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Abstract. An efficient mechanical and electronic axial approximation of the strained 8x8 

Hamiltonian is proposed for zinc-blende nanostructures with a cylindrical shape on (100) 

substrates. Vertically stacked InAs/InP columnar quantum dots (CQDs) for polarization insensitive 

semiconductor optical amplifier (SOA) in telecommunications applications are studied 

theoretically. Non-radiative Auger processes in InAs/InP quantum dots (QDs) are also 

investigated.  It is shown that a multiband approach is necessary in both cases. 
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1. Introduction  

With a model recently proposed (Even et al. 2007, Even et al. 2008), it is possible 

to simulate large quantum dots (QD) systems using conventional finite element 

computation. The feasibility to describe complex inhomogeneous strain  

distribution and electronic properties of InAs/InP QD have been demonstrated by 

using cylindrical coordinates (r,z).  Recently, vertically stacked QD with a very 

small or zero spacing (columnar QD, CQD) have been investigated in order to 

obtain polarization insensitive semiconductor amplifiers (SOA). A crossover from 

a dominant TE optical ground state absorption to a TM dominant absorption is 

predicted for a number of layers equal to about 9 in good agreement with the 

experiment. It is associated to a clear symmetry change of the valence band (VB) 

electronic states. A model is also proposed to simulate various Auger processes 

involving carriers in the QD and in the surrounding barrier material. 

 

2. Axial approximation for the electronic properties of semiconductor QD   

The 8x8 QD Hamiltonian can be block diagonalized with a few approximations in 

a zF  basis, where zF  = Zz LJ +  is the total angular momentum (Even et al. 2007, 

Even et al. 2008). The basis is constructed in a product form zzzz JFLJJ −=,  

where the first factor corresponds to one of the 8 band-edge Bloch functions 

related to the conduction band (CB), heavy holes (HH), light holes (LH) and  
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split-off bands (SO) of the bulk material. The second factor 

( ) ),(exp zrfiLJFL zzzz ϕ=−=  corresponds to the envelope functions adapted to 

the usual 1-band cylindrical representation (C∞v symmetry). ,...2,1,0 ±±=zL  are 

related to the so-called S, P, D… radial functions of this representation. As a 

result, each electronic state in an axially QD is associated to a single value of the 

zF  quantum number and is described by a sum of 8 products: 
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32 γγγ +
= . In addition if the strain field is 

calculated using a continuum mechanical model (elasticity), we propose an axial 

approximation (symmetry reduction from C4v to C∞v) which consists in defining 

of an effective modulus C .  The four non-zero strain components in cylindrical 

coordinates are calculated from the radial u  and vertical w  displacements: 
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Finally, for the strained part of the 8x8 bulk Hamiltonian, it is then possible to 

propose an additional axial approximation. It is applied to the εR  term by analogy 

to the unstrained Hamiltonian: ( ) ( ) ϕ
ϕϕε εεεεε 2
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.  Using this method we succeeded in 

recovering most of the results of much more time consuming full 3D calculations 

for InAs/InP QD (Cornet et al. 2006, Even et al. 2008). Clear selection rules are 

also obtained for the calculations of absorption spectra. In-plane polarized TE 

absorption is associated to transitions between two electronic states ( 1zF  and 2zF ) 

with 1FFF 2z1z ±=−=∆  whereas for a TM absorption, 0FFF 2z1z =−=∆  (there is 



3 

no absorption for other values of F∆ ). For a classical InAs/InP QD emitting at 

about 1.55µm, the electronic and hole ground states (GS) correspond to 

2/1Fz ±=  and 2/3Fz ±=  respectively. We can therefore conclude that an 

optical transition between these GS is only of TE type. Moreover, this method can 

be extended to include more than 8 bands (Richard et al. 2005). 

 

3. Columnar QD in polarization insensitive SOA 

Structures containing CQDs have been recently proposed in order to reach 

polarization insensibility in SOA (Kita et al. 2003, Kawagushi et al. 2006, Saito et 

al. 2008). We now examine InAs CQD geometries emitting at about 1.55 µm as 

shown by the insert of figure 1-a for 7 layers of truncated cones. The chosen 

dimensions are 1.2 nm for the truncated cone height and 7 nm for the radius. The 

CQD are embedded into an In0.85Ga0.15As0.33P0.67 lattice-matched quaternary alloy. 

Kawagushi et al. 2006 have used an In0.66Ga0.34As0.44P0.56 tensile strain (1%) 

quaternary alloy between the layers for strain compensation. The energy 

variations of the electronic degenerate GS and excited states are represented as a 

function of the number of layers on figure 1-b.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. (a) InAs CQD geometry corresponding to N=7 layers of truncated cones. (b) Dependence 

of the electronic conduction and  (c)  valence bands versus the number of layers. 
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The electronic GS of the CQD corresponds to 21±=zF  whatever the number of 

layers like in the case of a single QD. The most striking feature appears for the 

hole states behavior (figure 1-c).  A crossover between 23±=zF  and 21±=zF  

for the hole GS is predicted for a number of layers close to 9.  Figure 2 is a 

representation for various numbers of layers of the transition matrix elements 

2
ˆˆ fpeiM if ⋅=  for TE ( oze ⊥ˆ ) and TM ( oze //ˆ ) polarizations.  All the optical  

transitions between monoelectronic states in the CQD are considered and the 

momentum matrix reads ( ) fkHi
m

fpi pkk εεε
,ˆ ⋅∇=

r

h
 with ∑−=

j
jijii kkk εε ,  

(Enders et al. 1995). For N<9, the absorption spectrum is predominantly TE at the 

ground state optical transition and TM at the first excited state optical transition. 

For N>9, the absorption spectrum at the ground state optical transition is TE and 

TM with a predominant TM character. The interpretation proposed for InAs/GaAs 

CQD  (Kita et al. 2003, Saito et al. 2008), is that the weight of the LH component 

in the hole GS becomes important as the number of stacks is increased. More 

precisely, our interpretation is that polarization insensitivity is obtained by a 

symmetry change of the hole GS, directly related to the change of the CQD aspect 

ratio (a CQD with a large number of stacks is similar to a quantum wire). Strain 

effects play a minor role whereas in the QW-based devices, symmetry change of 

the hole GS and polarization insensitivity are obtained with tensile strained alloys.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. TE and TM transition matrix elements ifM of the optical  transitions in a CQD for various 

numbers of layers 
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4. Non-radiative Auger processes in QD  

An InAs /InP QD laser may exhibit good properties such as low threshold current 

(Homeyer et al. 2007) but it has been shown experimentally that various Auger 

processes affect its dynamics. A first category of intradot Auger processes, 

involves the relaxation of a carrier either into the conduction band or into the 

valence band of the QD. In that case, the Auger process has a positive impact on 

the device performance (Veselinov et al. 2007, Miska et al. 2008) . Most 

theoretical models published up to now consider the relaxation into the 

conduction band of the QD or neglect the influence of strain or VB coupling 

(Ferreira and Bastard 1999, Magnusdottir et al. 2003, Nielsen et al 2005, Even et 

al. 2007).  In bulk materials or QW systems, Auger processes usually refer to non-

radiative processes affecting interband optical transitions (Beattie and Landsberg 

1958). This second category of Auger processes is almost not described in 

theoretical papers for QDs. Some authors even claim that these processes are 

either forbidden or negligible in QD (Jian al 1992). Experimental studies show 

however clearly that they have a negative impact on InAs/InP QD devices (Massé 

et al. 2007).  It is possible to use our 8x8 k.p model to simulate both categories of 

Auger processes simultaneously and also benefit from the axial approximation to 

simplify the 12-fold integrals associated to the simulations of Auger processes. 

(Beattie and Landsberg 1958). We have chosen to simulate Auger processes 

involving one carrier inside the QD and another one in the surrounding bulk 

material. For the intradot carriers, various processes may be compared with the 

same model (figure 3-a). The first two letters describe the transition of the carrier 

in the QD. The most efficient channel for the non-radiative Auger process related 

to the GS transition (CH) is associated to a SO-HH type transition (SH) of the 

second carrier in the bulk (CHSH process with τCHSH=14ns, figure 3-b). The 

dynamics of this Auger process depend on the energy of the transition but also 

very much on the shape and the size of the QD. The most important parameter is 

the overlap between the two electronic GS. 
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a)                                                                      b) 

Fig. 3. a) Schematic representation of the non-radiative Auger processes in a conic InAs/InP QD. 

The ultrafast processes (~ ps) are represented by big arrows with triple lines while fast (~ ns) and 

slower ( < µs) are represented by arrows with full lines and dashed lines respectively. b) CHSH 

Auger process related to the GS transition (CH) in a QD and to a SH (SO to HH) type transition of 

the second carrier in the bulk 

 

Ultrafast processes are associated to the relaxation of carriers into the electron 

(CC) or hole bands (HH) of the QD. In that case a transition of the second carrier 

in the bulk CB (CC type) is the most efficient one. For example, if we consider an 

InAs truncated cone emitting at 0.77eV (T=0K) in a In0.85Ga0.15As0.33P0.67 matrix, 

τCCCC=0.7ps and τHHCC=1ps.  

 

5. Conclusion 

A new 8x8 k.p model with a few approximation is used to simulate polarization 

insensitivity in CQD and various Auger processes. It appears that the coupling 

between the electronic states must be described in details in the two cases, and 

that the various components of the wavefunctions must be included.  
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