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Crossover in the Efimov spectrum

Ludovic Pricoupenko
Laboratoire de Physique Théorique de la Matiere Condensée,
Université Pierre et Marie Curie and CNRS, 4 place Jussieu, 75252 Paris Cedex 05, France.
(Dated: November 1, 2010)

A filtering method is introduced for solving the zero-range three-boson problem. This scheme
permits to solve the original Skorniakov Ter-Martirosian integral equation for an arbitrary large
ultraviolet cut-off and avoiding the Thomas collapse of the three particles. The method is applied
to a more general zero-range model including a finite background two-body scattering length and
the effective range. A cross-over in the Efimov spectrum is found in such systems and a specific

regime emerges where Efimov states are long-lived.

PACS numbers: 03.65.Nk,05.30.Jp,21.45.-v,34.50.-s

INTRODUCTION

In bosonic systems where two-body scattering is res-
onant, Efimov predicted in the early 70’s the existence
of shallow trimers with a spectrum characterized by a
discrete scaling symmetry and an accumulation point at
ZEero energy [El] The first clear evidence of such states
occurred in ultra-cold atomic systems [B-f], where fine
control of the resonant behavior through a Feshbach res-
onance (FR) mechanism is possible [é] The few-body
problem which was originally deeply linked to nuclear
physics is now a hot topic in ultra-cold physics [ﬁ«ﬂ] and
plays a significant role also in the search for highly corre-
lated many-body states [E] While experiments un-
ambiguously confirm general properties of Efimov physics
[B], deviations from universal predictions are observed
supporting the interest in using detailed approaches like
the one in Ref. [@] or including a microscopic description
of the FR mechanism with a coupling between atoms (in
the ’open channel’) and molecules (in the ’closed chan-
nel’) as in Refs. [L5-{L7]. In the latter references, the finite
width of the magnetic FR and the ’background’ scatter-
ing length (denoted AB and apg, respectively) appear
as key parameters for the low energy scattering ampli-
tude which plays a central role in three-body properties
[@, E] At the two-body level, two-channel models per-
mit the expression of the scattering length (denoted a) as
a function of the external magnetic field B in the vicinity
of a given resonance located at B = By with:
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The magnetic width can also be characterized by a length
R* hereafter referred as the 'width radius’ and defined
by R* = h?/(mapgdpuAB), where dp is the difference in
magnetic moment for an atomic pair in the open- and in
the closed-channel [@] In the limit of an asymptotically
narrow resonance, the width radius takes a large value
as compared to the range of the interparticles forces (de-
noted by b) and defines a low energy scale. In this pecu-
liar regime it is possible to determine Efimov physics and
deviations from universality (in the intermediate detun-
ing regime) both in terms of a and R* only [, [[d]. Re-

cently, it has been shown that the superposition of an ex-
ternal electric field permits to tune the background scat-
tering length ape and thus the width radius R* [BJ] which
makes possible study of low energy three-body properties
as a function of these quantities.

Following this idea, a zero-range model generalizing
the universal theory of broad resonances and the effec-
tive range approach of ultra-narrow resonances is solved
in what follows. This modeling is especially pertinent in
situations where each of the three parameters (a, apg, R*)
of the FR are large (in absolute value) with respect to the
range b which is of the order of the van der Waals radius

given by (mCs/h?) 1 (where Cg is the van der Waals
coefficient of the interatomic potential). In this model,
the so-called three-body parameter (denoted x*) which
characterizes the high momentum of the three-body wave
function, is introduced by means of a nodal condition.
While keeping the simplicity of the zero-range approach,
this "filtering’ method of physical solutions permits avoid-
ing the Thomas collapse [é, @] In the limit of broad
resonances, the nodal condition implemented in the origi-
nal Skorniakov Ter-Martirosian (STM) equation (Eq.(12)
in Ref. [p3]) through a simple subtraction scheme permits
recovery of the results of the 'universal theory’. In the
limit of asymptotically narrow resonances (R* — 00), a
decoupling occurs between shallow states of the effective
range theory [@, ] and deeper states depending on x*.
Between the ultra-narrow and the infinitely broad reso-
nance limits, the Efimov spectrum exhibits a crossover in-
volving these two families of states. In the regime of large
positive background scattering length and width radius,
the model supports a shallow dimer state. In this situ-
ation, Efimov trimers of lowest energy are quasi-bound
states and manifest themselves as asymmetric resonance
peaks in atom-dimer scattering which are characteristic
of Fano resonances [@] This result confirms the scenario
introduced in Nuclear physics for the compound system
made of two neutrons interacting with one ®C nucleus

3.



I. MODEL FOR TWO INTERACTING
PARTICLES

The zero-range approach used hereafter is based on the
expression of the low energy two-body s-wave scattering
phase shift (denoted d(k)) or equivalently of the scat-
tering amplitude (denoted by f(k)), obtained from the
limit of zero potential range (b — 0) of realistic models
7, Bd, Bd] or directly from a zero-range diagrammatic
approach (see Eq. (2) in Ref. [I]). In this limit, the scat-
tering phase shift (related to the scattering amplitude by

ﬁ = kcotd(k) — ik) at collisional momentum k is:

1 R*(1 — %x)2
(k) = —— — a RO
CO ( ) ak R*abg(lf%)k2+1 ( )

Equation (f]) can also be obtained in the low momen-
tum limit (kb < 1) of the models in Refs. [[7, BJ], and
is thus the basic object which describes the interparticle
interaction for low energy process . For a vanishing
background scattering length, Eq. (P) coincides with the
effective range approximation used in Refs. [B, E] Sys-
tems studied hereafter are translation invariant, hence
the zero-range approach is expressed directly in the
momentum representation in the same manner as in
Refs. 2§, B9. In the center of mass frame, the wave
function of the two interacting particles of mass m at
colliding energy Eco = h?*k2,/m satisfies

2 4 2
(h_kQ _ Ecol) <k|\I/> — L’S"I’, (3)
m

m

where k is the relative momentum. The zero-range in-
teraction appears as a source term in the right hand side
of Eq. () and the source amplitude (denoted Sy) is ob-
tained from a contact condition in the configuration space
which reduces to an integral equation in the momentum

space
Pk _
Reg. .o / @ ©

where the operator Reg,_,, extracts the regular part of
the integral in the limit ¢ — 0. In the regime where R*
is vanishingly small, the condition expressed in Eq. (@) is
equivalent to the Bethe-Peierls contact condition intro-
duced in pioneering works on the deuteron [B(].
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II. THREE INTERACTING BOSONS

A. Filtering the generalized Skorniakov
Ter-Martirosian equation

The formalism is now applied to three identical bosons
of mass m at negative energy (E) in the center of mass
frame. The wave function of the three particles labeled

i (1 € {1,2,3}) with respective momentum k; factorizes
as (27T)36(ZZ kl)’L/J(kl, kg, kg) and

3 2 3
(Z "y q2> bl ko k) = 4rd_o(ks), (5)

i=1

where ¢ is a positive wavenumber defined by
E=—-h?¢*/m and ¢é(k;) is the source amplitude
associated with the pair (jk) éi,j, k are distinct labels).

The contact condition in Eq. ({]) applied for the pair (23)

_ 3k

with the colliding energy Eco = E 475 k? < 0 gives the

integral equation satisfied by the source amplitude:

o) [
f(igeor) B (2m)3 u? + k2 +ku+ ¢’

(6)

where geol = 1/ ¢% + % is the imaginary colliding mo-
mentum. Equation (f]) is a generalization of the STM
equation (corresponding to the case R* = apgs =0). It
was first derived by Massignan and Stoof (Egs. (1) and
(2) in Ref. [I§]) and follows from the zero-range limit
of the generalized STM equation in Ref. [[. From
these two references, ¢(k) can be interpreted as a dressed
(atom ® closed channel molecule) wave function (the
molecule in the closed channel is not described by the
zero range approach). For R* # 0 and ang = 0 (i.e. the
FR is asymptotically narrow), Eq. (H) permits extrac-
tion of all the low energy three-body properties and it
has been solved in Refs. [[L§, [Lg]. For apg # 0 or R* =0,
Eq. (f) does not constitute a well defined problem in
the s-wave sector of the source amplitude. This can be
shown along the same lines as in Ref. [@] by considering
the high momentum behavior of the eigenfunctions in the
s-wave sector. In this limit, the scattering amplitude co-
incides with the unitary expression, f(igco1) = 1/¢co1 and
Eq. (E) supports a pair of power-law solutions of the form
B(k) ~ k=2E50 where sy ~ 1.00624. Danilov showed that
the STM model is self-adjoint if one filters eigenfunctions
by fixing the linear combination of the two conjugate so-
lutions as k — oo with an asymptotic phase shift. How-
ever the spectrum obtained from this filtering procedure
is not bounded from below [RZ: this is the Thomas col-
lapse [@] analog to the falling of a particle in a 1/r?
attractive potential . In the present work, instead of
the Danilov’s phase-shift filtering, a nodal condition is
used which permits getting a finite minimal energy in the
spectrum. This method is based on the expression of the
source amplitude at unitarity (i.e R* =0 and |a| = o0),
which is given, up to a normalizing constant by E]
1

: (kY3
o(k) = m sin [so arcsinh <2—q>1 . (N

Equation @) supports the discrete scaling symmetry
found by Efimov and the binding wavenumbers verify:

gn = rre™/, (®)



where n is an integer and x* is the three-body parameter.
At a large momentum, one obtains:

(k) W % sin [50 In (kf>] ) 9)

which gives the relation between the three-body param-
eter and the Danilov’s phase shift. For R* = 0, the spec-
trum of the zero-range (or universal) theory is invariant
in the transformation k* — k* exp(7/so) showing that x*
is not unique. However, for interatomic forces of finite
range b, the binding wavenumber ¢,, in Eq. (E) is bounded
from below by 1/b. In what follows, x* is chosen to be of
the order of 1/b meaning that the scaling law in Eq. (§)
is supposed to be valid for n > 0. Unphysical solutions of
Eq. (E) are characterized by a large binding wave number
(gb > 1) and are also given by Eq. (]) for the zero-range
theory at unitarity. By noting that as k increase from 0,
the first node in the expression of Eq. ([]) is found at a
momentum of the order of g, it is possible to filter out
the unphysical eigenfunctions of the STM equation by
imposing the nodal condition:

’i*

P(kreg) =0 with Fyeg = ﬁe”/ (10)
That way the spectrum obtained from the STM
equation at wunitarity has a minimum energy
Eo~ —h%k*2?/m (with a relative error given by
2exp(—2m/s0) ~ 3.8 x 1073) and for E,, > Ey, it coin-
cides asymptotically (i.e. for large n) with the Efimov
spectrum of the 'universal theory’ [ﬂ, @]

In the regime where 1/a # 0 and/or (ang # 0, R* # 0),
the three-body parameter x* characterizes the high-
momentum behavior of the eigenstates (i.e. the Danilov’s
phase-shift) given by Eq. (E) which is a supplementary
and necessary contact condition at the three-body level.
In this regime of parameters, at least if a trimer exists,
the binding wave numbers no longer verify the scaling law
Eq. (E) Formally, the fact that x* is a parameter which is
independent of the low energy two-body properties (and
thus of the width radius R*) can be seen as resulting
from the high momentum behavior of the solution of the
generalized STM equation (for finite ang) which is of the
same type as the universal solutions. In the specific limit
where R* # 0 and ang — 0 in Eq. (E), eigenfunctions are
non zero in the region of momentum less than the order
of 1/R*. In this limit, results are thus independent of k*
and the spectrum is characterized by another momentum
hereafter denoted k*’ = 2.65/R* [é, [ and also called
‘three-body parameter’ in the latter references. In the
general case where the parameters in Eq. (E) are finite,
the nodal condition in Eq. ([[d) can again be used to pre-
vent any Thomas collapse without modifying Eq. (f).

In numerical computations there always exists a large
but finite high momentum cut-off (denoted hereafter Ag)
in the evaluation of the right hand side of Eq. () and one
needs a stable procedure to implement the nodal condi-
tion Eq. ([L0). This can be achieved by subtracting term

3 6
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unitarity (Ja| = co, R* =0) from Eq. (JLI]) for the eight first
trimers (including the ground state). The computatlon has
been performed with the UV cut- off As =5 x 10% x k*. The
function sinéso arcsinh[kv/3/(2¢)]} appearing in the exact so-
lution Eq. ([7]) has been superimposed and is not distinguish-
able from the functions obtained by solving Eq. (El)

»(k/q) obtained at

by term Eq. (E) from its own expression at k = kycg where
Eq. ([LJ) is also used. One obtains the regularized integral
equation:

f?lg:zl) = %/Ooodu gk, u) — Kq(kreg, u)] o(u), (11)

where the Kernel is given by:

Eln w4+ k2 + ¢ +ku
k w2+ k24+q¢2—ku/’

Ky (k,u) = (12)

One can verify in numerical solutions of Eq. (El), that re-
sults are invariant in a change of the UV cut-off A3 of the
integral term for A3 > k*. As a benchmark, the source
amplitude ¢, (k) has been computed at unitarity for the
eight first trimers with the UV cut-off A3 =5 x 102 x k*
and are displayed in Fig. ([]). This figure illustrates the
high degree of convergence of the method even for the
first excited states (which is a consequence of the rela-
tively large value of the scale factor e™/%0 ~ 22.7). More-
over, the binding wavenumbers of the excited trimers dif-
fer from the exact values of Eq. () by a relative error of
less than 10~°.

While not equivalent, the present regularization proce-
dure of the STM equation as some similarity to that used
in the effective-field-theory approach to the three-boson
problem [@] where an integral counter-term is also intro-
duced to cancel the A3 dependence. The present nodal
condition has the advantage of making clear that the in-
tegral counter-term is just a way to achieve a filtering of
the “physical” solutions which are eigenfunctions of the
generalized STM equation Eq. @) In Refs. [@, @] a sub-



traction scheme has been also introduced for the atom-
dimer scattering equation [see Eq. ([L3)] in the framework
of the effective field theory. In the latter references, the
renormalization is done at zero energy with the atom-
dimer scattering length as the input parameter and this
regularizing method does not refers to a nodal condi-
tion. Interestingly, this subtraction method was used in
Ref. [Bg to evaluate linear effective range corrections to
the universal predictions [[J] near resonance (|a| > b) in
the regime where the effective range and b are of the same
order. In Ref. [@] another regularizing technique was
used: a supplementary effective range term —Rf k was
introduced in the two-body phase shift of Eq. @) with a
fitting parameter R, of the order of R*, thus modifying
the two-body low energy properties in the regime of a
large width radius [B4).

B. Crossover in the trimer’s spectrum

The present model can be used to exemplify the
crossover in the Efimov spectrum as one varies the two
parameters (apg, R*) going from an infinitely broad FR
(R* = 0) to an asymptotically narrow FR (R* = 00). To
focus the discussion on this issue, in what follows the
model is solved at resonance (Ja] =o0). For a nega-
tive background scattering length (ape < 0), there is no
dimer, and the results are displayed in Fig. (E) This
figure shows the crossover between two types of Efi-
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FIG. 2: Trimers’ spectrum of Eq. (E) at resonance (|a|] = 00)
and for ang < 0. (a): Binding wavenumbers ¢ (continuous
lines) as a function of ang for a constant and large value
of the width radius R*; vertical dashed lines correspond to
the thresholds apgk* ~ —1.51e"™/%0, n = 0,1,2. This figure
illustrates the crossover from a narrow FR (R*k* > 1 and
|abg| < R*) to a shape resonance (Jang|k* is large). (b): Bind-
ing wavenumbers as a function of the width radius for a con-
stant and large value of |apg|sk*. This figure illustrates the
crossover from a broad FR (R*x* < 1) to a narrow FR su-
perimposed on a shape resonance.

mov spectra, each supporting the discrete symmetry of
scaling factor e™/*0 but having different ground states.
The first one is the spectrum of the effective range ap-
proach [@] characterized by a ground state binding wave
number gy = *'e~"™/* where £*’ ~2.65/R* [i§, 9.
The second is the spectrum of a broad resonance where
qo = k*. For a vanishingly small background scattering

K* Q)

k (unitsof k3

FIG. 3: Eigenfunctions k*¢, (k) for the deepest trimers states
obtained after normalization of Eq. ([L1]) for apgs* = —10% and
R*k* = 10", Solid lines: eigenstates with a binding wavenum-
ber given approximately by the spectrum of a narrow reso-
nance [qp = k* ' exp(pm/so)]. Dashed lines: eigenstates with
a binding wavenumber given approximately by the spectrum
of a broad resonance [g, = k" exp(nm/so)]._Dotted vertical
line: position of the node imposed by Eq. ([L{).

length (Jabg| — 0) and a large width radius, the spectrum
obtained from Eq. ([[) coincides with the first one. As
|ang| grows at a fixed and large value of the width radius
[Fig. (B-a)], deeper 'broad-type’ trimers (¢ > x*') appear
in the spectrum and 'narrow-type’ states evolve gradually
towards the 'broad type’ states. Interestingly by notic-
ing that the high momentum behavior of the scattering
amplitude is given by:

0 k—:>oo_aibg — ik 4+ O(k™?), (13)

one can deduce from the universal theory the threshold
of apparition of the ’deepest’ trimer by using the formal
substitution (@ <+ ang): kK*anes = —1.51 (value of K*a/, in
Ref. [[3, 19, RF). Second and third thresholds for the
apparition of the two others deep’ trimers in Fig. (Ba)
are deduced from the first threshold value by the discrete
symmetry of scaling factor e"™/*. As shown in Figs. (E—
E) ‘broad type’ states are located in a momentum re-
gion k > 1/|apg| (this is a consequence of Eq. ([L3)) and
‘narrow type’ states are located in the region k < k*’.
Therefore, they experience a very small coupling and this
explains the tiny avoided crossings in Fig. (P-a).
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FIG. 4: Same as Fig. (E)7 but for apgk* = —10° and
R*k* =108, In this regime, characterized by the inequal-
ity R* > |ang|, there is a clear separation of scale for the
two type of eigenstates: the deepest one of the ’broad type’
are located in the momentum region k 2 1/|ang|, those of the
‘narrow type’ are located in the momentum region k < k*’.

102 10" 10® 10° 10* 10° 1 k
k (unitsof kD

FIG. 5: Absolute value of the eigenfunctions |¢(k)| in Fig. (H)
(apgk* = —10%, R*k* = 10®) in logarithmic scale. The figure,
shows that even in this regime where ’broad type’ and 'narrow
type’ eigenfunctions are well separated, eigenfunctions share
the same 0 at k = kieg. 'Narrow type’ eigenstates experience

a k~* power law in the region 1 < kR* < , /&

‘abg‘.

C. Fano-Efimov resonances

In the case of a positive background scattering length
apg > 0, the model supports a dimer with a binding wave
number ¢aim = (1 + /1 + 4ang/R*)/2a1e. For ¢ > qdim,
one finds eigenstates of the ’broad type’. For ¢ < qdim
there is an atom-dimer continuum, and in what follows
Eq. () is solved for a s-wave atom-dimer scattering pro-
cess. For an incoming atom-dimer plane wave of momen-

tum ko, the wavenumber ¢ is given by ¢ = \/¢3;,, — 3k3/4

and the s-wave scattering ansatz is:

50(k — ko) 4mg(k)

K) =2 :
o(k) =2m ke K2 — k2 —i0+

(14)

One recognizes in Eq. ([[4) the s-wave atom-dimer scat-
tering amplitude defined by faa(ko) = g(ko). Injecting
Eq. ([4) in Eq. (f), one obtains:

Ky (k. ko) “du Ky(k, u)

L1+ ihog(o)] + P [ S o) =
39(k) (Lt gam) (1~ )

8(qdim + QCOI)

] it

Rrang(1 — %)qgol -1

In Eq. (1), the integral is performed in the
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FIG. 6: Square modulus of the s-wave atom-dimer scatter-
ing amplitude in the resonant regime (|a| = oo, ang > 0) as a
function of the wave number ¢ = /g3, — 3kZ/4, where ko
is the collisional momentum and qaim is the dimer’s binding
wave number. The plot is in units of x*. (a): R*x* = 10*
and apgk* =5 x 10%; dashed vertical lines: ’narrow-state’
spectrum from Refs. [E, @] (b): Details of the resonant
peak at ¢ = qo in Fig. (a); stars: results of the computation;
solid line: fit using the Fano profile. (c): R*s* = 10* and
apgk™ =5 X 10%; dashed vertical lines: spectrum of the uni-
versal theory ([, [L3].

sense of Cauchy principal value and the filtered
equation is obtained by making the substitution
Kq(k,v) = Kq(k,v) — Kq(kreg, v). As shown in Fig. (),
the atom-dimer scattering amplitude obtained after reg-
ularization of Eq. (E) supports a series of peaks as a
function of the wavenumber g at momenta ¢y, related
by the Efimov scaling factor e™/*°. In the regime where
the peaks are well separated, their profile are typical of
Fano resonances wich can be parameterized by the fol-
lowing expression [R4]:

2
Fho)l® = 152 G (16)



where gp is the ’profile parameter’ which is related to
the asymmetry of the peak, € = 2(¢*> — ¢2.,)/7 is the re-
duced energy, gtrim is the binding wave number of the
excited Efimov state, and v is the width of the reso-
nance. Interestingly, for a fixed value of (apg, R*) the
peaks computed in Fig. (E) are characterized approx-
imately by the same ratio 7v/q¢2;,. As expected, in
the limit where R* > ajg > 1/k* excited trimers are
decoupled from the high momentum scale x*. First,
the peaks are located at the positions predicted by the
effective range approach and second, their width goes
to 0 as R* increases. This can be interpreted from
the existence of a large scale separation between quasi-
bound trimers extending over the region k£ < 1/R* and
the dimer of momentum ¢qim > 1/R*. Hence the pro-
duction of long-lived Efimov’s trimers seems to be pos-
sible in this regime. If one takes into account only
spontaneous decay toward one atom and one dimer, the
trimer’s lifetime is given by: 7p = m/(yh). As an ex-
ample, the peak in Fig. (E»b) at Qurim = go Was com-
puted for R*k* = 10% >> apgr* =5 x 102 > 1, and one
finds vy~ 2 x 1073¢2. In this case the lifetime of the
quasi-bound state is limited by inelastic processes with
other components in the system. In the opposite limit
where apg > R* [see Fig. (B-c)], resonances are large
meaning that the three-body quasi-bound state are not
long-lived and peaks are located at the positions pre-
dicted by the universal theory. For negative background
scattering length aps < 0, the decay rate of 'narrow
type’ trimers involves deep dimer state which are not
described in the present model. In the regime where
R* > |ang| > 1/k*, the eigenfunction ¢(k) experience a
1/k* decreasing law in the region 1 < kR* < \/R*/|apg]
where 1/ f(ik) ~ R*k? [see Fig. ([])]. This suggests that
the coupling with deep dimers (not supported by the
model) is small. One thus expects also large lifetimes in
this limit. A possible way to observe long-lived trimers is
given by the radio-frequency association technique which
has been already implemented in fermionic systems [@]

For finite background scattering length, the present
zero-range model is justified in the limit where |apg| > b.
When this last condition is not satisfied, more realistic
two-channel model as in Refs. , E?l] should be used in
order to evaluate the lifetime of the trimers. Work in this
direction is in progress.

CONCLUSION

In this paper, a zero range model is introduced for
solving the three-boson problem in the regime of reso-
nant s-wave binary interactions. At the two body level,
the model takes into account the scattering length a, the
width radius R* (related to the width of a magnetic Fes-
hbach resonance), and the background (or off-resonant)
scattering length apg. Effective range g and Bethe
Peierls approaches can thus be obtained as specific
limits of this formalism. For three interacting bosons,
a generalized Skorniakov Ter-Martirosian equation is de-
rived. The Danilov’s filtering condition that fixes the
value of the three-body parameter x* is imposed through
a nodal condition.

The trimers’ spectrum is then solved at resonance
(la] = 00). For negative background scattering length
apg < 0, as one varies R* or apg for a fixed value of
the three-body parameter (k*), the spectrum exhibits
a crossover between Efimov states of narrow resonances
(characterized by an effective three-body parameter x*’
defined by R* only, with x*’~2.65/R*) and Efimov
states of broad resonances with binding wave numbers
deduced from s* by the scaling factor e™/%. For a pos-
itive background scattering length aps > 0, a dimer ex-
ists. For energies higher than the dimer’s energy, Efimov
states are quasi-bound and manifest themselves as Fano
resonances. For sufficiently large values of R* these Fano
resonances are narrow and the peaks are located at the
positions predicted by the effective range theory. In the
latter regime, quasi-bound Efimov trimers thus appear
as long lived molecules.

More generally, this result opens the issue of the sta-
bility of resonant many-boson systems in the regime of
Narrow resonances.
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