative variables

Jim [|P(Wx, Yo, Y3 = [ P(w,y.5) -, as (1.6)

for a non negative linear form 7.

Let Xy = (ZgN), ce Z](DN)) be a family of 7N x rN non negative definite Hermitian matrix and define
Zy = (ZfN),...,ZI()N)) by: for j=1,...,p

ZJ(N) _ (ESN))UQWJ»(N)(ESN))UQ- (1.7)

The matrices 2", ..., Z{") are called non-white Wishart matrices. Then if the matrices ((EgN))l/Q, ce (E}(,N))l/Q)
are diagonal as in Corollary 1 we get the convergence of | P(Z fN), cee Z,gN))H for any polynomial P. For
Wishart matrices with rational parameter, this extends the result of Capitaine and Donati-Martin [7],

where the convergence of the norm of polynomials in white Wishart matrices (where Z§N) =1,y and
Yy = 0) has been investigated.

It will be shown as a consequence of Theorem 1 that the convergence of norms (1.4) also holds for
block matrices.

Corollary 3 (Block matrices). Let Xy, Yn,T be as in Theorem 1. For all ¢ in N, let (Py)1<uv<e D€
non commutative polynomials. Then the operator norm of the {N x £IN block matrix

P Xy, YN, YY) o0 PeXn, YN, YY)
: : ; (1.8)
Pra(Xn, YN, YY) oo PooXn, YN, YR)
converges almost surely to the norm ||| (r,or) of
Py, y") .o PLdxyy")
: : , (1.9)
Pra(xy,y") - Pr(xy,y7)

where the linear form (1o ® T) is given by
Pl,l(xayay*) Pl,f(xay’y*) Y/

(e ®7) : :
Poi(x,y,y") o Prxy,y")

In the context of communication, rectangular block random matrices are sometimes investigated for the
study of wireless Multiple-input Multiple-Output (MIMO) systems [18, 25]. In the case of Intersymbol-
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Interference the channel matrix H reflects the channel effect during a transmission and is of the form

A Ay ... AL O ... ... 0
0 A A, ... A, 0 :
I 0 A, Ay ... A, O 7 (1.10)
: . .. .. .. 0
0o ... .0 A Ay ... Ap

where L is the length of the impulse response of the channel, (Al)lgg L are nr X nr matrices that are
very often modeled by random matrices, np is the number of transmitter antenna and ng is the number
of receiver antenna.

In order to calculate the capacity of such a channel, one must know the singular value distribution of H,
which is predicted by free probability theory. Theorem 1 provides a large class of matrices of the form
(1.10) for which the norm convergence holds i.e. the extremal singular values converge to the extrema of
the singular spectra. For instance we investigate in Section 5.4 the following case:

Corollary 4 (Rectangular band matrices). Let r,t > 1 be integers. Let H be the matriz given by (1.10)
where ng = rN, np = tN, the matrices Ay, ..., Ar are independent and for | = 1...L the entries of the
matriz A; are independent identically distributed according to the complex Gaussian measure with mean
my € C and variance o} /N (0 >0). Then the norm of H converges.

The convergence also holds when the matrices A;, for [ = 1... L are multiplied on the left and on the
right by rIN x rN and respectively tN x tN diagonal matrices of the form of Corollary 1.

In Section 2, we recall basic facts in free probability theory. Section 3 is dedicated to the method of
Haagerup and Thorbjgrnsen [15], and we introduce some notations to give the precise assumptions on
the non Gaussian matrices Y. We also give a sketch of the proof of Theorem 1. Theorem 1 is proven
in Section 4. Section 5 contains the proofs of Corollaries 1-4.

Acknowledgments: We would like to thank Alice Guionnet for dedicating much time over many dis-
cussions to the subjects of this paper and, along with Manjunath Krishnapur and Ofer Zeitouni, for the
communication of Lemma 15.

2 Recall on free probability theory

Even if this paper concerns random matrices, it is relevant to describe the limits in the context of free
probability. We remind for reader convenience the following basic facts from this theory (see [21] and [1]
for details).

1. A *-probability space (A, .*, 7) consists in a unital C-algebra A endowed with an antilinear involution
2 such that (ab)* = b*a* for all a,b in A, and a trace 7. A trace 7 is a unital linear functional
7 : A+ C satisfying
7[1] =1, 7lab] = 7[ba], Va,b € A. (2.1)
The elements of A are called non commutative random variables, or in short non commutative
variables. We will always suppose that 7 is a tracial state, that means

Tla*a] >0, Va € A. (2.2)

The tracial state 7 will always supposed to be faithful, i.e. satisfies 7[a*a] = 0 only if a = 0. A
tracial state 7 satisfies the Cauchy-Schwarz inequality

[7b*a]|” < Tla*a]r[b*b], Va,b € A. (2.3)
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2. Given (A, .*,7) a *-probability space, we can define a norm ||.||- on A by

1
1 * \k 2k
lall- = klg{.lo( [ (a*a)* | ) ,Va € A. (2.4)
Then ||.||- satisfies
llabll- < llall- [|bl[+, Ya,b € A, (2.5)

la*all, = all2, Va € A

3. We denote by C(x,x*) the set of non commutative polynomials in non commutative indeterminates

X = (T1,...,2p), X" = (27,...,7,). We define the non commutative law of a family a = (a1, ..., a,)
of elements of A as the linear functional 7, : C(x,x*) — C determined by
Ta|P] = T[P(a, a*) } (2.7)
In the following we write 7 a shorthand for 7, when there is no danger of confusion. For convenience
we use the notation P(a,a*) = P(ay,...,ap,aj,...,ay).
4. The families of non commutative variables ay,...,a, are said to be free if for all K in N, for all
non commutative polynomials Py, ..., Pk
T{Pl(ail,afl)...PK(aiK,a;‘K)} =0 (28)
as soon as i1 # ia # ... # ix and T[Pk(aik,a’{k) ] =0fork=1,...,K. For free families ay, ..., a,,
the non commutative laws 7a,, ..., Ta, completely determines the joint law 7(a, .. a,)-

5. A family x = (z1,...,2p) in A is called a semicircular family when the non commutative variables
are free, selfadjoint (asz =zf,i=1,...,p),and forallkin Nandi=1,...,p

77

T[zf] = /tkdo(t), (2.9)

with do(t) = 5=v/4 — 2 14<2 dt the semicircle distribution.
6. For N in NU{oo}, let (An,.*, 7n) be a sequence of *-probability spaces and let ay = (agN), e SLN))
in Ay be non commutative random variables. We say that the sequence (ay)nen converges in law
(or in moment) to a,, when for all P € C(x,x*)

lim 74y [P] = 7a, [P]- (2.10)
N—o00
We say that ao is the non commutative limit of (an ) yen. When the sequence of families (agN), . a%N))
converges in law to free families (ay,...,a,), we say that the families are asymptotically free.

7. A C*-probability space (B,.*, 7, ||.||) consists in a *-probability space (B,.*,7) and a norm ||.|| such
that (B,.%,].]|) is a C*-algebra. By the Gelfand-Naimark-Segal construction, one can always realized
B as a norm-closed C*-subalgebra of the algebra of bounded operators on a Hilbert space. The
norm ||.|| is unique and coincides with the norm ||.||; defined in Equation (2.4). The framework
of C*-probability theory is a good one for a meaningful harmonic analysis (see section 4.2); for
instance, if a is a non commutative variable in a C*-probability space (B,.*, 7, ||.||), the Stieltjes (or
Cauchy) transform of a, given by

n

Z n+17 A]_*G,) 1]’

VYA € C, such that Im A >0, g(A

>f|>—‘

is an analytic function.



3 METHOD, ASSUMPTIONS AND SKETCH OF THE PROOF OF THEOREM 1 6

The set of N x N matrices My (C) is a *-probability space when equipped with the conjugate transpose
involution and tracial state 7y = %Tr ~ the normalized trace; Try denotes the usual trace in My (C),
sum of diagonal elements of a matrix. In this case, the norm |.||;, defined by Equation (2.4) is the
operator norm i.e. the norm induced by the Euclidean norm in CV and will be denoted in short |.| in
the rest of this article. Equivalently, for any matrices A in My (C) the number ||A|| is the largest singular
value of A i.e. the root square of the largest eigenvalue of the matrix A*A (consequence of the spectral
theorem). To obtain an algebra in the case of random matrices, one has to suppose that the entries are
random variables with finite moments of any order. Hence we have two possible frameworks, with 7 or
E[rn.] for the tracial state, where E stands for the expectation.

3 Method, assumptions and sketch of the proof of Theorem 1

Let Xy = (Xl(N), . 7X,()N)) be independent GUE matrices, and Yy = (Yl(N), . .,Yq(N)) be random
matrices, independent with X that satisfy the two following assumptions (a third one will be assumed,
and will be presented after some notations):

Assumption 1 (Moments assumption). The non commutative law of Y in (My(C),.*,7n) converges

almost surely and in expectation to the law of non commutative variables y = (yi,...,Yq) in a C*-

probability space and there exists a D > 0 such that for j =1,...,q we have almost surely
timsupl|Y,™ || < D (3.1)
N —o00

Assumption 2 (Poincaré’s inequality). We suppose that there exists o > 0 such that for every N, the
joint law of the entries of the matrices Y satisfies a Poincaré’s inequality with constant o/N i.e. for

all f R2N* C, function of the entries of ¢ matrices, of class C' and such that E[ If(YN)? } < 00

one has

g 2
Var(f(Yn) ) < 5 E[IVAY™)I2], (3.2)
where V f denotes the gradient of f, Var denotes the variance, Var( x ) = E[ ‘ z—E[z] ‘2]

Voiculescu’s Theorem [26], Assumption 1 and the fact that X and Yy are independent imply that
the non commutative law of (Xy,Yn) in (My(C),.*, E[ry.]) converges to the law of non commutative
random variables (x,y) in a C*-probability space (B,.*, 7, ||.||-), where the trace 7 is defined by the facts
that

e x=(r1,...,2p) is a semicircular system (Item 5 in Section 2),

o y=(y1,...,Yq) is the non commutative limit of Yy,

e x,y are free (Item 4).

The convergence also holds almost surely when the random non commutative law of the matrices is
viewed in (My(C),.*,7n) [1, Theorem 5.4.5]: for all polynomial P in p + 2¢ non commutative variables,

lim 7 P(XN,YN,Y}‘V)} = T[P(x,y,y*)}, a. s. and in expectation, (3.3)

N—o0

Hence it is easy to see that one has (see [15, Lemma 7.2] )

lion inf| P(Xx, Y, Y3 2 [ PGey,y7), a5, (3.4)

It remains to show that the limsup is smaller than the right hand side in (3.4). The method of Haagerup
and Thorbjgrnsen described in [15] is carried out in three steps:

Step 1. Linearization Trick: Inequality (3.4) known, the question of almost sure convergence of the norm
of any polynomial in random matrices can be reduced to the question of the convergence of the
spectra of any matrix-valued selfadjoint degree one polynomials in these matrices (see [15, parts
2 and 7]). More precisely, in order to get Theorem 1, it is sufficient to show that given ¢ > 0, k
positive integer, L a self adjoint degree one polynomial in My (C) ® C(x,y,y"), then there exists
Ny such that for all N > N

sp( LXn, Y, YY) ) c sp( L(x,y,5") ) +(—e,e) (3.5)
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Step 2.

Step 3.

From Stieltjes transform to spectra: here we use a slight modification of the method in [15]
due to [1, subsection 5.5] and [13]|. For convenience, we will recall its proof in Appendix B. Fix
a selfadjoint degree one polynomial L € Mg(C) ® C(x,y,y*), and denote by Gg\}) and G the
My (C)-valued Stieltjes transforms of L(Xn, Yy, Y% ) and L(x,y,y*) respectively, given by

aYn) = E[(idk ®TN) [(A ®1y — LXn, YN, Y5) ) H € M(C), (3.6)
GV = E[(idk ® TN) [(A ®©1-Lxy,y") )" H € M(C), (3.7)

for all matrices A in My (C) such that Im A := - (A — A*) is definite positive (we will write in short
Im A > 0). Then in order to show (3.5), since the matrices (Xn,Yn, Y% ) satisfy a Poincaré’s
inequality (by the tensor property), it is sufficient to show that: for every €,& > 0, there exist
No, ¢,n,7,a > 0 such that for all N > Ny, for all matrices A in My (C) of the form A = A1y such
that e < (Im \)™! < N7 and |Re \| <&

1 c L _a
IG5 (A) = GO < 77 A~ (3.8)
where ||.|| stands as before for the operator norm, i.e. the largest singular value in My (C).

Proof of Estimate (3.8): This part is the main purpose of this paper. For this task we show that
the Stieltjes transform for random matrices (3.6) approximatively satisfies an equation predicted
by free probability theory for (3.7). In [15], [14] and [7] the authors have used a generalization, in
the context of operator-valued non commutative variables, of the fact that the Stieltjes transform
of a non commutative random variable is invertible and its inverse can be expressed in term of its
R-transform (see Section 4.2). In this paper, since we deal with two families of random matrices
that are asymptotically free, the so-called subordination property (which encodes the fundamental
property of R-transforms, namely linearity under free convolution) may be applied.

We first come back to the notations in order to state the last assumption and stress the main ideas of the
proof. Fix a self adjoint degree one non commutative polynomial L € M (C) ® C(x,y,y*). We can write

LXN, YN, Yy)=ao®1ny + Sy +Tn € Mi(C) @ My(C),

L(Xayay*) :a0®1+s+teMk((c)®c<xayay*>’

where
P q
SN:Zaj®X]('N)’ TN:ZbJ®S/;(N)+b;®§/;(N)*,
j=1 j=1
P q
s=) 0, @, t=) bi®y; +b @y,
j=1 j=1
aop, . .., ap € Mg(C) being selfadjoint, b1, ...,bs € My (C).

Define the Stieltjes transforms of the linear component of L in the matrices of Yy and, respectively,
in the non commutative variables y: for all T" in My (C) such that Im I > 0,

GPIr) =E

(idr, @ TN) |:(F®1N TN)l}‘| € M, (C),

GOT) = (idy, @ 7) {(r ®1— t)_l} e M;(C).

In the following we will denote, for v,5 > 0, by O, 5 the set

O,5 = {A € My(C) ‘ Im A >0, [|[Im A7 < N7, ||A < N7 } (3.9)

where [|.|| stands as before for the operator norm. We can now describe the last assumption on Y y:
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Assumption 3 (Rate of convergence for My (C)-valued Stieltjes transforms). We suppose that the fol-

lowing speed of convergence of Gg\?) to G holds: there exist Na, 2,32, 2,12, 00 > 0 such that for all
N > Ny, for all matrices I' in O,, 5, we have

C2

e m -cm)| < g

| (Tm T) 1|2, (3.10)
Remark: The order 1/N'*" is the optimal one we can expect to obtain the convergence of the extremal
singular values. Modifying a single eigenvalue of a matrix produces a perturbation of order 1/N in Gg\lf)
which can modify the asymptotic behavior of the norm of the matrix.

We show that we can obtain a similar control on the speed of convergence of Gg\}) to G and then deduce
Estimate (3.8):

Theorem 2 (Estimation of My (C)-valued Stieltjes transforms). Under Assumptions 1, 2 and 8, there
exist constants No,~,7 such that for all N > Ny, for all A in O 5, one has

1G04) - G W < (1+2)0m 4)7? ZII%H) (ol )71 17 + i i A)7H2)
(3.11)

N2
Hence, for every e, & > 0, for all matrices A of the form A= )\lk with Tm X\ > 0 such that e < (Im \)~*
N7 and |Re M| < &, we have for N large enough

2
. . 9/2
with co, 12, g of Assumption 3 and c; = 252 - ||aj|\( el +2370 HbH)

1O (A) - GP(A) Im )@ (3.12)

< o
where n = min(ng, 1/2), a = max(7, a2 + 2) and ¢ a positive constant that does not depend on X or N.

Remark: The central limit theorem (CLT) for certain linear eigenvalue statistics of random matrices
was considered in many papers (see [20] and the references therein). Results are often stated for statistics
re-centered by their mean: for a large class of random matrix My and functions f, it is shown that the
random variable N (7n[f(Mn)] — E[rn[f(Mn)]]) converges in law to a Gaussian random variable. We
obtain from Theorem 2 and classical manipulations of Stieltjes transforms that if the CLT holds for a
EN x EN matrix My = L(Xn,Yn, YY) (L being in My (C) ® C(x,y,y*) self adjoint of degree 1) and
f:R — R a smooth function, then we get the CLT re-centered by the limit: N (7n[f(Mn)] — 7[f(m)])
converges in law to a Gaussian random variable, where m is the non commutative limit of M.

The key point of the proof of Estimate (3.11) is to show an asymptotic subordination property for
random matrices: we show in Section 4.1 that VA € Mg (C) with Im A > 0

V() =c? (A ®1y—ap® 1y — R(GY(A) )) + o), (3.13)

where:
o R is the My (C)-amalgamated R-transform of s (see Section 4.2):

G — Z?:l ajGaj (314)

e Opn an error term well controlled by concentration inequalities.
The so-called subordination property for operator-valued non commutative random variables encodes

the relation of freeness in term of Stieltjes and R-transforms (see Section 4.2). In this case the freeness
between x and y gives: for Im A > 0

GOQ) =G® (A —ap — R(GM(A) )). (3.15)
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To relate precisely these two equations we use analytical changes of variables (purpose of Section 4.3.1):
at the source for the exact subordination property and at the goal for the asymptotic one. More precisely

we introduce perturbations ég&) of the Stieltjes transform Gg\}) and Ay of the parameter A, such that

VM) = 6P (Ay-a-R(GYA))), 16
GOy = GO (Ay—a-R(GD(AN) ). '
We show (Lemma 3) that the fixed point equation
G =GP (A —ag~R(Ga)) (3.17)

admits a unique solution G, in My (C) whose imaginary part is non positive semi definite, provided
(Im A)~?! is small enough. By analyticity of the functions we will conclude that

GY (M) =G (Ay), VIm A > 0. (3.18)

The convergence of Gg\}) to G is deduced from some controls on ég\l,) and Ap.

4 Details of the proof of Theorem 2

4.1 Asymptotic subordination property for random matrices

Let Xy = (Xl(N),...,XI(,N)) be independent G.U.E. matrices, and Yy = (YI(N),...,Yq(N)) random
matrices. Consider a selfadjoint degree one polynomial L in M (C) ® C(x,y,y*), and write

LXN, YN, Yy)=a0® 1y + Snv + T,

with
- N ! N N
Sy =m0 XY, Ty =Y b eV ey
j=1 j=1
the matrices aq, ..., a, being selfadjoint.

For Im A > 0, Im I" > 0, define the k x k random matrices

HYW) = (idy ® ) [(A 91y —ap® 1y — Sy — TN)”},
HPT) = (dpom)|[Coiy—Tv) "]

Since L(Xn,Yn,Yy) and T are selfadjoint and Im A > 0, Im I'" > 0, these matrices are well defined
(see [15, Lemma 3.1]). The My (C)-valued Stieltjes transforms of L(Xn, Yy, Yy ) and of Ty are defined
respectively by

GV = E[HJW)] = E[(idk @) |[(A® 1y —ao @1y — Sy —Tw) ™| ]

aYm) = E[HPM)] = E[(idk @) |[(P@ 1y —Tn) ] ]

The purpose of this section is to show the following theorem which shows that Gg\}) approximately satisfies
(3.17).

Theorem 3 (Asymptotic subordination property). Under Assumptions 1 and 2, for Im A > 0 define

p
In(A) =A—ag— Y a;GY (A)ay.
j=1
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In the following, we denote for simplicity Ty = I'y(A). Then one has Im I'y > 0 and the Stieltjes
transforms satisfy the equation

p
GV () =GP (A= a0 =Y a;GF (M)ay) — On (A T), (4.1)
j=1
where
JONAT)| < [ m 1) m &)1 (1 )+ 1 4)7),

It D) < [1(Tm A) 71

, 0/2 2 , .
with ¢; = 552 ya ||aj|\( i llagll+2327 Hb]||) , |I|| being the operator norm in My(C).

We first obtain in Section 4.1.1 an equation relating Hj(vl) and H](VQ) and some related quantities. In

Section 4.1.2 we deduce by using concentration properties an equation relating Gg\l,) and Gg\?). Theorem
3 is then obtained in Section 4.1.3.

4.1.1 Mean Schwinger-Dyson equation for random Stieltjes transforms

To condense our equation we define for all A,T" in M (C) such that Im A > 0, Im " > 0 the elements of
M (C) ® My(C)

Ky () = A®1ly —a®ly—Sy—Tn)"
M) = Tely—Ty)

and recall that H((A) = (idy, @ 1) [hgy (A)}, HP(A) = (id ® ) [h%(/\)] .

Proposition 1 (Mean Schwinger-Dyson equation for random Stieltjes transforms). For all A, T in M (C)
such that Im A > 0, Im I" > 0, we have

E[(zdk ® v [M (T (Za] HY(A)a; — A+ ag + r) ® 1y hY (A)} +HO(T) - H](\})(A)} 0. (4.2)

The result is a consequence of integration by parts for Gaussian densities and of the formula for the
differentiation of the inverse of a matrix. If (g1, ..., gn) are independent identically distributed centered
real Gaussian variables with variance 0 and F : RV — C a differentiable map such that F and its partial
derivatives are polynomially bounded one has for i =1,..., N

OF
E[gi F(gl,...,gN)} :UQE[azi(gl"“’gN)]'

This induces an analogue formula for independent matrices of the GUE, called the Schwinger-Dyson
equation, where the Hermitian symmetry of the matrices plays a key role. If P is a monomial in p non
commutative indeterminates x1,...,xp,, one hasfori=1,...,p

E|:7'N[ XM px™ . .,X;N))} } ZP_%;iRE{TN [L(Xl(N),...,X]gN))} ™ [R(Xl(N),...,XéN)) H

the sum over all decompositions P = Lx;R being viewed as the partial derivative. Such a formula
extends to the case of smooth maps instead of polynomials. The case of the function (A ® 1y — Sy)~!
is investigated in details in [15, Formula (3.9)], our proof is obtained by minor modifications.



4 DETAILS OF THE PROOF OF THEOREM 2 11

Proof. Recall we have defined Sy = Zp 105 ® X( ). Denote by (€m,n)m,n=1,....n the canonical basis of

.....

My (C): using Gaussian integration by parts summed in Formula (3.9) of [15], we get the following

E[(F@lN *TN)_1 Sy (A®1y —ag®1ny — Sy *TN)_l}

I
M=

E [(F ® 1y —Tn) Ha; @ X\V)A @1y —ap @1y — Sy — TN)_l}
1

<.
I

N

1
E[(F ®1n — TN)71N Z (a; @ €mn) AR 1y —ag @1y — Sy —Tn) 7"

1 m,n=1

I
NE

<.
I

X (aj ®6n,m)(A® ]-N —ag® 1N — SN _TN)_1:|

E|:(F®1N TN (Zaj (1) aj®1N)(A®1N—aO®1N—SN—TN)1}

[@) (Zaj HO(A a]®1N) hgy(m]. (4.3)

We take the partial trace in Equation (4.3) to obtain:
[(ldk ® N [h< (T (Za HY(Na; ® 1N) hg\l,)(A)H - E[(idk ®7v) [hﬁ () Sy h{Y (A)H. (4.4)

We now rewrite Sy as follow:
SN:(A—aO—F)®1N+(F®1N—TN)—(A®1N—aO®1N—SN—TN).

Re-injecting this expression in Equation (4.4), one gets Equation (4.2):

E [(idk ® TN) [hﬁ’(r) (zp: a;HY (A)a; @ 1N) h%)(A)H
- E {(idk ® ) [h;?(r) (A—ao—T)®1y AP + 2P (A) - 1 (F)H

_ E {(idk ® TN)[ R (1) ((A a4 -T)® 1N) hgy(A)} + M) - HJ(\?)(F)] .

4.1.2 Schwinger-Dyson equation for mean Stieltjes transforms

We use the concentration properties of the law of (X, Yu) to get from Equation (4.2) a relation between
Gg\}) and GE\?). We define the centered version of H](Vl), for Im A > 0, by

KY'(A) = Hy'(4) = GY(4), in My (O). (4.5)
Introduce the random linear map

ZN,A,F : Mk(C)@)MN((C) — Mk((C)@MN((C)
M = hQ@) m ol

and its mean

Lyar: M= Eliyar(M) |. (4.7)
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Proposition 2 (Schwinger-Dyson equation for mean Stieltjes transforms). For all A,T in M} (C) such
thatIm A >0, Im I > 0,

(idy, © v [LN A r( (Z ;G (Naj — A+ ag + r) ® 1y ) } + G - GY(A) = On(AT), (4.8)
where ,
On(AT) = E[(idk ® TN)[ (Invar — Lyar) (Z o, KO (M) @ 1N) H (4.9)

can be controlled in operator norm by the following estimate:

[Ox(A D) < A7 (1 )+ i mA) 1)), (4.10)

< gz 0 )7 (1m

. 9/2 2
with ey = 5522 57 | (82, lagl) +2 22, 11651)

We show the estimate of ©n in Appendix A. Equation (4.8) follows immediately from the previous
proposition.

Proof. We first develop ©n(A,T):

-ON(AT) = E (idk®7‘N)[ (Inar—Lnar) (zp:a] H(l) G(l)( ))aj®1N) H

E|(id, ® 7v) [ZN,A,F(XP: a;HY (A)aj @ 1N) H

j=1

—E|(id; ® 7n) [LN’A’F(i ang\}) (Na; ® 1N) H .

By Equation (4.2) we get the following:

E|(idy ® 7) |:lN,A7F(i ajH](Vl)(A)aj ® lN)H

j=1

E|(idy ® 7n) |:ZN,A,F( A—ap-T)® 1N) ] - HJ(\?)(I‘) + H](Vl)(A)

—  (idy ® ) {LN,A,F( (A—ao—T)@ 1y) ] ~GR M)+ GV (),
which gives Equation (4.8). O

4.1.3 Proof of Theorem 3: the asymptotic subordination property

Since the map Ly s r is linear, if in the Schwinger-Dyson Equation (4.8) we formally take I'" equals to
P
Iy =A—ao— Y a;GY (A)ay, (4.11)
j=1
then we obtain the expected equation
V) =GP (TN) —en(A,T 412
N (A) =Gy (I'n) —On(ATy). (4.12)

We show that Im I'y > 0, so that Theorem 3 follows.
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Lemma 1 (Control of I'y). There exists K > 0 such that for Im A >0

P

Im Ty >Im A+ [[(Im A)~}| 7 (A +E)72) el (4.13)
j=1

In particular Tm T'y > 0 as soon as Im A > 0 and

[[(Tm ) ~H < [ (T A) 7Y (4.14)
Proof. The a;’s being selfadjoint, we have
P P
Im 'y =Im (A—ag— Zang\}) (A)aj) =Im A — Zaj Im (Gg\}) (A)) aj. (4.15)
j=1 j=1

Recall the definition of G\
cV(A) = E[(idk @) (A® 1y —ao® 1y — Sy —Tw) ™) ] ]
The imaginary part of the kN x kN matrix in the partial trace is non positive definite:
Im [(A@ In —ap® 1y — Sy — TN)*}

1
= 5 [(A®1N_a0®]—N_SN_TN)71_(A*®1N_a0®]—N_SN_TN)71

= —(A®1N—a0®1N—SN—TN)71 (ImA@lN) (A*®1N—a0®1N—SN—TN)71.

For a non negative definite matrix A, the number ||A~1||~! is the smallest eigenvalue of A, hence

—Im |:(A®].N —a0®1N—SN _TN)_1i|
-1
1, ®1y

Y

H(—Im [(A®1N—a0®1N_5N_TN)_1D

Y

HA®1N — agp X ]-N — SN _TNH_2 H(Im A)_lH_l 1k ®1N,

where we have used the fact that for any matrices A such that Im A > 0, [|[A™!|| < [|[(Im A)~!. By
positivity of (id; ® 7n) we get

~Im HP(A) > [(A—a0)® 1y — Sy —Tw)| 72 (Im &)~} ~F 1,
-2 _ _
> (A + llaoll + IS8+ 1T )™ I (I A)7HI 7 1.
For a N x N normalized G.UE. matrix Xy one has always E[|Xy|] < 4

(see [15, Lemma 5.1]). By Assumption 1, for j = 1,...,q one has limsup||Yj(N)H < D almost surely.

Hence there exists a D such that E[||T]|] < D almost surely. Using Jensen’s inequality we then obtain
the following

~Im G (A)

v

(IAN -+ llaoll + EfISxl] + ENTNID) 1) (m 4)7 " 14

: ~) 2 —1y—-1
(AN + llaoll + 4" llall + D) || (m A)74 7" L

j=1

Y

As a result we obtain (4.13) form (4.15) with K = ||aol| + 42?21 l|aj|| + D. O
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4.2 The subordination property in free probability

In this section, Equation (4.1) is illuminated in the context of free probability. The reader is referred
to Speicher’s note in [24] for detailed definitions and proofs, especially Section 22.7 concerning operator-
valued free probability. For the origins of the subordination property, see the works of Voiculescu in [27]
and Biane in [6].

Let (B,.*,7,].]]) be a C*-probability space. For any non commutative variable a, one can define a
map R, : C — C which is a free analogue of the log Fourier transform in the sense that it characterizes
the non commutative law of a and is linearized under free convolution: if a,b are free non commutative
variables, then the R-transform R4, of the sum a + b is given by

Ra+b = Ra + Rep. (4.16)
Define for all A\ in C such that Im A > 0 the Stieltjes transform of a selfadjoint element a by
GaN)=71[(A=a)"']. (4.17)

Then the following relations between R, and G, hold: for Im A > 0

ey +Ra(Ga(N) ) = A, (4.18)
Ga(Ra(N) + %) =\ (4.19)

With equations (4.16), (4.18) and (4.19) admitted it is easy to derive the subordination property for
scalar-valued non commutative variables.

Proposition 3. Let a,b in B be free non commutative variables. Denote by G, and G,1p, Tespectively,
the Stieltjes transforms of a and a + b; denote by Ry and Rq+p, respectively, the R-transforms of b and
a+b. Then for all A in C such that Im A > 0

Garp(\) = Gq ()\ — Ro(Gass(N)) ) (4.20)
Proof. for Im A > 0 by (4.18)
1
———— + Ratt | Gagrpr(N) | = A
Gaer()\) + +b( +b( ) )
By freeness of a and b we can use Equation (4.16):
1
A—=Rp(Gatp(A) ) = =——= + Ra(Gatrp(N) ).
b( "rb( ) ) Ga+b(>\) + ( +b( ) )
Compose by G, and use (4.19)
G (A — Ry (Gass(N)) ) - a, <Ra (Gasn(N) ) + #) = Gurs(N).
Ga-l—b()‘)
O
Now let (x,y) = (z1,...,%p,Y1,---,Yq) be a family of non commutative variables in a C*-probability
space such that,
1. x = (z1,...,2p) is a semicircular system (see Equation (2.9) )

2. y is the non commutative limit of Y

3. The families x and y are free (see Property (2.8) ).
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We introduce the matrix-valued Stieltjes transforms:

VA, T € Mg(C) withIm A >0, ImT" >0

p q
G(l)(A):(idk®7)[(A®1N—a0®1N—Zaj®xj—ij@)yj +b;®y;<)71:|,

j=1 Jj=1
q
GO = (idy @ 7) [(F D1y — Y b @y; +b] ®y§<)71]
Jj=1

with the matrix coefficients (a;)o<;<p and (bj)ig;j<q as in the previous Section.
Let R be the map My (C) — Mg(C) defined by

p
VM € My(C), R(M) = a;Ma,
j=1

It has been shown by Lehner [19] that R is the so-called My (C)-amalgamated R-transform of s =
Zle a; @ x;, generalization of the R-transform for My(C)-valued non commutative variables. The lin-
earization Property (4.16) of R-transforms for the free convolution of non commutative random variables
extends to operator-valued non commutative variables (see [24]) as Relations (4.18) and (4.18) between
M (C)-amalgamated R-transforms and My (C)-valued Stieltjes transforms. In this case one gets:

Proposition 4 (The subordination property). The Stieltjes transforms satisfy

VA € My (C) such that Im A > 0,
GO(A) = G® (A —ap - R( GV(A) )) (4.21)

4.3 Manipulations of the Stieltjes transforms
4.3.1 Strategy for the end of the proof

We now suppose that Y y satisfies assumptions 1, 2 and 3. We have shown in Section 4.1 that if we define
forIm A >0
Ty =A—-ao—R(GY(A)), (4.22)

then we have the (almost) closed relation between the Stieltjes transforms:
G (0) =GP (A—ao—R(GY(A)) ) —On(AT). (4.23)

We introduce a perturbation of GE&) to compare the subordination property for random matrices (4.23)
with the one for the non commutative random variables (4.21). The asymptotic subordination property
for random matrices (4.23) suggests to define VA € M (C) with Im A > 0,

GOM) =6 Ty) =6V ) + (G<2> () — G<N2>(PN)) — On(A,Ty). (4.24)

Note that Estimate (3.9) in Assumption 3 and the control (4.10) of the norm of © allow us to conclude
that ég\}) (A) is a perturbation of Gg\}) provided we can say that I'y is in the domain where the control
of |G (T") — G@(I')|| holds.

Recall that we have define for all 7,4 > 0 the set
Or5 = {A €MK(C©) [ 1m A >0, l(im 4)71 < N7, A < N7 (4.25)

We will show in the following:

Lemma 2 (Domain of I'y). With 72,72 the constants of Assumption 3, there exist v,5% > 0, No > 1,
such that for all N > Ny
Ae O’%’Y = I'y e (972_&2. (4.26)
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With Lemma 2 taken for granted momentarily, we can write the precise estimate for ||(~¥§\}) (A)— Gg\lf) M)
Use the triangle inequality in Equation (4.24): for Im A > 0

IGY () —GRP ) < [GPTN) -G (Tw)l + |Ox(A TN

With the constants of Lemma 2, take NV > Ny and A in O, 5. Then I'y is in O, 5,, the domain where
Assumption 3 is satisfied and hence we have (3.9):

IGA(Ty) =GR (CN)] < o || (T Ty) 7102

N1+772
Recall that in Lemma 1 we have shown that ||(Im T'y) 7| < ||[(Im A)~}Y|, so that

IGA(Ty) - G (TN < (I A) ]| (4.27)

N 1+77
On the other hand, by the Estimate (4.10) for the norm of Oy, we get: for Im A >0

Cc _ _ _ _
[OxA TN < -2 lTm A~ i Do)~ (i )7+ f(tm D)),
2c _
< S AP,

where we have used again Lemma 1. Hence we have the following control of é%): for N > Ny, for A in
0,5

(1 1 o 201 _
IGR(4) =GR W) < s l1m )72 + S5 (Em A) 7P (4.28)
By the definition of Iy, ég\}) can be written
GV = 6@ (A —ap—R(GY(A) )) . (4.29)

In order to improve our comparison of the equation of subordination (4.21) for non commutative random
variable and the latter one, we introduce a change of matrix variable Ay = An(A):

VA € Mg(C) with Im A > 0,
An =Tn+ag+R(GY(A)). (4.30)

By (4.22) and (4.30) we get
A—ag—R(GY(A)) = Ay —ao—R(GV.(A)) (4.31)

Hence, by using (4.31) in Equation (4.29) and taking Ay instead of A in (4.21), we see that G(M)(Ay)
and ég\l,)(A) appear to be two solutions of the same fixed point equation:

GV = GO(ax—a-R(GYM)),
(4.32)
GO(Ay) = G@ (AN —ap - R( GV (Ay) )).
Lemma 3 (Uniqueness of the fixed point). For all A € My(C) with Im A > 0 and such that
the equation
My =GP (A —ag—R( My )) (4.33)

admits a unique solution My in My(C) whose imaginary part is non positive semi definite.
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To use this lemma it will be necessary to have a lower bound for the smallest eigenvalue of Im Ay. We
will show the following:

Lemma 4 (Control of Ay). There exist v,% > 0, Ng > 1, such that for all N > Ny, for all A in O, 5
one has
[(Im An) =Ml < 2f[(Tm A)7H. (4.34)

Admitting these lemmas, we obtain the following:

Proposition 5. There exists a No such that for N > Ny, for all A € My (C) with Im A >0
GOVA) =D (Ay). (4.35)

Proof of Proposition 5. According to Lemma 4, there exist v,4 > 0, Ny > 1 such that for every N > Ny,
for every A in O, 5 satisfying

_ 1
I 4)7 < 5

p
> lagll?, (4.36)
j=1

we have

(T An) = < 2[[(Im A)7H <

P

> llag|2.

j=1

Hence Ay satisfies the assumption of Lemma 3 and by uniqueness of the fixed point we obtain the equality
G (Ay) =GP (W) (4.37)

on the connected set (with non empty interior) of k x k matrices A in O, 5 satisfying (4.36). The
matrix-valued Stieltjes transforms are analytical function form the set of k x k matrices with complex
entries and positive definite imaginary part to My (C). Hence Equality (4.37) extends for all A such that
Im A > 0. O

Assuming Lemmas 2-4 , we can now obtain Estimate (3.11) for [|G(M(A) — GE&) (A)|l. By Proposition 5
there exists Ng > 1 such that for all N > Ny, for all Im A > 0

IGON) -GYW) = [6Y Q) - GY @A)+ D (Ayr) - GO ()
< 1GR @) - GP W+ 1GD(Ax) — GV Q)]

The first term was already estimated in Inequality (4.28): there exists a constant we again denote Np,
there exist v, ¥, such that for all N > Ny, for A in O, 5 we have

C2

(T )

(Im A)~H° (4.38)

168 () -~ GY W < ey

For the second term we have the following

IGH(4) = GV (AN

HE[(idk®7)[(A®1ao®lst)l(AN®1GO®15t)1”H

HE[(idkébr)[(A@l—a0®1—s—t)1(AN®1—A®1)(AN®1—ao®1—s—t)1} }H

A1 —a®1—s—t)"Y [Ax —Al|l [(AN®1—ap®1—s—1)7!
[Ax — Al [T A)~H [[(Im Ay) ).

NN

By Lemma 4, there exist constants we again denote Ny, 7,7, such that, for N > Ny and A in O, 5 we
have additionally
[[(Im An)~H < 2//(Im A)~H,
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and hence

IGM(A) = GO (AN < 2l[Ax = All [|(Tm A) 7. (4.39)
The term ||Ax — Al is easy to estimate since by definition Ay = 'y + ao + R(é%) (A) ) and 'y =
A—ag— ’R(Gg\})(/\) ):

P
Av =AM+ a;(GY () -G (A) g
j=1
so that (4.39) gives
P ~(1 1
IGD(A) = GO AN <23 llag? [[(Tm A)7H2 GF () = G A)]I. (4.40)
j=1

Combining (4.38) and (4.40) gives the main estimate of this paper: for N > Ny, for A in O, 5

p
_ Co 1, 2C1 _
6D =6Vl < (142 ) lagl? I A7) (g I A7 + i )7 ).
=1

In a nutshell, it remains to show Lemma 2-4.

4.3.2 Proof of Lemma 2: control of 'y

Let ~2,742 be the constants of Assumption 3. We want to find constants ,5 > 0, Ng > 1, such that for
all N > No: A€ O, 5 =Ty € O., 5, By Lemma 1, we always have ||(Im I'x)~!|| < ||(Im A)~!||. Hence
we focus on the control of ||T'y||. For Im A > 0,

p p
Ienl = [|A=a0 =D a6 Wy | < AN+ llaoll + Y llay 1 |65 )]
j=1

j=1

Remark that for A in My (C) ® My (C), ||(idx ® 7w)A| < || 4], so that

GV W = [Gdeem)[ (Ae iy —aoiy—Sy-Tw)"] |
< H(A®1N*ao®1N7SN7TN)_1 H
< f(tm A)TH|

Hence, with v <min (72, 42), ¥ <min (33), there exists a Ny such that for all N > Ny one has ||T'y || < N72.
4.3.3 Proof of Lemma 3: uniqueness of the fixed point

Fix A € My(C) with Im A > 0 and

[Im A)~H| < (4.41)

Denote in the following /(M) = A —ag — >%_, a;Ma;. We show that the function
Bp: M — G (1/;(M) )

is a contraction on the set of matrices of M}, (C) whose imaginary part is non positive semi definite. For
all M, M in My (C) such matrices, it follows from the proof of Lemma 1 that ®4 (M) and $ (M) are well
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defined and that &, maps the subset of matrices whose imaginary part is non positive semi definite into
itself. Moreover

[PA(M) = p(M)
= ||(idy © 7 [ H(M ®1—t)1—(w(M)®1—t)1]
|

=||(idy @ 7) | (w(M ®1t)_1(zp:aj(MM)aj) ®1N(1/)(M)®1t)_1] ‘
< (Im (w(M)®1—t))_ Im (M)@l—t) |2 HMfMH
< J|(m A)AHQi llagl|* 1M — M|

j=1

Hence the function @4 is a contraction when (4.41) holds and by Picard’s theorem the fixed point equation
M = &5 (M) admits an unique solution M on the closed set of k x k matrices whose imaginary part is
non positive semi definite.

4.3.4 Proof of Lemma 4: control of Ay

For convenience, we denote in this proof A=Im A, Ay = Im Ay and
% ~(1) 1)
= a;Im (GR(A) = G (A) )a;.

Then by definition of Ay and I'n
_ _ ~(1)
AN = Im AN =Im (FN + ap +R(GN (A) )

= Im (A—ao—R(GY(N) ) +a0 +R(GY (1)) )
= A—EN(A)

By Estimate (4.28) there exist No,y, 7 such that for every N > Ny, for A in O,, 5 we have

p
1 ~(1
lex(A)] < D llasl? 16V () - &GP @)
j=1
- 2 (2 —1)| o - 9 201 5
< D>l N AT +Z||aj|| A7
=1 =1
c -1
< Y] (4)
N1+n
where ¢ = ?:1 llaj||? max (2¢1,¢2), n =min (1,72), and

_f min (5,a0) if A7 <1
O‘(A){max(5,a2) it A1 > 1

We write
Ay = A(].N — A71€N(A)).

If |[A=1|| < N7 then

AT en (A1 < A7 len (A1 < NEDH  eNlattD =, (4.42)

N1+n
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We chose « such that v < (1+17)/(max (2¢1,c2)+1) < (14+n)/(a(A)+1). Hence the last term in (4.42)
tends to zero uniformly in A, and there exists N7 (independent with A) such that for all N > N; we have
|[A=ten(A)|| < 1. For such an A and N, we can write

A=Y (A—lgN(A) )k AL
k>0

Notice that the term in the sum for k = 0 is just A, so that

k
”A]ivl . A71|| < Z HAilEN(A) H < ZCka(’Y(aJrl)*lfﬁ)_
E>1 E>1

The r.h.s. vanishes as N — oo: more precisely, there exist 41, N1 (independent with A), such that
for all N > N; one has |Ay' — A7'| < N~7. Hence we get |[Ay'| < [[A7Y + N7, But since
A=Y > |JAI7Y > N~7, with 41 < 7, there exists a constant still denoted Ny, such that for N > Np,
N=7 < N=7 < ||[A7!| and hence we obtain as desired [|Ay'|| < 2|[A7Y.

5 Proof of Corollaries 1-4

5.1 Proof of Corollary 1: diagonal matrices

We first focus on the case of the uniform measure on [0,1]. The corresponding matrix is then

N 1) (5.1)

0

Dy = dia (—

N 1ag Na ) N

We cannot directly apply Theorem 1 to Dy since it does not satisfy Assumption 3. We introduce an

auxiliary random diagonal matrix Dy that satisfies Assumption 3 and which is sufficiently closed to Dy

in operator norm in order to conclude that Corollary 1 holds for Dy. The generalization to any family
of measures ji1, ..., iy whose support is a single interval will be obtained by density of polynomials.

An auxiliary random matrix

Let Dy be the N x N random diagonal matrix given by

0+ ug N71+’U,N,1)

DN:diag( s ~ (5.2)

the (u;)o<ign—1 being random variables, independent identically distributed according to the uniform
measure on [0, 1]. We show that the matrix Dy satisfies the three assumptions of Theorem 1.

Lemma 5. Assumption 1 is satisfied by Dy : for all k € N

w[Dk] — ld] = /0 uFdu, (5.3)

N —o00
almost surely and in expectation.

Proof. The non commutative law of Dy in expectation equals the expected limit:

E{TN[Z%CV] } = %Nz_:l/ol (H];]u)k duz/olukdu.
i=0

For the almost sure limit, remark the following:

N-1

D] = %Z(’}“)’“:% () + B (5.4)

3
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where
N-1
1 iNF i up\F
ek (G- )
NTN g ( N N
The first term in (5.4) is a Riemann sum and converges to 7[d*]. For all u € [0,1] and fori =0,..., N —1
we have ’(ﬁ)k — (“g\}“ )k‘ < % Then |Ry| < % tends to zero almost surely when N goes to infinity and
hence 7y [D%] e [d¥). O
— 00

Lemma 6. Assumption 2 is satisfied by Dy .

Proof. The uniform measure on [0, 1] satisfies a Poincaré’s inequality with constant 72 (see [8, Section
6.3]). Hence the law of the entries of Dy satisfies a Poincaré’s inequality with constant 7 =2 N2 O

Lemma 7. Assumption 3 is satisfied by Dy .
Proof. Let ag,a; in M (C) be selfadjoint matrices. For all A in My (C) such that Im A > 0, define

Gn(A) = E{(idk@)n\;)[(/\@l]\;a0®1Na1®DN)1}]
GA) = (idk®7){(A@lfa()@l—al@d)_l}’

where 7 is given by (5.3). Then, the mean law of Dy being the one of d, the functions are equal:

5 3 (ama- (5)a) |- 2 [ (a0 ()e)

=0

Gn(A)

/01 (A —ap —uay) ™" du= Gy (A).

O
The case of the uniform measure on [0, 1]
Let Dy be the N x N diagonal matrix given by
. 0 N -1
Dy = diag (N’ o T) (5.5)

Let Dy be the auxiliary matrix defined in (5.2). By Theorem 1, since Dy satisfies the three assumptions,

it Xy = (X 1(N), ey Xj(\f)) is a family of independent normalized GUE matrices, then for all polynomials
P in p+ 1 non commutative variables

IP(Xn, D)l = [1P(x, )], (5.6)

where 7 is defined by the fact that x is a semicircular system, the law of d is given by (5.3), x and d
being free. For any polynomial P, it is easy to see that there exists Ny such that for N > Ny, almost
surely we have

c
N?

where ¢ depends only on P (we have used that [[Dy|| < 1, |Dy|| < 1 and that for Ny large enough and
N > Ny, HXJ(N)H < 3 almost surely for j = 1...p). Then

|P(Xn,Dn) — P(Xn,Dy)|| < ¢| Dy — Dy || < (5.7)

1P(Xn; D) = [|1P(x, d)||+

< ‘HP(XN,f?N)H—||P(X,d)|\f +[[P(Xy, Dy) = P(Xy, D) — 0

N—o00

almost surely.
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The general case

Let p1,...,uq be probability measures whose support consists in a single interval. Recall that this
condition is equivalent for the generalized inverse of their cumulative distribution functions F{l to be

continuous on [0,1]. Let Dy = (DgN), cee D,(JN)) be the matrices given by: for j =1...¢

DM = diag (F;%%),...,F;%%) ) (5.8)

and let Dy be the matrix given by (5.1). The non commutative law of Dy, respectively, Dy, converges
to the non commutative law of variables d = (d1,...,d,), respectively, d in a same C*-probability space
(B,.*,7,].]|+): for all polynomial P

T[P(d)]/OIP(Fll(u),...,Fq_l(u) )du, T[P(d)]/OIP(u)du.

Hence d = (Ffl(d), - ,Fq_l(d) ). By Stone Weierstrass’s theorem, for all € > 0 there exist polynomials

Py,..., P, such that: for j=1...¢q, for u in [0,1]
|F; (u) — Pi(u) | <e. (5.9)

Let Xy = (X 1(N), oo ,Xj(\f)) be a family of independent normalized GUE matrices. We have seen that for
all polynomials P in p + ¢ non commutative variables

|P(Xn, PL(Dn), ..., Py(Dn) ) || — [|P(x, Pi(d),..., Py(d) ) HT.

N—o0

By Inequality (5.9) it is easy to see that there exists Ny such that for N > Ny we have almost surely
HP(XN,D§N>, DM ) = P(Xn, Pi(Dy), .., Py(Dy) ) H <ce

HP(x,dl,...,dq) — P(x, Py(d),..., Py(d) )

< ce
-

where ¢ only depends on P. Then we have

[P(Xn, Dy)[ = [P(x,d)]|-

< HP(XN,DN) - P(Xn, Pi(DN), -, Py(Dn) )H

+‘ |P(Xn, PL(DN), ..., Py(Dx))|| = | P(x, Pi(d), ..., Py(d) ).

+HP(x,d) — P(X,Pl(d)v s Py(d) )

T

which vanishes when N goes to the infinity and € goes to zero.

5.2 Proof of Corollary 2: Wishart matrices

Let r > s and (Wx,Yy) be as in Corollary 2. It is well known that under Assumption 1 the non
commutative law of (Wy, Y ) in (My(C),.*, 7n) converges almost surely and in expectation to the non
commutative law of (w,y) in a C*-probability space (A,.*, T, ||.||-) where

1. w = (wi,...,wp) are free identically distributed selfadjoint non commutative random variables
with common law the Marchenko-Pastur distribution: Vk € N, Vj =1,...,p

T[wf] = /tk do(t),

with do(t) = 5h1/4A — (t = (L4 VA)? 1_ ynyscrequavae db A =1/,
2.y =(y1,...,Yq) is the non commutative limit of Y,

3. w and y being free.
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We prove Corollary 2 in the case where the matrices Yy satisfy the three assumptions of Theorem 1.
The case where the matrices Y are diagonal of the form of Corollary 1 can be deduced with minor
modifications. We use matrix manipulations in order to see the norm of a polynomial in the rN x rN
matrices Wy, Yy, Y% as the norm of a polynomial in (r 4+ s)N x (r 4+ s) N matrices Xn, Yu, Y}‘V and
some elementary matrices, where Xy isa family of independent GUE matrices and Y y is a modification
of Y. We will obtain the result as a consequence of Theorem 1.

Recall that by definition of the Wishart matrix model, for j =1,...,p
(N) —_ g (V) r(N)*
W™l =M; M7, (5.10)

where M ;N) is an rIN x sN complex Gaussian matrix with independent identically distributed entries,
centered and of variance 1/rN. Define the (r + s) X (r + s) matrices

€1 = diag (1,,0,), (5.11)
€2 = diag (0,,1,)., (5.12)

and the (r 4+ s)N x (r + s)N matrices ey = (egN), eéN))i

N = g @1y = diag (1,5,0.n), (5.13)
e = e @1y = diag (0,8, 1n).. (5.14)

Let Xy = (Xl(N), .. ,X,gN)) be a family of p independent (r+ s)N x (r+ s)N normalized GUE matrices,
independent with Y and such that for j = 1,...,p, the 7N x sN right upper matrix of TT“XJ(N) is
M. Then for j =1,...,p,

- / - (N)
r sN,rN sN

(N)
T _ o) o2 _ (W O 516
I A ( J * J ) ( OSN,TN OsN . ( - )

and

Let Yy = (Yl(N), e YP(N)) be the family of (r + s)N X (r + s)N matrices defined by: for j =1,...,¢q
(N)
Y o oy™ o (Y Oevan ) 5.17
J e J OsN,rN OsN ( )
Corollary 2 follows directly from the following lemma:

Lemma 8. 1. The family of (r + s)N x (r + s)N matrices (Y, ex) satisfies the three assumptions
of Theorem 1. In particular, by Voiculescu theorem, the non commutative law of (Xn,Yn,en) in
(M 458 (C), ., T(rs)N) converges almost surely and in expectation to the non commutative law of

variables (X,¥,€) in a C*-probability space (A,.*,7,|.|7), where X is a free semicircular system,
free with (y,e).

2. For all P € C(w,y,y*) there exists a polynomial P in C(X,¥,¥*,e) such that
€1 ®P(WN,YN,Y7V):P(XN,YN,Y?V,GN). (518)

Moreover, defining the non commutative indeterminates m = (Mmq,...,Mq) and W = (W1, ..., Wy)

by: forj=1,...,q
- r+s . - ~ ~
m; =1/ —eZjes, W5 = e1(m; + mj)Q, (5.19)

then P is given by P(X,y,¥*,e) = e  P(W,§,¥*).
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3. For any Q in C{w,y,¥*) one has that e; and Q(W,y,¥*) commute and

r
T
r4+s

Tl Q(w,y,y")] = [Q(w,y,y")]. (5.20)

In particular

||61Q(Way75’*)”7: = HQ(WaYay*)”T (521)

Assuming Lemma 8, Corollary 2 follows easily from Theorem 1: it is obvious that |[P(Wx, YN, Y i) =
ller ® P(Wn, YN, Y5)|. But by Item 2 of Lemma 8 and Theorem 1:

IPOW, Y, Yl = PR, Y, Yivsew)| — [1P(.5,5", e)llz = ler P&, 3.5, ) -

Hence, by Item 4:
IPWa, Y Yl = [P(w,y, vl

We start with the matrix manipulations, i.e. the proof of Item 2 of Lemma 8, which motivates the
introduction of the family of matrices (3? N,en). Item 3 is a direct consequence of the construction. The
proof of the assumptions for (?N, ey) (except the Poincaré’s inequality, which is obvious) are stated in
Lemmas 9 and 10.

Proof of Items 2 and 3. Let P be a polynomial in p + 2¢ non commutative indeterminates (w,y,y*).
Then by Definitions (5.16) and (5.17):

PWn, YN, Yy) = V) P(Wy, Yn, Yy) =) Pe™ My + M3y)%, Yy, Vi)
= o) (VIR (Rl + e RV Y, V)

Define P in C(x,¥,y*,e) by

S ~ ~ ~ ~x
(e1xes + egxel)Q,y,y ) (5.22)

([l
Lemma 9. Assumption 1 is satisfied by (?N, en)
Proof. Let P € C(y,y*,e):
TN [P(YN, Y, en) ]
R —— { ( P(Yn,YN,1:N,0.n) 0,n,sN > }
ra)N Osn,rN POsn, ..., 057,053, 1sn)
= :_ STTN[P(YN,Y*N, 1.5,0.n) | + " _T_ STSN[P(OSN, o3 058, 05, 1) ]
o POy L0) [ e [P(0s 04,04, 1)) (5.23)
almost surely and in expectation since Y y is supposed to satisfy Assumption 1. O
Lemma 10. Assumption 3 is satisfied by (Y, en)
Proof. Let .
L(y,y*,e)=a®1+a1 ®e; +a2®€2+zbj®yj+b;®y;
j=1
where ag, a1, az,b1,. .., by are in My (C), ag, a1, a2 being selfadjoint. Then the Stieltjes transform Gy of

L(Yn, Y%, ey) is given by: VI' € M, (C) such that Im I > 0

GN(F) = E[T(T+S)N|: (F & 1(r+s)N - L(?N,?}KV,GN) )_1 H

- o2

S’TTN [(F ®1.N — (ao + al) ®1,N — TN)_lﬂ +
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where Ty = 0 b; @ Y™ 4 b7 @ Y"™*. Similarly, by (5.23), the Stieltjes transform G of the non
commutative random variables L(y,¥y*,e) is: VI' € My(C) such that Im T" > 0

q
r * *\—1 —1
G(F):T+ST[(F@l—(ao—l—al)@l—j;bj@yj-i-bj®yj) ]+T+S(F—a0—a1)
Hence r ~ ~
I') — )| = I') — I
IGN () = G| = ——lIGN () = G|

where Gy (respectively G) is the Stieltjes transform of (ag + a1) ® 1,5 — dioibi® Yj(N) +05 ® Yj(N)*
(respectively of (ag +a1) ®1 —37_, bj ® y; + b @ y;). Hence (3.10) holds for [|Gn (") — G(I')| since
Y y is supposed to satisfy Assumption 3. |

5.3 Proof of Corollary 3: Block matrices

The convergence in norm for block matrices stated in Corollary 3 can be shown in an algebraic way
as a consequence of the strong convergence (1.4). We provide here a direct proof: it is shown to be
a consequence of Theorem 1 using some elementary block matrices that are compatible with the three
assumptions of the theorem.

Let (Xn,Yy) as in Theorem 1. By Assumption 1 and Voiculescu’s theorem, the non commutative
law of (Xn,Yn) in (My(C),.*, 7w) converges to the non commutative law of non commutative variables
(x,y) in a C*-probability space (A,.*,7,].||+)

Fix in the following a positive integer [ and denote by (€y,)1<u,v<i the canonical basis of M;(C). Define
the family of [N x [N matrices ey = (egN), ce el(N)): forall j =1,...,1

Oy ... ... ... Opn
On
eg-N) =€,1® 1y = 1n R (524)
On
Oy ... ... ... Opn

the identity block being at position (j,1). Let Xy = ()~(1(N), e ,XISN)) be a family of p independent
normalized GUE matrices of size I[N x [N, independent with Yy, and such that for j = 1,...,p, the
N x N block of \/fX§N) in position (1,1) is XJ(N). Then we get

€11 ® Xy = egﬁ)\/zXNeﬂ) (525)

Let Yy = (V\™, ..., V")) be the family of IN x [N matrices defined by: for j =1,...q,

Y™ oy ... oy

i On Oy ... 0

TN — e oYY = NN v (5.26)
Oy Oy ... Oy

Lemma 11. 1. The family of IN xIN matrices (?N, en) satisfies the three assumptions of Theorem 1.
In particular, by Voiculescu theorem, the non commutative law of (Xn,Yn,en) in (Mn(C),.*, 1in)
converges almost surely and in expectation to the non commutative law of variables (X,¥,€) in a

C*-probability space (A,.*,T,|.]|7), where X is a free semicircular system, free with (¥,e).
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2. For all B € M;(C)® C(x,y,y*), there exists a polynomial B in C(x,y,5*,e,e*) such that
B(Xn, YN, YY) = BXN, YN, Yi,en,el). (5.27)
Moreover, B is in fact a polynomial in (e11V1Xe11,¥,€);

3. The law of (€11 ®X, €11 @Y, (ej1®1)j-1,.1) in (M(C)® A, .*, 71 ®@7) is the law of (e11V1Xe11,¥, e)

in (A,.*,7) and }
HB(X’y’y*)HTl@T = ||B(>~<,}7,}7*,e,e*)|\;. (528)

Assuming Lemma 11 we obtain Corollary 3: Theorem 1 ensures that, almost surely
||B(XN7YN7Y}kV)|| = ||B(XN5YN5Y7VaeN7e}KV)” N:zo HB(S(,S’,S’*,e,e*)H‘F = HB(vavy*)”Tl@T'

We start with the proof of Item 2 of Lemma 11. Item 3 of Lemma 11 is a direct consequence of Item 1
and of the proof of Item 2. The proof of the assumptions for (Y, en) (except the Poincaré’s inequality,
which is obvious) are stated in Lemmas 12 and 13.

Proof of Items 2 and 3. Let B € M;(C) ® C(x,y,y*) and write

: Paxy,y") ... PLxyy")
B(Xayay*>: Z €U,U®Pu,v(xv}’7y*): ) (5'29)
o=t Paxy,y") .. Puxy.y")
(Pyv)1<u,wgt being non commutative polynomials in p + 2¢ indeterminates. Then by Definition (5.24) of
en:
1
* N * N)*
BXn, YN, YR) = Y e e ®Puo(Xn, Yu,Y5) et}
u,v=1
It is easy to see that
l ~ ~
BXy, Y, Yi) = Y ey Puslern ® Xn, Yoy Yoy
w,v=1
Define the polynomial B € C(x,¥,¥*, e, e*) by
!
B= Z €u,1Pu,v(€1,1\/Z>~<€1,1,5’,5’*)‘3;,1- (5.30)
u,v=1

Then by (5.25) we get as desired B(Xn, YN, Yh) = B(XN,YN,Y}‘V,eN,e}‘V) and B is a polynomial in
the non commutative indeterminates (e11 \/Zf(eu, y,e). O

We now show the assumptions for (Y ~N,en). Recall that since Y y satisfies Assumption 1, there exists a
tracial state 7 such that for all non commutative polynomial P € C(y,y*),

™[ P(YNn. YY) ] fe 7[P(y,y*) | as. and in expectation. (5.31)

— 00
Lemma 12. Assumption 1 is satisfied by (YN,eN). More precisely, the non commutative law of
(Yn,en) in (Mn(C),.*,7in) converges almost surely and in expectation to the non commutative law

given by the trace 7 given by the following. Denote by ¥ = (§1,...,7q), € = (€1,...,€1) non commutative
indeterminates. For all monic monomial Q in C(y,y*,e,e*)

TlN[ Q(?N,?}‘V,e,e*) } N:ZO %[ Qly,y* e e") } a.s. and in expectation
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Proof. Recall that with the tensor product notation we have written in (5.24) and (5.26)
?](N) = 6171®Y}(N)3 j = 13"'aq7
GSN) = €,1®1p, j=1,...,L

Now let @ € C(y,y*,e,e*) be a non commutative monic monomial; then by the product rule for tensor
product a ® b . ¢ ® d = ac ® bd we have

Q(YNaY;‘Vaeae*)
= Q(€1,1 YN, €11 QYy, (6,1 @1N)j=1,..1,(€1,; ® 1N)j:1,...,l)
= Qer,1,- €11, (651)j=1,00 (€1,5)=1,.0) @ Q(YN, Y, (An)j=1,....t (AN)j=1,...0)-

Taking the normalized trace and letting N go to the infinity gives the result
7_lN|: Q(YNaY}kVaeve*) :|

= (Tl®TN)[Q(€1,1,---,61,1,(6;',1)]':1 ,,,,, (er)j=1,.0) @ Q(YN, Y, (AN)j=1,..0s (In)j=1,..., z)}

— Tl[Q(€1,1,.--761,1,(6;',1)]':1 ,,,,, 1 (€1,5)j=1,..., l)}T{Q(S’,S’*v(l)jzl ,,,,, 5 (1)j=1,., z)}

N—o00
almost surely and in expectation. [l

It remains to show that the convergence of My (C)-valued Stieltjes transforms holds rapidly. Since Yy
is supposed to satisfy Assumption 3 we have the following. For all non commutative selfadjoint degree
one polynomial L in (y,y*) with coefficient in My(C), with G% denoting the Stieltjes transform of
L(YnN,Y%), GI the one of L(y,y*), respectively defined by: for I' in My (C) such that Im I > 0

Gk() = E{(idk®TN)[(F®1N—L(YN,Y’&) )*IH
GHI) = (dyon[Tel-Ly,y"))"]

there exist No, 7,7, c,n,« > 0 such that for all N > Ny, for all matrices
re0,;={aeM(© |ma>o am A< N o< x|

we have c

IGX(T) = GHIO)| < Frg I (Tm )~ (5.32)

Lemma 13. Assumption 3 is satisfied by (Yn,en).

Proof. Consider a non commutative selfadjoint degree one polynomial L with coefficient in My, (C) in non
commutative indeterminates (y,y*, e, e*):

l q
L35 ee) =@ 1+ Y a;@e;+a;0¢ +y bjof+b @,
j=1 j=1

with ag selfadjoint. We can reduce the problem by considering the polynomial i(Y N, Y}‘v, en, e’}‘v) as a
polynomial L in (Yn,Y?%), selfadjoint but with coefficient in M;;(C): by Definitions (5.26) and (5.24)
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of S?N and of en

INJ(?N’?}KVaeNae}KV)

l q
ao Ly + Y aoe) varoel™ 13 he v 4oy
j=1 j=1
l q
= @WOLOIN+Y 4@ @Iy +a@a,;@ly+ Y bieaieY ") +b@a; oY
j=1 j=1

q
= a®1ly+ Z bj ® Yj(N) +b5® Yj(N)* = L(YN,YN)
j=1
where ag = ao®1; +Z§:1 aj®ej+a;@e¢; is selfadjoint, b; = bj®erq for j =1,...,q. The M(C)-valued

Stieltjes transform G]ZV of i(YN,Y}‘V,eN,ejV) can be written as the partial trace of the My (C)-valued
Stieltjes transform G of L(Yy, Y% ): for I' in My (C) such that Im " > 0

GL() = E[(idk @mn) [(F® Ly — L(Yw, Vi, en,en) ) | }
(’L'dk ®Tl){E[(’idlk ®TN)[(1:‘® 1lN - i/(YNa?y\IaeN’e?V) ) } } }
= (idp ® 1) [GF(T) ],

where I =T ® 1, and G% is the My (C)-valued Stieltjes transform of L(YN, Y}‘V) Remark that we have
tn T > 0, T = 7)) and ||(Im )| = || (m ). )

Similarly the My (C)-valued Stieltjes transform of L(y,y*,e,e*) can be re-written: for I' in My (C) such
that ImI" > 0

GE(T) = (idy, ® 1) [GL(F) }

Hence by Cauchy-Schwarz inequality and (5.32): for T in O, 5 we have

IGE () — GH(D))|

(ide © m) [GR(D) = GH(D) | Gk ) - 6Hm)

<l
Y

€

L _ 147 ¢ —1)|a
< VE[Gkn) - am) | <t VEgs Iam T
Hence the family (YN, en) satisfies Assumption 3 with a constant multiplied by I'+7v/k. O

5.4 Proof of Corollary 4: Rectangular band matrices

We only sketch the proof of this example, details are obtained by minor modification of the proofs of
Corollaries 2 and 3. Let H be as in Corollary 4:

A Ay ... AL O ... ... 0
0 A, A, ... A, O :

e 0 A Ay ... A; O (5.33)
: . .. .. . 0
0o ... .0 A Ay ... Ap

We start with the following observation: the operator norm of H is the square root of the operator norm
of H*H, which is a square block matrix which blocks consist in sums of tN x tIN matrices of the form
AfAp,Im=1...L. Foranyl=1...L, Aj = my+ oM; were M; is rN x tN complex Gaussian matrix
with independent identically distributed entries, centered and of variance 1/N.

By minor modifications of the proof of Corollary 2, we get that the norm of any polynomial in the matrices
Ay = (AfAn)1m=1..1 and in matrices Yy that satisfy Assumptions 1-3 converges when N goes to the
infinity. By the same reasoning as in the proof of Corollary 3, we get that the convergence holds for
square block matrices and in particular for H*H. Hence the result follows.
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A Proof of Proposition 2: estimate of Oy (A, )

We use the Poincaré inequality to control ©y: if (g1,...,9n) are independent identically distributed
centered real Gaussian variables with variance v? and F is a differentiable map RY — C such that F and
its partial derivatives are polynomially bounded, then (see [9, Theorem 2.1])

Var(F(gl, i) ) < ﬁE[ IVF(g1,...,qn) I ].

The Poincaré inequality is compatible with tensor product, then by Assumption (3.2) such a formula will
be valid when F is a function of the matrices Xn and Yn with v? = % (without loss of generality, one

may suppose o > 1).

We will often deal with matrices of size k x k. Since the integer k is fixed, we can use intensively
the equivalence of norms, the constants appearing will not modify the order of convergence. For K
integer, we denote the Euclidean norm of a K x K matrix A = (Gm,n)1<m,n<k DY

[Alle =
and its infinity norm by
[ Alloe = nIEa)f. |@m,nl
Recall that if A, B are K x K matrices,
1Al < 14l < VE| A, (A.1)
14l < VE|Allo < VE]All, (A.2)
[AB| < || Alle 1B]- (A.3)

When A is in M (C) ® My (C), its euclidean norm is defined by considering A as a kN x kN matrix.In
the following we will write an element w of My (C) @ My (C)

N k N k
_ m,n _ m,n _
w = E E Wy €uyv X €mn = E ’LU( ) X €mn = § Eup @ W(u,w)s (A4)
m,n=1u,v=1 m,n=1 w,v=1
where for m,n=1,...,N and v,v=1,...,k, w4 is a complex, w(™m) is a k x k matrix, and W(u,v) 18
;

a N x N matrix; we use the same notation for the canonical bases of My (C) and My (C).
We denote for convenience M = Zle ajK](\})(A)a]— and denote by (ﬁg&), ﬁg\?)) an independent copy of
(hg\l,), hg?,)). Recall that by definitions (4.6) and (4.7):

Inar tAEM(C) — AT ALY (M) e M(C),
LN,A,F A€ Mk((C) —> E{lNﬁAyp(A) :| e Mk((C)

Then with the notations of (A.4) we have

(idg ® 7N) {(ZN,A,F —Lyar) (M® ]-N)}

= (idp @ )[B20) (M @ 1x) KV (A)] - E[(idk )[R T) (M @ 1y) AP (A)] ] M}

Ly ()" ()" B[ ) " ([ w) " ] |

m,n=1
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To estimate the operator norm of ©; we use the domination by the infinity norm (A.2) in order to split
the contributions due to M and due to Iy a1 — Ly a,r: we get

1Ox(A,T)| = HE[(idk @7N8) [(Inar — Ly ar) (M ® 1N)]} H

< VAL Y (m) " () " e[ () " ar () " | MH

oo

N
1 m m,n n,m
5/2 4 (2) (1) _ (2) (1)
< 0 e oot 3 (90) (0 ) - 2l (100) T (8 w) ]|
1<u’ v'<k m,n=1
< K/ max E[|My | x \TN [ (AT wo | fE[TN 2 (A,T) u}m

’ ’
u,v,u’ v

< K% max E|[My .| x ]TN[kJ(VLQ)(A,r) wo | ]

where we have denoted

h%z) (A, FL?Z/ - (hg\?) (F)) (u,u’) (h%) (A>) (v'v)
YA we = P AT we ~B[AGY(AT) o |

Remark that by (A.3), for v/, 0" =1,...,k

M| = y(imx )a;)
j=1

Then by Cauchy-Schwarz inequality we get:

Znajn 1K ()]

<[ Loriae

u v’

2 1/2
len(A D) < k5/22|\a]||( E[| &Y (A)]?] urglg,xv,EHTN[kﬁ’Q)(A,F)uevz,}‘ |)

1/2
< k5/22|\a ||< Z Var ) vy mmax /Var(TN [h%’Q)(A,F)ug,ZJ ) ) . (A.5)

’
wo=1 7w, v

One is reduced to the study of variances of random variables. To use Poincaré’s inequality, we write for
uavaulavl = 1,-..,]{/’

1 N N

(HY' () FO(x™M . x vy Ly ),

TN[hE\}Q)(A’F) w,v F(2) (Xl(N),._.’ngN)’le(N)’“-’Y;](N))’

/ ,:| u,v,u’ v’
v

Uu,v

where for all selfadjoint matrices A = (A;,...,A4,) in My(C), for all B = (By,...,B,) in My(C) and
Wlth SN = Z?:l aj ® Aj, TN = Z?:l bj ® Bj + b; ® B;,

F{O)(A,B) = ((idy® ) [(A® 1y —ag @ 1y — Sy = Tw) 7] )

1 ~ -
~ Tk @ Try) (€0, ® In)(A @ 1y — ag @ Ly = Sy = Tn) 7],
ng,u,,vf (A,B) =7n [((A @1y —ag® 1y — Sy — TN)_l)( 5 ((F ®1n — TN)_l)( ) J

1 . . .
= N(Trk ® Try) {(%,u @1IN)T @1y —Tn) ew,w ®1n) (AR 1y —ap® 1y — Sy — TN)il]-
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The functions and their partial derivatives are bounded (see [15, Lemma 4.6] with minor modifications),
so that, by the Poincaré inequality with constant £- satisfied by the law of (X, Y )

2
Var (Hj(vl)(A) ) < —]E {Hv FO(x™ .,X;N>,Y1<N>,...,y;;N>)H } ,

uU,v

2
Var (my [By V(A T) uo ] ) < %EU]VF@ U(X{N>,...,X;N>,y1<N>,...,x;N>)H]_

i u,v,u’
u' v

We define the set W of families (V, W) of N x N matrices, with V. = (V4,...,V,) self adjoint, W =

(Wh,...,W,), of unit Euclidean norm in R(P+ON* Then we have
Var(H(l)(A) ) < EE{ max ‘— F(l)(XN—l—tV,YN—i—tW)‘Q},
N w,v N Lvwyewldtji=o = ™"

Var(ry By P(AT) w0 ] ) < TE

2
o)
e FE (X IV Yy W)
N {(V%)éw‘dtﬁzo v ( N+ N+ )

’
’IJ,,’U,’IJ, El

For all (V, W) in W, for all selfadjoint N x N matrices A = (Ay,..., A1) and for all N x N matrices
B = (Bl,...,Bl)Z
2

d
—  FUD(A+tV,B +tW)
dtjt=0
DL T (e 8 L) (A @ 1y — a0 8 Ly — 30y @ (4 + 1)
= T v —a a
dtjimo N ' BN N N a0 N“J
q —1 2
- ijea(Bj+th)+bj®(B;+th)) ]
=1
1 - -
= ‘N(Trk®TI"N)|:(€U,u®1N)(A®1Na0®1NSNTN)1
2
(Zaje@v +Zb @ W; +b*®W*)(A®1N—a0®1N—SN—TN) }
j=1
The Cauchy-Schwarz inequality for Tr;€ ® Try (i.e. for Triy) gives
d 2
—  F)(A+tV,B+tW)
dtjt=0
1 A T
< m (ev,u®1N)( ®1N*0J0®1N*SN7TN) .

P q
(Zaj@@vj +ij®wj+b;®vv;>(A®1Na0®1NSNTN)l
j=1 j=1 .
Using (A.3) to split Euclidean norms into the product of an operator norm and an Euclidean norm, we
get:

d
—  FD(A+tV,B +tW)
dtjtz=0

2

P q 2
STa;@Vi+ Y bW +b e W)
j=1 j=1
2

1 ~ ~

< qelleow® vl [(A® 1y —ao@ 1y — Sy = Tw) '
k

< o Im )~

P
> a0V, +Zb ®W; +b; @ W;
1

j=1 €

j=
Remark that since (V, W) € W the norm of the matrices V; and W, is bounded by one. Then we have
the following

p q
SNa;@Vi+ Y b @W;+ bW
j=1 j=1

p q p q
<3 laglle + 237 e < VE( S llagl + - 20t ).
e j=1 j=1 j=1 j=1
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Hence we finally obtain an estimate of Var(H](\})(A) Yuw)

k/’2 p q 2
Var(HJ'(4) ) <2 (D llall+2 3 llesl) ll(m A)7 (A.6)
’ j=1 j=1

We obtain a similar estimate for Var (TN [hg\}’Q)(A, r) u, v/] ) The partial derivative of Fi 3 oy 8lves in
this case two terms: V(V, W) e W, V(A,B) € MN((C)”J“Z

d (2)

F) o o (A+tV, B4+ tW)
dtjt=0 ">

= %(Tfk®TrN){(€v,u®1N)(F®1N—TN (Zb ® W; +b*®W*)

x T@1y —Tn) " ew v’®]—N)(A®]—N_a0®1N_SN_TN)71
+(€uu®1N)(F®1N*TN) Yeww @ 1IN)A®@ 1y —ag®@ 1y — Sy — Tn) ™

(Zaa V(N) +Zb ®W(N) +b* W(N) )(A®1Nfao®1N*gN *TN)A]
j=1
We then get the following

2

d
= F®  (A+tV,B+IW)
dt|t=o = WU

(D gl + 237 Ios0) i )12 it )72 () m 4)~ )+ 0 ) )

Hence we have

Var (TN [hg\}g) (A,T) wo | )

< SZ (X el +2 32 oyl it )= i )~ ()t ) AT)

We then obtain as desired, by (A.5), (A.6) and (A.7):

JOx (AT < et [[(Tm D)7 fj(tm A7 (11 T) 7+ (e A4)7)),

9/2 2
where er = 552 30 flag (20 lla | + 2 20 Ivill)

B Proof of Step 2: from Stieltjes transforms to spectra

For A in C with Im A > 0, define

o
3
—~
>
N
I

E{(Tk @TN)[ (Miy — L(Xn, YN, Yi) ) } ] =7 [G§§>(A1k) } (B.1)

90 = (men| (\el-Lxyy)) | =n[c®0ow) . (B.2)

Then, by (3.12), for every ¢, > 0, for all A in C with Im A > 0 such that ¢ < (Im \)™! < N7 and
|Re A| < €, we have for N large enough
c

1900 — 93| < A (B.3)

where ¢, n, o are positive constants.
In the following, for any smooth function f : R — R, we will denote the real random variable Dy (f) =

(h ®TN)[f(L(XN,YN,Y}*V) )]
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Lemma 14. For every smooth function f : R — R non negative, compactly supported and vanishing on
a neighborhood of the spectrum of L(x,y,y™*), there exists a constant, still denoted ¢, such that for all N

c

D8N ] | < i (B4)

Proof. see [1, Lemma 5.5.5] with minor modifications. O
Lemma 15. With f as above, there exists k > 0 such that

N Dy (f) 0, as. (B.5)

Proof. The law of the random matrices satisfying a Poincaré’s inequality with constant % and L being
a polynomial of degree one, for all Lipschitz function ¥ : My (C) — R [12, Lemma 5.2]:

-
P( ‘\I/(L(XN,YN,,Y}‘V) ) —IE{\I/(L(XN,YN,,Y}‘V) ) } ‘ > 5) < Koo (B.6)
where K1, Ky are positive constants and |¥|, = sup %
A#BEM; N (C) 2
For any f as in the lemma, we define @%) : Min(C) = R by
o (4) = (@ 7v) [£(4) ] (B.7)
and denote for N and 0 < k < %
() 1
By =4 A€ Mpn(C) ’ o (4 < 5 1 (B.8)
Define ¥ : Myx (C) — R by: VA € My(C)
Wi (4) = max (o, sup {@{(4) — @]z |4~ Bl | ) (B.9)
BEBN,x
- —_ g * (f) 5q 73 : : (f) (f)
and denote Dy (f) = V' (L(XN, YN, Y}y)). Then Wy’ is Lipschitz, with |V’ |z < [(Px')By..|c- But
if f is a polynomial it is easy to see that @%) is differentiable and
1 12
o) < ) 12 B.10
@y e < =l @ e, 1Y (B.10)

and then it is the case when f is not a polynomial by density of polynomials. Hence |\IIS\J;)| r <
ﬁ]\f —1/2=2s  Moreover, by the Tchebychev inequality

P(BS.,.) = IP(DN(f’2)> 1 (B.11)

- N4l<a
where we used (B.4) and the fact that f’? also vanishes in a neighborhood of the spectrum of L(x,y,y*);

. o
) < N E[DN(JUQ)] < Ni—in

at last, since \Il%) and @%) are equals in By, and ||\IJ§\J,)HOO < ||<I>%)||OO,

[E[Dw(£) = Dn ()] | < 19§ 1P(B ) < 105 1

g

Now, by (B.6) applied to \II%):

(|pxt) - B8] | > 30

< P(‘EN(f)—IE[DN(f)} ’> % - ’E[DN(f)—DN(f)] ‘)

< Kiew (- VERN“G— [E[Du(r) - Da(r)] )

By (B.11), (B.12), Lemma 14 and the Borel-Cantelli lemma, Dy/(f) is almost surely of order N'T* at
most. g
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Proposition 6. For every € > 0 there exists Ny such that for N > Ny
sp( LXn, YY) ) cSp( Lixy,y') ) +(—=.¢) (B.13)

Proof. By (3.1) and [1, Exercise 2.1.27], there exists Ny € N and D > 0 such that the spectral radii of
the matrices (X, Yy) is bounded by D for all N > Ny almost surely, and then there exists a M > 0
such that almost surely

Sp( LXn, YN, YY) ) c [~ M, M.

Let f : R — R non negative, compactly supported, vanishing on Sp( L(x,y,y*) )+ (—¢/2,&/2) and equal
to one on [—M, M|~ (Sp( L(x,y,y*))+ (—¢,¢) ) Then almost surely for N large enough, no eigenvalue
of L(Xn,Yn,Y}) can belong to the complementary of Sp( L(x,y,y*) ) + (—¢, &) since otherwise

(71 ® ) [f(L(XN,YN,Y}‘V) )} >N-1> N-los

in contradiction with Lemma 15. O
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