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Abstract We consider the estimation of unknown parameters in the drift and diffusion coef-
ficients of a one-dimensional ergodic diffusion X when the observation Y is a discrete sampling
of X with an additive noise, at times id,7 = 1... N. Assuming that the sampling interval tends
to 0 while the total length time interval tends to infinity, we prove limit theorems for functionals
associated with the observations, based on local means of the sample. We apply these results
to obtain a contrast function. The associated minimum contrast estimators are shown to be
consistent. We provide an illustration on simulated and real data from neuronal activity.

Keywords: contrast function, diffusion process, hidden Markov models, parametric inference,
discrete time noisy observations.

1. Introduction

Statistical inference for continuous time models based on high frequency data has been
the subject of a huge number of recent papers. On one hand, continuous time stochastic
processes are increasingly used for modelling purposes. On the other hand, such kind of
data is now commonly available in various fields of applications whether in finance or in
biology and medicine.

Among continuous time models, one-dimensional diffusion processes have received a
lot of attention. In particular, diffusion models have been introduced in the studies of
neuronal activity (see e.g. Ditlevsen and Lansky (2005), Hopfner and Brodda (2006) and
the references given in these papers). More precisely, let (X;) be given by the stochastic
differential equation:

dXt :b(Xt,K,)dt—FO'(Xt,)\)dBt, XO =T (11)

with B a standard Wiener process and 1 a random variable independent of B, and

b(.,k),0(.,\) real valued functions, defined on R, depending on unknown parameters

(k,\) € R4 x R%. Suppose that, for some positive sampling interval §, a sample
1
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2 B. Favetto

(Xis,i < N) is observed and that is required to estimate § = (k, A). As the exact likeli-
hood of such observation is generally intractable, other methods have been developped to
obtain explicit estimators : minimum contrast estimators, estimating equations, simula-
tion based methods, ... See e.g. Florens-Zmirou (1989), Yoshida (1992), Kessler (1997),
Bibby and Sgrensen (1995), Sgrensen (2009), Genon-Catalot (1990), Genon-Catalot and
Jacod (1993), Pedersen (1995b), Pedersen (1995a), Ait-Sahalia (2002).

More recenty, especially in the case of high frequency data, other kinds of observations
have been investigated among which the case of noisy observations. Suppose that, instead
of observing exactly X;s, the observation at time i is given by

Yis = Xis + peis (1.2)

with (g;5,4 > 0) a sequence of i.i.d. random variables, satisfying E(g;5) = 0, E((g:5)?) = 1,
independent of the process (X;). This kind of model takes into account measurement
errors or, in the case of financial data, the so-called microstructure noise (see e.g Zhang
et al. (2005), Jacod et al. (2009)). It provides a model fitted to data which show non
Markovian features.

The exact likelihood of (V5,7 < N) given by (1.1)-(1.2) is generally intractable except
for few models (essentially for Gaussian diffusions with additive Gaussian noise, see e.g.
Cappé et al. (2005), Pedersen (1994), Favetto and Samson (2009)). For data within a
fixed length-time interval (§ = dy = %, Néoy = 1), estimation for a general diffusion
with additive Gaussian noise is investigated in Gloter and Jacod (2001). The authors use
a contrast method. Only diffusion coefficient parameters can be consistently estimated
in this case.

In this paper, we study observations given by (1.1)-(1.2) where 6 = éy — 0 while
Noyn — oo, under ergodic properties for the hidden diffusion X and propose consistent
estimators of both the drift and diffusion coefficient parameters (k, A). The noise distri-
bution is unknown, the variance p? of the noise term may be known or unknown and we
assume either that p is fixed or that p = py — 0.

Our starting idea is to reduce the influence of the noise by splitting the sample into
sub-samples and taking empirical means of the sub-samples. More precisely, we split the
sample into p blocks of size k, with N = pk, where p = py and k = ky tend to infinity
with N. Then, setting Ay = pydny where py and éx are chosen such that Ay — 0, we
build the empirical mean of the j** block:

where, for Z =Y, X, ¢,
1 pn—1
PN 5o

Thus, Ay defines a coarser sampling interval than dy, still tending to 0 while Néy =

knApx — oo. The empirical mean X7 is close to the mean Xj = ﬁ fj(ifvl)AN Xds of

X over [jAn, (j+1)Ay], which, in turn, is close to X;a . The variance of e is reduced
by a factor 1%.
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Parameter estimation for noisy diffusion process 3

Our statistical procedure is based on the ky— sample (Y.j,j =0...ky—1) and follows
a scheme analogous to the one in Gloter (2006). We study the differences YJ — X;a
(Proposition 3.2) and prove a regression type relation for the YJ’s (Proposition 3.3)
which is the basement of the statistical applications. These results allow us to prove limit
theorems for the variation and the quadratic variation of (YJ) (Theorems 4.1 and 4.2).
We precise the adequate calibration of dy and py for the limit theorems to hold. Then
we introduce two different contrasts: according to the rates of py, dn, the noise variance
has or has not to be taken into account. We set o5 = py”, with 1 < o < 2. For o = 2
and py = p, the value p? appears in the contrast definition. In each case, we prove the
consistency of the associated minimum contrast estimators. As could be expected, we
have to deal with two-rate contrasts, which indicate that drift parameters estimators
must have rate /kny Ay, while diffusion coefficient parameters estimators must have rate
VEn. The study of the asymptotic distributions of the minimum contrast estimators is
postponed to a further paper. Estimators are implemented on simulated data and on real
data of neuronal activities provided by Idoux et al. (2006).

The paper is organised as follows. In Section 2, we give our notations and assumptions
on the model. Section 3 is devoted to the small sample properties of the empirical means
sample (YJ) and Section 4 to uniform convergence in probability results. In Section 5, we
introduce the contrasts and prove the consistency of the estimators. We also deal with
the case py = p unknown and prove that p? can be replaced by an estimator in the
contrast formula.

Section 6 is devoted to examples and numerical results. For several models of hid-
den diffusions, we implement our estimators on simulated data for different choices of
(N,0n,pn) and of the noise level. We illustrate the estimation method on the set of
neuronal data for one model of diffusion with estimated noise level. Section 7 contains
some concluding remarks. Proofs are gathered in Section 8, and some auxiliary results
are recalled in the Appendix.

2. Assumptions and Notations

Consider the one-dimensional stochastic differential equation
dXt = b(Xt,Ho)dt+U(Xt,)\o)dBt, Xo =n (21)

where B is a standard Brownian motion and 7 is a real valued random variable inde-
pendent of B. The functions b(x, ) and o(x, \) are respectively defined on R x ©; and
R x O, where O (resp. O3) is a compact convex subset of R% (resp. R92). For simplicity
of notations, in proofs, we assume that d; = da = 1. We denote by 0y = (kg, Ag) the true

value of the parameter and assume that #y € © where © = O x Os.

From now on, we set b(z) = b(z, ko) and o(z) = o(x, o) and make classical assump-
tions on functions b and o ensuring that (2.1) admits an unique strong solution (X¢);>o,
defined on a probability space (€, F,P), and that this solution is positive recurrent on
R.
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4 B. Favetto

(A1) Functions b and o belong to C*(R), o(z) > 0 for all z, and there exists ¢ > 0 such
that for all z € R:

[b()] + [V ()] + [b" (2)] < (1 + |2)),
o(z) + o' (@) + |o” ()] < (1 +[z]).
(A2) For aso € R, let s(x) = exp( 2f :2(22) du) denote the scale density and m(x) =
W the speed density. Assume [ s(x)dz = [+ s(x)da = oo and fj;o m(x)dz

M < oco.
(A3) Let vy(dx) = 3;m(z)dz. For all k > 0, vy admits a finite moment of order k.
(A4) For all k > 0, sup,~, E(|X¢|*) < .
(A5) The common distribution of the random variables &5, admits a 8th order moment,
and is symmetric. We set m1 = E(|eisy |), ma = E((cisy)?), ms = E((gisy)®)-

(B1) pn =p > 0.
(B2) py — 0 when N — oc.

Assumption (A1) implies that (1.1) admits a unique strong solution on R. Under
(A1) and (A2), vy is the unique invariant probability of (2.1) and (X;) satisfies the
classical ergodic theorem (see e.g. Rogers and Williams (2000))

Vf e L' (dw), / f(Xs)ds — wvo(f) a.s.

T—o0

Moreover, under Assumption (A1), for all £ > 1, there exists a constant ¢(k) such that,

for all ¢ > 0:
E ( sup | X,[F gt) < (k) (14X [%). (2.2)
SE[t,t+1]

where G; = 0(Bs, s < t;1). (See e.g Gloter (2000)).

Furthermore, Assumptions (A1)-(A3) imply (A4) if n has distribution vy or 7 is
deterministic (for the latter case, see Gloter (2006), Proposition 3).

Below, we first assume that the noise level py is known and discuss later the case where
pn is unknown. We distinguish the two cases (B1)-(B2) which yield different results.
Assumption (B2) corresponds, for example, to the case pneisy = Viit1)sy — Visy, With
(V;) a Brownian motion independent of n and (B;). Here, py = V/dn.

We divide observations into £y blocks of size py and set Ay = pydn. Since X, is
unobserved, we build the local means (1.3). Notice that

B = ooy B((E)) - p‘j’v + T 3 E((ezﬁ)y(;%% )

for ¢ a universal constant (the last inequality is obtained using the Rosenthal inequality
(see Hall and Heyde (1980) p.23)). Define the o-fields

ng =Gjay = 0(Bs,s < jAN;7), H§V :gg]‘v\/Aév’

. . . 2.3
AY = o(epaytion, i <pv— Lk <j—1)=0(esy,l < jAN —On) 23)
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Parameter estimation for noisy diffusion process )
For 0 < j < ky — 1, the random variable Y is Hjj\g_l measurable. We introduce, for
further use, a condition on functions g : R x © — R:

(C1) The function g is the restriction of a function defined on R x O with O an open
neighbourhood of © and

de>0,Vz e R suplg(z,0)| < c(1+|z]).
0€0

We need the following statistical assumptions ((A6) is the usual identifiability condi-
tion for this problem):

(A6)
o(xz,A) = o(z, Ao) Vo almost everywhere implies A = Aq,
b(x, k) = b(x, ko) vg almost everywhere implies k = kg.

(A7) Functions b, o, 071, 8, 0,b, 8,0, Oro, O2,b, 92,.b, 02,.b, Opr0, 3,0 and 02, o exist,
are continuous and satisfy Condition (C1), where 9 denotes the partial derivative.

3. Small sample properties of the local means sample

The following random variables appear in the expansions below:

1 Pyl rGH)AN 1 Pyl pUHDAN+idy
Cj+1,N = — / dBs, CJ/‘+2,N = / dBs, (31)
i—0 YJANTISN PN i—0 JUtHAN
/ L[ G s (3:2)
goin= / Jj+2)An — s)dBs, 3.2
o AY2 JGenan
Euvnin =7 || oy, BN Dy ), (33
N JAN+(i+1)én

Some basic properties of these random variables are summarized in Lemma 8.1 and A.4
in the Appendix.

Proposition 3.1. Let X; = Ay fj(ijvl)AN Xqds. Under Assumption (A1), we have

~ . 1 pN—1
Xj—X{=Von (pN > U(XjAN+z'6N)§§,j,N> +ejn

=0

with (see (2.8))

E(ejn|H) < ONC(L+ [ Xjan))s  E(ef nIHS) < 6XC(L+ | Xjanh).
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6 B. Favetto

The following proposition precises the local asymptotic behaviour of the observation
blocks, by a first order comparison between Yy and X;a . It can be compared to Propo-
sition 2.2 in Gloter (2000).

Proposition 3.2. Under (A1), we have for j < ky — 1,
Vi = Xjay = 0(Xjan) VANE N +€)n + pred (3.4)
with [E(e) y[HY)| < cAn(1+[Xjay|) and
2 4
E(e)n M) < AN+ [Xjay ), E(efn [HY) < eAX(L+ [ Xjaylh).

If moreover (AB) holds, for k <8, there exists ¢ > 0 such that, for j < ky — 1:

E (1Y) - Xjan | 1Y) < € (AN20 + 1 Xianl) + oKE(2F)) . (35)

We deduce

Corollary 3.1. Assume (A1) and (A5), and consider f : R? x © — R such that
f,0.f,02,f satisfy (C1). Then, there exists ¢ > 0 such that, for all j > 0 and for all
0coO:

E(£07,0) = f(Xjan 0)|HY)| < clDx(+|Xayl?) + o4 E(ED)Y) - (36)
and forl =1,2
E((F(07.0) = f(Xjan )% HY) < e+ 1X;a0l* + pHE(()?))

X (AN (1 + X8, ) + pR/E((g0))).
(3.7)

The following proposition is essential for the limit theorems of Section 4 and for the
statistical application.

Proposition 3.3. Under Assumptions (A1) and (A5), we have
YT = Y] = Anb(Y)) = 0(Xja0) (G + Cron) + Tin + pn (el —€])
where T; N 18 Hjj\ﬁFQ mesurable, and there exists a constant c such that
E(ry.n M) < cAn(An L+ [XanP) + o3 VE((2)Y),
E(7 5 M) + [E(7 5 Cr v )] + B (7 G v [HG)] <
AL+ Xy + pVE(ED))AN 1+ [Xjay [) + i E(e2)"),
E(7jnIH)) < e(1+ 1 Xjay|* + pNE((eD) DA 1+ [Xjay]*) + o E((£2)5).

. ) 2i
Note that, for i = 1,2, pai\/E((e2)%) = O(ZX).

e

imsart-bj ver. 2009/12/15 file: PartielBernoulli.tex date: June 21, 2010



Parameter estimation for noisy diffusion process 7
Remark: In Gloter (2000), Theorem 2.3., it is proved that (see Proposition 3.1)

XjJrl X ANb \/ U jAN SJN""_ngrl N)+TJN

where 7; n satisfies |IE3(7"]-’N|QJN)| < eA%(1+ |X;ay]?). In Proposition 3.3, additionnal
terms due to the noise appear.

4. Uniform convergence in probability results

In this section, f : R x © — R denotes a C? function, such that f, d,f, 02, f and 9y f
satisfy (C1). The estimation results of Section 5 rely on the following statements.

Proposition 4.1. Under Assumptions (A1)-(A5) and (B1) or (B2), we have

I/N(

Z — w(f(.,0)) (4.1)
7=0

1
kn
uniformly in 0, in probability, as N — oo, with dy — 0, py — 00, ky — 00 , Ay =
pN(SN — 0 and N5N = kNAN — OQ.

The next theorem precises the variation of the process (Y7).

Theorem 4.1. Under Assumptions (A1)-(A5), (B1) or (B2), with 0 = py™,« €
(1,2], (An = py ®) we have

kn—2
ST FYITLO)(YIT - YT - Anb(YITY) 50 (4.2)
j=1

v 0) = = a

uniformly in 0, as N — oo, with 6y — 0, py — 00, ky — 00, Ay — 0 and Ndy — oo.
The following result deals with the quadratic variation of Ye.

Theorem 4.2. Assume (A1)-(A5).
1. If 6y = py™ with a € (1,2) (Ax =py *) and (B1) (py = p > 0), then

kn—2
Qv(F.0) = 5 > FOTLO0T =YD Sun(7(.000%),  (43)
2. If Sy = py* (Ay = piN) and (B1) (py = p >0), then
AN (1) > (- 000) + 2P0 (1(.0)), (4.4
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8 B. Favetto

3. If on = p"~, a € (1,2] with (B2) (pny — 0), then

AN(I(0) 5 S0(f(,0)0%) (15)

where all the convergences in probability are uniform in 0 € ©, as N — oo, with 5y — 0,
pN — 00, ky — o0, Ay — 0 and Néy — oo.

The proofs of these two last theorems are based on the results of Proposition 3.3 and
Lemma A.3 in the Appendix. Theorems 4.1 and 4.2 can be compared to the following
classical results:

kn—1
1
EnAy jgo f(XjAN’e)(X(j+1)AN - XjAN - ANb(XjAN)) = OP(l)v (4'6)
1 kn—1
> F(Xjan, 0)(Xnay — Xjay)? = vo(f(,0)0%) + op(1). (4.7)
knAN =

Theorem 4.1 gives the analogous result as (4.6), under the condition éy = py~, o € (1, 2]
and provided that we introduce a lag to avoid correlation terms of order Ay (if no lag, the
limit is not 0, see for instance Gloter (2006)). Theorem 4.2 underestimates vo(f(.,0)o?)
because the variance of (j41 n + CJI‘+2,N (see Proposition 3.3) is equivalent to %AN and

not to Ay. Moreover, for py = p and oy = pK,Q, an additional bias appears due to the
noise.

5. Statistical estimation by contrast minimization

5.1. Definition of the contrasts

Let ¢(.,A) = 02(.,\) and define

ky—2 J J J—
NOEDS { 3 (W - AN )2

28N (Y3 TN +log(e(Ye™ A))} RRNER)

j=1
When py = p is fixed ((B1)) and on = py* with a € (1,2], let ey p(x,A) = c(z, \) +
2-a
3AN " p? and define

kN—Q 1 y ) —
g0y = 3 | 308X - AN )
N 2A N en, (YN

+ log(cN,p(Y,j_l,)\))} (5.2)

j=1

We have limpy o0 e p(2, A) = ¢p(x, X) with ¢, (2, X)) = ¢(z, ) if 1 < a < 2and ¢,(z, ) =
c(z,\) + 3p? if a = 2.
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Parameter estimation for noisy diffusion process 9

Let Oy and éﬁ, be the associated minimum contrast estimators, defined as any solution
of
fn = arginf Ex(0) and 0%, = arginf £2.(6). (5.3)
e) e)

Theorem 5.1.  Assume (A1)-(A7), and consider Oy and 6%, defined by (5.3).

1. If (B1) or (B2) holds, with 6y = py~, a € (1,2), the estimator On is consistent:
éN — 0Oy in Py, probability.
2. If (B1) holds, with 6 = pN™, a € (1,2], the estimator %, is consistent.

Note that point 1 does not require the knowledge of py.

5.2. Estimation with unknown observation noise level under (B1)

Assuming (B1) with unknown p, we consider the estimator p% = ﬁ Zij\:ol(y(iﬂ)é]v —

Yisy )?, which is the half of the quadratic variation of the observations.

Lemma 5.1. Assume (A1)-(A5) and (B1). Then we have p3 L5 2, when N — oo,
with S — 0 and N6y — oo. If, moreover, N6%, — 0, VN (p3 — p?) £, N(0,3p%).

The minimum contrast estimator éfVN based on the constrast 5{3,” (0) satisfies:

Corollary 5.1. Assume (A1)-(AT), (B1) and dn = py™ with o € (1,2]. The estima-
tor HA}O\,N is consistent.

5.3. Link with the case of noisy observations of integrated
diffusions

Consider (V;) a standard Brownian motion independent of (X;) and suppose that obser-
vations are
Yisn = Xisy + p(‘/(i+1)61v - Vi5N)'

Setting pny = pVON, €isy = (Viay+(i+1)6n — Vian+isn)/VON, we are in case (B2) and
YJ = XI+ Lo (Vinay = Viay):
PN

This kind of observations can be compared with noisy observations of integrated diffusions
(see e.g. Baltazar-Larios and Sgrensen (2009)). Indeed, consider

dX; = b(Xy,ko)dt + (X, No)dBy
A7, = X,dt + edV,
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10 B. Favetto

and suppose that we want to estimate 6y from discrete observations (Z;a, ). We have

_1 _ € (+DAN
Ay (Z(.7'+1)AN - ZjAN) =X;+ TN /A dV;.
JAN

This relation may be compared to Vi = XI + pNEZ where ¢} is a N(O,p?vl) random

< . As X{ and X; have similar properties, we can use the

variable if we set pn =

3

previous contrasts with (Y¢) replaced by AN (Z(j+1)ax — Zjay) to estimate 6y provided

that € = ey is such that &= = O(1).

B

6. Examples

In this section, simulation results are given for several examples of diffusion models on
simulated data. For the Ornstein-Uhlenbeck model, an implementation on real neuronal
data is proposed.

6.1. The Ornstein-Uhlenbeck process (simulation)

The hidden diffusion solves

with kK < 0 and A > 0, and X is deterministic or follows the stationary distribution of
X. We assume py = p > 0 and consider several distributions for the noise.

In this model, we can compute explicitly the estimator Oy by minimizing the contrast.
With the expressions of 9,En(0) and I\En(F), we find

kn—2
%= Ay Zw VI ANV - 3 e
) LY )
T Ay Ry
We can replace 22y by
A% = Lkig(w+1 —YJ)?, as A2 — A% = op(1).
N = SknAN 2 . o) n— AN = O0p

In Tables 1-5, the common distribution of &;5 is N(0,1) and Table 6 presents some
results with different distributions. Tables 1, 2 and 3 give mean and variance of Oy for
different values of §, & and N. The values of the parameters are kg = —1, \g = 1, p? = 0.5.
We have used 500 replications, and we give the empirical mean and standard deviation
in parenthesis.
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Parameter estimation for noisy diffusion process 11

N =5000,8 = 0.01 (N6 =50, N6> =0.5) ko = —1,A0=1,p> = 0.5

a=117(p =50,k = 100) o= 1.5(p=22,k=227) «a=2(p= 10,k = 500)
&~ (107 Var) -0.58 (1.53) -0.76 (2.75) -0.82 (3.26)
A% (107 Var) 0.76 (1.19) 1.07 (1.25) 0.86 (2.61)

Table 1. Influence of the size of blocks on the estimators, Ornstein-Uhlenbeck model. (N = 5000
observations, § = 0.01, 500 replications) ko = —1, 0 = 1,p? = 0.5

N =20000,6 = 0.005 (N§ = 100, N6*> = 0.5) ko = —1, 0 = 1,p*> = 0.5

a=135(p=>50,k=400) o=15(p=34,k=>588) «a=2(p=14,k=1428)
&n (107 Var) -0.74 (1.08) -0.81 (1.47) -0.87 (1.51)
A% (10% Var) 0.95 (3.87) 1.05 (3.88) 0.92 (11.07)

Table 2. Influence of the size of blocks on the estimators, Ornstein-Uhlenbeck model. (N = 20000
observations, § = 0.005, 500 replications) ko = —1,\0 = 1,p? = 0.5

N =100000,6 = 0.001 (N§ = 100, N6*> = 0.1) ko = —1, 0 = 1,p> = 0.5

a = 13(p =200,k =500) «=15(p=100,k=1000) o= 2(p =32,k = 3125)
An (107 Var) -0.81 (1.36) -0.89 (1.49) -0.96 (1.95)
A% (10° Var) 0.90 (2.74) 1.02 (1.99) 0.92 (3.85)

Table 3. Influence of the size of blocks on the estimators, Ornstein-Uhlenbeck model. (N = 100000
observations, § = 0.001, 500 replications) ko = —1,\0 = 1,p? = 0.5

First, we remark that the empirical variance is bigger in the case a = 2 than in the
other cases. The parameter kg is always underestimated, but the estimation of kg is
clearly improved as N grows, and 4 is close to 0. The estimation of Ay is better in Table
2 than in Table 1, and rather close in Tables 2 and 3. The variance decreases strongly in
the case oo = 2.

In Table 4, we study the influence of the noise on the estimators, in the case a = %
We use 500 replications, with § = 0.001 and N = 10°, and we give the empirical mean
and standard deviation in parenthesis.

N=1056=10"3,a=15,kg=—-1, =1

P2 =0.1 =1 P2 =2 P> =5
Ay (107 Var) | -0.91 (1.49) -0.89 (1.50) -0.86 (1.75) -0.83 (1.52)
A%, (10° Var) | 0.96 (1.71)  1.17 (2.92)  1.47 (4.33)  2.37 (13.42)

Table 4. Influence of the observation noise variance on the estimators, Ornstein-Uhlenbeck model.
(500 replications, N = 10°, § = 0.001, a = )

A strong bias appears for An when p? is bigger than 1, whereas there are no significant
changes in the estimation of the drift parameter xg. The empirical variances for the
estimation of \g also increases: the presence of noise in the observations contaminates
the estimation of the diffusion coefficient in this case.

In Table 5, we study in Table 5 the influence of the value of the diffusion coefficient on
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12 B. Favetto

the estimators, in the case a = % We use 500 replications, with § = 0.001 and N = 105,
and we give the empirical mean and standard deviation in parenthesis.

N=1056=103a=15,k0=—1,p2 =1

A2 =0.1 A2 =05 AN =1 A=2
Ay (102 Var) | -0.81 (1.48) -0.87 (1.54) -0.90 (1.64) -0.89 (1.62)
A3, (103 Var) | 0.23 (0.12)  0.58 (0.78)  1.01 (1.95)  2.01 (6.93)

Table 5. Influence of the diffusion coefficient on the estimators, Ornstein-Uhlenbeck model. (500
replications, N = 10°, § = 0.001, oo = %)

The smallest value of A3 is overestimated by 5\?\,, and this result confirms the ones of
Table 4 about high levels of noise. For the other values of A3, no bias is observed.

We finally study in Table 6 the influence of the distribution of the errors on the
estimators. We choose in this case a = %, ko = —1,A0 = 1,p?> = 0.5 . We use 500
replications, with § = 0.001 and N = 10°, and we give the empirical mean and standard
deviation in parenthesis. We make the appropriate corrections on the distributions of ¢;5

to have unitary variance.

N=105,8=10"3%a=15k0=—1,2 =1,p2 =05

N(0,1) Laplace(0, %) Uniform(—+/3,v/3) Logistic(0,73)
7n (102 Var) | -0.89 (1.65)  -0.90 (1.52) ~0.87 (1.53) ~0.89 (1.65)
X2, (103 Var) | 1.02 (2.11) 1.02 (2.18) 1.31 (3.45) 1.02 (2.10)

Table 6. Influence of the distribution of the noise on the estimation, Ornstein-Uhlenbeck model.

N = 10° observations, § = 0.0001, o = 2
2

We observe that, except in the case of a Uniform distribution, the estimators give
results close to the Gaussian case. For the case ;5 ~ Uniform(—\/g, \/3), a significant
positive bias is observed, and the variance is bigger in this case than in the case of
Gaussian distribution.

These simulations stress two facts : first, the value a = % for the local mean size pa-
rameter appears as a good compromise, with a bias in the estimation of k lower than the
bias observed for values of « close to 1, and an empirican variance on simulations lower
than the variance observed for @ = 2. The second remark is about the number of observa-
tions: for IV = 5000 observations, x is underestimated, for all the values of o considered.
Then, the context of high frequency data requires a large number of observations, with
a very small discretization step, to be taken into consideration.

6.2. Comparison with a discretely observed Ornstein-Uhlenbeck
process

In this section, we are interested in the comparison, on simulated datasets, of our method

with the methods based on the direct observation of the diffusion at discrete time (see e.g.
Genon-Catalot (1990) and Kessler (1997)). To compare the quality of the noise reduction
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Parameter estimation for noisy diffusion process 13

and its influence to the estimation of the parameters, we compare the results for discrete
observations with noise, based on the minimization of the contrast built on the (Y3') with
those obtained for the discrete observations without noise, based on the minimization of
the contrast built on the (X5, ). In both cases the same datasets of N observations
with a dn-step of discretization are considered. The hidden diffusion (X}) is an Ornstein-
Uhlenbeck process (6.1). We compare the estimators based on the discrete observations
(Xisy ) with the estimator based on (Vi) with Y, = Xy, + pet,, t; = idy. The results
based on the direct observations are given in Table 7, and we refer to Tables 1, 2 and 3
for the results based on noisy observations.

a=1.5,k9 = —1,A0 = 1, no noise
N=5103,§=10"2 N =210%6=510"3 N =10°06=10"73
&y (Var) -1.04 (0.21) -1.02 (0.13) -1.01 (0.14)
A2, (Var) | 0.99 (1.98 x 10~2) 0.99 (9.80 x 1073) 1.00 (4.30 x 1073)

Table 7. Parameter estimation with direct observations of the Ornstein-Uhlenbeck model, for several
numbers of observations. (500 replications, a = 1.5, k9 = —1, A0 = 1, p% = 0.5)

The estimation of kg is better for a direct observation of the diffusion, but in this case,
the whole set of N observations is taken into account, whereas the size of the set of local

1
means is ky = NOJ.

6.3. The Ornstein-Uhlenbeck process (neuronal data)

Diffusion-based model has been introduced in the 90’s in the field of neuronal studies.
The Ornstein-Uhlenbeck diffusion is classical (see e.g. Ditlevsen and Lansky (2005) ), and
the estimation of the parameters has been studied in Ditlevsen and Ditlevsen (2007), for
example, when the diffusion is assumed to be observed directly.

Let us consider the stochastic differential equation

Z
dZ; = (==L + k)dt + AdB,,  Xo = . (6.2)
T

Assume that the observations are at discrete time ¢y < --- < ¢t and that they are
given by
Yy, = Zy, + pey,

where (g4,) is a sequence of independent A(0,1) random variables and p is supposed to
be known (or preliminary estimated).
Minimum contrast estimators of 7, k, A are given by:

kn—2 v j— o kn— ] j
DML L ( W ) [ ma T YY)
1 I?NIQ(Y.jfl)z 1 kn—2 Y.Jfl RN 1 Zkg;2 Y.Jfl(y.j+1 _ Y.J)

T kN Luj= kn £vj=1 T kvAN J
and
. 3 R vi~!
Ny =" Yt Y] — An(—— in))2.
N QkNAN ; ( . . N( 7A—N +’L€N))
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14 B. Favetto

The dataset used for this study has be formerly presented in Idoux et al. (2006). An
example is given in Figure 3.

Figure 1. The neuronal dataset (N = 35000 observations, § = 0.02 x 102 seconds).

In this dataset, we have § = 0.02 (10~2 seconds), N = 35000 observations, ty = NJ =
700 (1072 seconds). We estimate p? with:

e
A

2 1

PN = ﬁ : (Yti+1 - }/ti)z'

Il
o

We have for this dataset p3, = 0.0014.
Then we compute the estimators (7y, A, A%) with different choices of p. Results are
presented in Table 8.

p=23(a=125) p=14(a=15) p=T7(a=2)

7N (102 seconds) 13.52 5.85 4.67
Ay (102 mV/ sec) -3.87 -8.95 -11.23
N 1.94 1.78 1.10

Table 8. Parameter estimation for neuronal data (with measurement error).

Due to the low level of noise, we also provide the estimators corresponding to a direct
observation of the discretized diffusion in Table 9.

7y (1072 seconds) &y (102 mV/sec) A%
N = 35000, 6 = 0.0002 40 -1.31 0.14

Table 9. Parameter estimation for neuronal data (without measurement error).
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Parameter estimation for noisy diffusion process 15

The results presented in Table 8 and 9 are rather different, but the mean of the
stationary distribution u = 7k is well estimed. Indeed, we find

>

N = —52.28mV for the estimator based on the noisy observations model,
~N = —52.45mV for the estimator based on the direct observations.

x>

N
N

i

B

==

N
N

_58 L L L L L L L
0 0.5 1 15 2 25 3 35 4

Figure 2. The observations with the estimated mean fip.

However, the estimated values of 7 and A\? are significantly different, and 7 increases
with the size p of the blocks.

6.4. The Cox-Ingersoll-Ross process

Consider the one-dimensional diffusion process (Cox-Ingersoll-Ross process), solution of
dX; = (kX¢ + K')dt + \\/ XdBy, Xo=m, (6.3)

with k < 0, ¥ € R and A > 0, and 7 a positive random variable independent of (B;)/
We assume that the observations at time ¢y < --- < ty are given by

}/;i = Xti exp(sti)

where (g4,) is a sequence of independent A'(0, p?) random variables. Hence the noise is
multiplicative, and the observations remain positive.

We consider Uy, = log(Y;,) to have real valued observations.

The process Z; = log(X}) solves the stochastic differential equation

2

dZy = (k + (k' — )\—) exp(—Z;))dt + X exp(

Z
dB;.
2 )dB,

_Zt
2
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Figure 3. An example of Cox-Ingersoll-Ross process observed with a mutliplicative noise.

We set " = k' — %
In this case, the scale density is s(x) = exp (—ve - 2)'\‘2” x) and the speed density

is m(z) = )\% exp (( + 1) T+ )\26 ) Provided x < 0 and 22 5 " +1> 0, Assumptions

(A2), (A3) are ensured, and (A4) holds with 1 ~ 1. However, Assumption (A1) does
not holds, but Oy is explicit, and the consistence can be proved directly.

Explicit expressions for the estimator 6y = (Rn, KN, 5\?\,) are derived: (An, K N) is
solution of the system

A 33N Fexp(YITh Avky v ) _ (0N e TH(V - V)
AN]{,'N AN ZkN Qexp )/.]71) li”N ZkN 2(Y]+1 Y.J)

Jj=1
and
kn—2
\ 3 J=1y(y i+l J - 1 F—1\\\2
AN = SinAn > exp(YI (VI =Y — An(iy + £ n exp(=YI ™))
j=1

Recall that the following explicit expressions for the estimator On = (RN, K/ N, 5\%,)
when the diffusion (X;) is directly observed (Kessler (1997)):

~ kn—
An YT Xjay AkaéV ( RN ) _( _Zim *(Xg+nay — Xiay)
Rk Ay Y% KN Yt s (Kgnay — Xjax)
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Parameter estimation for noisy diffusion process 17

and
- 1 kN*Q 1 i
/\2 = X - X; — A PIND. & / 2.
N kEnAN ; XjAN( (G+1)AN JAN N(KN JAN +I~€N))

Simulation results are presented in Table 10 (with noise) and Table 11 (directly ob-
served). For this study, N = 500 trajectories are simulated with parameters kg =
—2,k) = 3,\ = 4,p> = 0.5, and then xj = 1. Due to the simulation study for the

Ornstein-Uhlenbeck process, the value o = % as local mean size parameter.

ko =—-2k) =1,X0=4,p>=05a=15

N=5103,§=10"2 N =210%6=510"3 N =10°06=10"73
A&y (107 Var ) -1.43 (6.28) -1.56 (3.14) -1.78 (3.37)
&% (102 Var) 0.99 (4.57) 1.03 (2.12) 1.13 (2.44)
A2, (102 Var) 4.23 (37.61) 4.35 (15.15) 4.40 (8.15)
Table 10.

Parameter estimation for the Cox-Ingersoll-Ross process with a multiplicative noise for different values
of a. (500 replications, ko = =2,k = 1,0 = 4,02 =05a= %)

In Table 10, we observe that kj = 1 is well estimated, whereas the estimation of kg is
negatively biased. The empirical variance, for #y and R, decreases between N = 5000
and N = 20000 observations, but there is no significative improvement between N =
20000 and N = 100000 observations. For the diffusion parameter \g, the estimator A N
is positively biased, with a variance decreasing as the number of observations grows.

These results can be compared with the case of direct observations, given in Table 11.

Ko =—2,k) =3, 0 =4a=15

N=5103,§=10"2 N =210%6=510"3 N =10°06=10"73
An (10% Var) -2.04 (11.03) -2.03 (6.65) -2.46 (53.45)
&'y (102 Var) 3.02 (13.47) 3.03 (8.17) 3.45 (65.44)
A3, (102 Var) 4.11 (0.95) 4.05 (0.20) 4.01 (0.36)

Table 11. Parameter estimation for the Cox-Ingersoll-Ross process with direct observations for

different values of «. (500 replications, ko = —2, n6 =3,20=4,p2=0.5,a= %

Notice that there is no bias in the estimation of k¢ and x{, for N = 5000 and N = 20000,
contrary to the noisy case. Moreover, the estimation of A\ is more accurate, with a lower
empirical variance for )\?\,.

6.5. The hyperbolic diffusion

Consider the one dimensional diffusion process solution of

dX; = kXydt + )\\/ 1+ deBt, Xy = ne R, (64)

where 7 is a random variable independent of (B;), k < 0 and A > 0. In this case, the
model is positive recurrent if |k| + ’\72 > 0, and in this case, its stationary distribution
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18 B. Favetto

has density
1

v(z) o6 ———7.
(14+22) 5

If Xo = n has distribution vg(z)dz, then, /1 + i—';"n has Student distribution which can
be easily simulated. Even if 7y has only a finite number of finite moments, and (A4)
does not holds, for 2(1 + %) >k + 1, vy has a finite moment of order k.

Now we consider

r dx 1
G(x) = ————— — —argsinh(z).
@) = | A= = 5 avesinh(a)

By the Ito formula, Z; = G(X;) satisfies

with
K

Blz) = — <A - ;) tanh(Az).

Sample paths of this diffusion can be simulated exactly with the retrospective exact
simulation algorithms proposed in Beskos et al. (2006).
We can compute explicitly the estimator O = (An, A%2y) in this case:

kn—2  viT? j+1 j
LZjil W(Yoj+ -YJ)

kN = :
N7 AN Sy -z (v
J=le(yd T2

and _ _ _
. 3 MNP (W v - AnanYiTY?
Ney=_"% = .
2knAN 1+ (Yd)2

Some simulation results are given in Tables 12 and 13, with different distributions
for the observation noise. In the different cases, N = 500 replications are made, and
the empirical mean is given with the associated standard deviation in parenthesis. We
consider for the values of the parameters: kg = —1, \g = 1, p?> = 0.5.

a=3ko=-1,X=1p%=05¢e~N(0,1)

N=5103,6§=10"2(p=22) N =2.10%5§=5.103(p=34) N =10°,6 = 10"3(p = 100)
iy (Var) -0.75 (0.21) -0.82 (0.16) -0.90 (0.17)
A%, (Var) 1.14 (0.14) 1.11 (0.08) 1.07 (0.06)

Table 12. Parameter estimation for the hyperbolic diffusion, with a Gaussian noise, for different

values of N. (500 replications, a = %, ko = —1,20 =1, p% = 0.5)

A negative bias is observed in the estimation of kg, whereas a positive one appears
in the estimation of A\2. For the two different noise distributions, empirical means and
variances are very close in this model.
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Parameter estimation for noisy diffusion process 19

a= %, ko = —1,X0 = 1, p? = 0.5,¢ ~Laplace(0, %)
N=5103,6=10"2(p=22) N =2.10%8§=5.103(p=34) N =10°,0 = 10"3(p = 100)
Ry (Var) -0.74 (0.21) -0.82 (0.16) -0.89 (0.18)
A2, (Var) 1.15 (0.15) 1.12 (0.09) 1.08 (0.07)

Table 13. Parameter estimation for the hyperbolic diffusion, with a Laplace noise, for different values
of N. (500 replications, a = 2,k0 = —1, A9 = 1, p? = 0.5)

w

29

7. Concluding remarks

The contrasts presented in this work give associated estimators for parameters involved
in a non-Markovian setting: one-dimensional diffusions observed with a noise. The con-
sistency of these minimum contrast estimators is illustrated on several simulations, and
the estimated values are close to the values obtained for a direct observation of the dif-
fusion. The importance of the sampling rate of local means, depending on the choice of
«, appears in the case a = 2 with py = p, where the variance of the observation noise
p? appears in the limit theorem for the quadratic variation. The asymptotic normality is
studied in a companion paper.
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8. Proofs

It is useful to introduce the intervals I, v := I; , = [[ANn + kdn, jAN + (k+ 1)0n), for
k=0,...,py —1,5=0,...,kny — 1, which satisfy for all j, if k # k' I; , N I; » = () and
for j # j' and all k, k', I; x N I = 0.

Lemma 8.1.  The random variables (11,5 and (.1 n are Giji1ya, measurable, (i o v
is independent of G(j11)ay, and the following holds:

1 pN—1 1 pn—1
G+l N = — (k+ 1)/ dBs, Ciion = — (py —1— k:)/ dB,. (8.1)
! PN kzzo I a PN kz=o Loak
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20 B. Favetto

Moreover, we have

/ , A 1
E(GnIG7) =0, E(Gnl9) =0, E(Gnnlg)) = TN (1 - p2> :
N
11 1 ) 11 1
E((G+1.n:)%107) = A <3 + P + 6]92> v E((Gran)?16)) = An <3 " om + 6p2> .
N N

Proof of Lemma 8.1 Using (3.1), we can rearrange terms to exhibit non-overlapping
intervals, hence conditionally independent variables, and obtain (8.1). Afterwards, the
proof is achieved by elementary computations.
O
Proof of Proposition 3.1 First, note that, as (X;,¢ > 0) and (egs, ) are independent,
forl=1,2,
E(e nyHjn) = E(e) x|Gjn).-

Thus we study the expectations given G; y. Using Ay = pndn yields

_ . 1 Pyl
Rjn=X;-X{=— 5*/ (Xs = Xjan+koy )ds.
PN =0 ON T
By the Fubini theorem, we get
1 pN—1
Rin =Von | — Y o(Xjantkon)bhjn | T€in
PN
where e; x = o n + Bj,~, with
pN—1
1 1 .
aN=— > 5o (JAN + (k+1)0n — 5)(0(Xs) — 0(Xjay+ksn))dBs
PN ON I

and
1t s
Bin = — —/ / b( X, )duds.
’ PN k)Z:O 5N I]-,k JAN+ION

Under Assumption (A1), we have [3; | < cOn (1 +8UPsefjay,j+1)an] | Xs|)- And for all
p >0, by (2.2),
E(18jn 1)) < co (1 + [ Xja, 7).

Also E(a; n[G)Y) = 0, so we get [E(e; n|GY)| < dne(l + [Xjay|). Furthermore, we get
with the Jensen inequality, the Ito isometry and the Fubini theorem

E(()?]0)) < e > / E((0(Xs) = 0(Xjan +1x))2IG ) ds.
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With Proposition A.1 in the Appendix, it comes E (|aj’N|2’ QJN) <O (1+ | Xjan]h)-
This implies the result. O

Proof of Proposition 3.2 We have

Vi—Xjay = XI—Xj+Xj— Xjay +pnel,

where ce’ is independent of HJN . Proposition 2.2 in Gloter (2000) states that, using the
random variables (3.2),

Xj— Xjny = 0(Xjan)VANE N+ &N

with [E(ej,n|[H)| = [E(&,n]G))] < cAn(1+ [ Xjay]) and E(&F y[HY) = E(&] y|G)) <
cAX(1+|Xja ). With Proposition 3.1, setting ¢/ y = e; n + & v, we get the first part
of Proposition 3.2. Now we need to prove that, for some ¢ > 0

E (|T17N|k‘ Hf’) =E <|7"j,N|k

GN) < 1+ [ Xya, ") (8:2)
where
1 pN—1
Tj,N = — Z U(XjAN+i5N)£'£,j,N
PN i35

and fl’-) N I8 defined in (3.3). With elementary computations on conditional expectation,
we get (see notation (2.3))

pN—1

1
E (Il 61) < o= 3 B0 (Xjansion)BUEL v FIGian+isn)IG)).
=0

As & ; v is independent of Gja y+isy

1 pN—1
k
E (|7“j,N| ‘QJN> <e— > E(+|Xjay4ion[FIG))
PN i
which implies (8.2). Finally, IE(|5J.\}“\H§V) = E(|e2|*) because €} is independent, of HY. O
Proof of Corollary 3.1 We have, with Taylor’s formula (order two):

D; 1= F(V,0) ~ F(Xja,0) = 00 (Xsan )V = Xsan) + 502 F(Z,0)(VE — Xja, )

with Z € (Y.j , XAy )- Then, with the Cauchy Schwarz inequality, using that the deriva-

tives satisfy (C1), and Proposition 3.2, there exists a constant ¢ > 0 such that, for all
0 € 0O,

[E(D;[HI] < e(l+ | X;axE(E) v 7))
o1+ Xy |+ pxy B BIYE — Xya,) 1)
< CAN(l + |XjAN|2)

+e(1 4 | Xjan| + oV E((€1)2))
< (AN(L+ X5 %) + o3\ E((€3)4)).
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With Taylor’s formula (order one), there exists a random variable Z € (Y¢, Xja ) and
a constant ¢ > 0 independent of § such that D = (9,.f(Z,0))*(Ysd — X;a,)? and

D? < c(l+ sup [P+ il P (YT — Xjay)?.
s€[jAN,(j+1)AN]

Using the Cauchy-Schwarz inequality and condition (C1),

E(DFIHY) < c(1+ [ Xjan P + AVE(E))) (AN 1+ [Xjay P) + pX VE((£2)Y).
Analogously, D} = (0. F(Z,0) (VS — X;a,)* and

D} < c(l+ sup  [Xo|T oy lelN) (YT = Xjan)h
sE[JAN,(+1)AN]

with ¢ independent of 8. Using the Cauchy-Schwarz inequality, it comes

E(DjHY) < (1 + [ Xjan|* + AVE(E)))(AX (1 + [ Xjan[!) + ok VE((£2)8)).

O
Proof of Proposition 3.3 In this proof, we study all conditional expectation given
QJN as they are identical to conditional expectations given H;V in all the terms involved
below. We have
VI =Y = X - XD+ pn (el - €)).

Setting Cj = X3 — X7 and rearranging terms yields

1 pN—1
¢ = on > (XGnantroy — Xjaytkon)
1 PN:—le—l
- — dX,
pN kZ:: 1=0 /IJ%HI ’
1 pn—1 1 pn—1
= — (k+1)/ dXSJer(Pkafl)/ dX.
PN 1T Ik L — Tiv1k
We use
/ dXs = b(XjAN+k6N)5N+/ (b(Xs) = b(Xjan+kon))ds
Ik Ik
+U(XjAN+k5N)/I st"’\/] (U(Xs)_U(XjAN+k6N))st-
gk .k

By splitting Ay into Ay = (k +1)dn + (pn — k — 1)dn for all k, we get (see notation
3.1)

YiT -V - AND(YY) = C; — Anb(YY) + pn(ed™ — &) | |
o(Xjan)(Cr1n + Guan) T8 + pn (el —€l)
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where 7; v = Y5, 7'](7?[ and for £ =1,...,4, T]M]z/ T](ZJ)V +

Sez)v with

pn—1

b = pkaz;)mlmu Xjanviin) — (YD), (8.3)

pN—1

s = fZ Py — k= 10N (0(X(j11)anrhsn) — DYD)), (8.4)
k=0

pN—1

r = fZ k+1)0(Xjay tkon) / dB, = o(X;ay)Ci41,N, (8.5)
k=0 J,k
pN—1

2
s = — Z PN — k= D)o (X(j11)ax tkox) / By — 0(X;ay)C) 2. n+(8.6)
k=0

Tjt1,k

pN—1

rno= — Z (k+1) / B(Xs) — B(X;an tk5))ds, (87)
k=0 I

& = = Z Py —k—1) / (B(X,) = B(X (34175 + ki )5, (8.8)
=0 i+1,k
N Z (k+1) / (0(Xs) — 0(X; 5 +15x))dBs. (8.9)

s = — Z PN — k—l/ (0(Xs) — o(X(j41)an +koy ))dBs. (8.10)
k=0 Tit1m

We mainly treat the terms r( ])\, because the others are analogous. We have E( ( ) |QJN )=0

and E(s j7N|g]N) =0 for £ = 2,4. Next,

PN —
E(ry16))] < Z (k4 )3 E((Xjay-+k5y) = (YD)IGN)]
k=0
We use, for £k =0...py —1 and s € I 1, the inequality

|]E(b( ) = b(Xjan+kin) |G| < cAN(1+ [ Xjay ).

With (3.6), it comes [E(r{'}|GN)| < cAN(AN(l +1Xax12) + P2 \/E((£0)4)). Then, with
the Fubini theorem, we derive |IE( |QN)| < cA%(1+|X;jay]?). Hence

[E(ri 1G] < eAn (An (14 | Xjax [*) + o3\ E(£2)1))-

Now we deal with E((rj(ll)v)2|ng ). With Proposition 3.1 and the Cauchy-Schwarz inequal-
ity, it comes

E((b(YJ)=b(Xjan)*IG) < eI+ Xjay PHoRE((ED)*)) (A (11X a0 ) +oi \ E((2)1)).
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24 B. Favetto

Applying the Cauchy-Schwarz inequality, and after elementary computations, we obtain

E((r3)216)) < eAY (1 + X a5 P + AAE(ED)2) AN+ X ay[?) + oA E((ED)1).

With analogous techniques, we have

E((ri%)6)) < en} sup  E((b(Xs) — b(Xja,))%IGY)
sE[JAN,(j+2)AN]
< AL+ [Xjay Y.

Using Lemma 8.1, we obtain

1 pn—1
](21)\/ = Z k+ 1 JAN+k5N) - U(XJAN))/ dBs,
PN k=0 Ik
@) 1A
SiN = — (pn =k = 1) (0(X(jr1)an+khon) = 0(Xjay)) dBs.
PN 15 Lit1k
Thus 7, = [ V2 £(s)dB, with
1 pn—1
fls) = on >k + D) (0(Xjaysrsn) — 0(Xjay )1, (s) (8.11)
k=0

With the Ito isometry and the Fubini theorem, we have

E(rZ)26Y) = 3 (k4 DPNE(0(X ansran) — o(Xpan)IGN)
PN
k=0

IN

AR (L + [ Xjaylh)
We use similar techniques with T](-4 and 5(4) to obtain

E((rf)? + (ia)2l6)) < eAR(1+ [Xja, ).

Collecting terms, we get the bound for E(Tj’N|ng).
Now, using (8.3), (3.1), Lemma 8.1 and the Cauchy Schwarz inequality we have

[E (JNC;H NGV <cAN\/IE Xjan+ksn) — b(YJ))2IGN).

Corollary 3.1 implies
B G wITN)] < AL (141X oy /E()2) (VB (14X D+on B DY),
The same inequality holds for ]E(7“j(-’11)VCJ’-+271\,|QJN)7 E(SE}J)\,CJ-H,MQ]]-V) and E(sglj)v(j’HNW]N)
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We can write (j11,8 = fj(itvl)AN 9(s)dB; with g(s) = - L SN (14 1)1, (s). Using

(8.11) and Corollary 3.1, we obtain

PN—
E( R ¢Grnlg)) < Z (k +1)20n [E(0(Xjan+kon) — 0(Xja0)IGN))]

zw\

k=
< cAn(l +IXjAN|+p?vE((€Z)2))(AN(1+\XjANI2)+p?v\/E((€1)4))~

The same inequality holds for |E( C’+2 NIGY)I-

For TJ(SZ)V (see (8.7)), we use the Cauchy Schwarz inequality:

=

E( % ¢, n]GY) 7 Z (k+1)( z+153/2E<sup (B(X,) = b(Xjay+ron))?
N 1=0

SEIjﬁk

)

Hence 5
E(r ¢ n|GN)] < A3 (1 + [ Xjan ).

3
Furthermore ]E(rj(j)v ]’-+27N|QJN) = 0.
With the Fubini theorem and the Ito isometry, we have

PN —
E(Tj(-flz)ijH,NWN = T Z k+1) /1 E(0(Xs) = 0(Xjan+rx)|G] )ds
PN T k

Js

Introducing Lf = %2]"” + bf’ yields

S 1 S
0(Xs) — 0(Xjan+kon) = / Lo(X,)du + 5/ o(Xy)o' (X,)dB,.

Therefore, |E(o(X;) — U(XjAN+k5N)|ng)\ < cAn(1+4|X;a,|*) which implies

4
E(r ¢ n |GV < A3 (1 + | Xjay[h).

Furthermore E(TJ(»%])VCJ/-W,NWJ]‘V ) = 0. The terms containing sggj)\, and 5541)\, are treated

analogously. This gives the bound for |E(Tj,N(j+1,N\gJN)| and |E(Tj’NC§+2’N|g]N)‘.
Finally, we have to bound the fourth order conditional moment of 7; 5. We only study

the terms r( ) and rj N Using (8.11), the Burkholder - Davies - Gundy inequality and
Propos1t10n A 1, we have

@ 4N Groay N
BP0 < B ( ([ k) |g)
JanN

cAE( sup (0(Xs) = o(Xjax NHGY) < AN+ [ Xjayl*).
SE[JAN,(+1)AN]

N

IN
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26 B. Favetto

With similar computations, we derive ]]":7((7';2]2,)4 + (rjf},)ﬂgjv) < AN (1 + X an]h).
Using Proposition 3.1, we get

4 PN—1
E((r)YgY) < 3 (b DRG0 = Xy 4s))197)
k=0
< (11X gt + AVE(ED) N A1 + [ Xjan ) + ok VE(EDE)).

Analogously, using Proposition A.1, E((r§3]i,)4|gjv) < AN (1+ | Xjay[*). Finally, we get
the bound for E(TﬁN|gJN).

O
Proof of Proposition 4.1 By Lemma A.2, it is enough to prove the L' convergence to

zero of
kn—1

1 .
sup ? Z ‘f(Yojaa) - f(XjANaa)"
beo kN =5
By Taylor expansion and condition (C1) we derive the bound

Aj = sup [F(YS.0) = fF(Xjan, O)] < (1 + | Xjay| + YIDIYT = Xjayl-
€
Hence, the Cauchy Schwarz inequality and Assumption (A2) imply

E (A4;HY) < c(1+[Xja,| + pN\/M)\/E (|Y.j - XjAN‘z‘ Hf).

Then, with (3.5), Assumptions (A5) and (B1), and E((£3)?) = Ii, the result holds. O
Proof of Theorem 4.1 We have

kn—2
> YT OANDYT) - (YY),

Jj=1

I (£(.0)) = In(F(.0) + 15

where I (f(.,0)) = ko S0 2 VN (0) with VN (0) = f(Y 1, 0) (Y3 —Yd —Anb(YT)).

We only need to prove that Iy (f(.,0)) — 0 in probability, uniformly in § € O, as the
second term is op(1), uniformly in 6. As VjN(H) is H%_Q-measurable, we split the sum
into three parts

kn—2

Vin® =D Vun@®+ Y. Vyaa@®+ D). Vaian()

1<3j<kn—2 1<3j+1<kn—2 1<3j4+2<kn—2

We treat only the sum with indexes multiples of 3 and set:

VY (6) = 0§ (8) + 057 (8) + v (6)
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where
o (0) = FOY T 0)0(Xaya0)(Goern + Ghyea ),
oD (O) = VI 0)pn (5 — ),
oDu(0) = FYI 00y

o . 3j—1
In order to prove the pointwise convergence in 6 to zero, we use Lemma A.3. As Y37, X3;a

3j+1

are H37—measurab1es and £2 7! — ¥ is independent of H?{Vj, we have E(v%)N( )|H§\;) =0

and E(Ugj N( ) HE: ;) = 0. By Proposition 3.3,
[E (73,0 [HE)| < cAn (14 Xzjan ]+ pRE((EF)?) (AN (1+ | Xajan ) + ok VE())).

Using (A4), this implies m > 1<3i<kn -2 E(v:(,j)N( )|HE;) = op(1). We also have to
verify for £ =1,2,3, T

kn—2

m ; E((vy) v (0)2[HY) = op(1).
For £ =1, we have
m 133§N,2 E((vg;) ) (0) M)
= Ay 1g33§N—2f(Y.3j_1’ 0)20(Xsja, )°E ( - Céﬁg,N)Q‘ Hé,\;)
: N by > FYITL0)0(Xsia,)? = op(1).
Non by | coi s
For £ = 2,
m 1<3§N2E((v§§>N)2(9)IH£) = m 1<3§N2f(y3j17 OB —
- SR AN
NoNpNAN kN | i

As pyANn = p?{a, with 1 < a < 2, the above term is op(1).

For ¢ = 3,
1 £ (3) y2 1R 3i-1) 1 2 N
(knAN)2 2_:1 E((vgjon )7 (0 )|H3g 7? z:l o (Yo7 ?VE(T]-,N|H3J-) =op(1),

using that, by Proposition 3.3, AEQE(T]%MH?’) is Op(1).
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To study

B. Favetto
To obtain uniformity in @, we shall use Proposition A.2 and evaluate sup y oy E(supgee |0aIn(fo)])-

5 1 kn—2
OpIN(fo) =

VN (0
kNAN ; A% ( )7
we use the same method, split the sum in three parts, and define:

1
SV =

AL Z 0

”3j,N(9)-
1<35<kn—2

The sum for ¢ = 3 is the simplest. With assumption (C1) for 9y f, we deduce

B(sup [0u OIHE) < el [YIH) B 1)
With the Cauchy Schwarz inequality, we have

Elsup 000N (ONHY) < e/ Bn(L+ VI + | Xazay] + on/E((E)2)

1
.4 1
* (VAN + [Xgsa, ) + o (B((9)1) )
and with Lemma A.2 and (A4)-(A5), this implies sup yey E(supgeg |6951(\§)(9)|) < 0.
We cannot use the same method to study S%)(H),K = 1, 2. Instead, we use Theorem
20 in Appendix 1 of Ibragimov and Has'minskil (1979): it is enough to show that, for
{ =1,2, there exists two constants M > 0 and € > 0 such that:
Vo€ ©,YN €N, E(SV2) <M
and V0,0 € ©,YN €N, Dy(0,0) < M|0—0'|>*<

(8.12)
where Dy (60,0') = E(|S(8) — S (6)2+°).

For ¢ = 1, using the Rosenthal inequality for martingales, we get, for any € > 0O:

E(|S§ ()

1
————FE
(knApy)2te

145
Z E (( (1)

v3j,N(9))2’ H%)
1<3j<kn—2
1
+

(NS E(Jogiln 0)+)
2+e€ Z 33,N

(knAN) 1<3j<kn—2 !
Then it comes:

1+5

3 IE(( (1)

U3j,N(9))2‘ Hé\;)
1<3j<kn—2

€ 1+5
<ki S E (’E (@;yN(e»?\ HN,) ’ )
1<3j<ky—2

37
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With E((Goj1,v + Chya)21H3) = A (1= 5 (

we derive

+e B 2+e€ €
s_uAI;[)E (‘]E( 113JN ‘H3 )‘ ) < CA}VJFZ and S'HI\I/)]E (‘U%)N(G)‘ ) < CA}V+2.
3 Js

p?V;l)), Assumption (A5) and (C1),
PN

Hence

2+e€ 1 1 1
E([S{ 0 < . _— .
(‘ v )‘ ) =" (UfNAN)”? " TowAn)TE kfv>

The study of Dy(0,6’) is analogous, so (8.12) holds. This implies SS)(H) = op(1) uni-
formly in 6.
We use similar tools for S](\?). With the Rosenthal inequality, we have

1+5
. 1
BISYOF) < x| 2 E(O)7]H)
NEN 1<3j<kn—2
1 2) 2+
e > E(u N (0)).
(kv An)** 1<3j<kn—2 !
Hence, wth((vg]N ‘ng) = 202 F(YI ™ 0)20(Xaja ) 2E((EY)?) and E((e)?) =

p ,and Ay = ph @, we obtain (8.12). Finally In(fs) = op(1), uniformly in . O
Proof of Theorem 4.2 Let W, 5 (0) = f(Yd ", 0)(YJ™ —YJ)2. By Proposition 3.3, we
have W; n(0) = E? 1 wf}v(e) with

W (@) = FV0)0(Xa0)2(Carn + Cran)’

WO = fVIL0)p (el —el)?

wiN (@) = FOILO(ANDYT) + 1)

w(0) = FVIT0020(Xa0) Gy + Cyon)on (e —€])
W (0) = FV020(X;ay) (Grrn + Can W) ANB(YY) +758)
wO) = FOI002n(el — ) (ANDYD) + T50),

1

where we recall that YJ ™', X; jAy are H -measurable and ™' — &] is independent of

HJN . Therefore, splitting again into three parts, we consider, for £ =0, 1,2,

T,(0) = E w 0 fori=1,...,6.
Z’N( ) knANn 1<3j4+0<kn—2 3]+EN( )

We start by studying 7, (571]2,(0):

E(wy; y (0)[H5)) = (Y™, 0)0(Xs5a,)*Ax (“é(p?;%; 1))

imsart-bj ver. 2009/12/15 file: PartielBernoulli.tex date: June 21, 2010



30 B. Favetto

and

. 2 1\?

E((wl) y (0))1H3) = 3F (Y3 1,000 (Xajan ) A% (5 + 5 ) -
3 3py
X

Applying Lemma A.3 with Lemma A.2, we get, for all 6, Té,l]z, (0) = 3 x215(f(.,0)0?)+
op(1). Thus

T3%0) + T 0) + TR 0) = S0l 0)0%) + 0p(1).

Then, we study Té?}v(e):

Ew(yO)HY) = fOE L 0)p3E(VH —e¥)?)
= 2f(YI10)p%pN
and @) _ _ _
E((wi) (0 HY) = FOYXI1 02 o E((EVH — 5

I, 0)% 03 (12932 (1 4 0(1)))
Recall that Ay = py®, 1 < a < 2. If a < 2, with Lemma A.3, Ty = op(1). But if

a =2 ie Ay = -, and py = p, we have Téi{,(@) =1 x2p%19(f(.,0)%) + op(1). and
Ton (0) + T (0) + T320(60) = 20°0(f(0)%) + op (1)

We easily deduce from Proposition 3.3, Lemma A.3 and Lemma A.2 that Téi{,(&) =op(1).
For To(jl]z, (0), we have

E(wéi?N(9)|H:%) = 2f(YY7,0)0(X35a, )pNE((Csja1.n + Chjron) (€5 — e¥)[HS))

3j+1 37
e

Given Hy), the random variables (Czj41,5 + (5540 ) and (e — &,’) are independent,

SO E(wg)N(GHHé\;) = 0. Furthermore

E((w$) v (0)21HY) = 4f(YE™1,0)%0(Xsjay ) 0N E((Cajrrn + Chjpan )2 (€3 — e39)21d)
) 2 1 1
= SFY3I 1 020(Xsin )20 AN | =+ — | —.
f( . s )U( 3JAN) PNAN 3+3p%v N

Then, with Proposition 3.3, Lemma A.3 and Lemma A.2, To(jl) (0) =op(1).
We have

E(wl) N O)HY) = 2f(VF,0)0(Xsjan JE((Goyr1n + Gypon) (ANDYY) + 73 n) [HE).

With the Cauchy Schwarz inequality,

el FYI,0)|o(Xaja0 VAN /E(AND(YI) + 735 )2 (1)
< 0o (Xajan ) VAN AR EB 2HY) + E(r2 v [HY).

<
IS
€3
2
=
=
&=
AN
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Moreover, with the Cauchy Schwarz inequality,

]E((w:g?N( )2HE) = AF(YI T 0)%0(Xaian ) E((Cajri,n + Cjpon) (AND(YDY) + 735 )% H3;)
< Cf(Y.‘Q’j’l,9)20(X3jAN)2A?v\/]E((ANb(Yogj)+73j,N)4|H§\§')-

Then, with Proposition 3.3, Lemma A.3 and Lemma A.2 T N =op(1).

With some straightforward computations, T?Ej,)N =op(1).

We prove now uniformity in 6 in these convergences, using Proposition A.2. For
1
wﬁ,])\,(H), we get

kn—2
E | su Opgw 0 < 00
Geg EnAn ]Zl ¢ JN()

with
E (0(Xjan)* (G + Cron)? | HY) < cAno(Xjay)*.

With similar arguments for w(z) ~v(0),i=2...6, we derive uniformity in 6.
O

Proof of Lemma 5.1 We have /;2N —p? = a1,N + a2 N + a3,y where

2 N-—-1 1 N-—1
2 2
aj,N = 2N ZO{ E(i+1)oy — Eisn)” — 2}, aN =5y ;(X(iﬂ)a,v — Xisn ),
p N-1 B
a3N = (X(i+1)5n — Xion ) (E(i+1)5n — Eidn)-
1=0

With the usual law of large numbers, a; y = op(1). With Proposition A.1,

5
B(az.n) < edn(1+supE(X7P)) = 6xO(1),  B((az,x)?) < =

Hence py — p? = op(1). Moreover, \/NQQ’N = \/NéNOp(l) and \/Nang = vonOp(1)

tend to 0 as N — oo for N6% = o(1). To study the main term, let us set u; = \5;(62 -

N Z(;N
1 — €(i—1)5yEisy) SO that \/Nal’N = Zfi}l u; +op(1). With

N—-1
E(uileesy, £ <i—1)=0, Y E(u}lewy,l<i—1)=3p"+o0p(1),

=1
E(uflewsy, ¢ <i—1) =op(1),

we conclude by the Central Limit Theorem for martingale arrays. O
Proof of Theorem 5.1. For this proof, recall that b(.) = b(., ko), ¢(.) = ¢(., Ag) denote
the drift and diffusion coefficients at the true value 6y. Developping En(6) (see (5.1))

imsart-bj ver. 2009/12/15 file: PartielBernoulli.tex date: June 21, 2010



32 B. Favetto

yields:
en(0) = { S () + owloglet )
sy {gon (L) - (5}

Proposition 4.1, Theorem 4.1 and Theorem 4.2 imply that Ex(0) is the sum of two
terms with different rates of convergence. Therefore, to prove consistency of 6y, we must
proceed in two steps as in Kessler (1997) and Gloter (2006). It is enough to prove that,

first,
%51\;(9) o Vo (CC(('.”/\)\O)) + log(c(.,A))) (8.13)

in probability, uniformly in 6. This will ensure the convergence of AN 10 Ao. Second, we
prove that

R)— 0.,k 2
el e ) S (YL mEY gy

in probability, uniformly in 6.

Using Theorem 4.1, Theorem 4.2 and Proposition 4.1, with Ay — 0 we obtain (8.13)
and (8.14).

For the second case, we have |[cn,,(., A) — ¢p(-,A)|loo = 0 if @ = 2, and

2-a
len,p(5A) = o A)[loe < BARTT P if o € (1,2).

Then, cy,, converges uniformly (in (z,)) to ¢,. Moreover, by Assumption (A7), ¢!
satisfies (C1). Thus

lenp (2, 0) 7 = eo@, )7 < ellenp (5 A) = 6o M) oo (1 + [2]*)

and
[log(en,p(, X)) = log(e, (2, M) < ellen,p(A) = el Mlloo (1 + [2]?).

The end of the proof is identical, replacing Ex by €} and ¢ by ¢, in the limits (8.13)-
(8.14).0
Proof of Corollary 5.1. As formerly, we evaluate

2-a
llenon (5 2) = €p( Moo < BAR[p* — pivl-

We conclude using Lemma 5.1. O
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Appendix

The following lemma can be found in Gloter (2006), and precises a result from Kessler
(1997) :

Lemma A.2. Assume (A1)-(A3). Let f € C'(R x O), where O is an open neighbour-
hood of ©, satisfy

glelg{lf(wﬁ)\ + 102 f(2,0)| + 100 f (x,0)|} < C(1 + [])

then: _—
1 =

i 2o fXias0) — wolf(.6)) (A1)
j=0

uniformly in 0, in probability.
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The following proposition can be found in Gloter (2000) and Gloter (2006), and the
numerical constant ¢ may varies.

Proposition A.1. Assume (A1) and let f € C*(R) satisfy:
Iy >0,3c > 0,V € R|f'(x)| < (1 + |z|).

Then for all integer k > 1, there exists ¢ > 0 such that, for all j > 0:

k
E ( sup |f(Xs) = f(XjAN)kQJN> < eAX(L+ [ Xjay] ')
s€liAN (1) An]

In particular, with f(z) = x, we have:

E( sup |XS—XjAN|k
s€|

k
GJN) < cAYP(1+ X85 ").
JAN,(G+1)AN]

We also recall the following lemma which is given in Genon-Catalot and Jacod (1993),
setting QJN =Gjan

Lemma A.3. Let Xé»v, U be random wvariables, with Xév being ng—measumble. The
following two conditions:

_ P

S TTEGRNIGN) U,
_ P

SENTTE(()IGN,) = 0

) kn—1 P
imply > 5%, X§V —U.

The following proposition is given in Gloter (2006), to obtain convergences in proba-
bility uniformly in 6.

Proposition A.2. Let S,(w,0) be a sequence of measurable real valued functions de-
fined on Qx O where (2, F,P) is a probability space, and © is product of compact intervals
of R% x R, We assume that Sy (.,0) converges to zero in probability for all € © and
that there exists an open neigbourhood of © on which S, (w,.) is continuously differen-
tiable for all w € Q. Furthermore, we suppose that sup, cnE(supgee |[VoSn(6)]) < oo.
Then

Sn(0) — 0

uniformly in 6, in probability.
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Lemma A.4. The random variables {; n and &} |  are independent and gaussian; §; N

18 ;YH measurable and independent of QJN; §§-+17N is gﬁrQ measurable and independent
of Q}il. We will use the following expectations:

E(&n1G)) = E(E 41 vIG)) =0,

E(§2 y|GN) = E(€5 11 n1GY)

E((& ny — 3)°16)Y) = E((¢5 1 n— %

E((@%N - %)S;NWJN) = E((g?-i,-l,N - %
E(gj,Ng;,NWJN) = %~

This lemma, based on elementary computations, is mentioned in Gloter (2000).
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