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Abstract

In this paper, we are interested in approximating the solution to scalar conservation laws using
systems of interacting stochastic particles. The scalar conservation law may involve a fractional
Laplacian term of order a € (0,2]. When o < 1 as well as in the absence of this term (inviscid
case), its solution is characterized by entropic inequalities. The probabilistic interpretation of the
scalar conservation is based on a stochastic differential equation driven by an a-stable process
and involving a drift nonlinear in the sense of McKean. The particle system is constructed by
discretizing this equation in time by the Euler scheme and replacing the nonlinearity by interaction.
Each particle carries a signed weight depending on its initial position. At each discretization time
we kill the couples of particles with opposite weights and positions closer than a threshold since the
contribution of the crossings of such particles has the wrong sign in the derivation of the entropic
inequalities. We prove convergence of the particle approximation to the solution of the conservation
law as the number of particles tends to co whereas the discretization step, the killing threshold
and, in the inviscid case, the coefficient multiplying the stable increments tend to 0 in some precise
asymptotics depending on whether « is larger than the critical level 1.

Introduction

We are interested in providing a numerical probabilistic scheme for the fractional scalar conservation
law of order «

ot x) + o (—A) 2 v(t,z) + 0. A(v(t,z)) =0, (t,x) € Ry xR, (0.1)

where —(—A)? is the fractional Laplacian operator of order 0 < « < 2 (defined in Section 2), and A
is a function of class C' from R to R. We also consider the equation obtained by letting ¢ — 0
in (0.2), namely the inviscid conservation law

Ow(t,z) + 0 A(v(t,x)) =0, (t,z) € Ry xR. (0.2)

In [9, 10], these equations are interpreted as Fokker-Planck equations associated to some stochas-
tic differential equations nonlinear in the sense of McKean, which can be approximated by a particle
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system. We introduce an Euler time discretization of this particle system and show the conver-
gence of its empirical cumulative distribution function to the solution of (0.1). We also study its
convergence to the solution of (0.2) as the parameter o goes to 0.

Euler schemes for viscous conservation laws have already been studied in [3], [4], [5] or [6], where
a convergence rate of ﬁ + /At is derived in the case a = 2, N denoting the number of particles,
and At being the time step.

To give the probabilistic interpretation to (0.1) we consider the space derivative u = 9;v of a
solution v to equation (0.1), which formally satisfies

Oy = —Ua(—A)%ut — 0y (A'(H * ut)ut) , (0.3)

where H = 1}y o) denotes the Heavyside function. When uo is a probability measure, that is, when
the initial condition v of Equation (0.1) is a cumulative distribution function, Equation (0.3) is the
Fokker-Planck equation associated to the following nonlinear stochastic differential equation

)

dXt = O'dL? + AI(H * ut(Xt))dt
Ut = law of X;

where L{ is a Markov process with generator —(—A)%7 namely /2 times a Brownian motion for

a = 2, and a stable Lévy process with index « in the case o < 2, that is to say a pure jump Lévy

process whose Lévy measure is given by co ‘y‘dﬁ, where ¢, is some positive constant.

We can still give a probabilistic interpretation to Equation (0.1) if the initial condition vo has
bounded variation, is right continuous and not constant. Indeed, in that case vy can be written
as vo(z) = a+ [*__duo(y) = a+ H  uo(z) for some finite measure uo. By replacing vo(z) by
(vo(@) — a) (Juo| ()" and A(z) by Aa + aluol(R))(jus|(R))~* in (0.1) (juo| denoting the total
variation of the measure uo,), one can assume without loss of generality that a = 0 and that |ug| is
a probability measure. We denote by v = d%é_\ the Radon-Nikodym density of uo with respect to
its total variation. Notice that v takes values in {£1}.

Then, Equation (0.3) is the Fokker-Planck equation associated to

) (0.4)

dX;, =odL{ + A'(H % Py(X,))dt
P = law of X

where P denotes the measure defined on the Skorokhod space D of cadlag functions from [0,00) to R
by its Radon-Nikodym density 95 = ~(f(0)), with f the canonical process on D, and P, denotes its
time marginal at time ¢, i.e the measure defined by P;(B) = S 7 (F(0)1B(f(t))dP(f), for any B
in the Borel o—field of R.

The rest of the paper is organized as follows:
In Section 1 we define the particle approximation for the stochastic differential equation (0.4).
Section 2 is devoted to the definition of the different notions of solutions used in the article.
In Section 3, we analyze the convergence of the time-discretized particle system to the solution of
the conservation law in different settings : for both a constant or vanishing diffusion coefficient and
any value of 0 < a < 2.
Finally, we present some numerical simulations in Section 4. Those simulations are compared with
the results of a deterministic method described in [7].

In the following, the letter K denotes some positive constant whose value can change from line
to line.

Acknowledgement: We warmly thank Jérome Droniou for providing us with the article [7]
and the source code from the corresponding deterministic numerical scheme, and Mireille Bossy for
fruitful discussions about the convergence rate of the numerical schemes.




1 The particle approximation

In this section we construct a discretization of (0.4) consisting of both a particle approximation
in order to approximate the law of the solution and an Euler discretization to make the particles
evolve in time. The idea is to introduce N particles X! ..., X™¥ which are N interacting copies
of the stochastic differential equation (0.4), where the actual law P of the process is replaced by the
empirical distribution of the particles + SN Sy

In continuous time, those particles are driven by N independent Brownian motions or stable Lévy
processes with index a and undergo a drift given by A'(H =iy’ (.)), with 4 = + >N, V(X(I)V’i)éxév,i.

The natural way to introduce the measure jil¥ in the dynamics is to give each particle a signed weight
equal to the evaluation of «y at the initial position of the particle. Then, H * i’ (z) is simply given
by the sum of weights of particles situated left from x.

The entropy solution to (0.1) has a non-increasing total variation (see [2]), which can be inter-
preted probabilistically as a compensation of merging sample paths having opposite signs. For a
more precise statement in the case o = 2, see Lemma 2.1 in [9]. It is thus natural to adapt this
behavior in our particle approximation by killing any merging couple of particles with opposite signs.

In [9] Jourdain proves, for a = 2 in continuous time, the convergence of the particle system to
the solution of the nonlinear stochastic differential equation through a propagation-of-chaos result.
Moreover, the convergence of the signed cumulative distribution function H = iY¥ to the solution
to Equation (0.1) is also proved, as well as convergence to the solution to the inviscid equation as
o — 0. In [10] the same results are generalized to the case 1 < a < 2, assuming v = 1 in the case
of a vanishig viscosity. However, to our knowledge there is even no existence result for the particle
system in continuous time when « < 1, since the driving Lévy process is somehow weaker than the
nonlinear drift.

In discrete time, the probability of seeing two particles actually merging is 0. To adapt the
murders from the continuous time setting, we thus kill, at each time step, any couple of particles
with opposite signs separated by a distance smaller than a given threshold ex going to zero as N
goes to co. Though, one has to be careful, since one can have more than two particles lying in a
small interval of length . Precisely, the particles are killed in the following way: kill the leftmost
couple of particles at consecutive positions separated by a distance smaller than the threshold en
and with opposite signs. Then, recursively apply the same algorithm to the remaining particles.
This can be done with a computational cost of order O(N). The essential properties satisfied by
this killing procedure are the following:

e to each killed particle is attached another killed particle, which has opposite signs and lies at
a distance at most en of the first particle.

e after the killing there is no couple of particles with opposite signs in a distance smaller than e .

e the exchangeability of the particles is preserved.

e after the murder, the quantity H * i’ (XtNZ) remains the same for any surviving particle.

We are going to describe the killed processes by a couple (f, ) in the space K = D x [0, oo] of
cadlag functions f from [0, c0) to R endowed with a death time x € [0, oc]. The space K is endowed
with the product metric d((f, ky), (9,k4)) = ds(f,g) + |arctan(k;) — arctan(k,)|, where ds is the
Skorokhod metric on D, so that (K, d) is a complete metric space. It could seem more natural to
consider the space D([0,00), RU{0}) of paths taking values in R endowed with a cemetery point 9.
However the corresponding topology is too strong to prove Proposition 3.4.

The precise description of the process is the following: each particle will be represented by a
couple (X™* k) € K. Let (X{)ien be a sequence of independent random variables with common
distribution |uo| and let hxy > 0 denote the time step of the Euler scheme. At time 0, kill the
particles according to the preceding rules, that is to say, set k¥ = 0 for killed particles, which will



not move anymore. Those particles will not be taken into account anymore. Now, by induction,
suppose that the particle system has been defined up to time khn, and kill the particles according
to the preceding rules (i.e. set k¥ = khy and XtN’i = Xﬁbj\] for all t > khn, if the particle with
index 7 is one of those). Then let the particles still alive evolve up to time (k + 1)hn according to

) 1 . )
N,i _ 4/ z : 7
dXt —A N ’Y(Xé)lxal,ggxé\;;; dt+0’Nst,

n]N>khN

where (L");en is a sequence of independent a-stable Lévy processes for a < 2, or a sequence of
independent copies of v/2 times Brownian motion, which are independent of the sequence (Xé)ieN.
The particle system is thus well-defined, by induction.

Let pN = L Zf\;l 6(XNvi,»i{V) € P(K) be the empirical distribution of the particles. For a

probability measure @ on K and ¢ > 0, we define a signed measure Q~t on R by:

Gu(B) = /K 15(f(6) Lo 7 (£(0)AQ(f, ),

for any B in the Borel o—field of R. With these notations, on the interval [khn, (k + 1)hn), a
particle, provided it is still alive, satisfies

XNt = A (H il (X,thN)) At + ondLi.

Notice that the sum of the weights of alive particles ;' (R) = + DNy v(X{) is constant in time,
since the particles are killed by couples of opposite signs.

2 Notion of solutions

In this section, we recall the different notions of solutions that are associated to the equations (0.1)
and (0.2). Indeed, due to the shock-creating term 05 (A(u¢)), the notion of weak solution is too
weak, and does not provide uniqueness when the diffusion term is not regularizing enough. The
best suited notion in those cases is the notion of entropy solution.

In [11], Kruzhkov shows that for vp € L°°((0,00)) existence and uniqueness hold for entropy
solutions to (0.2), defined as functions v € L°°((0,00) x R) satisfying, for any smooth convex
function 7, any nonnegative smooth function g with compact support on [0,00) X R and any
satisfying ¢’ = n’ A’, the entropic inequality

/R??(UO)QO + /000 (/R n(ve)Oege + w(vt)&cgt) dt > 0. (2.1)

It is well known that this entropy solution can be obtained as the limit of weak solutions to (0.1)
as 0 — 0 in the case a = 2.

Weak solutions to (0.1) (see [9]) are defined as functions v € L*°((0,00) x R) satisfying, for all
smooth functions g with compact support in [0, c0) x R,

/vogoJr/ /vtatgtdtfaa/ /vt(fA)%gtdtJr/ /A(vt)azgtdt:(). (2.2)
R o Jr o Jr o Jr

For o < 2, we denote by (fA)% the fractional symmetric differential operator of order «, that
can be defined through the Fourier transform:



An equivalent definition for (fA)% uses an integral representation

(—A)%u(x) =co /R u(z +y) — ul(yxlz;l‘y‘syu (x)ydy

for any r € (0,00) and some fixed constant ¢, (see [8]), depending on the definition of the Fourier
transform.

It has been proven in [9] and [10] that existence and uniqueness holds for weak solutions of (0.1),
for 1 < a < 2. However, for 0 < a < 1, the diffusive term of order « in (0.1) is somehow
dominated by the shock-creating term, which is of order 1, so that a weak formulation does not
ensure uniqueness for the solution. We thus have to strengthen the notion of solution, and use
entropy solutions to (0.1), defined in [2] as functions v in L°°((0, 0c0) x R) satisfying the relation

/Ooo 1(vo)go + /Ooo /R (n(ve)Oege + e (ve)Ozge) dt
v [Of o (wu(o) M g () 03

+ Ca / / / n(ve(x)) gz +oy) - gtl(i)x — 0y0:g:() dydxdt > 0
o JrJ{yl<ry lyl

for any r > 0, any nonnegative smooth function g with compact support in [0,00) X R, any smooth
convex function 1 : R — R and any % satisfying ¢’ = n’A’. Notice that from the convexity of 7,
the entropic formulation (2.3) for a parameter r implies the entropic formulation with parameter
r’ > r. Also notice, using the functions n(x) = £z that an entropy solution to (0.1) is a weak
solution to (0.1).

In [2], Alibaud shows that existence and uniqueness hold for entropy solutions of (0.1) pro-
vided that the initial condition wvo lies in L°°(R). The entropy solution then lies in the space
C([Opo),Ll(lig”EQ)). He also proves that the entropy solution to (0.1) converges to the entropy
solution to (0.2) in the space C([0,T],Li,.(R)) as o — 0.

3 Statement of the results

The aim of this article is to prove the three following convergence result, each one corresponding to
a particular setting.

Theorem 3.1. Assume 0 < a < 1. Let oy = o be a constant sequence. Let en and hn be two

vanishing sequences satisfying the inequalities

N*<4 sup |A'|hn < en, and NV < N~ Y ey
[-1,1]

for some positive A. For o= 1, also assume hy < enN~Y*. It holds for any T > 0,

T
lim IEHH*ﬁﬁv—vt dt =0,
0

N — oo

L ( 14(:22 )
where vy denotes the entropy solution to the fractional conservation law (0.1).

Theorem 3.2. Let en, hn and on be three vanishing sequences such that

N~ <4 sup |A'lhn <en
[—1,1]



1

1
for some A\ > 0. If a > 1, also assume on < 6}\, *N~X. Then, for any T > 0,

T
. ~N
lim EHH*M — vt
N—oo [

where vy denotes the entropy solution to the inviscid conservation law (0.2).

The additional assumption for a > 1 comes from the fact that in this case, the dominant term
is the diffusion, while in the limit there is no diffusion anymore. The assumption ensures that the
diffusion is weak enough not to perturb the approximation. For @ < 1, the dominant term is the
drift, as in the limit, so that no additional condition is needed.

Theorem 3.3. Assume 1 < a < 2. Let on = o be a constant sequence, and let ey and hy be two
vanishing sequences. It holds for any T > 0,

dt =0,

N — oo

T
lim EHH*[&V—W
0

Lt ( 1122 )

where vy denotes the weak solution to the fractional conservation law (0.1).

In order to prove those three theorems, we will have to control the probability of seeing particles
merging. In the case a < 2, this is mainly due to the conjunction of the small jumps of the stable
process and the drift coefficient, while the large jumps of the stable term do not play an essential
role. As a consequence, for @ < 2, we consider another family of evolutions coinciding with the
Euler scheme on the time discretization grid, for which we consider differently the jumps which are
smaller or larger than a given threshold r. The choice of this parameter has to be linked to the
parameter r appearing in the entropic formulation (2.3), since they play a similar role: the third
term in (2.3) corresponds to the effect of jumps larger than r in the driving Lévy process and the
fourth term corresponds to jumps smaller than r. This evolution is designed so that on the first
half of each time step, the process will evolve according to the drift and the small jumps, and on
the second half of each time step, it will evolve according to the large jumps. More precisely, let

Vi(dyvdt): Z 5(ALg,t)

AL50
be the jump measure associated to the Lévy process L and let

dydt

7' (dy, dt) = v'(dy, dt) — ca [y[i+

be the corresponding compensated measure, so that

L= / yv'(dy, dt) + / yi' (dy, dt),
0,¢]x{ly|>r} 0,t] x{ly|<r}

where the right hand side does not depend on r. We define the process X™'"" by
XNT = X3 4 on IV 4 gy AN AN

where

° Liv’i”" is the large jumps part defined by

L = / g (dy, ds),
(0,a(t)]x{lyl>r}



khn for ¢t € [khN,(k+1/2)hN]
where a(t) =

khN+2(t7(k+1/2)hN) for t € [(k)+1/2)h1\r,(k)+1)h1\7]
constant on intervals [khn, (k + 1/2)hn] and behaves like a Lévy process with jump measure
1‘y‘>,nﬁj(;—fg on intervals [(k + 1/2)hn, (k + 1)hn].

. This process is

e AN is the small jumps part, defined by

aver— [ 7(dy,ds),
0,6()] x {ly|<r}

kh 2(t — kh for t € [khn, (k+1/2)h
Whereb(t)z N+ ( N) or 6[ N7( + /)N] )

(k+ 1)hn for t € [(k +1/2)hn, (k+ 1)hn]
a Lévy process with jump measure 1‘y‘gr‘2yc“’%da on intervals [khn, (k+1/2)hn] and is constant
on intervals [(k 4+ 1/2)hn, (k + 1)hn]. Notice that the process A" is a martingale.

o AN s the drift part, which satisfies Aj"* = 0, is constant over each interval [(k+ 1/2)hn, (k+
1)hn], and evolves as a piecewise affine process with derivative 2A"(H x* ﬁivhN (Xzi\;;, )) on
intervals [khn, (kK + 1/2)hN].

One can check that for any r, the process (X™'7 ... XMN7") is equal to (X1, ..., XN)
on the time discretization grid up to killing time. Conditionally on the positions of the parti-
cles at time khy, the particles evolve independently on [khn, (k 4+ 1)hn], and the evolution on
[khn, (k + 1/2)hn] is independent of the evolution on [(k + 1/2)hn, (k + 1)hn]. Since the entropic
formulation (2.3) with parameter r is stronger than the one with parameter 7’ > r, we have to make
the parameter r tend to zero in order to prove the entropic formulation for any parameter. However,
this convergence has to satisfy some conditions with respect to N, hxy and en. We will explain later
why a suitable sequence rxy exists under the conditions given in the statement of Theorem 3.1.

In order to prove Theorems 3.1 and 3.2, we introduce p™'" the empirical distribution of the
processes (X7 kM):

This term behaves like

N
” 1
MN, — N Za(XN,i,T’N{V) (S P(K:),
=1

and by 77" the law of pu™¥'".
The following proposition is the first step in the proof of Theorems 3.1, 3.2 and 3.3.

Proposition 3.4. o Assume o < 2. For any bounded sequences (hn), (on) and (en), and for
any sequence (1), the family of probability measures (™"~ )nen is tight in P(P(K)).

e Denote by 7 the law of u~. For any bounded sequences (hn), (on) and (en), the family of
probability measures (7)) nen is tight in P(P(K)).

Proof. We first check the tightness of the family (7™ ") yen.

As stated in [13], checking the tightness of the sequence 7™"""N boils down to checking the
tightness of the sequence (Law(X™ "™~ kX)), Owing to the product-space structure, we can check
tightness for X™5"~ and k¥ separately.

Of course, tightness for kY is straightforward since it lies on the compact space [0, 00], and it is
enough to check tightness for the laws of the path (XN’I”"N)A For simplicity, we will assume that
A = 0, which is not restrictive since A’ is a bounded function so that the perturbation induced
by A belongs to a compact subset of the space of continuous functions, from Ascoli’s theorem (also
notice that the addition functional from D x C([0, 00)) to D is continuous). We use Aldous’ criterion
to prove tightness (see [1]). First, the sequences (X" )yen and (supo, 1 [AXNLTN ) vey are



tight, since (XJ"""V) is constant in law and (sup[0 7] |[AX N |) is dominated by the identically
: N

distributed sequence
<sup O'N> sup ‘ALl‘ .
N [0,T+4sup hn] N

Then let 75 be a stopping time of the natural filtration of X"~ taking finitely many values,

and let (dn)nen be a sequence of positive numbers going to 0 as N — co. One can write

> 5/2)

LNy LN’I”"N’ > 5/2) (3.1)

TN+IN

P (’XN,I,TN . XN,I,TN‘ > 5) <P (O'N ‘AN 1,rn Aq]_\f]\,[l,rN

TN+ON TNHON

-HP’(UN

[0,6 ] te[0,6n]

<P< sup ol L5 >e/2> +P< sup aN|ct>TN|>a/2>7
te

where

= yoldy,de) and £77 = | yu(dy, o),
0,¢]x {|y|<r} 0,¢]x {|y|>r}

. . ; . . 2 ~ .
the measure v being the jump measure of some Lévy process £ with Lévy measure WC‘%, and 7 is

the compensated measure of v. Now, using the maximal inequality for the martingale (EtSTN )tcl0,6n1>
noticing that (£5N)T€[O 1] is also a martingale, we deduce

]P’( sup |[LETV] > 5/2UN> < sup ]P’( sup |LF7] > 5/2UN>
te ] te

(0,6n] re[0,supy TN [0,6 5]

< 20ne ! sup E (|£6§]\: )

re[0,supy rN]
1 <su T
— 2one” (|z PN N|)

— 0.
N —o0

For the large jumps parts, one writes,

]P’< sup |[,t>TN|>5/20N><IF’< sup |L: + sup |[,<TN|>5/20N>
te

te[0,6N] [0,6N] te[0,0N]

[0,6N] t€[0,6 ]

<P < sup |L¢ > 5/4UN> +P < sup |[LEN| > 5/401\;)
te

— 0.
N—o0

As a consequence, the family (Law(X™N"1"N))yey is tight in D.

Thus, the family (7"~ ) yey is tight.

The proof is essentially the same for the tightness of (77V)nen, with a few simplifications, since
we do not treat separately large and small jumps. It also adapts in the case a = 2, since the
Gaussian distribution has thinner tails than the a—stable distribution for a < 2. O

The use of the path space K instead of D([0,00),R U {8}) for a cemetery point 9 is crucial in
the proof of Proposition 3.4, since in the latter case, we need to control the jumps occuring close to
the death time in order to prove tightness. The following example is illustrative: if we consider a



sequence f, of paths starting at 0, jumping to 1 at time 1 — 1/n, and being killed at time 1, then f,
does not converge in D([0, 00), R U {d}), while it does in K.

The following lemma deals with the initial condition of the particle system.
Lemma 3.5. If 7°° is the limit of some subsequence of ™ or ™™V | then for ™ -almost all Q,
for all A in the Borel o—field of R,

Qu(t) = [ LosolpweadQf,) = fuol(A) (32)
R
In particular, k is @Q—almost surely positive for 7°°-almost all Q.

Proof. In a first time, we control the probability of seeing a partincle dying within a short time.

Let us write the Hahn decomposition ul — uy of the measure uo, the measures ul and ug
being positive measures supported by two disjoint sets BT and B~. From the inner regularity of the
measure ug , for any § > 0, one can find a closed set ™ C B* such that ud (F*) > ud (B*) — 6.
The complement set O~ = (F1)¢ is then an open subset of R, which can thus be decomposed as a
countable union of disjoint open intervals O~ = (Jo-_,]am, bm[. For a large enough integer M, and
for £5 > 0 small enough, the set O° = JY_ Jam + €5, bm — &5] is such that ug (0°) > ug (07) — 4.
Consequently, we can write R as a partition

R=FTU(B NnO°UB’,

where B° = (F* U (B~ N 0%)° has small measure |uo|(B°) < 26, particles starting in F* have a
positive sign, and particles starting in (B~ N O°%) have a negative sign. Let N be large enough to
ensure e < £5/3. The distance between any element of F™ and any element of 0’ is larger than es.
As a consequence, if the particles with index 7 and j kill each other before time 7, then either one

of them started in B?, or one of the particles i and j moved by a distance larger than €s/3. This
writes

ﬁ{z’, kN < 75} — 2 {(i,j),i < §, XNV and XNV kil each other}

< 2f {i,XéV’i’rN eB’ or sup |XVOTN — X} 255/3}.

te(0,7]

As a consequence, if 75 > 0 is small enough so that P(sup,¢| | XN XN > g5 /3) < 6

(this can be achieved using an adaptation of (3.1)), it holds

0,75]

1 2 . . .
P(ky < 75) = NE (ﬁ {z Ky < 7'5}) < NE <ﬁ {i,X(I)V’Z’TN eB or sup |XVON - Xi| > 55/3}>

te(0,75]

<P (Xé € 35) +2P( sup [XNOTN — XNOTN| > e5/3
te(0,75]
< 66.

Consequently,
E™ (Q(x < 7)) < liminf E* (Q(x < 7)) = liminf P(kY <) — 0.
N N T—0

Thus for 7*°-almost all @, k is @Q—almost surely positive. As a consequence, for any bounded

continuous function ¢,
B | [ otronaeee.n) - [ v
R

E /K Lo (£(0))dQ(r, ) — / pdluol| =
fhmIE ‘/ 0))dQ(x, f) — /(pd|uo| =0
R




from the law of large numbers.

The main step in the proof of Theorems 3.1, 3.2 and 3.3 is the following proposition:
Proposition 3.6. Let eny and hn be vanishing sequences.

e If on is a constant sequence and 0 < a < 1, suppose N~Ye < N~ Y2y and N~ <
4sup[_1’1] |A'|hN < en for some positive A. If o« = 1, also assume hy < Nﬁl/AsN. Then,
there exists a sequence (rn) of positive real numbers, such that the limit of any converging
subsequence of NN gives full measure to the set

{Q € P(K), H x Q¢(x) is the entropy solution to (0.1)}.

e Let on be a vanishing sequence and assume N~ < dsup|_q y) |A’|hn < en for some positive \.
1
If1 < <2, also assume on < sj\, “N“YX Then
{Q € P(K), H  Q+(x) is the entropy solution to (0.2)}
is given full measure by any limit of a converging subsequence of wN'"N | for a well chosen
sequence (rn), in the case a < 2, and by any limit of a converging subsequence of T if a = 2.
o If oy is a constant sequence and 1 < o < 2, the limit of any converging subsequence of T

gives full measure to the set

{Q € P(K), H x Qi(x) is the weak solution to (0.1)}.
Proposition 3.6 will be proved in Section 3.1. We first admit it to end the proofs of Theo-
rems 3.1, 3.2 and 3.3. We need the following lemma.

Lemma 3.7. Let a < 2 and rn be a sequence of positive numbers going to zero. Then it holds, for
any T > 0,

T
lim IEHH*[LiV—H*ﬁiV”NHU( dIQ)dt:O.

N—oo 0 14z
Proof. It holds, by exchangeability of the particles,

dzdt
2 +1

T T
- ~N, 1
/ E”H*Hi\r — H =iy TN”]Ll( dzZ)dt < IE/ / N E ‘1XtN’i<z - 1X£V’i’TN<z
1+x 0 R - -

0 K£V>t

T
< /0 E (1,‘»@{\7215

This last quantity goes to zero, since the processes X! and X™'1'"~ coincide on the discretization
grid, whose mesh vanishes. Indeed, for ¢ € [khn, (k+ 1)hn)

XN XtN’l”"N’ A 7r) dt.

N1, N1 N1, N1 N1 N,
E (1H{V>t|Xt "~ XN A 7r) <E (1H{V>t|Xt ™ XML A 7r) +E (1H{V>t|Xt — XN A 7r)
< Kh/? (3.3)
For this last estimate, we used, for an a—stable Lévy process L, the inequality

E (L] A1) < KE (|LJ*"?) = Kt/

10



From Lemma 3.7, it is sufficient to show hm fo E|[H % g™

Theorems 3.1 and 3.2.

— vt||]L1( de )dt in order to prove
1+a:2

Proof of Theorems 3.1-3.2-3.3. We write the proof for Theorems 3.1 and 3.2 in the case a < 2. The
proof of Theorem 3.2 with o = 2 and Theorem 3.3 is the same, with 7 replacing 7™¥*"~ .

Let 4* be a Lipschitz continuous approximations of y, with P(y(X3) # v*(X3)) < 1/k (see [9],
Lemma 2.5, for a construction of such a 7). We have, by exchangeability of the particles,

T dzdt
~N,r
E/ /\H*“t N(f”)*”t(f”)\gﬂ—ﬂ

dzdt
N,1,r N,1,r k N,1,r
<[ [1yme-x, N)\w(Xo ) At N)] (3.4)

w2 ([

From the assumption on wk, the first term in the right hand side of (3.4) is smaller than 27 /k which
vanishes as k goes to co. The bounded function

dzdt

LeseH(z — f(£)7"(£(0))dQ(f, &) — vi () 22+ 1

is continuous. From Proposition 3.6, the second term in the right hand side of (3.4) converges, as N

dz
x24+1)"°

This terms goes to zero as k tend to infinity using the argument of the begining of the proof
with XML~ replaced by the canonical process ¥.

goes to oo to

Lo H (= (1)) (4 (70)) = 1(/(0))) Q. )

a

3.1 Proof of Proposition 3.6

This section is devoted to the proof of Proposition 3.6. Since the hardest part of this proof is the
first two items, we do not give all details for the third item and for the second one in the case a = 2.
Indeed, for these two last settings, the separation of small jumps and large jump is not necessary
for the proof.

Let rn be a sequence of positive real numbers, going to zero as N — oo, which will be explicited
later. Let 7 > 0 and ¢ be reals numbers, n a smooth convex function, ¢ a primitive of A/n’ and g
a smooth compactly supported nonnegative function. We define the function ¢ (z f_

Note that ¢ is smooth, and nondecreasing with respect to the space variable We con51der a
subsequence of 7V'"™V | still denoted 7™¥°"™N for simplicity, which converges to a limit 7°°. We want
to prove that, for 7°° —almost all @, the function H % Qt satisfies the entropy formulation associated

to the corresponding case.
One can write, for any k > 0 and t €]khn, (k + 1)hn]
(i) )

P <HZ7J7 Hﬁv A K;'V >, XtN’i’r = XtN’j’r) =E (P (37,7j, I{ﬁv A K;V > t7XtN’i’r = XtN’j’r

(i) ).

=E (IF’ <3i7j, ki AKY > tonZp N = th’]]V — khN AN AN

11



where we denote
4,5,N;k _ ANi,r AN, i,r _ AN,j,T N,j,m Nyi,r _ rNyi,r _ pN,jr N,j,r
Zy = Ay A = AT AT+ Ly Liny — Ly + Ly

From the conditional independence of the processes e NI AN’i’T_ and A]\_f’j”"7 the random
variable ZZ’J’N"C has a density. As a consequence, since the process AiV’J - Aiv’l is deterministic
on [khn, (k + 1)hn] conditionally to (Xli\;;i;)‘h the above probability is zero, meaning that for all

time t > 0, the alive particles XtN’i’TN almost surely have distinct positions. As a consequence, the

function n (H s fir "N (ac)) is the cumulative distribution function of the signed measure

N _ T
& = Wy XtN,'L,TJ\H

N
K >t
where
i=1 ! X7 ! X7
We =N | T Y(Xg) | —n N 7(X5)
wN >t kN>t
XtN’j’TN SXéV,i,TN Xév’j’TN<XéV’i’TN

a0 (5470)) a0 (1775)).

Let (Cm)men be the increasing sequence of times which are either a jump time for some L™*"™~ (i.e.
a jump of size > ry for XN"""N) or either a time of the form khx /2. One has

- <£év,<po> = i <££L,w<m> - <£gﬂ,1,<ﬂ<m71>

m=1

i N,i,r N,i,r
= Z Z wérw—l (‘PCm (Xgm— N) — Plm-1 (Xgm,lN)) (3.5)

nf\] >0 m=1

i N,i,r i N,i,r
+ Z Z (wzmQOCm (XCm N) - wszlwcm (XCm—N)) :

N,JL-V>0 m=1

Notice that these infinite sums are actually finite, since the function ¢, is identically zero when ¢ is
large enough, and since the process (L™'5™~ ... LNN"N) has a finite number of jumps on bounded
intervals.

We consider the first term in the right hand side of (3.5). Denote by v"" = Z 0

N
AX, U0

(ALY BT L ANN BT

the jump measure associated to L™¥*" + AM*" and by

dydt

" (dy, dt) = v (dy, dt) — 2¢q (Xz{vl\y\gr +(1- Xz{v)l\y\>r) e

its compensated measure, where y¥ = > reo Likhy (k+1/2)hy) (t). Let us apply It6’s Formula on the
interval ({m—1,Cm). If Gm—1 = khn for some integer k, then (» = (k + 1/2)hn, and almost surely

12



N,i,r _ N,i,r
X(k+ 1yh e X(k+ Lyhw holds. As a consequence

N,i, N,i,
Pkt 3)hn (Xuﬁi;)hw) = Pkhn (thzlvr)
(k+3)hN . (k+3)hN )
- / Depe (XY dt + 2 / Buipr (X0 AT (H il (X[5E)) d.
khn khn

+f [ (o owy) = (X = ovydpn (X)) 1 ()
(khn,(k+1/2)h ) Y {ly|<r}

+ow / Dapr(XNHT) < / yi T(dy,dw)
(khN,(k+1/2)hpN) {\y\ST}

If ¢;n—1 is not of the form khy, then the process X4 is constant on the interval [Cm—1,Cm),
and one has ¢¢,, (Xgnz ") = e, 4 ( é\:n“; fg 0o (X X}'"")dt. Summing over all the intervals

($m—1,Cm), Equation (3.5) writes, denoting 7 = maX{QmCm <t},

(& po) = 3 [T (B8 2 D (XA (B TN (X)) )

K>0

2dydt

+ca Z/ TtXt/ (eXNN 4 o) = (XN ETN) = onyup (XU ) S
{lyl<rn} |yl

k>0

i Nyi,r ] N,i,r
Y W (XOTN) = we,, e (XTN)

N>() large Jump

*Z Yo (W, —wg, )ee, (X0 (3.6)

kN >0 (m of the
i form khp

Y D (i —wh, e (XETTY)

kN >0 Cm of the
¢ form (k+1/2)h N

+ My.

Here, the third, fourth and fifth terms correspond to the second term in the right hand side of (3.5),
and My is a martingale term given by

My = Z / ws, Xt /{‘ ‘ }(npt(XN”N +ony) — wt(XN”N)) 7OTN (dy, dt).
y|<rn

kN >0
Equation (3.6) can be rewritten
Ty =Ty + T + Tx + Tiv + Mn,

where Th = — <£év, npo>, T% is the sum of the two first terms in the right-hand-side of (3.6), TS is
the third one, T the fourth one and T% the fifth one.

The four following Lemmas, whose proofs are postponed to Section 3.2 deal with the asymptotic
behavior of the terms My, T3 — Ty, T and Tx.
Lemma 3.8. [t holds

Ko3r?
E| MN|2 #
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for some positive constant K. The equivalent term in the case a = 2,
My =on Z / wy, Oz p(X, "")dLi,
K£V>0 0
satifies the same estimate :
2
o
E|My|*> < K-X.
M| < KX
Lemma 3.9. e [t holds

E‘ —Tn +TX +/ / (W(H * fip " )Duge + 2xt Y(H * ﬁiV’TN)axgt) dt + / gon(H * iy "™ )dz
o Jr R

e _N.r dydzdt
2o [Tl [ e @) o+ o) = an(e) = onoes(a) |
0 ®J{lyl<rnd yl —oo
o Ifry <1/on, then
°° N dydzdt o
2eo [T [ [ Y @) gl owy) - (o) — owudhgn(e)) LEY] < Ko
0 R J{y|<ry) lyl

The following lemma, gives two estimates for the term T, the first being useful for a constant
viscosity on = o, and the second for vanishing viscosity on — 0.

Lemma 3.10. e The error term

dydzdt

BITS +2c0 [ () [ [ g @) (B o o) - H o @) gn() T
0 B {lyl>rn} ly|

vanishes if N™'ry® goes to 0.

e [t holds
EITS| < K(onrk ® +of)-

Lemma 3.11. One has E|Tx| N 0.
— 00

We now have to control the probability for the last remaining term Ty to be negative. If
there is no crossing of particles with opposite signs between khy and (k + 1/2)hn, for any k,
then T% > 0. Indeed, let X(]Zﬂ’/g\)jhz\, <...< X(IZiql’/T;{hN be a maximal sequence of consecutive
JULTN
+1/2)h N

sequence, and from the convexity of n and the fact that no particles with opposite signs cross,

particles with same sign. The sequence (Q(kt1/2)ny (X(IZ )) is thus a nondecreasing
1=1,...,q

below, ZR§V>%N (Wit 1/2)hn — Whhn )Pk+1/2hy (X(]Zi’lr/]\é)hN) is nonnegative. It is thus sufficient
to control the probability that two particles with opposite signs cross between khy and (k+1/2)hx.
Since after the murder there is no couple of particles with opposite signs separated by a smaller
distance than ey, this does not happen as soon as no particle drift by more than ex/4 and no
particle is moved by more than ex/4 by the small jumps. The drift on half a time step is smaller
than sup;_; j |A’|hn which is assumed to be smaller than ey /4. We control the contribution of the
small jumps in the following lemma:

14



Lemma 3.12. Let By be the event
w = {7k < T/, ¥i, on [AGY, oy, — ARRY | < /4 ),

so that no crossing of particles with opposite signs between khy and (k + 1/2)hn occurs on By.

One has, for a < 2,
P(Bn) > (1 _ KhNrR® —EN/MN?"N)NT”’N

For a = 2, we define the event By by
By = {Vk < T/hn,Yi,on ‘Lka)hN — L};hN‘ < EN/4} .
It holds
P(By) > (1 - Ke‘f?v/(?’%N"?v))NT/hN 4

The proof will be given in Section 3.2.
We now gather all the previous information to prove that, depending on the considered case, the
entropic formulation or the weak formulation holds almost surely.

1. Constant viscosity on = o, with index 0 < o < 1.
Define, for Q € P(K),

FR@) = [+ Qoo+ [ [ (a(t + Qoong + 207wt + Q)0.g) a

dydzdt
200 [T //W} (H = Qu(a)) (T » Qo +ony) = H « Qel)) () T

~ dydxdt
2o [T [ /{ I S Qe (e o) — @) — owudag ) P

and

Q) = / (= Qoo+ [ [ (< @0+ vl + Qo) at

oo [T [ Q@)U+ Qule o)~ H o Q) T

~ —o(z) — o (z dydzdt
T / / /ﬂm}nw*@(x))(gt(xwy) g:(x) = aydegn(@) T

Notice that from the convexity of n, one has

0 (H o Qu(2))(H * Qu(w + oy) — H x Qu(w)) < n(H * Qo + oy)) — n(H * Qu(w)),
so that for any 0 < » < 7, it holds F" < F"' and Fy < FX,/A
From Equation (3.6), it holds, for N large enough so that ry < r,

FR(u™7N) 2 BN (V) = TR + (<Th + TR + TR + T + Moy + FRY (V7))

-1/« —

From the assumptions made on ey and hy one can construct a sequence ry such that N
o(rn), hnry® =o (sNrg,l) and —~— N e eN/toTN Indeed, set ry = en N2> Then it holds

N-Vey *1 < KN~ /22 and hN 1 ¢ = thj\,aN(a_l)/Q’\, which vanishes for any value of a.
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Then i goes to infinity at the rate of a power of N, and en/rn = NY2X as well. Thus,
i
As a consequence, from Lemmas 3.8, 3.9, 3.10 and 3.11, E ‘—T]{, + T3 +T5 +Th + My + N (MN’TN)‘
vanishes as N tends to infinity, and the event By defined in Lemma 3.12 is such that

P(By) — 1. On the event By, Ty is almost-surely nonnegative, so that, from the uni-

form boundedness of F}; with respect to N, E™Y (FL(Q)7) = E(FL(p™N'"™™)7) goes to 0.

To show that the entropic formulation holds almost surely, we need a continuous approxi-

mation of Fy and F”. We define F™° and Fy by replacmg every occurrence of H*Qy in

the definitions of F" and Fy by [, LastH (. — f( DY’ (£(0)dQ(f, k), where 4° is a Lipschitz
continuous approximation of v, with P(v(Xg) # 7°(X3)) < 6 (see [9], Lemma 2.5, for the
construction of 4°). Then, for any fixed & and 7, the family {F™°} U{Fy’, N € N} is equicon-
tinuous for the topology of weak convergence. Indeed, let @ be a sequence of probability
measures on I converging to ) as k goes to infinity. From the continuity of the application

K = R,(f,5) — 1.50f(0), QF converges weakly to Qo (where Qo and Qf are defined as

n (3.2)), and from the continuity of the applications K — R, (f, %) = Le>¢7°(£(0))1 (1)<, 0on

theset {(f, k) € K, f(t) = f(t—), f(t) # y}, for all ¢ in the complement of the countable set {t €

10,00), QUUI(t) £ F(t=)} U = 1}) > 0}, the quantity [ LuweH(. — [(£)r° (/(0))dQ"(f, x)
converges almost everywhere to [ Lese H(.— f(#)Y°(£(0))dQ(f, k). From Lebesgue’s bounded
convergence theorem, we deduce that

efEN/MTN vanishes.

sup |Fy°(Q%) = FR* Q) + [F™°(Q%) = F™(Q)I, -0

k— o0
yielding equicontinuity for {F™°} U {F]:;‘S,N € N}. Moreover, since the sequence xi' con-
verges *-weakly to 1/2 in the space L ((0,00)), Fx’ converges pointwise to F"*° as N goes to

infinity. Ascoli’s theorem thus implies that F;{;é converges uniformly on compact sets to F™°.
From the weak convergence of 7™ to 7°°, one thus deduces
N,rn

() N 1A ()]

Moreover, for any ¢ > 0, any y, and any probability measure @ satisfying Qo = |uo| (with Qo
defined as in (3.2)), which holds true for 7°°—almost all @ from Lemma 3.5, it holds

\H*@t@) - /K Lot Hy — F(0)7° (F0)dQ(f. )

< [ ="l <4,

yielding convergence to 0 for E™ |F"(Q)~ — F™*(Q)~| + E™N |F%(Q)™ — FR2(Q)™| as &
goes to 0, uniformly in N. As a consequence, writing

E™(F1(Q)7) <E™TIF'(Q)7 - FY (@7 |+ B (F(@) ) —E V(Y (@))
+ET Y F@Q)T - FR@TI+ET Y (FR@))

we deduce that F"(Q) is nonnegative for 7°°—almost all Q. We just have to notice that
Lemma 3.5 yields that, 7°° —almost surely, H * Qo = vo to conclude that the entropy formu-
lation holds 7°° —almost surely.

. Vanishing viscosity on — 0.
We define

FR@ = [ ottt < Qoo+ [ [ (0 £ @00+ 2000 £ Q)
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and

F@ = [+ Qoo+ [ [ (w1 +@0ag+ vt + Q00.g) at.

Regularized versions F 1(,’6 and F° of F and F are also considered using the function ~°
instead of . In the case a < 2, the same arguments as above, using the second parts of
Lemmas 3.9 and 3.10 will show that the entropy formulation holds 7°°—almost surely for
22—«
O'N TN

o

1- . —1
and onry @ vanish, ry <oy,

H % Q,, provided there exists a sequence rn such that
hyry® = olen(onrn)™t) and %eiEN/“NTN — 0.
e For a <1, any sequence ry vanishing at a very quick rate will fit.

/A these conditions are satisfied by the

_1

e For av > 1, since we assumed on < 5;, “N~
sequence Ty = E—J;N_ 2X(a—1)
In the case a = 2, Itd’s formula writes

N N (k+1)h N N
) 5 )
P(k+1)hn (X(k+1)hN) — Pkhy (thN) :/ Orpe (X, ")dt
k

hN

(k+1hy Nyiy 47 N N,
+2/ Ozipe (X ')A (H* Pkn (Xk;{N)) dt.
k

hn

ok [ [ et
(khn,(k+1)hn) J {|y|<r}

+UN/ Duipe(XOHALL.
(khn,(k+1)hN)

The three first terms are treated as in the case a < 2, and the stochastic integral is dealt
with using Lemma 3.8. For the entropic inequality to holds, we need to control the crossing of

e

" 320

N
particles with opposite sign. From Lemma 3.12, if %e Rhw goes to zero, then no crossing

occurs. Since our assumptions yield hyo3 < 6?\,]\771/)‘ and N/hy < KNt this condition
holds true.

. Constant viscosity oy = o, with inder 1 < o < 2.
In this case, since we want to derive a weak formulation, we do not need to consider separately
large and small jumps. As a consequence it is enough to study the process XtN’Z.

Let g be a smooth function with compact support, and define for @ € P(K),

F(Q) = / H*Q0g0+/ /H*Qtatgtdt—aa/ /H*Qt(—A)%gtdt+/ /A(H*Qt)axgt
R o Jr o Jr o Jr

Let @i(z) = [*__ g:(y)dy. One has

i i 1 — i )i
% 2 XX == =3 VXDt (X 1)
k=

N>0

i
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From It&’s formula, in the case o < 2, when k¥ > khn,

Poernny (Xt yny ) — ey (Xann) (3.7)
(k+1)hn (k+1)h N Nois o N
— [ aex e [T o (0 (H o fn (X5))
kh N khy

, - dydt
+ Ca/ / (%(XtN’Z +oy) — (X)) = 1y <y oydaipr(X NZ)) yHa
(khn,(k+1)hn) lyl

+f [ (o2 5 o) = 0625 7y ).
(khn,(k+1)hy) /R

We denote 7, = max{khn, khy < t}. Multiplying (3.7) by %1ﬁz_v>kthy(XéV’i), summing over §
and k, and integrating by parts, one obtains

/goH*ﬁéV :f/ /BtgtH*pt dt+/ /(fA)%gtH*[Lf’dt
R o Jr

/ Z ZQPt(XNZ)AI (H * [ikh (X,i\;jv)) dt

/i >T¢

P LT A0 (A0 o) — () v

N
Ky >Tt

1 N,i N,
NZ 7(Xo ))‘P(k+1)hN(X(k+1)hN)7 (3-8)

Combining an adaptation of Lemma 3.14, stated in Section 3.2, with A replacing 7, and
integrating by parts, the difference

N/ > V0zipr (XA (H*gkhN(Xg;jV))dtJr/o /R@xgtA(H*ﬁiV)dt

N>Tt

vanishes in L'. Using an adaptation Lemma 3.8, the the fourth term in the right hand side
of (3.8) vanishes in L. The fifth term vanishes in L. since

1< N,i N,i
NZ Z V(X0 )P+ 1hy (X(kil)hN)

RS N.i N
<y > ‘WHI)}W (Xacil)}w) ~ Plh+1)hy (X(kinhN)‘

k=0 pairs {7,5} killled
at time (k+1)h N

SKENA

As a consequence, E”N|F(Q)| = E|F(u")| vanishes. We conclude by regularizing the func-
tion v as in the two first points, that E™ |F(Q)| = 0. Thus, F(Q) = 0 almost surely, so that
H *x @Q almost surely satisfies the weak formulation.

The case a = 2 is treated in the same way, the only difference lying in the nature of the
stochastic integral.
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3.2 Proofs of Lemmas 3.8 to 3.12

In this section, we give the proofs of the previously admitted lemmas of Section 3.1.

Proof of Lemma 3.8. Since the particles are driven by independent stable processes and since the
inequality |wi| < % holds for some constant K not depending on ¢, ¢ and N,

2

EM} =E| > / wh xi (/{ y }(w(XN“"MaNy) (X)) ﬂl’fN(dy,dw)
yl<rn

K>0

W' dydt
<2t S [T / (loll)? S
{lyl<rn} Y

kN >0
2—a oo
UNTN 2
<K——— dt.
il N
A similar proof with stochastic integrals against Brownian motion yields the result for a =2. O

Proof of Lemma 3.9. Integrating by parts, one finds

Z/ wt(?t(pt N g ’"N dt = / / (H * uN TN O,gidt +/ / ~N TN (R))Orgedt

yielding, from Lemma 3.14 below,

whonpr (X aer [ [ e g o= [T [ i @)ag
0 0

—> 0.
N— oo

From the constancy of fi;"™ (R) and an integration by parts, one has

T+ / [ @ @)oede = = [ qon(i <)
0 R

Another integration by parts yields

al o i. N N,i,rn N,i,rN NZTN dydt
2Ca E Wy X o (X + aNy) Pt (X ) ONYOz Pt ( ) T
oo {lyl<rn} |y

- . dzdydt
== [ [ [ ot o) = o) = onydegn(@) nlH 7 (@) T
0 {lyl<rn} Y

” dxdydt
1 2, / K n(E (R)) / / (90(@ + oy) — 91(2) — onyDage(x)) ol
0 {lyl<rn? |yl

- N dzdydt
== [ [ (et o) — (o) = owpdean @) i T @) T
0 {lyl<rn} Y

Moreover, from the regularity of A and 7, it holds

wi A (H o T (X)) = (How iy ™ (X)) = (Hox i)™ (X7 2)) 4o (%) ,
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so that

E

2> / Wi X Oapr (XN ) A (H o i (XNTY) ) dt + 2 / o / Dugetb (H * i )dt
i=170 0 R

from an adaptation of Lemma 3.14 (replacing n by 9 in the definition of wjf). This concludes the
proof of the first item of Lemma 3.9.
To prove the second item, observe that the change of variable z = oy yields, for rn < %,

0 ~N.r dydzdt
%ea / ' / / n(H TN (@) (96(@ + owy) — gu(w) — onyoge(e)) LI
0 R J{lyl<rn} |yl

a [T ~N,r dzdzdt
<vcooky [ [ [ |n B @) (gr(o 4 2) - o) — 2000 | T
0 R J{|z|<1} |2|

Proof of Lemma 8.10. First notice that

=) / (1*xiv)/ (/ wtdptf) v (dy, dt),
0 {l>rn} \JR

N
Ky >0

with p defined by the following formula: (ﬂty’i’N’rN being the measure obtained by moving in the
expression of fi; "N the particle X;""N to the position X;"'""N 4 o)

P = 00 (n(H i N0 ) = n(H ") )

To prove the second item in Lemma 3.10, we integrate by parts, and, using the definition
of g¥"*N"N and the compactness of the support of g, it holds

/ eedplt
R
dydt

BIY <K [-xd) [ o) ALSE < KR o),
0 {yl>rn} lyl

—y,i,N,r ~N,r 4 Al
=| o (nta oy ey < EPHAL

so that

Now let us prove the first item of Lemma 3.10. Applying the same martingale argument as the
one used to prove E|My| — 0, and using the upper bound K/N in (3.9), one has

2

e ;| dydt K
E|Ty — 2ca/ (1- XN)/ /gatdpy’l < .
0 Lo ead NZ> R Co Jyltte RN

Let us give a more explicit expression for py . For simplicity, we denote

7(X3)

— 0,
N—oo

» 1 . 1 .
O =Lovsy 0| > W(X(J))lxtfv,j,wszv,i,wﬂw = | " ¥ > W(X(J))lXtN,j,wszv,i,rNﬂNy

j#i J#

N N
N>t N>t
) > w5 >
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and for 7 # j,

i LS (X3) LS

wzltj = 1n£\7>t111§\7>t n N ’Y(XO)IXZV,’V’TNSX;VJ,TN + NO -7 N ’Y(XO)IXéV’k,TNSXtN,iWN
k#j k#j
niv>t niv>t

One can write

Y. E : Y1 E : i) ) E i5 .
Py ¢ P w- w-
t t t Xé\’w%TN oNY t Xé\’w%TN

N N N
Ky >t Ky >t Ky >t

E: E: S0t i) 1 n 1w _ ,
+ (wt wt) x[ETN o x NI TN X NITN e x VTN 6XtN'”N
N N
L >t nj >t

~ 050, — 2
E E w —w; )1 j irn LN ' O Ny -
+ ( t t) XtN,J,TN <X£V,1’TN XtN’l’TN<X£V’]’TN+o'Ny XtN,‘L,TN

N N
Ky >t L >t

(3.10)

In this expression, the two first terms deal with particles jumping from the site XtN’i’rN to the
site XtN’i’rN + ony, while the third term corresponds to the jump from right to left of the particle
labelled j above the particle labelled ¢ and, conversely, the fourth term corresponds to the jumps of
particle j from left to right over particle . Notice that this last equality, as well as (3.11) below,
only holds when each XtN’i’rN + ony is distinct from all XtN’j’TM However, for all ¢, this condition
holds dy-almost everywhere, which is enough for our purpose.

In the entropic formulation (2.3), the term that should appear for large jumps is given by

> dydt
[ (o)
o Jguseay \Ur lyl
where

ot =0u (0 (H o« i ™) (H o« i (= owy) — H i)

1 i ~N,r KNg 1 1 ~N,r J,T
=% 2 A& (H @ 4 ony)) 8 v, = D0 v (H o (X)) 8 v

kN>t KN >t
~N,r N,i,r ~N,r N,i,r
+ (H*ut N(XUN —ony) — Hox fip N (X] N))
kN >t
< (o (B gl ) ) = (o (XN 2)) )6 v (3.11)

When computing the difference pY — o} integrated against some bounded function, using Taylor
expansions for 7, one can check that, up to an error term of order O (%) the first terms in the right
hand side of (3.10) and (3.11) cancel each other, the second terms as well, and so does the sum of
the two last term in (3.10) with the last one in (3.11). Consequently,

o dydt o N dydt
(1*><N)/ (/ wtdpy> = */ (1-x: )/ (/ %day) =
/o sy e ) Tl o sy e ) Tyl

This concludes the proof. O

K
- Nrg’
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Proof of Lemma .3.11. For a time (m, of the form khx, no particle moved in the interval (Gm—1,C(m),
so that w¢,  —w¢ | =0, unless the particle labelled 4 has been killed at time (. Hence,

N
4 ] ] Nz,
Th=) > (W, —w, )ee, (X0™)
i=1 Cym of the
form kh

== D> D wh, e (XTE).

(m of the N_—
form khy T oM

This sum is actually a sum over pairs of close particles with opposite signs, thus

4 . N, . N,
mi=] 3 S (wh e XY bl (X))
¢m of the pairs {4,j} of particles
form kh killed at time (pm,
i j j N,i, N,j,
< X St el e (X = o ()

¢m of the pairs {4,j} of particles
form khpn killed at time

1
<K|[|—= .
S ( N + EN)
Indeed, a couple (7,7) of killed particles is such that |Xé\:r’f’TN - Xg;j’TN| < en and is made of
particles with opposite signs, so that

i j i j ~N,r KN 1 K
= | (008 +20) e ) 10 ()| <

a

Proof of Lemma 8.12. Notice that from independence of the increments, denoting by £5" a Lévy
process with Lévy measure cal‘y‘gr%7 it holds

P(By) = PlowlCiy| < en /)N

NT/hy
= (1—P<O’N7‘N|£§1 ol ZaN/4>) .
hNTN

Since the Lévy measure cal‘y‘gl‘y‘dﬁ has compact support, the random variables [,tsl have expo-
nential moments, and Chernov’s inequality yields

<1
—Q —
hANTN e EN/4ONTN

P(amﬂ;ﬂﬁgl ol 251\;/4> <El|e = fhnry 7EN/4°NTN,
hNTN

where the constant K does not depend on N.
2 2
In the Brownian case o = 2, we use the tail estimate f;lo e~ dz < Ke ™" for positive M. O

Lemma 3.13. Let a1 < ... < an and by < ... < by be two nondecreasing sequences of reals
numbers. Then the quantity Zf\;l aib,(;y for some permutation o is mazimal when o(i) = i for
all i.
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Proof. From optimal transportation theory (see [14, page 75]), the quantity Zfil(ai —by(y)? is
minimal when o is the identity. Expanding the square, we see that Zf\;(ai — b))’ = Zilil(a? +
b2) — 23N | aiby(sy. Thus, SN | aiby(y is maximal if and only if 3"V (a; — by()? is minimal,
concluding the proof. O

Lemma 3.14. Let f be some bounded function with compact support on [0,00) X R which is smooth
with respect to the space variable. If hy vanishes and on is bounded, it holds

. > i N,i, 7N _
lim E ; /0 (wt wﬂ) fi (Xt )dt —0.
Ky >0

Proof. First notice that when ¢ is not in an interval [khn, (k + 1/2)hn], it holds w} = w?,, since no
particle moved between 7: and t. Then, one can write, from the assumptions on f,

Z/ wi — wk, ﬁ( thN dat| < Z/ v wtft (XNTN) _ ot f(X Ner)) &
+% ;/0
s >0

N xNorN Xﬁ"’”N‘ A1dt.

Integrating by parts, it holds:

Z/ ¥ (W XN — wl, (XN ) d

)i>0

D [ (o (e @) o (1 @) 0. i)t

T
K N
<> E 1 ) ) 1 ) )
=N, Xt | 2 XéV,’L,TNSx<X7]—\i,7.,7‘N + Xﬂ]—\;,l,TNSx<Xt]V,7,,7‘N &Cft(l’)dxdt
>0

R

N,i, 7N Ni,r
7N/ v Z’X - N’/\ldt

kN >0

We conclude the proof by writing

T
N 7,7 N,1, » LT
N/ Xt z:‘X Yy TN XN N‘/\ldt E/O Xivln{\7>()‘Xt erin—\t]l N‘/\ldt

kN >0

<T <hN sup |A'| +E ((0N|AhN;""N|) A 1)) A
[—1,1]

This last quantity vanishes when hxy goes to 0. O

4 Numerical results

In this section, we illustrate our convergence results by some numerical simulations. We simulated
the solution to the fractional and the inviscid Burgers equations

du + %8z(u2) +0%(~A)2 =0 and dyu + %8z(u2) =0,
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corresponding to the choice A(z) = 2?/2, with different values for the parameter o.

One can find an explicit exact solution to the inviscid Burgers equation (see [12]) and we compare
the result of the simulation to this exact solution in the vanishing viscosity setting. However, to our
knowledge, no explicit solutions exist in the case of a positive viscosity coefficient for o < 2, so that
we have to compare the result of our simulation with the one given by another numerical method.
Here, we use a deterministic method, introduced by Droniou in [7].

4.1 Constant viscosity (oy = 0)

We give three examples of approximation to the viscous conservation law. On Figures 1, 2 and 3,
we show the approximation of the viscous conservation law with respective index a« = 1.5, a = 1
and o = 0.1 and diffusion coefficient o = 1 using N = 1000 particles, with parameters h = 0.01 and
e = 0.04 at simulation times 0.25, 0.5, 0.75 and 1. The continuous line is the simulated solution,
and the dotted line is the “exact” solution obtained with the determistic scheme of [7] using small
time and space steps.

We now investigate the vanishing rate of the error, that is the Riemann sum on the discretization
grid associated to the integral in Theorems 3.1, 3.2 and 3.3. On Figure 4 is depicted the logarithmic
plot of the error as a function of N where we used the relation hy = 10/N, and ey = 40/N, with N
ranging from 10 to 10000, in the three cases a = 0.5, 1 and 1.5. In the case a < 1, this relation
between N, hy and en satisfies the condition of Theorem 3.1. These pictures make us expect a
convergence rate of —=, corresponding to the optimal rate analyzed theoretically in [5, 6], in the

VN
case o = 2, without killing.
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Figure 1: Approximation of the conservation law with index o = 1.5.

4.1.1 Behaviour as h — 0

We give in Figure 5 the approximation error at fixed number of particle, with a vanishing time
step h, in logarithmic plot. We set the parameter £ to be equal to 4h so that the condition of
Theorem 3.1 is satified. We took N = 340000 and 0 = 1. Weset « = 0.5, a =1 and a = 1.5
respectively. The different parameters h range from 1 to 27%. In [5, 6] it is shown, in case o = 2 and
the initial condition is monotonic, that the error is of order h. In view of Figure 5, it seems that the
convergence rate is still of order h, even for @ < 2 and any initial condition with bounded variation.
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Figure 2: Approximation of the conservation law with index o = 1.
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Figure 3: Approximation of the conservation law with index o = 0.1.

4.2 Vanishing viscosity (oy — 0)
We consider the Burgers equation
v = 0, (u?/2)

with initial condition wo(x) = 1{_3,_2) — 12,3, which is the cumulative distribution function of the
measure d_3 — d_2 + d2 — d3. In that case, the solution of the Burgers equation is explicit and given
by the expression

. (r+3 z—3
u(t, z) = min (T’ 1) 13 min(—2+4,~3+37,0) T Max (T’ *1) Limax(2— £ ,3-v/32,0),3]-

We compare the function v to the function obtained by running the Euler scheme with a small

diffusion coefficient 0. One can expect the approximation to be better for large values of . Indeed,
for small values of «, the particles tend to jump very far away, and subsequently “disappear” from
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Figure 4: Logarithmic error in the approximation of the conservation law with index o« = 0.5, 1 and 1.5. The
respective slopes are —0.46, —0.41 and —0.56.

Figure 5: Logarithmic plot of the error as h vanishes, with a fixed number of particles, at respectively a = 0.5,
1 and 1.5. The slopes are equal to 1 up to an error of 0.01.

the simulation. The consequence of this behavious is that the solution is somehow decreased by a
multiplicative constant.

For large values of «, the approximation is quite good, even for not so small diffusion coefficients.
Figure 6 gives the result of the simulation of the Euler scheme with parameters a = 1.5, ¢ = 0.04,
o = 0.1 and h = 0.01, at the different times 2, 4, 6 and 8 for N = 10000 particles. Figure 7 gives
the same simulation for a = 1. In the case a < 1, and especially when « is small, one need to take
a very small value for the diffusion coefficient in order to have a reasonable approximation of the
solution. Indeed, the approximation depicted on the Figure 8 is the appproximation of the solution
at times 2, 4, 6 and 8 for diffusion coefficient & = 10™*. Here, we used 10000 particles killed at a
distance € = 0.01, the time step being h = 0.01. On Figure 9 we show the same simulation, with
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diffusion coefficient changed to o = 107'2,

:/Lﬁ M=

-1 1

4 -3 -2 -1 0 1 2 3 4 4 -3 -2 -1 0 1 2 3 4
1.0 1.0,
0.5 0.5

Figure 6: Approximation of the inviscid conservation law by a fractional Euler scheme with index o = 1.5 and
diffusion coefficient 0.1.
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Figure 7: Approximation of the inviscid conservation law by a fractional Euler scheme with index o = 1 and
diffusion coefficient 0.1.
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