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Summary. For the critical branching random walk in Z* with branching at the
origin only we find the asymptotic behavior of the probability of the event that
there are particles at the origin at moment ¢ — oo and prove a Yaglom type
conditional limit theorem for the number of individuals at the origin given that
there are particles at the origin.
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1 Introduction

Consider the following modification of a standard branching random walk on Z¢. The population
is initiated at time ¢ = 0 by a single particle. Being outside the origin the particle performs a

continuous time random walk on Z? with infinitesimal transition matrix
A= ‘a(x7 y)‘x,yeZdv a(0,0) <0,

until the moment when it hits the origin (that is, the time which the particle spends at a point

x # 0 is exponentially distributed with parameter a := —a(0,0)). At the origin it spends an
exponentially distributed time with parameter 1 and then either jumps to a point y # 0 with
probability

(1.1) — (1 = @)a(0,y)a"(0,0) =: (1 — a)my,

or dies with probability a producing just before the death a random number of children £ in

accordance with offspring generating function
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oo
f(s) = E35:kask, 0<s<l1.
k=0

At the birth moment the newborn particles are located at the origin and from this point they
begin their own branching random walks behaving independently and stochastically the same as
the parent individual.

This model was investigated in [, f, B, i, f] where some basic equations for the probability
generating functions of the number of particles 7(t;x) at point x € Z¢ at time ¢t were deduced
and, under certain conditions, the asymptotic behavior of the moments of n(t;x) as ¢ — oo was
investigated. For the continuous counterpart of the above model, we refer to [[q], [, [LT], [§] and
the references therein.

In the present paper we assume that the branching random walk is initiated at time ¢ = 0 by a
single individual located at the origin and impose the following restrictions on the characteristics
of the process:

Hypothesis (I): The underlying random walk on Z¢ is symmetric, irreducible and homogeneous

a(x,y) =aly,x),  a(x,y)=a(0,y —x)=:a(y —x),

where a(x) > 0 for x # 0 and a(0) < 0; besides we assume that

(1.2) Z a(x) =0, b= Z x|%a(x) < oo,
xezd xeZd
where |x|? = Zg:o 22 for X = (21, ..., T4, ..., 2q) € Z°.
Denote hy the probability that a particle, leaving the origin and performing a random walk on Z¢
satisfying Hypothesis (I), will never come back. Observe that hy = he = 0, while hy € (0,1), d > 3.
Hypothesis (II): The offspring process is critical

af (1) + (1= a)(1 = hy) = 1

and (1) € (0, 00).

Here and in what follows for k = 2,3,... we use the notation f*)(s) := d*f(s)/ds".

Clearly, for the dimensions d = 1,2 the introduced criticality of the branching random walk is
reduced to the criticality of the offspring generating function at the origin, that is to the condition
/(1) = 1. For the dimensions d > 3 this is not the case.

Let uo(t) denote the number of particles in the process located at time ¢ at the origin, u(t) denote
the number of particles in the process at time ¢ outside the origin, and let n(t) = uo(t) + p(t) be

the total number of individuals at the process at moment ¢.



For the case d = 1 the authors of papers [[3, [[4, [[5, [] investigate the asymptotic properties
of the probabilities {puo(t) > 0} and {u(t) > 0} and prove conditional limit theorems for a properly
scaled vectors (uo(t), u(t)) by studying an auxiliary branching process. A modification of this model
when the initial number of particles at the origin is large was considered for the case d = 1 in [[[J.

The asymptotic behavior of the probability ¢(t) := P (uo(t) > 0) for the dimensions d # 4
(again, by constructing an auxiliary branching process) has been found in [[[[]. However, the
behavior of the probability ¢(¢) for the case d = 4 remained an open problem. The present paper
fills this gap.

Our main result looks as follows.

Theorem 1.1 For a branching random walk evolving in Z* and satisfying Hypotheses (I) and (II),

log t
(1.3) q(t)wC%, £ — oo,

with C' = 3a(1 — a)y4h3/(afP (1)) > 0 and v4 a constant given by Lemma B4 below, and
po(t)

E [p0(t)[po(t) > 0

Remark 1.2 It will be shown later on that

E,u,o(t) N 3 t
P (uo(t) >0)  af®(1)C? log*t’

1 2
(1.4) tlimP( i §ﬂ:|,u0(t)>0> :§+§(1—672x/3>, x> 0.

E[,u,o(t)‘,u,o(t) >O] = t — 0.

To obtain Theorem [[.1], the crucial step is to show the asymptotic for the survival probability
q(t), which satisfies some convolution equation (see (B.6) below). It turns out that a first order
analysis of this equation only gives a rough upper bound for ¢(t) (Lemma B.J), and we need a
second order argument to get the exact asymptotic (Proposition B.4).

The rest of this paper is organized as follows: In Section P, we recall some known facts and

present some basic evolution equations. The proof of Theorem will be given in Section f.

2 Auxiliary results and basic equations

For further references we first list some results obtained in [[7]. We forget for a wile that we deal
with a branching random walk in Z% d > 3, and consider only the motion of a particle performing
a random walk satisfying Hypothesis (I) without branching.

Denote

p(t;x,y) = p(t;0,y —x) = p(t;y —x)

the probability that a particle located at moment ¢t = 0 at point x will be at point y at moment ¢.



Lemma 2.1 (see [I1]) Under Hypothesis (I) as t — oo
p(t;0) ~yat™ %, 74> 0.

Consider a particle located at the origin at moment ¢ = 0 and let 7y be the time the particle
spends at the origin. Denote by 7 4 the time needed for a particle which has left the origin to come
back to the origin. Let 6(y) be the time needed for a particle located at point y # 0 at time 0 to
hit the origin for the first time. Let

Gi(t) =P(ro<t)=1—e"" Goult) =P(ra<t), G¥):=P@O(y) <t)

and G 4 = P (724 < 00). It follows from ([L.1) that

Gaa(t) = myG ().

y#0

Lemma 2.2 (see [I74]) Under Hypothesis (1), T2.4,d > 3, is an improper random variable with
P(’Tgvd = OO) = hd =1- GQ’d(OO) =1- G27d.
Besides, for Ga(t) := Go,4(t)/(1 — hq) ast — o0

2a%lh§ —d/2+1
1 _— Y .
O~ Ty @=2)"

Let
Kq(t) = K@) = af' (1)G1(t) + (1 — a)(1 — hg) Gy * Ga(t).

Lemma 2.3 (see [{4]) Under Hypothesis (I) for d >3 ast — oo

2a(1 — h?
(2.1) L= Ka(t) ~ (1—a)(Gag— Gaalt)) ~ % e
(2.2) ka(t) = K4i(t) ~a(l —a)ygh3t= Y2,
Let
Fy(t; s1,82) := Eys’fo(t)sg*(t), 0<s1,89 <1,

be probability generating function for the number of particles at the origin and outside the origin
at moment ¢t > 0 in the branching random walk generated by a single particle located at point y

at moment 0. By the total probability formula we have

Fo(t;s1,82) = 31(1—G1(t))—i—/otaf(Fo(t—u;sl,SQ))dGl(u)

—i—(l—a)/ot Zﬂ'yFy(t—u;Sl,Sg) dG1(u),

y#0
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while for y # 0
t
Fy(t;s1,82) = s2(1 — GY(¢)) + / Fo(t —u;s1,82) dGY (u).
0

Hence

Fo(t;s1,82) = 51(1—G1(t))—{—/Otozf(Fo(t—u;81,52))dG1(u)

+(1 — a)SQ/O (Z my(1— G¥(t — u))) dG1(u)

y#0
—i—(l—a)/o (};Wy/o FO(t'LL'U;Sl,SQ)de(’U)) dG1(u)

= s1(1—Gi(t)) + /Ot af(Fo(t —u;s1,s2)) dGy(u)
+(1 — a)s2 /Ot (1 —Ga4(t —u))dG1(u)
+(1—«) /Ot Fo(t —u;s1,52)d (G1 % Go 4(u)) .
Using this relation and setting F(t;s) := Fo(t;5,1) = Egs*®) we get that for all 0 < s < 1,

F(t:s) = s(1—Gi(t) + (1 —a)(l—hg)(1 — Ga()) * G1 ()

+ /Ot af(F(t —u;s))dGi(u) + (1 — a)hgGi(t)
(2.3) + /Ot(l —a)(1 = hg)F(t — u;s) d(Gy x Ga(u)).

Hence, letting q(t;s) := 1 — F(t;s),

)
(2.4) d(z):=f'(Nx—(1—f(1l—2))=29(z)~ f 2(1)1'2, x — 0,

we deduce that for all 0 < s < 1,
(2.5) q(t;s) = (1= 5)(1 = G1(t) + q(+58) * K(t) — a®(q( ) * G1 (1)
Define ¢(t) := P (uo(t) > 0) = q(t;0). We have
g(t) =1 — G1(t) + g = K(t) — a®(q(-)) * G (t), >0,

Note that
kq(t) = af' (e " + (1 — a)(1 — hy)(Gy1 * Ga(t))'.
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Thus, we have

(2.6) q(t) =1-Gi(t) + /0 q(t —u) (ka(u) — a¥(q(t — u))e™") du.

The previous arguments hold for any dimension d. Now we concentrate on the case d = 4 and

recall that by (2.2)
(2.7) k:4(t) ~ C47f_2

as t — oo where ¢4 := a (1 — a)y4h? > 0. This asymptotic formula allows us to prove the following

statement.

Lemma 2.4 For any fized ¢ € (0,1) and p € (0,1], we have for t — oo

= logP (t —u+1) logP(t4+1)  cylogttPt
2.8 I: = — T TV ky(u)du = 1+ o0(1
(2.9 | a2 gLt o()),
ElogP (t —u+1 log! Pt log! Pt
2.9) I = / log"(t=ut 1),y = 108 "t (o8 ,
e t—u+1 (1+p)t2 12
“logP (t —u+1) logP(t+ 1) 2+0p log! P ¢
2.10 — T ky(u)du = 1+o(1 :
(2.10) |k wau = E ) ¢ e 1 o) 2%

Proof. Clearly (R.10) follows from ([R.§) and (B.9). To prove (R.§), we use the expansions (valid
for 0 <u < et)

2 p
logl (t—u+1) = (log(t+1)—%+0<ut7—;u>>

2
pU u° +u
og"(t + )< tlog(t+1)+0<t210g(t+1)>>

and )
1 1 U u’+1
— 1+—-4+0(2—1=
t—u+1 t+1< T ( 2 >>
implying
logf (t —u+1)
t—u+1
logP(t +1 ulogPt u? + u)logP ¢ U u?+u
_ log”t+1) g +o<( 3)g B P N — .
t+1 t t t2log " P(t+1) t3log" P(t+1)



Hence we have

logP(t+1) [* | log¥t te
I = log"(t +1) / ka(u o8 / ukg(u)du
t+1 0 2 Jo

D te p—1 te
<10g3 t) / (u? + 1)kg(u)du + O <10gt#>/ uky(u)du
0 0

logP(t + 1 log' P ¢ logP t
- D R o) +0 ()

t+1 t2 12
logP(t+1)  cqlog!™Pt
= el als Ph o),

proving (B.§). It remains to show (R.9). Observe that

PlogP (t —u+1) 1
I" = ey(1 1 ——d
a1 +o(n) [ L Sau,
Further,

/t log? (t —u+1) idu B /t(le) log? (u + 1) 1 i
e t—u+1 wu? 0 u+1l  (t—u)?

1 t(1—e) log? (u + 1) 1 t(1—e)
- 08T o t—g/o log? (u + 1) du

t2 0 u—i—l
1 log!*Pt
= (— +o(1
<1 +p+0( )> t2 )

proving (.9) and the Lemma. [J
Let

Lo(t) = /:_2 (t — u)k_1 01(t — u)da(u) du k=12 ..

B log?* (t — u) logu’
where 03 (¢) and d5(t) are bounded functions such that 1 (t) ~ 1 and d(t) ~ 1 as t — oo.
We end this section by the following estimate on Iy (t):

Lemma 2.5 For any fized integer k > 1, we have as t — oo

L+o(1) tF

Ii(t) = ko log?tiy

Proof. For any € € (0,1), if 0 < u < et then
log(t —u) =logt+ O(1)

while if ¢ > u > et then
logu = logt+ O(1).



Clearly,

o t/2 o t/2
L = 4F (1))/2 L gy U (1))/0 L du=(1+0(1))

u .
10g2 t log u logt log2 U log3 t

Further, for k > 2 we have

1 1 te (p — )k 1 1 1 =2 (4 _ )1

iy = o) [ o) [ e,

log%t Jo log u logt te  log™(t —u)

For large ¢
et (4, \k—1
/ wdu < th—lg_t
9 log u logt

while , 1 Ges) b -,

t— - t(l—e -1

t— 1(1—¢e)%t
/ (QkU) du:/ u2k d“N_( ;2 :
et log™(t —u) 2 log“* u k log™t
Hence letting first ¢ — oo and than &€ — 40 the statement follows. [J
3 Proofs of the main results
First we study the asymptotic behavior of the moments
k
Pe(t) == Bu (1),

where ¥ = z(z — 1) -- - (z — k + 1), assuming that the offspring generating function is infinitely

differentiable at point s = 1. To this aim we need the classical Faa di Bruno formula for the n-th
derivative of the composition of functions g(h(s)) (see [f]):

TN _ (s n )

n ! WO\ (A )
n g(k) h(s __ : R . .
kZZQ ( | )) j1+j2+;jn—1:k S ! (n = 1)!
Ji+2j2+-+(n—1)jn_1=n

Lemma 3.1 If f(s) satisfies Hypothesis (II) and is infinitely differentiable at point s = 1 then for
any fixed n > 1,

t — oo.

af<2><1)>“ 1t

2n—1 2n—1 7
c; " log t

(3.1) P,(t) ~n! (
Proof. From formula (R.3) by differentiation we have for all ¢ > 0,
t t
Pi(t) =1—-Gi(t) +/ Oéf/(l)Pl(t —u)dG1(u) +/ (1 —a)(1 = hg)Pi(t — u)d(Gy * Go(u)).
0 0

8



It follows that .
Put) =1 - Gr(t) +/O Pult — w) dK (u) = (1 — G1) + Ve ()

where
o0

Vi (t) = ZK*j(t)

J=0

is the renewal function corresponding to the distribution function K (t) (Recalling that K(t) :=

af’'(1)G1(t) + (1 — a)(1 — hy)G1 * Ga(t)). Since
1—K(t) ~eqt™!

we have by Theorem 3 in [ that

1
3.2 Pi(t) ~ —— t — oo.
(3.2) 1(?) cylogt’ o0

Note that in view of G1(t) = 1 — e~! we have

dt(Gl * VK( )) = (1 — Gl) * VK(t) = Pl(t).

(3.3) v

Further, by writing F" (t;s) = 8715*5?8)

for n > 2, we have

FO) (1 5) = /0 A C(lsn %5) 46 (u) + /0 (1= a)(1 — ha) F® (¢ — us ) d(G1 % Ga(u)

or, by the Faa di Bruno formula at s = 1,

(3.4) P, ( —a/H (t —u)dG1i(u /P (t —u)dK(u),
where

N ) n! (Pl(t)>j1 (Pnl(t)>j"‘1
(35)  Ha(t): kZQf (1) j1+j2+;jn1k PRl Gt won)

Jj1+2j2+-+(n—1)jn—1=n

Solving the renewal equation (B.4) with respect to P, (t) gives
t
P,(t) = a/ H,(t —u)d(G1*Vk(u))
0

or, in view of (B.3)
t
t) = a/ H,(t —u) Py (u)du.
0

For n = 2 we have

Py(t) = afP(1) /Ot P2(t — u) Py (u)du.

9



On account of Lemma P.5 this leads to

af@1 af@a) t af@) ¢
PQ(t) ~ #Il(t) ~ 3( ) — = | 3( ) —.
cy cg log”t 2c;  log”t

Now we use induction. Assume that for all i < n

Pt~ 1e20)
t : 2@'7102i71 lo 21—1 t :
4 g

i—1 ti_l

Then for 2 <k <nast— oo

2 71172 n' A (Pll(!t)>j1 . <é;n—_1(1t))!>j”1

Jitjettin—1=k
J1+2j2++(n—1)jn—1=n

Z n! 1 J1 (af(Z)(l))"’z =2 In—1
Jilg2l - gn—1! \calogt on=2c2n3  og?n T3¢

Jitje+tin—1=k
J1+2j2++(n—1)jn—1=n

n—k
af@(1) 1 tnk n!

G- ol g

c lo o ) 199! _1!

4 g 1ot tn 1=k J1:J2 Jn—1
J1+2je++(n—1)jpn—1=n

One may check that for any n > 2

i) - g, q! 2
jitiettina=2  JUI2 el
J1+2j2++(n—1)jn_1=n

Thus, as t — oo

n—2
@1 1 2 n!
o e (M) R >y
Hn(t) f (1) ( 9 Cin—Z 10g2n—2 t

PN S |
jitjattn=2 12 Jn—1
J1+252+ -+ (n—1)jn—1=n

72 () <af<2)(1)>n2 (n—1) >

9 9 cin—Q 1Og2n—2 t'

= nl

Therefore, on account of Lemma .5

P,(t) = a/o H,(t —u) Py (u)du
—1

(afPW\T (-1 7 w1
~on 5 2n—1 10622 (£ — ) 1 du
4 2 log (t —u)logu

-1
oA\ 1 et
~on 9 2n—1 1pg2n—1¢’

4 g

as desired. [
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Corollary 3.2 If f(s) satisfies Hypothesis (II) then

N 1109 C4
. > .
(3.6) hmtglofo logt — af(Q)(1)

Proof. From the proof of Lemma [B.] it is clear that for the asymptotic representation (B.1]) be
valid for n = 1,2 it suffices that f(*)(1) < co. From this and the Lyapunov inequality

(E,uo(t))2wlogt ¢4
Ep3(t) t af@()

q(t) =P (po(t) > 0) >
the needed statement easily follows. [

Before giving the exact asymptotic of ¢(t), we show at first a rough upper bound for ¢(t).

Lemma 3.3 We have

lim sup ta(®) < 00
t—oo lOgT
Proof. Fix an arbitrary u > 0. Define for 0 < z <1,
T(z) := xks(u) — a®(x)e ™ = a(f' (1) — ®(x))e " + z(1 — a)(1 — hy)(G1 * G2) (u).
Recalling (P.4). We have
TW(z) = af/l—z)e™+ (1 —a)(l —hy)(Gr%Ga) (u) >0, 0<z<1.

Hence T'(x) is monotone increasing in « € (0,1). This fact will be used several times in the sequel.

Let us write a formal representation

log (t +1
and set ( )
log(t—u+1
= _ - <u<t.
q(uvt) 5@) f—u+1 0<u<t

Assume that the desired statement is not true, that is that

(3.7) lim sup B(t) = oc.

t—o0

Under (B.7), there exists a sequence t;, — oo as k — oo such that B(ty) = sup,<y, B(u) and
limy 00 B(tx) = oo. Then, for sufficiently large t = ¢, (we omit the low index for simplicity),

B(t) = supp<,<; B(s) > 1. In view of (.9) with p =1, we have

/ q(t — u) (ka(u) — a¥®(q(t — u))e ™) du
1/2

t

ka(u)du + o /t/2 O(q(t —u))e “du

t log(t —u-+1
B R S
t/2 'LL—|—1

(3.8) ﬁ(t)% log?t,

IN

11



since f(t) > 1 and « ftt/Q (gt —u))e du < af'(1)et/? = o(lotg#).
Let us observe that ¢(t) — 0 as t — oo. In fact, we have a rough bound: ¢(t) = P(po(t) > 0) <
Epuo(t) = Pi(t) ~ —= by [B3). It follows that for 0 < u < t/2,

cqlogt
e
— gty < B e ) _ggploet gy o,

t/2 t

for all sufficiently large t. Thus, the inequality

q(t —u) (ka(u) — aP(q(t —u))e™) < qlu,t) (ka(u) — a¥(q(u,t))e™)

is valid for 0 < u < t/2. This, in view of (R.f) and (B.§), implies that

1 1
ﬁ(t)% =4q(t)
t
= 1=Gi0+ [ att =) (k) —aW(a(t = w)e ) du
< ,B(t)% log2 t
/2 log (t —u+1) log(f—u+1)\ _,
+ 0 Bt — u)m <k4(U) —a¥ <5(t _ U)ﬁ> . > .
< () log
P log(t— 1) os(t—ut 1Y
—i—ﬂ(t)/o Ct—u+1 <k4(U) —aV¥ <5(t)m> . > .
By (@)7 we have that
t/2 B 2
(3.9) /0 %/ﬂ(u)du < logt(:__|i 1) + e, loth ;

and, for any small § > 0 and sufficiently large ¢,

/t/2 log(t—u—i-l)o&l ﬁ(t)log(t—u—i—l) .
0 t—u+1 t—u+1

af®(1) /t/Q log? (t —u+ 1)
0

af@ (1) log?t
2 (t—u+1)>

2 t2

> (1-8)p(1) ¢ du > (1 - 26)8(t)

As a result we get that

log(t + 1) log(t + 1)
15—1—71 < B(t) <

log? ¢
+5C4 o8

ALt) t+1 t2

) (- 28)8%(0)

12



Hence, after simplification we see that

afd (1)
2

(1—20)B%(t) < 5eaf(t),

which is impossible if 5(t) — oco. Hence limsup,_, ., () < co and the lemma is proved. [

The crucial step in the proof of Theorem 1 is the following lemma:

Proposition 3.4 In the case d =4,

logt
(3.10) q(t) = —%%1+MU%
where
304
3.11 C:=———.
(311 (1)
Proof. We will use a formal representation
log(t+1 t log(t+1 t)y/log(t+ 1
o(t) = ogt+1) f p(t) _olost+1) | p(t)ylog(t+1)
t+1 log(t + 1) t+1 t+1
Note that by Corollary B.3
(3.12) im inf 2 — > 20,
t—oo /logt 3
and, by Lemma B.3
t
lim sup P(t) < () < o,
t—oo Viogt

for some constant C7 > 0. If p(t) is bounded then the lemma is proved. Thus, assume that

lim sup p(t) = oo and lim inf p(t) = —oco.
t—o0 t—o0

Clearly, if we prove the desired statement for this case then the cases when one of the limits above
is finite will follow easily.
Assume first that limsup,_, ., p(t) = co and let

Ari={te0.00)  ptt) = supoio)}.

v<t

Then there exists an unbounded sequence (tx) € A4 such that p(ty) — oo as k — oo. Our

subsequent arguments are for large ¢ € A,. Then a priori, p(t) > 1. For 0 < u < t, set

log(t —u+1) N p(t)y/log(t —u+1)

Qu,t):=C t—u+1 t—u+1

> q(t —u).

13



Fix a small € > 0. Clearly, for 0 < u < te and sufficiently large ¢,

log(t+1)  p(t)\/log (t+1) < 1
t(l—e) t(l1—e) “1l-¢

since ¢(t) — 0. Using again the monotonicity of the function: z(€ (0,1)) — xks(u) — a®(z)e™

Qu,t) <C

q(t) <1,

(just like in Lemma B.J), we get the inequality

q(t —u) (ka(u) — a® (q(t —w))e™) < Q(u,t) (ka(u) — ¥ (Q(u,t)) e™").

It follows that

at) = / (¢ — )k (w)du

€

te . )
+/0 q(t =) (ka(u) — ¥ (q(t —w) ™) du + o (1 > t)

t te 0) 2
< t Q(u, t)kq(uw)du + ; Q(u,t) (k4(u) —a¥ (Q(u,t)) e*“) du+o <1§—2t>
t te [0} 2
313 = /O Q(u,t)k4(u)du—a/0 B (Q(u, 1)) e du + o0 <1 ; t).

We now evaluate the integrals in (B.1J). Recalling (R.10) with p = 1 and p = 1/2, we have

- N D,
/Qutk4 du—C/IOgt “H) w)du + p(t / ot —u+

t—u+1
_ Jlog(t+1)  3Cecqslog®t p(t)\/log(t +1)  Beap(t )log?’/2
=C 1 +—p (1+0(1)) + = + a2 (1+o0(1)).

Since all the moments of the distribution with density e* are finite, and uFe~" decays rapidly at

infinity for any k > 0, we have

te (2)
_a/o O (Qu,t)) e du=—a® (q(t)) (1+0(1)) = —af 2(1)q2(t)(1 +o0(1))

@ log? ¢ p(t 10g3/2t p%(t)logt
2() c? 5 +2C ()ﬁ + (22 (1+0(1))

)1 3/2 2 2
(3.14) — ot 2( ) (CQlOth b oot )I;g t.p (t;logt) +0<log t>‘

=—a

Substituting this in (B.IJ) we get that for any small § > 0,
log(t+1)  p(t)y/log(t+1)

C =q(t
11 11 a®)
< log?t n Clog(t +1) n 3Ccylog?t N p(t)\/log(t +1)  Beap(t)log®? ¢
- 12 t+1 2t2 t+1 32
fA) [ plog’t . p(t)log*?t  p?(t)logt
—aT— C"——+2C 2 + 2

14



which, on account the definition (B.11) leads, after natural transformations, to

afP(1)p(t) <8c+ p(t) > <5

2+/logt 9 Vlogt

Recall that p(t) > 1. We get that %\/%ﬂt@ < %‘5 and hence

lim sup )

=0.
t~>00,t€./4+ V logt

Let
ty(u)=sup{t<u:te A }.

Clearly,
plu) < plts (w)).
Now
: ug(u) . ( p(u) > . p(t+(u))
lim sup ——= = (C +1lim su < (C +lim su —_
i ogu i Viegu /) s logty(u)
: p(t) >
3.15 = C+lim su ( =C.
( ) t%oo,tIéA+ \% lOgt

To get estimate from below we assume that

hmtglofo p(t) = —o0

(otherwise, we are done) and let

A= {t € [0,00) : p(t) = inf p(v)}.

u<t

Our subsequent arguments are for large t € A_. For 0 <u <t

log(t —u+1)  p(t)ylog(t —u+1) <qt—u)<1

Qu,t) =C t—u+1 t—u+1 -

Fix a small £ > 0 and consider 0 < u < te. In view of (B.12), we get that

log(t+1)  p(t)/logt(l —e) 21 log(t + 1)
t+1 tl—¢)  — 4 t+1

Qu,t) > C > 0.

Just like in (B.13), we use again the monotonicity in the reverse order and get that

q(t) > /Ot Q(u, t)kg(u)du — « /Ote D (Q(u,t)) e “du+ 0(10522 t).

15



By (R.1() with p =1 and p = 1/2 (and using the fact that |p(t)] = O(y/logt)), we get as before
log(t+1)  3Ccqlog?t

/OtQ(u,t)k4(u)du = C

t+1 2t2
p(t)\/log(t +1)  Begp(t)log/? ¢ log?t
+ 0 .
t+1 3t2 12
This together with (B.14) implies that for any small § > 0,
log(t + 1 t)\/log(t+ 1
Clog(t+1) | p(0yIoREF D _
t+1 t+1
S Clog(t +1)  3Ccqlog’t N p(t)y/log(t + 1) N 5eap(t) log®/? t
- t+1 22 t+1 32
@ (1) ylog?t p(t)log®?t  p2(t)logt log?t
oy G e e ) e

which, similarly to the previous case gives after simplifications

o B0 (30, P00 )
- 2y/logt 9 Viegt)
This, on account of (B.13) gives that (¢ being large)

p(HafA (1) 1

d> "t
- 2¢/logt 9
Since ¢ is arbitrary, we get that (0
. p(t
lim  sup =0.
t—oo,teA_ VNogt
Let
t_(u)=sup{t<u:te A_}.
Clearly,
lp(u)| < |p(t—(w))]-
Now
lim inf ug(w) = (C —lim sup < ()] > > C — lim sup M
u—oo y/logu u—oo \ V1ogu uU—00 logt_ (u)
t
(3.16) = C—lim sup o) =C

t—oo,te A_ V logt
Combining (B.19) and (B.16) gives

tq(?)

t—oo logt N

proving the Proposition. [



Theorem 3.5 Assume that f(s) is infinitely differentiable at point s =1 and satisfies
af' (1) + (1 —a)(1 —hy) = 1.
Then

tlL%OP<%)((i§0§x|uo(t)>0> :%Jr

or, what is the same

1 2
i —Apo(H)q(t)/ P (t) — 122 3>
thﬂmE{e |,u0(t)>0} 3+32+3)\,)\_0.

Proof. It follows from Lemma that

n—1
n af@ 1 gt
Epug(t) ~ n! ( ( )> 2n—1y

ci"‘llog
n—1
_ (3 n—ln' af®) t Ly
2 ’ 3cy  logt cylogt

~ () e () ()
Therefore, as t — 0o

(3.17) E K%)n o (t) > 0} = ﬁ (gf&)n]aug(t) = ; <g>nn'

Thus, for any n > 1 the n-th moment of the conditional distribution converges to the n—th moment

of the mixture (with probabilities 2/3 and 1/3, respectively) of the exponential distribution with

parameter 2/3 (which is uniquely defined by its moments) and the distribution having the unit

atom at zero. Hence the statement of the theorem follows. J

Our next step is to generalize Theorem B.§ to the case of arbitrary probability generating

function f(s) with finite second moment. To this aim we need an approximation lemma.

Lemma 3.6 Let f(s) be an arbitrary probability generating function with f'(1) > 0 and f®(1) €

(0,00). For any e € (0,1), there exist two polynomial probability generating functions f—(s), f+(s)

and some constant so = so(f—, f+,€) < 1 such that

(3.18) f-(s) < f(s) < fe(s), Vs € (s0,1],

and

fL) = () = f(1),
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and

2
1—¢

(1)
1+e¢

(3.19) <)<
Remark that necessarily, ff)(l) > @) > fEQ)(l).
Proof. Let N be an integer valued random variable with generating function f. We only need to
consider the unbounded N case, otherwise there is nothing to prove.
Let € > 0 be small. Assume for the moment that there exist two integer valued and bounded

random variables N1 and N, such that

(3.20) E(N;) = E(Ny) = E(N), var(Ny) < var(N) < var(N3),
and
(3.21) var(Ng) —e < var(N) < var(Np) + e.

Define f_(s) := E(s™), fi(s) := E(s™) for 0 < s < 1. Then (B:I§) follows from (§.20) by
developing the three generating functions at 1, whereas (B.19) follows from (B.21]) since ¢ is arbitrary.

To construct Ny and N» satisfying (B.2() and (B-21)), we fix k an integer sufficiently large such
that 0 < E(N(N —k)T) <e/3 and E((N —k)~) > 1 (where 1 := max(z,0) and z~ := max(—z, 0)
for any real z). Since N = N Ak + (N — k)T, elementary computation shows that

var(N) = var(N A k) +var((N —k)") + 2E((N — k)" )E((N — k)7).

Therefore,

2

(3.22) OB((N — k)*) < var(N) — var(N A k) < 2E(N(N — k)*) < 36

Let r = E((N — k)*) > 0. Plainly r < $E(N(N —k)T) < £ < 1. Choose a Bernoulli variable
B with P(B = 1) = r =1 —P(B = 0), independent of N. Define N; := N Ak + B. Hence
E(N;) = E(N). On the other hand, it follows from (B.23) that var(N) < var(N A k) + 2¢/3 <
var(Ny) + 2¢/3, and var(Ny) = var(N A k) +r(1 —r) < var(N A k) +r < var(N) — r since
E((N — k)*) = r. Then N fulfills the conditions in (B.2() and (B.21)).

To construct iVQ, we choose ¢ := LE%WJ and b := $E((N — k)*). Let B be fiBernoulli
variable with P(B = 1) =b=1—P(B = 0), independent of N. Define Ny := N A k+ ¢ B. Plainly,

E(Ny) = E(N) and

var(Na) = var(N A k) + 2b(1 — b) < var(N A k) + 3E(N(N — k)7)) < var(N) + .

18



Note that £2b(1 — b) > gfb((((NNiw = 2 E(N(N —k)T)). It follows that var(N2) > var(N A

k) + 2 E(N(N — k)*)) > var(N) + 3 E(N(N — k)*)) > var(N). This shows that Ny also fulfills
the conditions in (B.2()) and (B.21]) and completes the proof of lemma. [J

Lemma 3.7 If there are two branching random walks with branching at the origin only whose

offspring generating functions fi(s) and fa(s) are such that
affl) +(1—a)l—hs) =1, i=12

(2

and for some constant 0 < sg < 1,

f1(s) < fa(s), Vsp<s<1,

then the respective generating functions F(t;s) and F2(t;s) for the number of particles at the

origin at moment t meet the inequality

(3.23) Fl(t;s) < F%(t; )
for all s € (sp,1].

Proof. Let 0 < s <1 and t > 0. Introduce the notation

L(f,F)(t;s) = s(1=Gi(t))+ (1 —a)(l —ha)(l—Ga2()) = Gi(t)
+ /0 af (F(t—u;s))dGy(u) + (1 — a)hyGy ()

(3.24) + /Ot(l —a)(1 — hg)F(t —u;8)d(Gy * Ga(u)),

and for i = 1,2, set
Fé(t;s) = s, Ferl(t; s):=1L (fl, ) (t;s).

Let us show by induction on n that
s < Fi(t;s) < Flq(t;s), V0o <s<1.
Indeed, the expression

Ri(s) = afi(s)+ (1 —a)(1 —hg)s+ (1 —a)hy
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is a probability generating function with R}(1) = af/(1) + (1 — «)(1 — hg) = 1. Hence R;(s) > s
for all s € [0, 1]. Using this fact, we have

Fi(t;s) = L (fi, Fy) (t:5)
= s(1-Gi(t) + (1 - a)(1

+/ afi(s)dGy(u) + (1

0 0

= s(1-=Gi(t))+ (1 —a)(1 — hg)(1 — Ga(")) * G1(t) + (1 — a)ha G (t)

+afi(s)Gi(t) + (1 — a)(1 — hg)sG1 * Ga(t)
= 8(1 — Gl(t + (1 — 8)(1 - Oc)(l — h4)(1 — GQ()) * Gl(t) + Ri(s)Gl(t)
> s(1—Gh(t)) + sGy(t) = s.

—ha)(1 = G>()) * G1(t)

a)haG1(t) + [ (1 —a)(1 — ha)sd(G1 * Ga(u))

)
)
And if this is true for some n then, by monotonicity
(3.25) Fpiolt;s) = L (fis Fayr) (t5) = L (fi, Fy) (68) = Fipa(t8) > s.
Next we claim that if s € (sg, 1] then
(3.26) Flt;s) < F2(t; ), Vn > 0.

Indeed, this is true for n = 0 and if this is true for some n then in view of (B.2§) for s € (s, 1]

Fapi(t;s) = L(f1,Fy) (t:5) < L(fo, Fy) (t55) < L (fa, F) (t;8) = Fy (£ 5).

Now on account of (B.2) we may pass to the limit as n — oo to get (B.2J). The lemma is proved.
O

Proof of Theorem [[.1. The first part of the theorem is simply Proposition B.4.

To prove the second part assume that f(s) is not a polynomial probability generating function
(otherwise Theorem B.§ gives the desired statement). Let, for a fixed e > 0, f_(s) and fi(s)
be the polynomial probability generating functions satisfying the conditions of Lemma B.§ and
let F~(t;s) and F'*(t;s) be the probability generating functions corresponding to the branching
processes in Z* with branching at the origin only and the reproduction laws specified by f_(s) and
f+(s) respectively. Let ¢©(t) :== 1 — F¥(¢;0). Remark that the asymptotic of ¢=(t) is given by
(B.10d) with corresponding constants related to ff)(l). Let € > 0 be small. By (B.19), we have that
for all sufficiently large t

1 q*(t) q () 1
152 = g ™ ST
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while by (B.10), (B.2) and (B.19), we have that for all large ¢,

¢ ) _ 4a(t) ¢ (1) g (1) _ g
W S P ro TG S P

where Pli(t) are defined in the obvious way. Clearly, for any A > 0

< (1+42¢)

R

F (t;e=M0/P0) — F(t;0)

B [ o0/ PO (1) > 0] =

1—F(t0)
1—F (t; e—2a(t)/ Py (t))
3.27 - 1—
(3:27) q(t)

Further, e 2M®/P1() > 4 for all large t and we deduce from Lemma B.7 that

gt(t)1—F* (t; e—Aa(t)/ Py (t)) 1_F (t; e—a(t)/Pr (t))
<
alt) q*(t) - a(t)
< g (t)1 — F~ (t;e~2®/P1(®)
q(t) q(t)

On the other hand, by monotonicity, F'* (t;e~MW/P) < p+ <t; e_>‘(1+25)‘1+(t)/1’1+(t)> and
- (t;e_)‘q(t)/Pl(t)) > - (t; e_A(l_Qa)qi(t)/Pf(t)). Hence, letting ¢ — oo we get on account of
Theorem B.J that
1 <2 2 2 > . 1-F(4 e—Aq(t)/P1(t))

3

1+2\3 2+3(1+2)A t—+00 q(t)
1—-F (t; e—Aq(t)/Pl(t))
< lim sup
t—o0 Q(t)

1 2 2 2
1-2e\3 32+43(1—-29)\/)
Letting now € — +0 we see by (B.27) that

lim B {e—m(wq(t)/a ® 1o () > 0} -

t—o00

as desired. OJ

Remark 3.8 It follows from ([3.3) and Proposition that the scaling in Theorem [I.] has the

following asymptotic behavior

E,U,Q (t) 3 t

Y t .
Pu)>0) ~ afP1)C bg?t’ %

E [po(t)|po(t) > 0] =
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