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THE INCOMPRESSIBLE EULER LIMIT OF THE BOLTZMANN
EQUATION FOR A GAS OF FERMIONS

THIBAUT ALLEMAND

ABSTRACT. We are interested in the hydrodynamic limit of the Boltzmann
equation for a gas of fermions in the incompressible Euler regime. We use the
relative entropy method as improved by Saint-Raymond in the classical case
[12]. Our result is analogous to the classical case result, but the treatment is
slightly complicated by the cubic nonlinearity of the collision operator.

1. INTRODUCTION

The study of quantum gases has been given increasing interest in the literature
over the last decade. In particular, quantum kinetic theory is an expanding field
of research. By quantum gases we mean gases made of quantum particles, that
are, bosons or fermions. The first ones aim at aggregating together to form the
so-called ”Bose-Einstein condensates”. Conversely, fermions obey Pauli’s exclusion
principle, which prevents any pair of fermions from being in the same state.

Among the possible models for quantum gases, the Boltzmann-type models first
proposed by Nordheim in 1928 [10] then Uehling and Uhlenbeck in 1933 [13] are
very popular. Although their range of validity is not clear, they seem to capture
some aspects of the behaviour of bosonic or fermionic particles. Indeed, it has
been proved, in the bosonic (and space homogeneous) case, that under a threshold
temperature, a condensate occurs in infinite time [7, 6]. On the contrary, solutions
of the fermionic Boltzmann equation satisfy a natural L bound which reflects
Pauli’s exclusion principle and makes the Cauchy problem easier. There is no need
for renormalized solutions in this case since one can prove the existence of global
weak solutions [9, 5, 2].

In the present work, we investigate the incompressible Euler limit of the Boltz-
mann equation for a gas of fermions (or Boltzmann-Fermi equation).

1.1. The Boltzmann equation for fermions. It reads in nondimensional form

(L.1) Mad,f + .. f = Z-Q(f)

where f(t,2z,v) is the density of particles which at time ¢ € R4 are at the point
x € R? of space with velocity v € R3. The left-hand term expresses the free
transport of particles in absence of interactions, while the right-hand term takes
into account the effects of collisions between particles. The Knudsen and Mach

numbers are positive constants determined by the physical situation of the gas and

defined by

mean free path
Kn = D

observation length scale
bulk velocit

Mo — _Pulk velocity
speed of sound

The Knudsen number is a measure of the rarefaction of the gas whereas the Mach

number measures its compressibility.
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The collision integral Q(f) is given by
(1.2)

AN = [ [ B o) (PR DA F) = TR0 F)0 - f) dodes
S2 ]RB
with the usual notations

f*:f(t,l',’l)*), f’:f(t,ac,v’), fi:f(taxavi)

and where the precollisional velocities (v, v}) are deduced from the postcollisional
ones by the relations

vl = v + (U — vy ww,

{ v =0—(v— v).ww,

w being a unit norm vector. These relations express the conservation of momentum
and kinetic energy at each collision.

The collision integral (1.2) differs from the classical one by the presence of cubic
terms, due to Pauli’s exclusion principle, and thus takes into account the quantum
nature of the gas. Indeed the probability for a particle with velocity v’ of taking
velocity v after a collision is all the more penalized as other particles at the same
point already have velocity v. This prevents any pair of two fermions from being
in the same quantum state. As a consequence the solution f satisfy a natural L
bound : if the initial datum fy is chosen such that

Oﬁfoﬁla

this bound is preserved by the solution f for all times. This property is of great help
in the study of this equation and implies very different features from the classical
or the bosonic Boltzmann equation even if they look very similar.

The function B(z,w), known as the collision kernel, is measurable, a.e. positive,
and depends only on |z| and on the scalar product z - w. It is often assumed to
satisfy Grad’s cutoff assumption:

(1.3) 0 < B(z,w) < Cp(1 + |2])” a.e. on S? x R3
(1.4) B(z,w)dw > 1 _F a.e. on R?
' 52 ’ ~—Cpl+ |Z| o

for some constants Cg > 0 and 8 € [0,1]. These assumptions guarantee the
existence of a solution to equation (1.1) in the whole domain R? or in the torus T3
[5, 9]. However, in order to have existence of solutions in more general domains and
to ensure that they satisfy the local conservation of mass, momentum, and energy,
as well as the entropy inequality, we will have to make more restrictive assumptions
[2], as will be explained later.

The symmetry properties of the collision operator, coming from the fact that the
transformations (v, v.) — (v/,v}) and (v,v") — (v«,v,) have unit jacobian, imply
that, at least formally,

Q(f)pdv = i/ B(ffiQ =~ fo) = 0 =)0~ f)
R3 RrR3 JS2
X (o +@e — ¢ — ¢l,) dvadw

(1.5)

and then

[ et =o.
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As a consequence, the solution f of equation (1.1) formally satisfies the conserva-
tions of mass, momentum and kinetic energy:

at/fdv—i— ﬁvm. (/dev) =0
8t/vfdv+ Miavx' </v®vfdv> =0
5,5/|v|2fdv+ ﬁvz. (/’U|U|2fd’u) =0.

Moreover, taking ¢ = log (%) in (1.5) leads to the so-called H-theorem, which

expresses the second principle of thermodynamics:

o, /R s(f)(w)dv + Miavz. (/R vs(f)(v)dv> - fM:KnD(f)

with

s(f) = flog f+ (1 — f)log(1 - f)

D=7 [, Bo— @) (=N~ )= L0 (1= L)

(PR D0 S,
tog (ff*(l I f)

Notice that D(f) is non-negative. The minimizers of the entropy, which are also
the functions that cancel the collision operator, are given by :

1
4

) dv,dw.

Proposition 1.1. Assume that g € L*(R?) is such that Q(g) and D(g) are well
defined and satisfy the bounds 0 < g < 1. Then

M
14+ M

Qg)=0 <= D(g)=0 < ¢g= or g = lyenp

where M is a maxwellian distribution, that is,

_Jv—u|?

M =ae” 2

with a > 0, b > 0, and for some subset A C R3. In the first case the distributions are
called Fermi-Dirac or Planckian distributions, whereas they are called degenerate
Ferma-Dirac distributions in the second case.

Proofs and details are to be found in [5, 7]. The coefficiens of the Planckian
distribution a, b, u are fully determined by macroscopic parameters of the fluid with
distribution g, namely the mass py, bulk velocity u, and pressure py, defined by

1
pq(t,x :/ g(t,z,v)dv, ug(t, x :7/ vg(t, x,v)dv
)= [ ot o(t.2) = s | vglt.a0)
and
pg(t, x,v) :/ [v — uy(t, z)2g(t, z,v)dv.
R3

This relation will be detailed in the next Section.
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1.2. The formal hydrodynamic limit. In the fast relaxation regime, that is,
when the Knudsen number goes to 0, the collision process becomes predominant
and we expect in view of (1.1) that a local thermodynamic equilibrium is reached
almost instantaneously. The distribution f describing the gas is then close to a
Planckian distribution fully determined by some coefficients a, b, v which in turn
are caracterized by the hydrodynamic fields ps(t,x), us(t,z) and py(t,x). The
conservation laws then become up to order O(Kn)

Madips + V- (psus) =0

1
Nk@dﬂﬂw)%vx~<prf®lw%gpfh)0

5
Nh&@ﬂ@+pﬂ+‘h~(MWH%f+gmwo0

which are the compressible Euler equations for perfect gases (I3 stands for the
three dimensional identity matrix). If now the Mach number also goes to 0, that
is, in incompressible regime, the first equation becomes V, - (pfus) = 0, which is
nothing but the incompressibility constraint. The other equations of motions are
obtained by a systematic multiscale expansion, depending on another parameter:
the Reynolds number, defined by

~ Ma

" Kn

for perfect gases, which measures the viscosity of the gas. In all the sequel, we are
interested in the inviscid incompressible regime, so that we consider

Re

Ma = ¢, Kn=¢? ¢>1

and investigate the asymptotic ¢ — 0. In this scaling, Kn = ¢! — co. The
Boltzmann equation for fermions now writes

(1.6) O + Ve = Q)

Moreover, the hydrodynamic fields will be assumed to be fluctuations around a
global constant equilibrium (po, 0, pg), so that, denoting the fluctuations around
the mass, momentum and pressure by p, 4 and p,

pf = po+ep, up=cu, pf=po+Eep.
We also define the temperature 7% by
pr=psTy
and its fluctuation T by Ty =Ty + eT where Tj is a constant equilibrium value.
Plugging these expressions into the hydrodynamic equations (1.2) we get at leading
order
Vi =0, Vai(Top+ poT) =0
which are known as the incompressibility and the Boussinesq relations; at next
order it comes
Op+u-Vep=0

Ot + 11 - Vit + Vo (pT) = 0.

The challenge is now to make rigorous this formal limit.

The rest of the paper is organized as follows: in Section 2, we recall some facts
about equation (1.6). In Section 3 we explain our strategy which is based on the
modulated entropy and we give our main result (Theorem 3.1). In Section 4 we
compute the time derivative of the modulated entropy. In Section 5 we construct
an approximate solution of (1.6) the parameters of which satisfy the incompressible
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Euler equation. We give some useful intermediate results and estimates in Section
6. Finally in Section 7 we end the proof of the main result by controlling some flux
terms.

2. SOME DETAILS ON THE BOLTZMANN EQUATION FOR FERMIONS

In this Section we explain the relation between the hydrodynamic fields and the
coefficients a,u,b of the Planckian distribution defined in Proposition (1.1). We
then state the existence result to be used in the sequel.

2.1. Relations between the coefficients and the macroscopic quantities.
We recall here the definition of the hydrodynamic fields: for a given distribution
function f the mass py, the bulk velocity us and the pressure py are defined by

1
pr(t,x) = . f(t,z,v)do, usp(t,x) = m /RS vf(t,x,v)dv

and
ps(t, z,v) = / lv —ug(t, z)|2f(t,:c,v)dv.
Rf}

When the thermodynamic equilibrium is reached, the density function is an equi-

librium solution

M lv—ul?
= — M = T~ 2
1 + M, ae

with a,b > 0. It is then clear that u = uy. Let us define for comodity the functions

2
[v]

ae” 2
Fyfa) = [ ol
R3 1+ae 2

They are well defined for a € [0, +00). Then we write

ps=b"2Fy(a),  py="b"*Fs(a).

If we define now the internal energy

1
= (pr—4 2
¢ = 5 (py —4pslusl®),

we can quote the following result from [3]:

Proposition 2.1. There exists a positive constant | such that the mapping
(a,) € (0, +00)* = (pg,e5) € €,

where € = {(py,eyr) s.t. ef > lp?/s}, is one-to-one.

From now on, we will denote by Py a global equilibrium defined by

M, 2

2.1 Php=— My = e%e 20
( ) 0 1+M0, 0 ee 0

where ag, by > 0 and ag is such that
Fy(e%) > 21 Fy(e™)3 .

This ensures that perturbating ag and by will leave the corresponding perturbed
mass and internal energy inside &.



6 THIBAUT ALLEMAND

2.2. Existence theory. Let Q be a subset of R® regular enough such that the
normal is well defined on the boundary. The equation

(2.2) Ohf +v.Vof =Q(f)
must be supplemented with an initial condition:
(2.3) F0,2,0) = fola,v)  V(w,v) € Q xR,

and a boundary condition we choose to be specular reflection for simplicity:
(2.4) ft,z,0) = f(t,x, Ry (v)) Y(z,v) € 0Q x R? such that n(zx).v <0

where n(z) is the outer unit vector normal to the boundary and R, (v) is the specular
reflection law

(2.5) R, (v) = v —2(v.n(z))n(z).

The choice of the specular reflection as a boundary condition makes all the boundary
terms vanish in the weak formulation of the equation. It also cancels the Prandtl
layer along the boundary.

The following existence result was proved in [5, 2]:

Theorem 2.2. Let Q be either R? or a reqular subset of R3. Let the collision kernel
B be such that

(2.6) 0< Be L' (R?x §%,
and let
(2.7) fo € L=(Q x R?), 0< fo <1

Then, the problem (2.2)-(2.4) has a unique solution [ satisfying
feL®Ry x QxR3), 0<f<1 ae
Moreover, f is absolutely continuous with respect to t.

The assumption made on the collision kernel (2.6) is very strong, much more
than Grad’s cut-off assumption (1.3)-(1.4) which would be enough to ensure the
existence of a solution [9]. However, it is necessary (at the time of the writing) in
order to prove that the local conservation laws are satisfied by the solution. It is
the case if we assume that the collision kernel has the symmetry

(2.8) B(w,w) = q(|wl, [w.w]),
which is physically relevant. The following proposition was proved in [2] :

Proposition 2.3. Assume that the collision kernel B is as in (2.6) and (2.8).
Assume moreover that the initial datum is as in (2.7), and

// (1 + [v]*) fo(z,v)dzdv < +oo0.
OxXR3

Then, the solution f to (2.2)-(2.4) satisfies, in the distributional sense, the local

conservation laws
Oy fdv+ V. (/ vfdv) =0
R3 R3

(2.9) at/R3vfdv+VI.(Asv®vfdv):0
8t/ |v]2 fdv + V. (/ v|v|2fdv> =0
R3 R3

Finally, under the same assumptions on B, Boltzmann’s H-theorem is true:
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Proposition 2.4. Let the collision kernel B satisfy (2.6) and (2.8). Assume that
the initial datum satisfies (2.7), and

J[ - al +10P)ole,v)dodo < o
OxR3

and let f be the solution to (2.2)-(2.4). Then,

J[_stnoaas [ [ pasas= [

2.3. The linearized collision operator and the fluxes. It is sometimes inter-
esting to linearize the Fermi-Dirac collision operator Q(f) around a global equilib-

rium. Let P. = % be a global equilibrium depending on the parameter ¢, with
lv—ue|?
M. = a.e” 2= . Then the linearized collision operator writes

M 1 1
Log— Blv— v,
=J /SQ/RS (v—v w)1+ME,*1+M41+Mg,*

X (g(1+ Me) + gu(1 + Me) — g' (1 4+ ML) — g (1 + M ,)) dv.dw.

The properties of this operator will be detailed and proved in Section 6. Let
us just mention that if the collision kernel B satisfies Grad’s cutoff assumptions
(1.3)-(1.4) then L. is a Hilbert-Schmidt operator with kernel

1 v [v]?
Kerl. = .
ke S103“1{1+M8’1+ME’1+ME

This property will be crucial in the proof of our main result.

Remark 2.5. Let us make here an important remark. The collision kernel B
cannot satisfy both assumptions (2.6) (required to prove the existence of solutions)
and (1.3)-(1.4). We will work with two different collision kernels : Bs(z,w) =
]]'|z|§£% satisfies (2.6) and will be used in the definitions of the collision operator
Q(f:) and the entropy dissipation D(f.).

However, B = 1 will be considered when studying the properties of the linear
operator.

In proving the hydrodynamic limit, the collision kernel B. will naturally appear
in expressions to control. When the linear operator L. will be needed, we will write

B. =B+ (B. - B)

and use the linear operator properties on the term containing B, while the other
one will be controlled by hands using the fact that B. and B are equal on a very
large ball.

Let us define the energy and heat fluxes

o, = E (v —eu)® — v —eul’l)

be
v —Eu
v, = = (|v75u|2775) ,
€
where 7. is the unique number such that 1fﬁ4 € (Kerf.)t and I is the 2 x 2

identity matrix. These quantities naturally appear in Section 4. Taking ¢ = 0, we
can prove that
®, ¥ € (Kerly)™

where & = ¢ and ¥ = ¥(. Since Ly is a Hilbert-Schmidt operator, we can define
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(2.10) d=Ly'd and U=L;'V.

® and ¥ will appear in the control of the flux terms.

3. STRATEGY AND MAIN RESULT

In investigating the incompressible Euler limit of the Boltzmann-Fermi equation,
we use the modulated entropy method as in the classical case [12]. Let us first
introduce the relative entropy of the solution f. to (1.6) with respect to the global
thermodynamic equilibrium Py (defined by (2.1)):

H(fa|PO):/ (falOgg_fa‘f'PO
QxR3 0
1- fa
1—fo)l
+ ( fe)log 1—- B
It is a non-negative Lyapunov functional for the Boltzmann-Fermi equation thanks

to the H theorem. In the fast relaxation limit, f. is supposed to be close to a
thermodynamic equilibrium, we therefore define the modulated entropy by

—(1=-fo)+1- PO) dvdz.

H(falpa):/ (falOgg_fa‘i‘Pa
QxR3 €
1- fa
+ (1= f:)log —(1—f.)+1—P. |dvdz.
1— P
where P. = 5 _%\Z is some local equilibrium which approximates the solution f.,

lv—ue|?
with M. = ace” 2= . The relative entropy functional measures this approxima-

tion since )
H(f:|P:) Z/ (\/ﬁ—\/ﬁg) dvdz,

QxR3
consequence of the pointwise inequality

(Jiw@VSM%gfx+y ¥,y > 0.

Our strategy consists in studying the time evolution of E%H (fe|P-). This has the
good scaling since we want to observe the fluctuations of f. around an equilibrium.
To do that we
e determine the equation satisfied by 2z H(f-| P-), using the local conservation
laws satisfied by f.; it contains an acoustic (fast oscillating) term and flux
terms
e control the acoustic terms by specifying a., u. and b,
e control the flux terms thanks to a priori bounds on the linear collision
operator.

Our main result is the following:

Theorem 3.1. Let Q be some reqular bounded domain of R®. Let (f-.in) be a family
of measurable nonnegative functions over Q x R3 satisfying the bounds

//OHW+M%@M®§@,
Q JR3

0 S fs,in S 1,
and the scaling condition

(31) S H(feal Po) < C.
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Without loss of generality, assume that the fluctuation g. ., defined by fein =
Po(1 4 &ge,in) converges

1 Aijn, Uin bzn 2
. S iy — ————— . .
Je,in Gin 1 T Mo ( a0 + bo v+ 2b0 |’U|

We assume moreover that the initial data is well-prepared:

1
(32) ?H(fa,in|P8,in) — 0.
Let fo be some family of solutions to the scaled Boltzmann-Fermi equation

(3.3)

Eatfg + U-vzfa = EL‘I (fa)
[(0,2,0) = foin(z,v) on QxR3

with ¢ > 1, and with a mazwellian truncated collision kernel B.(z,w) = 1<,

m"“

€

endowed with the boundary condition
(34)  fo(t,z,v) = fo(t,x, Ry (v)) Y(z,v) € 0Q x R® such that n(x).v < 0

where Ry (v) is the specular reflection law (2.5). Assume that we have the following
control on the tails :

2
(3.5) Aspo<fgppo> dv < C a.e.

0

and, finally, assume that
(3.6) O=Ly'd and U =Ly'V  are at most polynomial as  |v| — oco.

Then the fluctuation (g.) defined by f. = Po(1 + eg.) converges in L*([0,T]; (1 +
|v]?) Pydvdz) weak

1 a u b\
R Gl
where (@, ,b) is the unique Lipschitz solution to the incompressible Euler equations
O+ .V + Vyep =0, Veu=0
supplemented with
oa+ u.Vya =0, Ob + 1.V b =0, V. (boa + m0b) =0
on [0,T], and T is the mazimal lifespan of the solution.

The result is not very surprising since it is very similar to the classical case [12].
Assumption (3.6) was proved in the classical case [8], and it should be possible
(although very technical) to prove it also in the fermion case.

Assumption (3.2) allows us to consider solutions which are almost instanta-
neously at thermodynamic equilibrium, thus avoiding the Knudsen layer. To get
rid of it we need to get a better understanding of the relaxation mecanism.

As to assumption (3.5), it is a purely technical control of large velocities which
allows us to treat flux terms. The exact same assumption is done in the classical
case and it seems to be a great challenge to avoid it. It has been proved that some
regular solutions to the classical Boltzmann equation satisfying (3.5) exist, but such
solutions in the fermion case are still missing to the author’s knowledge.

The cubic nonlinearity of the collision operator adds a lot of technical difficulties
in the proof: a lot more terms, respect to the classical case, appear and must be
controlled. The L* bound is of great help to treat these difficulties, but does not
bring more, so that at the end we do not recover a better result than in the classical
case.
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4. THE MODULATED ENTROPY

The main idea to prove the convergence of the solutions to the scaled Boltzmann-
Fermi equation toward a solution of the incompressible Euler equation is to study
the time evolution of the modulated entropy. Let

M _Jv—cul?
PE:l-{-]EWE’ M. =a.e” 2

be a local equilibrium which approximates the solution f., and take

(4.1) a. = e*0rea be = boe?

)

Recall that ag and by are positive constants which were defined in Subsection 2.1;
a1, w and by are regular functions of (¢, z).

Proposition 4.1. Any solution to the scaled Boltzmann-Fermi equation (1.6) sat-
isfies the following identity

(f€|P )() 1 (fg’bn|Pszn)* q::_?’/ QD(fg)d.deS

_ 2
- _/ // ( - Eu, |U EU| ) 'Aa(alauabl)dmdvds
QxR3 be 2b.
1 t
2/ // febe¥.. Vibidrdouds — 2/ // f-(®, - Vou)dzdods
2 QxR3 2e Jo JJaxmrs

—ebq ‘1,‘2

—abl eao‘f’éal*e b
— dvdz | ds.
362 0 dt //Q)(]Rd bO 1 + ea0+5a1_e 2171710\1’\2
where the acceleration operator Ac(ay,u,by) is defined by
(4.2)
ora + u.Vza
Ac(a,u,b) = | Ou+u.V, u+b0 1V a+ = ( —70) Vb + 1 =V (boa + Tob)

Oib +u. Vb + 5= V U
and Ty is the limit of 7. as € goes to 0.

Proof. The modulated entropy can be written as

_ My + M.
H(f:|P:) = H(f-|Py) +/QXR3 <f€ log — 7R + log +MO) dovdz.

The H-theorem allows to write

1 t
H(f|P-)(t) = H(fzin|Pein) — s /O /Q D(f.)dzds

! v — 5u|2 |v|2
4.3 — —1 —_— dzdov| ds
( ) +/0 |:dt //QXIR3 fa ( o8t 2b. 2 ) 'U:|
‘1d
—|—/ [— // log (1+ Mg)dxdv] ds.
o Ldt ) oxrs

An integration per part changes the last term:

2
[v]

1 ~ 3
// log (1 + M.)dzdv = = // — o2 = dvda.
QxR3 axgrs be 1+ace” 3

Computing the time derivative and using the conservation laws (2.9) leads to:
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d v — 5u|2 |v|2
— —1 —_— dad
de //(2><R3 - < OBt 2b, 2 !

7// dfs{atloga€+u~vzlogas
QxRS

1 1
+ bi(v —eu) <8tu +u-Vyu+ gvmu t(v—eu)+ gbgvz log a5>
€

|v —eul? [ O4be Vaibe 1 V2 be
Tl [ (v - - —— | |dvdz.
+ T b +u b + . (v—cu) b vdx

Introducing the rescaled translated versions of the momentum and energy fluxes

V—Eu
S

£

1
D = ((v—eu)® — o — eufT) and ¥, = o~ euf® ~72)
€

and replacing a. and b. by (4.1) we obtain:

d o 2 2
_// I <_1Ogag+w_@) dedo
dt J Jaxrs be
// fa[ (Orar +u - Vyaq)
QOxR3

+b(v—5u)(8tu+u Veu + bVa1—|— TEV b1)

|v — eul?

5. (@bl +u- Vb + Vz u) }dvdx

// fe¥. -V bdxdvf—// «(D. - Vyu)dado.
QXR3 QxR3

Summarizing, the modulated entropy satisfies

+

51 (f8|P ( 1 (faznlpazn - q+3/ /ng dl‘dS

— _ 2
_ _/ // < v €u7 v — eul > - A(a1,u, br)dzdvds
QXR3 be 2b,

252/// e (b0 - Vb + @, - Vyu) dedods
QxR3

e—eby lv ‘2

// 7€b1 eao+8a1— b0

dvdx | ds
Q.2 ,—¢eb 2 .
35 0 dt QxR3 bo 1+eao+€a1*e zblow

where the acceleration operator is defined by (4.2).

5. CONSTRUCTION OF THE APPROXIMATE SOLUTIONS

A global equilibrium solution is not expected to be a good approximation of f.
in the fast relaxation limit since fast oscillations can take place, such as acoustic
waves. Hence we have to find correctors in order to obtain a refined approximation
which will lead to the convenient asymptotics.
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We want to find V. = (a5, uc, b5) such that A. (a5, ue, b5) — 0 in L2, that is, such
that V; is an approximate solution of the system

1
(5.1) 8tV+gWV+B(V,V) =0,
where
V= (a/la u, bl)a
2
WV = (0, V. (boar + 7ob1) gvz.u)
and
u.Veaq
B(‘/, V) = u.VmquboblVIal +7’1Vzb1
uvzbl
with moreover the constraint
_abl eaoJrsal* 675;10‘“‘2
5.2 = // — dvdx — 0.
( ) 5 52 dt QxR3 1 + ea0+8a1—e 2171)10\”\2

Remark 5.1. B is a bilinear operator since we can decompose T as Te = To+ET1 +
o(e) and 1 is a linear combination of a1 and by.

Such a constrution is done by filtering methods, and we refer to [12] for all the
details. We will just here mention the main points of the proof of
Theorem 5.2. Let (ai",u™, bi") belong to H*(Q) for some s > 3. Then there
exists some T > 0 and some family (ai’N,us*N, bi’N) such that

sup hm | (a N, E’N,bi’N

po ou M o= o,17:15 )y < Cr,

(af Nin e Nyin bi’N’m) — (ai™, u™, b\ in H5(Q) as e — 0 and N — 400,

A (@SN s 65N) 50 in L2([0,T]) x Q) ase — 0 and N — +o0,

)

and
75bE’N 5
e 1 v
Ny 1d e—ebi" 9 gaoteal N —
AE = —2& b |U| N dvde — 0
< axrs 00 aogeasN e o2
1+e 0 1 2bg

in L([0,T]) as ¢ — 0 and N — +o00.

In L? equipped with the norm
3
IVIIZe = llaxl|Z2 + [lullZ= + %Hboal +70b1]|72,

the operator W is skew-symmetric. We can thus define the associated semigroup
W. If we conjugate (5.1) with W(L), it comes

(W (é) V) £ W (é) B(V.V) =0
o (Y
€
it becomes

(5.3) OV +W <£> B (w (é) v,

Defining

/T\
o | =+
~
<
~
I
(e
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We obtain the first order approximation by taking strong limits in the filtered sys-
tems. However, the error is not expected to converge strongly to 0 due to high
frequency oscillations. We therefore need to construct a second order approxima-
tion. We then need a third order approximation in order to have mass conservation
at sufficient order.

5.1. Study of W. We expect the solutions of (5.3) to have a very different be-
haviour depending on the spectrum of W. Since it is skew-symmetric, its eigenval-
ues are purely imaginary, and its eigenvectors satisfy

WVy = iA\Vy,
which implies if A # 0
ay) = 0
Ayby = —2370)\21),\ .
Vmb,\ = ’L',;\—Ou,\
Hence, the operator W has the same spectral structure as the laplacian on ),

which means that is is diagonalizable on the orthogonal of its kernel.An explicit
computation shows that the orthogonal projection on ker W is

|Q|_1 f(boa + Tob)d.fc - boa)

70

Iy(a,u,b) = (a, Pu,

where P is the Leray projection, that is, the orthogonal projection onto the divergence-
free vectors. In the sequel, II is the orthogonal projection onto ker(W — AI).

5.2. Construction. We just sketch here the construction of approximate solutions
to (5.3), and we refer to [12] for all the details. The method is as follows:

e Decompose the operator W as W = Z)\e% AMI, and plug this into (5.3).
It leads to

AV + > eEPm TR B(I, VI, V) =0

k1,k2,k3€0),

e The first order approximation Vj of V is defined as the solution of equation
(5.3) when we take into account only the resonant modes, that is,

at% + Z HAle(HAkZ%vn)\ks%) = 0
Ak =Akg +Akg

This equation is known to have solutions in L{® ([0, T%), H*(€2)) provided

loc
that Vi € H*(Q) and s > g However, V; is not an approximation of V'
in the sense that A, (‘70) converges weakly but not strongly in L? to 0. We
therefore have to add correctors.

e Hence, we construct the second order approximation plugging V=", +
Vi + o(€) into (5.3). To avoid the problem of small divisors, we introduce
the projection onto a finite dimensional subset of C*°(Q) Jy, which is the
orthogonal projection onto the NN first harmonics of W and the N first
harmonics in ker W. We then denote f/ON =J Nf/g, and we check that
[Voda = [ V¥dz. We define ViV by

Z exp (%()\k — >‘k1 — Akz))

VN =1J
! N ’L()\kl + >\k2 — >\k)

Iy, B(IT,,, Vp¥ 0y, V).
Aky Ay Ak

Then, f/ON +¢eV{Y is an approximate solution of (5.3) strongly in L?. How-
ever, it does not satisfy % [(V{¥ + eVN)dz — 0 when & — 0.
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o We therefore define the third order approximation V" as in [12] by plugging
VN = VN 4+ eV 4 2VN + 0(e?) into (5.3), and we check that
- ‘N/EN = ‘7ON + Ef/lN + 52‘72N is an approximate solution of (5.3),
— L [VNdz — 0 when £ — 0.

The key ingredient for the above computations to work (see [12]) is that, for
A, p# 0 with A # u, we have

o B(IL\V, 11,V) = 0.
Indeed, writing TI\V = (ax, ux, b)), we get

ux.-Veay, +u,.Veay
UN. Vit + Uy, Vauy + bgbaVea, + bob,Vaiay
+(ctay + ?bx) Vb, + (ctay, + ¢b,)V by
’u,\.vmb# + uH.VIb,\

1
IyB(IIL\V,1I,V) = 51’[0

but ay = a, = 0 since A, # 0, so that

0
1
HoBAL\V,1I,V) = Mo | ux-Vauy 4w, Vous + ?bAVab, + ¢?b, Vb
u,\.vzbu + uM.Vsz

0
= | P(ux.Vayuu +u,.Vauy)
$(ux.Viby, + u,.Viby)de)

Note that [u.Vyb,dz = —% J bx.bydz = 0 since A # p. Moreover,

(ux.Vouy +u,.Vaouy), = (Ve(uruy)) + ug\ (@uit — &ui) + qu (ajug — aiug\) ,
so that
Iy B(ILV,1I,V) = 0.
In addition, if A # 0,
/ bydz = —Z’i Veuxdr = 13 u.ndo, = 0.
0 3X Ja 3A Joq
At the end, we get that

d [- d
C  bdz =S [ bodz =0
at Jo dt/QOz

d
— [ adx =
t/a =0,

which is the key to see that % [VNdz — 0 when ¢ — 0.
The equation for the non-oscillating part can be decoupled from the rest of the
system, and writes

and

IV + 1y B(I1,V, I, V) = 0,
which can be rewritten, with the notation I,V = (a,a, b),
08 + u.Vaa =0, Ob + 1.Vb =0, Vz(boa + 1b) = 0,
Ot + u.Vau+ Vep =0, Vz.u=0.

This is the incompressible Euler system. Now it remains to show that the approx-
imate solution we constructed satisfies the constraint (5.2). This is the object of
the following result:
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Proposition 5.3. With the above contruction of f/EN = (al¥,u™N,blV), the quantity

N
1d —ebY ao-+eafl -~ 10l
(5.4) av-12a // ¢ pt dvds
g2 dt QxR3 bQ 1 n ea()"r&‘a{\]—e 211) |v]2
goes to 0 as € — 0 for all N > 1.
Proof. AY can be rewritten
1d
AY = 55 [ R
where
ﬂé\f _ boesbf’, aéV _ eaoJrsaiV
and
ae_#
R
+ae” 2

Using the equality
3
aFj(a) = §F0(a),

we compute

3/2
AN — 3b0/
¢ 2¢

/ (eggbivFg(aéV)atbf[ + eggbivFo(aéV)ata{V) dz.
We easily prove the two identities
egabf(u.v by + 3V aN)=V,. legabfuzv
LT3 " T\ 3e

and

2 . ,
/Fg(aév)vm. (gegabful\[) dz = —/e%‘gbivFo(aév)uN.Vmaivdx,

which imply that

305/° . 2
Aév :2—(;: / (FQ(O&éV)eisbl (atbiv + ’U,szbiv + gvzuN>

+ Fo(aév)egsbfl (Oal +uN.Vyal) )dz.
Using the fact that A(al¥,u™,bY) — 0 in L? and the conservation of the mass, we
deduce that

AY —o.
e—=0

6. USEFUL INTERMEDIATE RESULTS

In this section we define and study the linearized collision operator, and then
give some bounds that will be very useful in the proof of Theorem 3.1.
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6.1. The linearized collision operator. As we look at solutions of (1.6) which
are fluctuations around an equilibrium state, that is,

fe= (1+€gs)

it makes sense to use the linearized collision operator, which is defined as

// M., 1 1
= — Vg, W
Leg= |, L 1+M5*1+M’1+M5’1*
X (g(1+ M)+ g.(1+ M) — g' (14 M) — g, (1 4+ M. ,)) dv.dw.

Let us note

— vy )M (1 4+ M,
(6.1) / / Bloz v )M (U4 M) g,
g2 Jrs (1 + M. ) 1+Mg)(1+Ma’7*)
_lv—uel?
and recall that P. = +1\£4 with M. = a.e™ 2= . Keep in mind that we will use

L. with the collision kernel B = 1.

Proposition 6.1. Assume that the collision kernel B(z,w) satisfies Grad’s cut-
off assumptions (1.3)-(1.4); then L. is a non-negative self-adjoint operator on
L?(M_.dv) with domain

D(L.) = {g € L*(M.dv) | v.g € L*(M.dv)} = L*(v. M.dv).

and kernel

1 v v|?
Kerl. = span{1 YRR YRR L-|ME}
It can be decomposed as
Leg(v) = ve(v)g(v) + Keg(v)
where K. is a compact integral operator on L*(M.dv) and
0<v_ <wve(v) <ve(l+]v)?)
provided that

1 1
(62) Fo<a5§00and60<b <CO
with Cy a positive constant independent of €, and v4,v_ depend only on Cy and
5/
Cp from (1.4) (for B =1 we have v_ = (i‘((_}”)gﬂ and vy = 4#03/2).

Remark 6.2. In the framework of Theorem 3.1, assumption (6.2) is satisfied, since
we consider for a. and b. small perturbations around the constant values e® and

bo.
Proof. Let g,h € L?(M.dv). Then

M,
/hﬁggMEd’U :/h(1+M5)£59T;\4€dU

M. M., 1 1
— Uy, W
52 1+M U+ M, 1+ M1+ ML,

(9(1+ M)+ go(1+ M) — g’ (1 + ML) — g\.(1 + M. ,))
(h(l + M)+ ha(1+ M. ,) — B (1+ M]) — hl,(1+ M. ,)) dvdv,dw

which easily shows that L. is a non-negative self-adjoint operator. Moreover, letting
h = g implies that g is in the nullspace of L. if and only if, for almost all (v, v, w) €
R3 x R? x §2,

g1+ M)+ g.(1+ Mey) =g' (1 + M)+ g.(1+ M. ,).
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In other words, g(1+ M.) must be a collision invariant, and therefore the nullspace

v; lv[?
of L. is made of all linear combinations of - M T Tiar (see [4]).

The next step is to split L. into two parts:
Leg = ve(v)g + Keh(v)
with v defined by (6.1) and
M., 1 1
/SQ/RS T e 1+M€*1+M’1+M5’1*
X (9x (L4 Mep) = g'(1+ ML) — gi(1+ M ,)) dvsdw.
The bounds on v, can be proved using Grad’s cutoff assumptions (1.3)-(1.4). They

are uniform in ¢ thanks to (6.2). The operator /. can be split into two operators
in the following way:

Keg(v) = Klg(v) — K2g(v)

with
/ / — Vg, w) M, *#;g*dv*dw
rs J g2 ) e, L+ M1+ M.,
and
M., 1 1
/S/]R B 1+Ms*1+M’1+M;*

x (¢’ (1+ M)+ g.(1+ M. ,)) dv.dw.

In the classical case, the same decomposition holds, and a clever change of vari-
ables known as “Carleman’s parametrization allows to show that the following two
operators are compact on L?(M.dv) (see [11] for example):

/ / — Uy, W) Me s gsdvedw
R3 JS2

Kag(v / B(v — v, w) M. (9" + ¢})dv.dw.
Rrs J g2

It is easy to see that
1CE gl L2 (rawy < 1119l 2(azav)
and
1291l L2 (m.av) < K29l L2 (Maw) + 1K2(Meg) || L2 (a1 o)
from which we deduce that K. is a compact operator on L?(M.dv). O

With these results, we can assert that L. is coercive, and therefore is a Fredholm
operator:

Corollary 6.3. There exists C > 0 such that, for each g € D(L:) N (Ker(L:))™",

[ oteontdo = Celglagana
If (6.2) holds, then Cr depends only on Cy and Cg, but not on €.

Proof. This result is a consequence of Proposition 6.1. Indeed, the multiplication
operator g +— g is self-adjoint on L?(v.M.dv) and has continuous spectrum,
namely the numerical range of v, [v_, +o00[ where
v_ <v. = inf v.(v).
<o = inf v ()
Then, since K. is self-adjoint and compact on L?(M.dv), Weyl’s theorem ensures
that the spectrum of £, is made of [V, +oo[ and of a sequence of eigenvalues on the
interval [0, v | with v as unique possible accumulation point. Consequently, there
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exists a smallest eigenvalue A\! which is bounded by below by A! if (6.2) holds, and
the following spectral gap inequality is satisfied for each g € D(L.) N (Ker(ﬁg))l

/gﬁngedU > CZZHQH%Q(IV[Edv)'

Recalling that

/gEEgMEdv: /VEgQMEdv—/glCagMgdv

and using the continuity of ., we get the inequality with the weighted norm as
stated above. O

6.2. Useful bounds. This subsection lists some a priori bounds which are needed
for the proof of convergence in the hydrodynamic limit. The first estimate comes
from Young’s inequality:

Proposition 6.4. For z > —1 we define the function
h(z) = (14 2)log(1+ z) — .
It satisfies
h(z) >0 for z>—1
and
pl2l < AW (p) + 5h(2)
where h* is the Legendre transform of h

h*(p) = max(pz — h(z)) = e’ —p — 1.

The study of the function A is motivated by the relation

H(f.|P.) = //mes P.h (fTP) dvdz + //Q><1R3(1 —P.)h (%) dvdz,

Proof. The first property is immediate from the definitions of h. The second one
comes from Young’s inequality

pz < h*(p) + h(2),
supplemented with the two inequalities
h(lz]) < h(z) z>-1
h*(Ap) < A°h*(p) p >0, A€ [0,1].
O

It will be useful to work in L? since it is the natural space for the study of L.,
and then we will use renormalized fluctuations instead of the natural one defined
as fo = P-(1+¢g:):

Proposition 6.5. Let us define the renormalized fluctuations

and

>

™

I

™ |
VR
==
L]
(ZU‘#

|

—
~_—

Then
- 1
(6.3) // P.g2dvdx + // (1= P.)hZdvde < < H(f-|P.).
QxR3 QxR3 €
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Moreover, if (6.2) holds holds,
(6.4) e/ Pege | oo (dvaa) + ll€hell oo (duazy < 4+ 1/ Co.

Proof. Estimate (6.3) is a direct consequence of the definition of §. and h. and the
following inequality:

xlogg—x—i—yZ(\/_—\/ﬂ)Q, Va,y > 0.

Recalling that 0 < f. < 1 and that P. is bounded indipendently of & the second
point comes by direct inspection. O

In the L? setting, the collision kernel needs also to be renormalized. We repeat
here the définition of the entropy dissipation:
1
DU =1 [ Belo o) (R0 = F)0 = for) = fefun1= D1 - £2.)
R3x 52
lo (ffsl*( 7f€)(1—f€7*
Jelesr = O = fL.)

Proposition 6.6. Define the renormalized collision kernel by

=—//BA1/2 VIT 0= 10 o)~ \JTeer 1= O~ J2.)) s

with

> dv,.dw.

M.M...
(L4 Mo)(1+ M) (1 + MO+ ML)

A=

Then
HQEHiz(Vglpidv) < D(fa)
where v. is the collision frequency defined by (6.1).

Note that the scaling condition (3.1) and the H theorem imply the following
bound on the entropy dissipation

1 T
E/O o D(fg)dde S C.

Proof. This estimate is obtained by the Cauchy-Schwarz inequality:

1
i2 < 5 ( / BEngv*dw) ( / BEAEdv*dw)
€

Gs: \/fg/fg/,* fs fs* \/fsfs* - ( a{,*)
We easily see that

with

/ B.A.dv,dw = v, T L

Next, using the classical inequality
(xiy)logzzll(\/_i\/g)za V$,y>0,
Y
we get the result. O

Mixing together the previous estimates, we can prove a relaxation result. Define
II. as the orthogonal projection in L?(P.dv) on Ker L.. The following proposition
will be useful in the control of the flux terms: coupled with the control on the tails
(3.5) and an interpolation argument, it will allow the control of the third moment

of fe.
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Proposition 6.7. Define §. and h. as in Proposition 6.5 and assume (6.2). Then
1 - M T |

. . 1 fo—P
— 0(e) <||ga|%2<p€> el + o [ Py (T) du> T o(e).
1>

Proof. Plugging the identities

f€:P€(1+€g€)27 17f€:(17P€)(1+€}AL€)2

IO 10 5o

VLU= ) = fo) = \JPLPL(L = P)(1 = Pop)(14+290) (1424l ) (1) (L4<he,.)

which leads to the key following identity:

VIR = £ = fo) = Fefeu0 = FO( = £2.)
=eAl/? ( — B4 G = Pl = (G = he) = (§ee — fzg,*))

into

gives

€AY (300~ Geien + hehes — BB+ e — g,
(6.5) e =GRl + Ghe = Geohl 4 Gl hes — G B )

A2 (5190 e + hes) = 3o (L + L)

- hehe s (92 +9L.) = BLRL (3 + éa,*))

+ AL (ggg;*hshg,* — GefehLHL, )
Raising it to the square and dividing by €2, we get, thanks to (6.4):
(6.6)

1 [ ge—he . go—he

— £.22 " e v do
C ]R31+M 1+M

< ] (VRO 30052 k= 00 1) e

+ 2 (|3ell 22 (poawy + Hh&HL?(dv))

where C depends on Cj. Note that here we used the fact that, for a given integrable
function u, we have (see [1] for more details)

/ w()dvdw < C | u(v)do.
RS x S2 R3

The next step is to decompose B = B, + (B — B.), so that

/// \/ffé*lffe — fe) =\ fefern1 = ;,*))2dwdvdv*

< — // (B — Be) fe fe dwdvdu,.
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lv—ue|?

Recalling that f. can be written fo = P.(1 + 2¢g. + £2§2) and M. = a.e” 2
and thanks to the following inequality

(6.7) 1, > MM, . < a1/2M3/4M3/4e 6ot

///]l‘v vel> % fefe xdwdvdu,

(68) < 5_26 Cs +2C///]]“U Vs |> 1 PPE >,<g‘&.d’l)(:1'U>.<

+ 4eC /// ]]‘|’U—U*‘>E%P5P57*ggg51*dvdv* + CEQHQEH%Z(PEdU)-

Using Proposition 6.4 we obtain for § > 0

/// 11‘U,v*|>%P€PE,*g§dvdv*
<5 || P.Ph fs_ duvd 1 Pp (L) dud
£,% E VAV + |U_U*\>EL2 el e, E VAV .

We choose § = 20Ce?

/// 1‘U,v*|>§P€PE,*g§dvdv*
f o 2
( //PE*Ph(EPE )dvdv*)

We now apply the following variant of Young’s inequality

we get

1/2

< Cet + o(1).

1 11—«
Y”‘§<E> + Y, Y >0,8>0,ae(0,1)

Withﬂzl,a:%andY:( ffPE*Ph(fE jn )dvdv*)2:

/// Ljy—u, |52 PePe g2 dvdo,
2
gca“( / Pg*Ph(fEP )dvdv*) + o(1).
g

Since €4/ Px «Je » is bounded, the same computation works for the second term
in the right hand side of (6.8), so that we finally get

_/// \/ffé* = o) = \/fefs* - g,*))dedvdv*

1 P 2
< Oe?|gelld2p.an) + Ce? <E /Ph<f - >dv> +o(1)

€

since - D(f) = o(1). Pluging this inequality into (6.6) and using the coercivity of
the linearized operator (Corollary 6.3) gives the result. O

7. END OF THE PROOF

We now have all the ingredients to prove Theorem 3.1. We begin by controlling
the flux terms, and then end the proof of the theorem.
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7.1. Control of the flux terms. Our goal is to estimate the terms

1t
—2/ // febe¥, - Vybidaxduds
e Jo QxR3

1 t

—2/ // Je (@, - Vyu)dedods
€ Jo QxR3

with respect to the modulated entropy and the entropy dissipation. The main
difficulty is that ¥, = O(|v|?) whereas the modulated entropy allows us to control
the powers of v only up to 2, via Young’s inequality. We therefore try to gain as
much integrability as possible. Here the relaxation estimate (6.3) plays an central

and

role. Since it gives a control on 1£+ I& , we use a new decomposition of f.
—he\ (. 5 2
(7.1) fe=F: + &P, <1+ME> (ga‘f'ha‘i‘g)

and we obtain the following estimate:

Proposition 7.1. Assume that ®. and U, have at most polynomial growth and
that (6.2) holds. Then the flux terms are bounded by the following quantities:

/ // febe ¥ . Vibidaduds + —/ // (P - Vyu)dadods
QxR3 QxR3

< = | D2, b1)(s)|| L2nre (o) | H(f|Pe)( D(f:)(s)dz | ds + o(1).
</ (saroo +  otscas)

Proof. The proof for the momentum flux (involving ®.) is identical to the one with
the energy flux (involving ¥.), hence we will focus on the first one. Writing f. as
n (7.1), we use a first decomposition of the flux terms:

1 2 ga_ils / ga_
7.2 — (19 dv=- [ ®.P. d PP,
(7.2) -2 efedv E/ e 81+M€ v+ € 81+M€g

since ng Pg@gdv = 0. To treat the first term in the right hand side, we use the
identity (6.5), wich implies

(7.3)

1 gsfh 72\7/8
- P.m——®_.dv = M<I) d
/Rs 1M YT £1+M8“

:—///B@ A ( W . Fe) ~ \J I den (0 P 2, dvdu,ds

- /[ Ba. As(g;g;,fgsggﬁhsh” WL+ e — goh,

+ ga £,k g&h’g * + 957*}7’6 - QE,*iL; + g;,*ﬁé * gE *h’ )dvdv*dw
— [[[ Bor (st e+ ) - e 1)

+ hEhE,*(gg + g;,*) haha *(gS =+ géy*))dvdv*dw

_ 2 // BdA. (ggg;*f}ghm - §5g87*ﬁ;ﬁ;7*)dvdv*dw.

The first term can be estimated by the entropy dissipation as showed by the next
lemma, while the other terms are controlled straightforwardly by the L?(M.dv)
norm of g., and hence by the modulated entropy.
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Lemma 7.2. Assume that ®. has at most a polynomial growth and that (6.2) holds.
Then the first term in the decomposition (7.3) is estimated by:

/ ( [ Bont (0= 0= 1) - JRfe - ))dvdv*dw>2d

§C< D(f.)dz + )
Q

Proof. Let

Ge = \JFLL (U= F) (= for) = [ fefen(L= PO FL);

We decompose

/ B®.AY?G dvdv,dw
(7.4)
= / B.®.AY?G dvdv,dw + / (B — B.)®.AY2G. dvdv,dw.

The first term is dealt with thanks to the Cauchy-Schwarz inequality and Proposi-
tion (6.6):

) R 1/2
/ B2 AY?Godvdv.dw < C ( / B(@a)QAsdv*dvdw) D(f)".

By Corollary 6.3, the coercivity inequality implies, since ®. € (KerL.)", that

i M,
2 . < € 2
/B(Cbg) Adv,dvdw < c/ T 8)2@5) dv,

with C' > 0 independent of ¢.
The second term in the right hand side of (7.4), containing the high velocities,
is handled thanks to the inequality

Loy ot M Mo < alPM3/ M2 e T
using that (1 + M.) is at most polynomial:
/(B — B.)®.(1 + M.)AY*Gdvdv, dw
< Ce_m.
(]

The next terms in (7.3) are dealt with using Cauchy-Schwarz inequality and the
a priori bound (6.4), and therefore are easily bounded by C’(HgEH%Z[PEdU + ||fz€|\%2)
Coming back to (7.2), the second term on the right hand side is splitted as follows,
in order to use the relaxation estimate:

gsfﬁsA 7 _ 72\7/8 gsfils ~ 7
/¢€P€1+Ma(gg+h€)dvf/q) P, <1+M H51+ME> (g + he)dv

b\
+/<I> P11, <1+M>(g + he)dv

o o A .
/‘baPeHa <% 8) (9 + he)dv < O(||gell2(peav) + [ hellL2)

The last term is easily handled:

+Mg
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. From the
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while we need some control on the high velocities for the first one

hypothesis (3.5), we deduce that

2p
> dv < C) a.e.

for (%

for all p < 1 and uniformly in e (which depends on p), since the moments of P.
differ from that of Py only by terms of order €. This estimate leads to some control

on the rescaled fluctuations

so that

elge| + elhe| = O(1) 3=, Lan(P.av)

ge — h
) 5) :O(l)Ltaf)mL4p(P€dv)-

o
1+ M.

e
14 M.

1/2
L4p»

(7.5) < <95
We easily find the following interpolation inequality for all functions ¢ € L% N L*?

ol _so_ < lloll35 114l

LZp+1

which implies, together with (7.5) and Proposition 6.7

gE — }ALE I gs B ils
€
L+ M L M| oty (P.dv)
. ; 1 o 1/2
= O(||98|L2(Pgdu) + [lhellrz + (5—2 /P h (fEP 8) dv) ) +o(1).
Choosing p > 3 2p +1
ot o 2l

and ¢3 = P, leads to the

/m@@Pm<wmmwm@n
ga hz

ga*ha HE En YA

such that taking ¢1 = ge + he, o2 = 57
final estimate:
g: = h g: —h ; i
/q)sps (1:_ Mi —1IL 1:_ MZ) (9 + he)dv = O<|g€||2L2(Pgdv) + [l hell7z
1 fs B Pe
+ ) /Psh <7Pa ) dv) +o(1)
O

7.2. Proof of convergence. In view of the preceding results, we are now able
to prove Theorem 3.1. Proposition 4.1 together with Proposition 7.1 imply the

following:
1
—H(f5|P q+3/ /ng )dxds

zann - )
(fe |E ///Qx]l@ ( be 2b.
45171‘“‘2

7€b1 ap+eal — 26
TN dvdz | ds
2bo

352 /0 dt //(2><R3 bO 1+ 6004’8&1*
/ng dx)ds+0()

C t
+—/|mewm%m®<(MP

_ 2
voeu Jv—eul >.A5(a1,u,b1)dzdvds

1
< —
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We plug the functions (a5, us",55™) constructed in Theorem 5.2 in the approx-

imate solution P.. It follows by Gronwall’s lemma that

1 ! -
SHIP0 < S8l ) exp ([ 1D 6506 o )

+/ exp (/ | D ( 8NbEN)( |Lszw(Q)d7)

_ e,N _ e,N|2
X —// ( - ,|U cut| > WA (aiN, E’N,bi’N)dzdv
QOxR3 be 2b.

_eps N

1 2
e—eby’ N ) eloteay — =55 Lol
—2 |v] ———dvdz | +0o(1) |ds.
3e dt QxR3 SN _ e jug2
x aptea,;” ———s——
1+e 0 1 2b(

The last term go to 0 as ¢ — 0 and N — 0 thanks to Theorem 5.2, using the fact
that

/ Ac(a7™ usN b7 )dz = 0.
Q

The fist term can be decomposed as

1 1
E_QH(fE,zn|P5]Y1n) - (f&‘ Zn|P inuin b"")) + H(P(am win, bin) | e, zn)
P in i in
) (ai™,u™,b7")
/ f& n ainyuinybin)) 10g T]}fzn

(ai" uin bin)

o (Plagn i iy = Feoin) log — 2 )dvdz
£,in

which tends to 0 as ¢ — 0 and N — oo since E%H(fg,in|P(a7in1uin7b7in)) — 0 by

hypothesis and (a5, usN:in SNy (gin yin pin) by Theorem 5.2.
This leads to

1 e
E—2H(f€|P8N) — 01in L2.([0;7)) as e — 0 and N — oo,

which is a stronger result respect to the one stated above.

ACKNOWLEDGMENT

This work was partialy supported by the GDRE 224 CNRS-INdAM GREFI-
MEFT and by Projet CBDif-Fr ANR-08-BLAN-0333-01. I thank the anonymous
referee for his comments that helped a lot improving this manuscript.

REFERENCES

[1] R. Alexandre, L. Desvillettes, C. Villani, and B. Wennberg. Entropy dissipation and long-
range interactions. Arch. Ration. Mech. Anal., 152:327-355, 2000.

[2] T. Allemand. Existence and conservation laws for the Boltzmann-Fermi equation in a general
domain. C. R. Math. Acad. Sci. Paris, 348(13-14):763-767, 2010.

[3] L. Arlotti and M. Lachowicz. Euler and Navier-Stokes limits of the Uehling-Uhlenbeck quan-
tum kinetic equations. J. Math. Phys., 38(7), 1997.

[4] C. Cercignani, R. Illner, and M. Pulvirenti. The Mathematical Theory of Dilute Gases, volume
106 of Applied Mathematical Sciences. Springer-Verlag, 1994.

[5] J. Dolbeault. Kinetic models and quantum effects: a modified Boltzmann equation for Fermi-
Dirac particles. Arch. Ration. Mech. Anal., 127(2):101-131, 1994.

[6] M. Escobedo, S. Mischler, and M. A. Valle. Homogeneous Boltzmann equation in quantum
relativistic kinetic theory. Electron. J. Differential Equations, Monograph 04, 2003.

[7] M. Escobedo, S. Mischler, and M. A. Valle. Entropy maximisation problem for quantum
relativistic particles. Bull. Soc. Math. France, 133(1):87-120, 2005.



26 THIBAUT ALLEMAND

[8] F. Golse and L. Saint-Raymond. A remark about the asymptotic theory of the Boltzmann
equation. Preprint.
[9] P.-L. Lions. Compactness in Boltzmann’s equation via Fourier integral operators and appli-
cations. III. J. Math. Kyoto Univ., 34(3):539-584, 1994.
[10] L. W. Nordheim. On the kinetic method in the new statistics and its application in the
electron theory of conductivity. Proc. Roy. Soc. London A, 119(783):689-698, 1928.
[11] L. Saint-Raymond. Hydrodynamic limits of the Boltzmann equation, volume 1971 of Lecture
Notes in Mathematics. Springer, 2009.
[12] L. Saint-Raymond. Hydrodynamic limits: some improvements of the relative entropy method.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 26:705-744, 2009.
[13] E. A. Uehling and G. E. Uhlenbeck. Transport phenomena in Einstein-Bose and Fermi-Dirac
gases. i. Phys. Rev., 43(7):552, 1933.

DMA, EcoLE NORMALE SUPERIEURE, 45 RUE D’ULM, 75230 PARris CEDEX 05, FRANCE, CEA,
DAM; DIF, F-91297 ARPAJON, FRANCE



