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Universal L°-rate-optimality of L"-optimal quantizers by
dilatation and contraction

Abass Sagna

Laboratoire de probabilités et modeles aléatoires, UMR7599, Université Pierre et Marie Curie,
Case 188, 4 place Jussieu, 75252 Cedex 05, Paris, France. E-mail address: sagna@ccr.jussieu.fr.

Abstract

We investigate in this paper the properties of some dilatations or contractions of a sequence
(an)n>1 of L"-optimal quantizers of an R%-valued random vector X € L"(PP) defined in the
probability space (2, .A,P) with distribution Px = P. To be precise, we investigate the L°-
quantization rate of sequences a* = u + 0(a,, — pu) = {u + 0(a — p), a € a,} when
R, peR,se (0,r)ors e (r,+00) and X € L*(P). We show that for a wide family
of distributions, one may always find parameters (6, 1) such that (a%*),>1 is L*-rate-optimal.
For the Gaussian and the exponential distributions we show the existence of a couple (6*, u*)
such that (o # )n>1 also satisfies the so-called L*-empirical measure theorem. Our conjecture,
confirmed by numerical experiments, is that such sequences are asymptotically L®-optimal. In
both cases the sequence (ae*’“* )n>1 is incredibly close to L®-optimality. However we show (see
Remark 5.4 ) that this last sequence is not L*-optimal (e.g when s = 2, r = 1) for the exponential
distribution.

1 Introduction

Let (€2, A, P) be a probability space and let X : (€2, A, P) — R? be a random variable with distribu-
tion Px = P. The L"(P)-optimal quantization problem of size n for P (or X) consists in the study
of the best approximation of X by a o(X )-measurable random vector taking at most n values. For
X € L"(PP) this leads to the following optimization problem:

enr(X) =if {||X — ¢(X)|r,q: R = a,a C RY, card(a) < n}.
Let a C R? be a subset (a codebook) of size n. A Borel partition C, () qcq of RY satisfying

Cola) C{z eRe: |z —a| = gnin |z — bl},
Eanp

where | - [ denotes a norm on R< is called a Voronoi partition of R? (with respect to a and | - |).
The random variable X taking values in the codebook « defined by

)?a = Z al{XGCG(Q)}'

aco
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is called a Voronoi quantization of X. In other words, it is the nearest neighbour projection of X onto
the codebook (also called grid) a.
For any Borel function ¢ : R — q,

X —¢(X)| > mind(X,a) = d(X,0) = |X ~ X% Pas
acox
so that

enr(X) = inf{||X — X?,,a Cc R% card(a) < n}

1/r
= inf (/ d(x,a)rdP(x)> . (1.1)
aCR? R4
card(a)<n

For all n > 1, the infimum in (1.1) is reached at one (at least) codebook a*; a* is then called
a L"-optimal n-quantizer. In addition, if card(supp(P)) > n then card(a*) = n (see [5] or [9)).
Moreover the quantization error, e, (X ), decreases to zero as n goes to infinity and the so-called
Zador’s Theorem gives its convergence rate under a slightly stringent moment assumption on X.

Zador Theorem (see [5]) : Suppose E|X|""" < +oo for some n > 0 and let P = P, + Ps be
the Lebesgue decomposition of P with respect to the Lebesgue measure )\;, where P, denotes the
absolutely continuous part and P the singular part of P. Then

lim n"/%(e, . (P))" = Q.(P).

n—-+00

with
d+r

QuP) = da ([ 135 00a) T = Dall g, € D0 +00)

Jra = inf /e, (U([0,1]%) € (0, +00),

where U([0, 1]¢) denotes the uniform distribution on the set [0, 1]% and f = zfg. Furthermore, this
theorem naturally suggests to set the following definitions.
A sequence of n-quantizers (o, )p>1 1S

- L"(P)-rate-optimal (or rate-optimal for X) if

1/r
lim sup n /¢ (/ d(aj,an)rdp(x)) < 400,
R4

n—-+o00

- asymptotically L" (P)-optimal if

lim n'/? [ d(z, o) dP(z) = Q. (P),

n—-+4oo Rd

- L"(P)-optimal if for all n > 1,



Optimal quantizers are used in many fields of application like Signal Processing (discretization of
emitted signals) or more recently, Numerical Probability where they provide some simples quadrature
formulae for the computation of expectations and conditional expectations. This approach has been
extensively developed in Finance for the pricing of American options, swing options (commodities),
portfolio management (stochastic control) or stochastic volatility estimation (non linear filtration); we
refer for example to [10] for applications to stochastic control problems. The errors bounds in these
quadrature formulae are always based on the mean quantization error || X — X “||s where « is an
optimal L"-quantizer, usually with r < s.

Motivated by this problem, the asymptotic behavior of the L®-mean quantization error of a se-
quence of L"-quantizers has been extensively investigated in [6]. A lower bound has been established
which shows that if the distribution P is unbounded in the sense that the density function f = %
satisfies Ay(f > 0) = +oo then for any sequence (o, ),>1 of asymptotically L"-optimal quantizers,
lim inf ni|| X — X, = 400, ¥s > r + d.

On the other hand, under natural assumptions in the tail of the distribution P, it is shown in [6]
that for any sequence of L"-optimal quantizers, Vs € (0, + d), limsup na | X — Xon l|s < +o0 i.e

n

(on)n>1 remains L®-rate-optimal as long as s < r + d.

The aim of this paper is to show that some simple transformation of the L"-optimal quantizers,
namely some dilatation-translation, makes possible to overcome the critical exponent r 4 d: we will
establish that for a wide family of distributions, one can always find # € R” and . € R (depending

on 7, s and d but not on n) such that (ozf{“ )n>1 18 L¥-rate-optimal. From a general upper bounds that
we establish for such transformed sequences of quantizers we derive an heuristic to specify some ex-
plicit optimal (in a sense which will be elucidated later) scaling parameters (6, ) for several families
of distributions (Gaussian Vector, exponential and gamma distributions). Some numerical computa-
tions carried with the Gaussian and the exponential distributions show that the resulting sequence of
quantizers is very close to L®-optimality.

So, one application could be to use these quantizers to initialize the procedures used for L*-optimal
(and local optimal) quantizers search when s # 2. Indeed, in the quadratic case, s = 2, several
stochastic procedures like the Competitive Learning Vector Quantization algorithm or the randomized
Lloyd’s I procedure have been designed. Both rely on the stationary property: Xo = E(X |)A( ),
satisfied by optimal (and locally optimal) quadratic quantizers. In one dimension, Newton’s method
is used to compute the optimal quadratic quantizers. Thus a whole package of optimal n-quantizers
of the (0, I;) distributions are available in the website www.quantize.maths-fi.com for
de{l,---,10} and n € {1,--- ,5000}. But, when s # 2, the natural extension of these procedures
become more difficult to implement due to some loss of stability. When s > 2 the procedures tend
to explode more and more often while when 1 < s < 2 the convergence phase becomes chaotic. In
particular, the sensibility of the procedure to its initialization increases as s moves away from 2. Thus,
initializing theses procedures by the dilated-contracted L?-optimal (or locally optimal) quantizers
would make them more stable and speed up the convergence. This is what we do to carry the L*-
optimal quantizers of the one dimensional Gaussian distribution (used for numerical experiments in
Section 5.1.2) by Newton’s method. In fact, initializing this procedure to a n-tuple different from the
dilated sequence usually makes the hessian matrix of the L*-quantization error singular (which makes
the procedure very unstable), especially when the grid’s size becomes large (typically when n. > 400).

The paper is organized as follows. In section 2 we establish a general lower bound for dilated-
translated sequences of quantizers. General upper bounds are also established in section 3 for such
sequences. In section 4 we provide a necessary and sufficient condition of L®-rate-optimality for the



dilated-translated sequences. Section 5 deals with some examples of distributions for which we give
the set of parameters (6, 1) such that the dilated-translated sequence is L°-rate-optimal and try to find
the couple (if any) which makes the resulted transformed sequence satisfy the L®-empirical measure
theorem. The last section is devoted to some applications.

NOTATIONS :  Let a,, be a set of n points of R? . For every i« € R? and every # > 0 we denote
APt = 4 0o — p) = {p+0(a—p), a € ay}

o Let f : RY — R? be a Borel function and let u € R, 6 > 0. One notes by fp , (or fyif u = 0)
the function defined by fp ,(7) = f(u + 0(z — p)), = € R%

o If X ~ P, Py, will stand for the probability measure of the random variable % +u, 0>
0, 1© € R%. In other words, it is the distribution image of P by x —— % + . Note thatif P = f- Ay

then &0 — 0% fo .

Dy
o If A is a matrix A’ stands for its transpose.
oSeta = (21, ,24); ¥y = (Y1, ,ya) € RY we denote [z, y] = [w1,41] x -+ X [xa, ya]-

e Let | - | be a norm on R? and let A be a subset of R?; we denote by B(z,) the closed ball,
centered to = with radius » > 0 and by d(z, A) the distance between  and A; both with respect to the
norm | - |.

2 Lower estimate

Let r, s > 0. Consider an asymptotically L"(P)-optimal sequence of quantizers («,),>1 . For every
p € R%and any 6 > 0, we construct the sequence (af{“ )n>1 and try to lower bound asymptotically
the L?-quantization error induced by this sequence. This estimation provides a necessary condition of
rate-optimality for the sequence (af{“ )n>1. In the particular case where # = 1 and o = 0 we get the
same result as in [6].

Theorem 2.1. Letr, s € (0, +00), and let X be a random variable taking values in R? with distribu-
tion P such that P, = f.\g % 0. Suppose that E|X|"™" < oo for some n > 0. Let (avy,)n>1 be an
asymptotically L" (P)-optimal sequence of quantizers. Then, for every 0 > 0 and for every p € R?,

liminf n*/ | X — X" |2 > QUL(P.0), 2.1)
with

d
Inf PO — 05+dj ddrd)\ s/ _dsrd)\
Q'r’,s( ) ) s,d f + d f9,uf + d-
Rd {f>0}

Proof. Letm > 1 and

m2™—1 l
W= gmlepop
k,1=0
with
k k+1 l [+1
B = {2m <f< 2m} N B(0,m) and G]" = {2m < fou < 2m} N B(0,m).

The sequence ( foum )m>1 is non-decreasing and

lim fo# = fou  Aapp.

m—-+oo



Let
L = {(k,1) € {0, -~ ,m2™ — 1}* : Ag(E}") > 0; Aq(G[") > 0}

For every (k,[) € I, there exists compact sets K" and L such that :

1

Ki' C B L" C G Aa(EP\KY') < mA%2mF1 and A\q(Gi"\L7") < A92mA1
Then
(B NG\ N L") = B 0G0 (K U (L))
C (ERNKE) U (GIML").
Consequently,
Aa(E N GIKE N L") < Ag(ER\KLY) + Xa(GM\LT")
1 1
S m422m+1 + m422m+1
1
— mAg2me
For every m > 1 and every (k,[) € I,,, set
Zfl = K]ZL N L;n,
m2m -1
~97 Pp— -
fmu T Z 2m1AZfl’
k,1=0
and
. m2m -1
fm = Z 27mlAZfl'
k,1=0
We get
0,u 0,1 E™ A G\ A™
Ut # fk} (( k I\ k,l)'
k,1e{0, ,m2m—1}
Therefore, for every m > 1,
. m2m -1 1
M{ £ ) < Y T igEm = 2
E,1=0
and finally
D Agmesgory <00 Aapp.
m>1
As a consequently \g(dz)-p.p, fol(z) = fo*(z) for large enough m. Then fi" Ad PP fo,,, when
m — +o00. Since in addition A7, C Ej* N G]" we obtain
fon < o < 2.2
fm _fm _fG,u~ ()



Moreover, for every n > 1,

n/ X = XS = ¥ d(z it 0(om — 1) F(2)Aa(d2)
Rd

= 0¥ [ min |z — (u+60a — 0) | F(2)Aald2)

Rd acan

= 6°p*/d min |(z — ) /0 + p — al’f(2) Ag(dz).

Rd acoan

Making the change of variable x := (z — ) /0 + p yields:
w0 X = R = 0 [ A an)fo (@) Nald)
R4

> grtips/d / d(w, 0n) P Na(dz)  (by 22))
Rd
mam—1
g5 tdps/d Z / (2, an)* Mg(d). (2.3)
k,1=0
Letm > 1 and (k,1) € I,. Define the closed sets Akl by Akl = () if A\g(A] r1) = 0 and otherwise by
Ay = {z e R 1 d(z, A7) < e}

where ¢,,, € (0, 1] is chosen so that

A< 1+ 1m) | frRdA
A}’:l AZfl

Since Akl is compact (AZLZ C B(0,m+1) ¥(k,1)), and
AP C (e, = {o € R d(a, ATY) < £/2) = {2 € BY: d(z, (A7)°) > em/2),
there is (ref. [1], Lemma 4.3) a finite " firewall" set ﬁgfl such that Vn > 1, Vx € (A’,;':‘l)gm /2
d(z, 0, U BY) = d(, (o U B) N ARY).

This last equality holds in particular for every z € A", since A}, C (fl’,gfl) /2"
Now set 8™ = U, B and Y, = card((a, U S™) N A™). The empirical measure theorem
(see (5.3)) yields

~ _d_
card(ov, N AYY) fanﬂflg”l farrdlg fAm fd+r dXg
lim sup — = : .

n n Jfawdyg [ fadag

Moreover N
m m
ngy  card(on, N ARY)
—_— o~ when n — 400
n n

then

75 d\ 75 d)
liminflm> ff d > m ff d

n—-+00 Mol ffl?z farrdg m + fAL"z fatrdAg



On the other hand,

/ d(z,an)’Ag(dz) > / d(z, (an U B) N [lgjl)sz\d(dac)
)0 k,l

= AR [ i o U 820 0 AL L ()05
> Aa(ARe ka SUCARY),

where U(A) = 14/Xi(A) denotes the uniform distribution in the Borel set A when A\g(A) # 0. Then
we can write for every (k,[) € I,

n—-4oo n n

s/d
liminfns/d/ d(x, ap)* Ng(dz) > Ag(ARY) lim inf (;;) lim inf n®/ %e s (U(AL)),
e k1l

since
hmmfns/d ns(UAR) = Jsa - Mal m)s/d
Owing to Equation (2.4), one has
. s/d
m [ fTrdAg

Jsd Ad( m)s/d
—d_
m+1 fAZfl fd+7'd)\d

liminfns/d/ d(, an)*Aa(dz) > Na(ALY)

n—-+00

However, on the sets Akml, the statement = > (gim) holds since f < k“ on E;". Hence

e

d

1 s/d /4 1\ T a
liminfns/d/ d(z, o)’ Ag(dx) > Jg 4 <mT:/fdir)\d(d:L‘)> <+> i Ad(ARY)-
kel

n—-+40o om

It follows from Equation (2.3) and the super-additivity of the liminf that for every m > 1,

. 1 s/dm2m—1 N\ T
lim inf n*/* | X — b <m7:/f‘ii’")\d(dx)> 2. 2Lm <k2j;1 ) Aa(AR)
k=0

A\

s+d m+1 -4 s/ FOuf —my— o
0 Js,d _ f”l'H )\d(d$) m (fm +2 ) d+r d)\d.
m {r>0}
Finally, applying Fatou’s Lemma yields

n—-+oo

s/d .
liminf n®/? | X — X" |3 > 05747, 4 < / fdicud> / Fouf T dAg.
R {£>0)

3 Upper estimate

Letr,s > 0. Let (ay,)p>1 be an (asymptotically) L"(P) - optimal sequence of quantizers. In this sec-
tion we will provide some sufficient conditions of L*( P)-rate-optimality for the sequence (af{“ Jn>1-



Definition 3.1. Let 6 > 0, pu € R% and let P be a probability distribution such that P = f - Ag. The
couple (0, ) is said P-admissible if

{f>0}Ccu(l—-0)+06{f >0} Ad-D-D- 3.1

One remarks that when supp(P) = R? then every couple (6, 1) is P-admissible. Indeed, every
x € R? can be written = p(1 — 0) + 0z with z = w and f(z) > 0.

Theorem 3.1. Let r,s € (0,+00),s < r and let X be a random variable taking values in R? with
distribution P such that P = f - \gq. Suppose that (0, 1) is P-admissible for some 6 > 0;u € R,
and E|X|"™ < oo, for somen > 0. Let (an)n>1 be an asymptotically L"-optimal sequence of
n-quantizers. If

/ for FTrmdN\g < 400 (3.2)
{r>0p
then, (ozf{“ )n>1 is L*(P)-rate-optimal and
1-3
limsupn®/4 | X — X" ||2 < g5+ (Q,.(P))*/" / T TN . (33)
oo {r>0p "

Remark 3.1. Note that if 0 = 1 and pn = 0 then

/ é:lL—LSf_TSSdAd:/ frrsf_rssd)\d:/ fd)\dzl
(>0} {£>0} {r>0

Which gives the expected result since | X — X < | X — X ,..

Proof. Let PY denote the distribution of the random variable §X. P? is absolutely continuous with
respect to Ag, with p.d.f go(z) = 07 f(%).
For every n > 1,

ns/d X — Xaf;ﬂHz - /Rd d(a:,af;“)sdP(x)

_ ns/d/{ min |z — (1 — 0) — fa|* f(2)dAg(2).

f>0} acan

Making the change of variable z := x — u(1 — ) gives

WMWY—Xﬁﬂﬁzﬁ“/‘ d(z,000)° f (2 + p(1 — 0))dAa(2)
{f>0}—p(1-06)
<wl [ (e 0,)° (4 (1L 0)g; (P (2 (3.4)
0{f>0}

T—S8
T

s/r r
< ns/d (/Rd d(z,ﬁan)rdP9(2)> (/9{f>0} (f(z + u(l — 9))99—1(2))r5d]39(2’)>

T—5

s/r e _i r
I7) (AUWH“+““‘”VS% @MM&O

8

Qo

< (n’"/duex X



where we used the P-admissibility of (6, 1) in the first inequality. The second inequality derives from
Hoélder inequality applied withp =7/s > landg=1— s/r.
Moreover  ta R
10X —6X | = E(grelian 10X —6al") = 07| X — X||I. (3.5)

Then

T—S8

~ 0, ~ s/r r S T
ns/d HX_Xan“Hz < o3 <n7"/d||X — Xan”:) </ f(z + M(l — 0))7-7590 T—s (z)d)\d(z)>
6{f>0}

Owing to the asymptotically L"(P)-optimality of (c,) and making again the change of variable x :=
z/0 yields

T—S

n—-+00

hmwmnwﬂuﬁ—fﬂ#MSGWQAP»”rGﬁzﬂgmmf&+uﬂ—9wﬁzf@w)T:dmwﬂ
>

rd

=0° (Q.(P))*/" (9 /{f>0} fe,u(:v)”f(x)_"‘ssd)\d(x)> T

:mM«ww»W</ ﬁmmﬂ#@Yﬁ%Mwﬂ
{f>0}

O]

The next theorem provides a less accurate asymptotic upper bound than the previous one since,
beyond the restriction on the distribution of X', we need now the sequence (a,) to be (exactly) L"(P)-
optimal. Before giving the theorem, recall first the following result established in [6] and related to
the maximal function 1 : R — R U {+00} defined by

Aa(B(z,bd(x, o))

) =3 (B, bt a) G0

Proposition 3.1. Letb € (0,1/2), X ~ P, with P, # 0, such that E|X|"*" < oo, for somen > 0.
Let (o) be an L7 ( P)-optimal sequence of quantizers. Then Yz € R?,Vn > 1,

nMd(x, o) < C(b)ay(x) "/ (+7) (3.7)

where C(b) denotes a real constant not depending on n.

Theorem 3.2. Let r,s € (0,400) and let X be a random variable taking values in R? with distribu-
tion P such that P = f - \q. Suppose that E|X|"t" < oo for some n > 0 and Py, < P (i.e Py, is
absolutely continuous with respect to P) for some 6 > 0, u € R Let (v,)n>1 be an L™ (P)- optimal
sequence of quantizers and suppose that the maximal function defined previously satisfies

Wi/ ¢ LVN(Py,) for some b e (0,1/2). (3.8)
Then,
imsup X - XE 000 [l F <t 69
n >

where C(b) is a positive real constant not depending on 0, i and n.



Notice that this theorem does not require (6, 1) to be P-admissible.

Proof. 1t follows from the definition of 1)}, that (because f is a limit which is less than the sup)

far < wd“ Py -as.
Then, under Assumption (3.8),

/ fTadP,, = / fouf T dAg < +oo.
{f>0}
Foralln > 1,
nIX = XY = el [ (e, af) ()
= S/des/ min |(z — p)/0 + p — al’ f(2)dAa(2)
d acan

We make the change of variable 2 := (2 — u)/6 + p. Then

Falt s s/dps s
WX R = e [ ) a0 )

= n*e / d(x; o) d Py ().
Rd

Moreover, it is established in [6] that

lim sup n*/%d(-, an)® < C(b) f~ i

n

Hence, from Inequality (3.7) and under Assumption (3.8), we can apply the Lebesgue dominated
convergence theorem to the above inequalities to get

n

limsupns/d/d(x,an)sdP97u(x) < /limsupns/dd(:n,an)sdngu(x)

IN

b) [ 77 dy ),
= 000) [ fo)f T @)dNa(a),
{f>0}

O]

For a given distribution, Assumption (3.8) is not easy to verify. But when s # r + d, the lemma
and criterions below provide a sufficient condition so that Assumption (3.8) is satisfied. In the rest of
this section we extend some of the results obtained in [6].

Let P = f - A\yq be an absolutely continuous distribution. Let 7, s € (0,+00) and (6, 1) be a
P-admissible couple of parameters. We will need the following hypotheses:

(H1) forall M > 0,

sup flu+0(z— )

| T < 4o00. (3.10)
z€B(0,M) f(z) {1(=)>0}

10



(H2) There exists b € (0,1/2), M € (0,+0o0) such that

Aa(B, 1))

d y

sup SE2Y) dPp,, < +c. 3.11)
/B(O,M)c <t<2b|x P(B(z J))) o

(H3) M\i(- Nsupp(P)) < P and supp(P) is a finite union of closed convex sets.

Lemma 3.1. Let P = f-\gandr > 0 such that [ |z|"P(dz) < +oco. Assume (o, )n>1 is a sequence
of quantizers such that [ d(z,c,)"dP — 0. Let (0, u) be a P-admissible couple of parameters for
which (H1) holds.

(a) Ifp € (0,1) then for every b > 0, ¥ € L, .(Py,.).
(b) Ifp € (1,400] and if furthermore (H3) holds then for every b > 0,

f_p € Llloc(P) - Tﬂf € Llloc(Pe,H)'

Proof. 1t follows from the P-admissibility of (6, 1) that
Ppu(dz) = 07 f (1 +0(z — ) Aa(dz) = go(2) P(dz),

where gg(2) = 69 Wl{ﬂ y>03- Then g is locally bounded by (H1).

(a) If p € (0, 1), it follows from Lemma 1 in [6] that ¢/} € L;. (P). Hence ¢} € Li. (Ps,,) since
gg is locally bounded.

(b) If p € (1, +00) it follows from Lemma 2 in [6] that if f~7 € L{ _(P) then ¢! € Ll (P )
since gy is locally bounded. O

Corollary 3.1. (Distributions with unbounded support) Letr > 0, s € (0,400), s # r + d and let
X be a random variable with probability measure P = f - \q such that E|X |t < +o0 for some
n > 0. Let (0, 1) be P-admissible and suppose that (H1), (H2) hold.

(a) If s € (0,7 + d) then Assumption (3.8) of Theorem 3.2 holds true.

(b) If s € (r + d,~+00), and if furthermore, (H3) holds and f~ 7+ € L} (P) then Assumption
(3.8) of Theorem 3.2 holds true.

Proof. Let xg € supp(P). We know from [1] that d(xg, o) — 0. Then following the lines of the
proof of Corollary 2 in [6] one has for |z| > N = |zo|+sup,,>1 d(xo, ), d(z,ay) < 2|z for every
n > 1. Thus forevery b > 0, z € B(0, N)¢,

A
Wle) S S BBl n)

Now, coming back to the core of our proof, it follows from (H2) that (for b coming from (H2)),

/ P/ ap,, < toc.
B(0,MVN)e

Since

/1/18/ d—i—r)dP / ¢§/(d+r)dpe,p +/ 77DS/ (d+r) dPG,,ua
B(0,MVN) B(0,MVN)e
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it remains to show that the first term in the right hand side of this last equality is finite.

(a) If s € (0,7 + d) it follows from Lemma 3.1, (a) that the first term in the right hand side of
the above equality is finite. As a consequence, dJﬁ € Ll(Pg’ 0

(b) If s > r + d, the first term in the right hand side of the above equality still finite owing to
Lemma 3.1, (b). Consequently, Assumption (3.8) of Theorem 3.2 holds true provided (H3) holds
and f~7+ € L1 (P). O

loc

We next give two useful criterions ensuring that Hypothesis (H2) holds. The first one is useful
for distributions with radial tails and the second one for distributions which does not satisfy this last
assumption.

Criterion 3.1. Let X ~ P. Suppose that P = f - \q and E|X|""" < +o0 for some n > 0.

(a) Letr,s > 0and f = h(|-|) on B (0, N)® with h : (R,+00) — Ry, R € Ry, a decreasing
function and | - | any norm on R%. Suppose that (0, 1) is a couple of P-admissible parameters such
that

/f(cx)dirde(a:) < 400 (3.12)

for some ¢ > 1. Then (H2) holds.
(b) Letr,s > 0. Suppose supp(P) C [Ro,+0o0) for some Ry € R and f|(R' too) 1S decreasing for
0

Ry > Ro. Assume furthermore that (0, 1) is a couple of P-admissible parameters such that (3.12) is
satisfied for some ¢ > 1. Then Hypothesis (H2) holds.

Note that (b) follows from (a) for d = 1 and that (a) is simply deduced from the proof of
Corollary 3 in [6] since it has been shown that for b € (0,1/2), M := N/(1 — 2b) one has for every
x € B(0, M),

Ai(B(z,t)) < 1
~ f=(1+20))

sup
r<abe| P(B(z,1))

Criterion 3.2. Letr,s >0, P = f-\gand [ |z|"t"P(dz) < +oc for some n > 0. Let (0, i1) be a
P-admissible couple such that

sup flp+0(z — )
2#0 f(Z)

l{f(z)>0} < +o0. (3.13)

Assume furthermore that

p  alsupp(P) N Bz, p))

>0
zesupp(P),p>0 )\d(B(xa P))

and that f satisfies the local growth control assumption : there exists real numbers ¢ > 0, n €

(0,1/2), M,C > 0 such that
Va,y € supp(P), |z| > M, |y — x| < 2nlz| = f(y) > Cf(z)"**.

If

/f(x)‘sgff) dP(z) < +oc, (3.14)
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then (H2) holds. If in particular f satisfies the local growth control assumption for € = 0 or for every
e € (0,g], withe > 0, and if

/ flz)” @ dP(z) = /{ . f@) T dAg(z) < +o0

then Hypothesis (H2) holds.

s(1+¢)
Notice that Hypothesis (3.13) can be relaxed if we suppose that f(z)~ 4+ € L!(P,) instead

of (3.14).
The criterion follows from Corollary 4 in [6].

4 Toward a necessary and sufficient condition for L°( P)-rate-optimality

Let X ~ P. Let us make some comments about inequalities (2.1) and (3.9). Note first that the
d

moment assumption E|X|"*" < +oco for some n > 0, ensure that fRd farrdhg < +oo (cf [5]).

Consequently, if | (F>0} fou f‘ﬁdkd = +o00 one derives from inequality (2.1) that

lim n*/? || X — )/(:O‘%uﬂi = 4o00.

n—-+o0o

Then the sequence (an™*'),>1 is not L*-rate-optimal.

On the other hand if f{f>0} fouf~ 7 dA\q < 400 one derives from Inequality (3.9) that (afg“)nzl
is L®-rate-optimal. This leads to a necessary and sufficient condition so that the sequence (af{“ In>1
(in particular the sequence (o, ),>1 by taking 6 = 1 and p = 0) is L*-rate-optimal.

Remark 4.1. Let o € R 0,7 > 0 and let P be a probability distribution such that P = f - \g.
Assume (0, 1) is P-admissible. Let (a,)n>1 be an L (P)-optimal sequence of n-quantizers and
suppose that Assumption (3.8) of Theorem 3.2 holds true. Then for every s > 0,

(a%H), 51 is L*-rate-optimal <= fe,uf_d%rd)‘d < +oo. @D
{/>0}

Remark 4.2. If s < r and if (oun)n>1 is asymptotically L"-optimal, Inequality (3.3) provides a suffi-
cient condition so that the sequence (az’“)ng is L®-rate-optimal, which is : f{f>0} fg? f_ﬁd)\d <
+o00 (always satisfied by (auy)n>1 itself).

However, it follows from Holder inequality (applied to p = ;== > land ¢ = 7) that Vs < r,

/ fof TN = / foud T FTE AN
{f>0} {f>0}

1—2 s
(/ fBT;_LSfTSSd)\d> ([ ran)"
{r>0p

{(0,) 5. t / g [T TdAg < oo} € {(B, 1) . t / fouf T dAg < +00}. (42)
{f>0} {f>0}

IN

One deduces that
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As a consequence, if (ay,)p>1 is an L7 (P)-optimal sequence of quantizers and if assumptions of
Theorem 3.2 are fulfilled then for every s < r we will rather use Inequality (3.9) instead of (3.3)
to find the couple of parameters (6, 1) so that the sequence is L®(P)-rate-optimal. But If (cv, )n>1 is
simply asymptotically L" (P)-optimal, we only have at our disposal Inequality (3.3) to find this set of
parameters.

Now, for s # r, is it possible to find a 8 = 6* for which the sequence (az*’“ )n>1 is asymptoti-
cally L*(P)-optimal? (when s < r this is the only question of interest since we know that (v, ),>1 is
L#(P)-rate-optimal for every s < 7).

Let (o, )n>1 be an (asymptotically) L" (P)-optimal sequence of quantizers. For a fixed r, b and ,
we can write from inequalities (3.3) and (3.9) :

lim sup n®/ || X — )/(:O‘%HH:E < fogp(Pa 0) (4.3)

with .
QSup(p 0) = gstd (QT(P))S/T (f{f>0} fﬁfﬁf;d)\d) "oifs<r
7 95+dc(b) f{f>0} f@,uf_ﬁd)\d if s > r.

One knows that for a given s > 0, we have for all n > 1,

e (X) < [| X — X5,

n,s

Then for every 6§ > 0,
Qs(P) < Q¥ (P0).

Consequently for a fixed s > 0, in order to have the best estimation of Zador’s constant in L®, we
must minimize over 6, the quantity Qiusp(P, 6). In that way, we may hope to reach the sharp rate of
convergence in Zador Theorem and so construct an asymptotically L*-optimal sequence.

For 11 well chosen, the examples below show that, for the Gaussian and the exponential distribu-
tions, the minimum 6* exists and the sequence (af:’” Jn>1 satisfies the empirical measure theorem
and is suspected to be asymptotically L®-optimal.

S Examples of distributions

Let (a,)n>1 be an (asymptotically) L"(P)-optimal sequence of quantizers for a given probability
distribution P and consider the sequence (ag’“ )n>1. For a fixed p and s, we try to solve the following
minimization problem

0* = arg %1161 {Qf‘lsp(P, 0), (a%"),>1 L*(P)-rate-optimal } . (5.1)
1 , >

In all examples, C will denote a generic real constant (not depending on ¢) which may change
from line to line. The choice of i depends on the probability measure and it is not clear how to choose
it. But Proposition 6.1 morally implies that ; must be chosen so that for every 6 > 0, the probability
distribution I , lies in the same family of distributions as P so that for the Gamma distribution we
will set = 0. If for every § > 0, i € RY, Py, lies in the same family of distribution as P we will
choose p such that 6* do not depend on p; which means to put 4 = E(X) if X is further a symmetric
random variable.
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5.1 The multivariate Gaussian distribution
5.1.1 Optimal dilatation and contraction

Proposition 5.1. Letr,s > 0 and let P = N'(m; %), m € R4, Y € ST(d,R).

(@) If (an)n>1 is an L"(P)-optimal sequence of quantizers then, for s # r + d, the sequence
(az’m)nzl is L*(P)-rate-optimal iff 0 € (\/s/(d + 1), +00) and

0 =+/(s+d)/(r+d) €(1,+00)
is the unique solution of (5.1) on the set (\/s/(d + 1), +0).

(b) If (an)n>1 is an asymptotically L" (P)-optimal sequence of quantizers then, for s € (0,r), the
sequence (af{m)nzl is L*(P)-rate-optimal if 0 € (\/s/r,+0o0) and

0 =+/(s+d)/(r+d) €(0,1)
is the unique solution of (5.1) on the set (\/s/r,+o0).

Proof. Since the multivariate Gaussian distribution is symmetric and for every 6 > 0, P , is also a
Gaussian random vector, one sets ;1 = m. Keep in mind that the probability density function f of P
is given for every z € R? by

=3 o~ 3 (@—m)'T " (z—m)

f(z) = ((27)%det ¥)
Note ﬁfst that Hypothesis (H1) is obviously satisfied from the continuity of Wl {f(z)>0} On
every B(0, M), M > 0.
(@) Let s < d + r. For every § > 0,1 € R?, the couple (6, ;1) is P-admissible and f is radial
since f(x) = p(|]z — mlx) with ¢ : (0, +00) — R defined by

o(€) = ((2m)dets) "/ exp(—%]f\Q), with [z]s; = [~ 4],

Let 8 > \/s/(r + d). Then Assumption (3.12) holds for every ¢ € (1,6 Tid). Consequently, it
follows from Corollary 3.1, (a) that Assumption (3.8) of Theorem 3.2 holds.

If s > d + r, the required additional hypotheses (H3) and f s LZIOC(P) are clearly satisfied
since if P = f - A\; then

Aa(supp(P) N {f =0}) =0 = A4(- Nsupp(P)) < P (5.2)

and f~7 is continuous on every B (0, M), M > 0. Then it follows from Corollary 3.1, (b) that
Assumption (3.8) of Theorem 3.2 holds.
On the other hand

/Rdfevm(@f@)_ds“dw = [ fm+0(x—m))f(x) 7 da

R4

— ¢ [ e 3@-EEmT i @m)y
R4

T
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so that

/]Rdfg,m(x)f(:v)fiiT<—|—oo R

Now we are in position to solve the problem (5.1). Let 6 € (y/s/(d + r), +00),

98+d/ fom(@)f(x) Frde = ((2m)%det E)ié(kd%r) 98+d/ e~ 2O ai) emm) 2 @ mm) g
Rd Rd

d

3

_ d T opstd (g2 S -
((2m)%det %) 0 (0 d+r>

For 6 € (/s/(d+r),+00), we want to minimize the function h defined by

hw):eﬁd<m-s>

[SIIcH

d+r

The function A is differentiable on (/s/(d + r), +00) with derivative

—1-d/2
h’(ﬁ) _ 89d+871 (92 _ S ) (62 _ 5+ d) )

d+r r+d

One easily checks that & reaches its unique minimumon (v/s/(d + ), +o0) at0* = /(s + d)/(r + d).
(b) Let s < r and consider the inequality (3.3). We get

[iiior S @ar=c [ et miemg,

R4

Soif 6 € (y/s/r,+00) then [ f;*(x)f 7= (x)dx < +oo. This proves the first assertion.
To prove the second assertion, let § € (y/s/r,+00). Then

T s l—% T s Iy — s
gd+s (/ ferms (:c)f‘rs(x)dq:) — g5t (/ e—%rfsw?_;)(x—m) by l(x—m)dx>
b Rd

. —L(r-s)
C g5+ (92 . ;) 2 .

We proceed as before by setting

oo (62~ 5 witha = __ 4

h(0) = 0 (9 7“)  witha =d+sand § =~ (r =),
Forall 6 € (\/s/r,+00),
p-1
1 (0) = 67! (92 - f) ((a +25)6% — g) .
r r

The sign of 1/ depends on the sign of ((a + 23)6% — 22). Moreover o + 26 = 2(d + r) > 0 then

R vanishes at 0* = /(s + d)/(r + d), is negative on the set (1/s/r,0*) and positive on (6*, +00).
Therefore h reaches its minimum on ( s/r, +oo) at the unique point 6*. O
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Definition 5.1. A sequence of quantizers (3y,)n>1 is called a dilatation of the sequence (o, )n>1 with
scaling number 0 and translating number . if, for everyn > 1, 3, = %t with § > 1. Ifo <1,
one defines likewise the contraction of the sequence (o, ),>1 with scaling number 0 and translating
number [i.

From this definition follows the following remark.

Remark 5.1. Let X ~ N (m;X).

If s < rthen 6* < 1. Hence (a?;’m)nzl is a contraction of (ou)n>1 With scaling number 6*
and translating number m. On the other hand, if s > r, then 0* > 1. In this case the sequence
(az*’m)nzl is a dilatation of (au,)n>1 with scaling number 0* and translating number m. Also note
that 0* does not depend on the covariance matrix ..

What we do expect from the resulting sequence (af: "™)n>1 7 Before giving any answer to this
question let us recall first the empirical measure theorem (see [5]) which gives the asymptotic distri-
bution of the empirical measure induced by an asymptotically L"-optimal sequence of quantizers.

Theorem 5.1. (Empirical measure theorem) Let X ~ P, with P, # 0, and let (ou,)n>1 be an
asymptotically L (P)-optimal sequence of quantizers. Then
1 w
DR e (5.3)
n acon

where — denotes the weak convergence and for every Borel set A of R®, P, is defined by

1 ,
Po(A) = / F@) T dra(e), with Cpp — / F(@) 7 (). (54)
Cf,r A R4
A sequence of quantizers (o, ),>1 Will be said to satisfy the L"-empirical measure theorem

if (5.3) holds. The next proposition shows that the sequence (af:’m)nzl satisfies the L*®-empirical
measure theorem.

Proposition 5.2. Ler r,s > 0 and let P = N(m;X). Assume (au,)n>1 is asymptotically L" (P)-

optimal. Then the sequence (02" ),>1 (as defined before with 0* = /(s + d)/(r + d)) satisfies the
L#-empirical measure theorem.

In other words, for every a,b € R4,

lcard({z ca?" Nla,b)}) — ! / f(ﬂ?)%dl’.
n Cf,s [a,b]

Proof. Foralln > 1,
{rea™ Nla,b)} ={z € a,n[(a—m)/6" +m,(b—m)/6"]+m}.

Since (o )n>1 is asymptotically L"-optimal, applying the empirical measure theorem to the sequence
(Qn)n>1 yields

.
Ctr J{(a=m)/0%+m,(b—m)/6*+m]

%card({x € apN[(a—m)/0*+m, (b—m)/0*+m]}) — f(x)ﬁdx.
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It remains to verify that

! / f(x)ﬁdx— ! / f(x)#da:.
Ctr Ji(a=m) /6% +m,(b—m) /6% +m] Cts Jiay

One knows that

33 (@—m)S71 (a—m)

f(z) = ((2m)det X)
and (see (5.4))
Cro= [ o

so that for all » > O,

d
Cyr = ((27)%det B) 20+ (djl‘r>2

By making the change of variable z = m + 6*(z — m), one gets :

! / Fade = @) [ f((e—m)/0 +m)ada.
Ctr Ji(a=m) /6% +m,(b—m) /6% +m] C o (a,0]

It is easy to check that

(F((z — m) /0% +m) T = (f(x)) T ((2r)%det ) "2 (@)

and that

Q..

1
Crr

(6)7"((2m)ders) =) = ((2m)det z) T <d;|l-s> -

The last term is simply equal to c . We then deduce that

-
Cf,T [(a—m)/0*+m,(b—m)/0*+m]

f ()77 da =

! / f( )dd d
xT)d+sax.
Cf,s [a,b]

O]

We have just built a sequence (az*’m)nzl satisfying the empirical measure theorem. The question
of interest is now to know whether or not this sequence is asymptotically L®-optimal. The follow-
ing proposition shows that the lower bound in (2.1) is in fact reached by considering the sequence

(afz*’m)nzl-

Proposition 5.3. Let s > O andlet = 0* = /(s + d)/(r + d). Then, the constant in the asymptotic
lower bound for the L®-error induced by the sequence (an "n>1 (see (2.1)) satisfies :

QI (P,6%) = Qu(P). (5.5)

Proof. Keep in mind that if P ~ N (m;X) then for all » > 0,

d+r

(@(P)'" = (Jra) " V2R (dZT> " (det3) 20,

18



We have on one hand

s/d o
( / fdir(x)d(x)) - <((2w)ddetz)‘5dir / ¢ 2 (@=m)'S 1<$—m>dx>
R4 Rd

- (((27r)ddet Z)%dir (d ji_ r)%)s/d

and on the other hand

/Rd for (@) f7T ()d(z) = ((2m)"det E)_%_ﬁ /Rd e~z a @R wmm) gy
—  ((27)%det z)‘ﬁr(d%‘r)%.

Combining these two results yields

s/d .
(P = (0) ( / fdirdxd> / Jornf TN
Rd Rd

s

+d\ 2 +d\ P
S S T
= Jod <r ) ((27r)ddet2)2d( y >

+d
d d+s
2 s
— Js,d<8—; > ((27)det 52) 21

= QS(P)
O

After some elementary calculations, it follows from the proposition above and inequalities (2.1),(4.3),
the corollary below :

Corollary 5.1. Let X ~ N (m;X) and 0* = \/(s+d)/(r + d). Then,

Qs(P)"/* < liminfn!/® | X — X ™|, < limsupn/4 | X — X% ||, < QS (P,0*)/* (5.6)

n—oo n—00
with
st+d S;sd % dd ) i .
QSup(P 9*)1/3 _ (T) ., ‘]nd ((277) et ) ) ifs<r
(244)% /224 C(b) ((2m)der £) 70 ifs > 7.

Remark 5.2. (a) If s > r, we cannot prove the asymptotically L*( P)-optimality of (oaz*’m)nzl using
(3.9) since the constant C(b) is not explicit.

(b) When s < r, the corollary above shows that the upper bound in (3.3) does not reach the
Zador constant. Then our upper estimate does not allow us to show that the sequence (ag*’m)nzl is
asymptotically L*(P)-optimal.

Moreover, using H6lder inequality (with p = r/(r — s) and ¢ = r/s), we have for every § > 0,

/ fou(@) 75 (@) dAa(z) = / Fo(@)F~/7 (@) £ (2)da(a)
R4 Rd

(/Rd fer,;s(m)f—TSS(x)d)\d(x)) ; <

19
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and (for 6 = 6*)

[ttt 7= @arato) = ([ 1

Hence, according to (5.5), one gets for every s < r,

r—s

o (x)fTSS(x)dAd(:n)> ' ( /R d fdiwx)dAd)

-

(5.7)

@y ([ @ @) Y = aur) 58)

d+r
Thus, to reach the Zador constant in (3.3) we must rather have J; 4 instead of J, 4 (which will be
coherent since for all s < r, J;{f < JT1 {[), that is,

Sab e - TT;S s/r
lim sup n!/4 || X — X < 74T, </R o (@) f = (x)d)\d(x)> HfHd/i.
+r

n—oo

5.1.2 Numerical experiments

For numerical example, supppose that d = 1 and r € {1,2,4}. Let X ~ A(0,1) and, for a fixed

n, let ol = {affl), e ,a%%} be the L"-optimal grid of size n (obtained by a Newton-Raphson

zero search). For every n € {20,50,---,900} and for (s,r) = (1,2) and (4,2), we make a linear
(r) (s) .

. '
regression of oy, onto ay,

(s)

~a A7 F
Qpi = AsrQip; +bg, i=1,---,n.

Table 1 provides the regression coefficients we obtain for different values of n. We note that when n
increases, the coefficients ;. tend to the value \/(s + 1)/(r + 1) = 6* whereas the coefficients b,
almost vanish. For example, for n = 900 and for (7, s) = (2, 1) (resp. (2,4)) we get a5, = 0.8170251
(resp. 1.2900417). The expected values are 1/2/3 = 0.8164966 (resp. 1/5/3 = 1.2909944). The
absolute errors are then 5.285 x 10~* (resp. 9.527 x 10_4). We remark that the error mainly stems
from the tail of the distribution.

n a12 b12 € (42 ba2 €
20 | 0.8250096 | 1.826E-14 | 0.0003025 1.2761027 | - 3.650E-12 | 0.0008607
50 | 0.8211387 | - 1.021E-13 | 0.0006870 1.2828110 | 3.733E-10 | 0.0020110
100 | 0.8193424 | 8.693E-14 | 0.0009909 1.2859567 | 4.059E-09 | 0.0029445
300 | 0.8177506 | - 1.045E-11 | 0.0013601 1.2887640 | 0.0000004 | 0.0041021
700 | 0.8171428 | - 7.219E-11 | 0.0015111 1.2898393 | - 0.0000089 | 0.0048006
800 | 0.8170775 | - 6.725E-11 | 0.0015247 1.2900041 | 0.0000216 | 0.0040577
900 | 0.8170251 | 4.564E-11 | 0.0015346 1.2900417 | - 0.0000141 | 0.0048182

Table 1: Regression coefficients for the Gaussian.

The previous numerical results, in addition to Equation (5.5), strongly suggest that the sequence
(04761 ™) p>1 is in fact asymptotically L*(P)-optimal. This leads to the following conjecture.

Conjecture 1. Ler P ~ N(m;X) and let (on)n>1 be an L"(P)-optimal sequence of quantizers.

Then, for every s > 0, the sequence (af:’m)nzl (with 0* = /(s +d)/(r + d)) is asymptotically
L*(P)-optimal.
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5.2 Exponential distribution
5.2.1 Optimal dilatation and contraction

Proposition 5.4. Let r,s > 0 and X be an exponentially distributed random variable with rate
parameter \ > 0. Set = 0.

@) If (an)n>1 is an L"(P)-optimal sequence of quantizers then, for s # r + 1, the sequence
(a%’o)nzl is L*-rate-optimal iff € (s/(r + 1), 400) and

0*=(s+1)/(r+1)
is the unique solution of (5.1) on the set (s/(r + 1), +00).

(b) If (an)n>1 is an asymptotically L" (P)-optimal sequence of quantizers then, for s € (0,r), the
sequence (af{o)nzl is L*-rate-optimal for all 0 € (s/r,+00) and

0 =(s+1)/(r+1)

is the unique solution of (5.1) on (s/r, +0).
Proof. (a) Let s < r+ 1. Forall @ > 0,u € RY the couple (6, ) is P-admissible and the
function f is decreasing on (0, +o00). For § > s/(r + 1), Assumption (3.12) holds true for every

S (1, 0(1+r)/ s). Moreover, Hypothesis (H1) is clearly satisfied. Consequently, it follows from
Corollary 3.1, (a) that Assumption (3.8) holds true.

If s > r + 1, Assumption (3.8) still holds since the additional assumptions (H3) and f s
L}, (P) required to apply the corollary 3.1, (b) are satisfied.

On the other hand, one has

+o0
/ F(02) f(2)~/ D dz = C/ e A=/ )Ty « 400 =0 > s/(r+1).
R 0
Now, let us solve the problem (5.1). For all 6 > s/(r + 1),

s +oo s
h(f) := 93“/ f0x)f(x) " ™+ide = C 98+1/ MO g
R 0

—1
cot(g— 2 .
r+1

-2
Foy s(p S s+
R'(0)=Cs6 (6 r+1> (9 r+1>.
Hence, h reaches its unique minimum on (s/(r + 1), +00) at 0* = (s + 1) /(r + 1).
(b) Let s < r. We have

Consequently

/ fi(ﬁx)f_r%s(x)dx =C e s (M09 g
R Ry

Then, forall 0 > s/r, [ f75 (0z) f 7 (z)dz < +oo. Which gives the first assertion.

21



For every 6 > s/r,

” . 1_% r;s
6+ < foy (x)fr‘s(x)drc) - oot < / exr*s“@%x)
R Ry
= COT(rf — s)¥

We easily check that the function h(#) = 0511 (rf — s)% reaches its minimum on (s/r, +00) at the
unique point * = (s +1)/(r + 1). O

Remark 5.3. Let X ~ E(N\). If s < r, then 6* = (s+ 1)/(r +1) < 1. As a consequence, the
sequence (az*’o)nzl is a contraction of (an)n>1 with scaling number 6*. On the other hand, if
s > r, then 0* > 1 and then (ozz*’o)nzl is a dilatation of (ou)n>1 with scaling number 6*. Note
that 0* does not depend on the rate parameter X\ of the exponential distribution.

One shows below that the sequence (aff’o)nzl, with 0* = (1 + s)/(1 + r), satisfies the L*-
empirical measure theorem.

Proposition 5.5. Let r,s > 0 and let X be an exponentially distributed random variable with rate
parameter \ > 0. Assume (o, )n>1 is an asymptotically L"-optimal sequence of quantizers for X and

let (ozz*’o)nzl be defined as before, with 0* = (s + 1)/(r + 1). Then, the sequence (af:’o) satisfies
the L?-empirical measure theorem.

Proof. Since (ag ,0)n21 = (0*ayp)n>1 it amounts to show that for every a,b € Ry

card(ay, N [a/0,b/0%])

n

1 /bf( )Ld
— x)1+sdx
Cf,S a
i.e thatforall a,b € Ry,

b b
c;el*/a F(z/0%) T dx = Ci/a Fz) T da.

Elementary computations show that ¥V r > 0,

Cf,r = )\_ﬁ(l + T).

so that

11 /P o 1 147 [P/ e\ 1
_ 01+ d — ()\ B 1+s> d
Cf,re*/a f(a/0%) T da CﬁrHS/a 5 .

Cﬁr 1+s
1 b
- & [
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Once again, the question of interest is to know if the sequence (af:’o)nzl is asymptotically L°-
optimal. The remark 5.2 is also valid for the exponential distribution. Our upper bounds in (3.3)
and (3.9) do not allow us to show that (0*«,) is asymptotically L*-optimal because of the corollary
below. But the numerical results strongly suggest that it is.

Corollary 5.2. Let X ~ &(\) and 6* = (s +1)/(r + 1). Then,

Qs(P)V/* <liminf n'/4|X — X °||, < limsupn/4 | X — X °||, < Q%7(P,0%)"/* (5.9)

n—oo n—oo

with
QSup(P 9*)1/5 %(S + 1)1+1/S(,’4 4 1)71/1” lfS <r
) = 1 _
" (s + D)Ms((r + 1)AT) 1C(b)1/s ifs>r

Proof. We easily prove, like in proposition 5.2, that Q" (P, 0*) = Q(P). The corollary follows
then from (2.1) and (4.3) (Note that for every 7 >0, J.; = m ). O

5.2.2 Numerical experiments

We relate first a proposition established in [2] and used in our context to compute the L"-optimal
quantizers for the exponential distribution.

Proposition 5.6. Let r > 0 and let X be an exponentially distributed random variable with scale
(r) _ (™) (r)

parameter X > 0. Then for every n > 1, the L"-optimal quantizer o’ = (1, , Qnn) IS unique
and given by

W = o
=t X el dsksn (5.10)

where (a,(:)) k>1 is a Ry -valued sequence defined by the following implicit recursive equation:
o) =400, dr(=afd) = 6,(af). k20
with ¢ (z) 1= ;/2 |u|"tsign(u)e~“du (convention : 0° = 1).
Furthermore, the sequence (a,(:)) k>1 decreases to zero and for every k > 1,

r r—+1 Cr 1
af) = =1+ +0(;3))

for some real constant c;.

For numerical examples, Table 2 gives the regression coefficients we obtain by regressing the L?
grids onto the grids we get with the L' and L* norms, for different values of n. The notations are
the same as in the previous example. We note that for large enough n, the coefficients ag, tend to
(s+1)/(r+1) = 0*. For example, if n = 900, we get a2 = 0.6676880; a42 = 1.6640023 whereas
the expected values are respectively 2/3 = 0.66666667 and 5/3 = 1.6666667. The absolute errors
are in the order of 1073, Like the Gaussian case, we remark that the error of the estimation results
mainly from the tail of the exponential distribution.
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n a12 b12 € (42 baz €
20 | 0.6765013 | -0.0104881 | 0.0019489 1.6396807 | 0.0288348 | 3.081E-33
50 | 0.6726145 | -0.0082123 | 0.0045310 1.6502245 | 0.0225246 | 1.149E-28
100 | 0.6706176 | - 0.0062439 | 0.0070734 1.6556979 | 0.0172020 | 1.573E-27
300 | 0.6686428 | - 0.0036234 | 0.0114628 1.6611520 | 0.0100523 | 1.508E-27
700 | 0.6677864 | - 0.0022222 | 0.0146186 1.6635261 | 0.0061356 | 1.222E-25
800 | 0.6676880 | - 0.0020482 | 0.0150735 1.6638043 | 0.0057199 | 2.020E-26
900 | 0.6676079 | - 0.0019043 | 0.0154634 1.6640023 | 0.0053173 | 9.683E-25

Table 2: Regression coefficients for exponential distribution.

Conjecture 2. Let X be an exponentially distributed random variable with rate parameter A and let
(an)n>1 be an L"-optimal sequence of quantizers for X. Then for s > 0 and 6* = (s +1)/(r + 1)

*

the sequence (afl ’0)n21 is asymptotically L*-optimal.

Remark 5.4. As a matter of fact, the sequence (ozf:’o)nzl is not (exactly) L*-optimal for every s # r.
Otherwise, if affk) = j—ﬁagg for every k > 1 then if follows by backward induction that

s+1 ()

10k

(2)

However straightforward calculations show e.g that a;

VE>1, oY =
= 2and agl) = 2log(2) so that
2) ,3 @
ag ) # §ag ),

Moreover, these examples could suggest that a contraction (or a dilatation) parameter 6*, so-
lution of the minimization problem (5.1), always leads to a sequence of quantizers satisfying the
L?-empirical measure theorem. The following example shows that this can fail.

5.3 Gamma distribution

5.3.1 Optimal dilatation and contraction

Proposition 5.7. Let r,s > 0 and let P be a Gamma distribution with parameters a and A\ : P =
T(a,A), a >0, A>0.

(@) If (an)n>1 is an L"(P)-optimal sequence of quantizers then, for s < r + 1, the sequence
(af{o)nzl is L*-rate-optimal iff 0 € (s/(r + 1), +00) and for all a > 0,

0= (s+a)/(r+a)
is the unique solution of (5.1) on the set (s/(r + 1), +00).

(b) Let (otp)n>1 be an L"(P)-optimal sequence of quantizers then, if s > r + 1 and if a €
(0, #) the sequence (az’o)nzl is L*-rate-optimal for every 6 € (s/(r + 1), 400) and

0" = (s+a)/(r+a)

is the unique solution of (5.1) on the set (s/(r + 1), +0c) (Note that the assumptions imply
a€(0,2)).
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(¢) Let (an)n>1 be an asymptotically L" (P)-optimal sequence of quantizers then, if s < r, the
sequence (af{o)nzl is L®-rate-optimal for every 6 € (S/T‘, —I—OO) and for all a > 0,

0 =(s+1)/(r+1)

is the unique solution of (5.1) on the set (s/r,+00).

Proof. We set yn = 0. The density function reads

)\a

“+oo
x“ilef)‘xl{xw}, with I['(a) = / % le % dzr.
0

(a) and (b). Let s € (0,7 + 1) and set Ry = max(0, (a — 1)/A). The function f is decreasing
on (Rp,+o0) and for every 6 > 0, € R, the couple (0, i) is P-admissible. For § > s/(r + 1),
Assumption (3.12) holds true for every ¢ € (1,6(1+r)/s). Moreover, Hypothesis (H1) clearly holds.
Consequently, it follows from Corollary 3.1, (a) that Assumption (3.8) of Theorem 3.2 holds true.

When s > 7+ 1, the additional hypothesis f~ 71 € L},.(P)holds for a < "t + 1. Furthermore,

it follows from (5.2) that (H3) holds. In this case Assumption (3.8) of Theorem 3.2 holds true.
For all 6 > 0,

a \1=8/(r+1) p4oo
/ f(@x)f(x)_f?dx = < A > / x(a_l)(l_ril)e_w—ﬁ))\l‘d:ﬂ’
R I'(a) 0

it follows that
/ f(0z)f(z) 7 de < 400 iff 0>s/(r+1) and a(r+1—s)+s> 0.
R

For every 6 > s/(r + 1), we have
ho) = 98+1/ F(0z) f(z) T da
R

a 1—s/(r+1 00
_ ( A ) /(r+1) gstlga—1 /+ x(afl)(lfﬁ)ef(efﬁ)/\xdx
I'(a) 0

s -3
_ Cm(a— )
1+r

y=s+aand B=(a—1)(1—-s/(r+1))+1.
The function h is differentiable for all > s/(1 + r) and

K (0) = Cor! <9 - 1jr>51 ((’y — )0 — ;L) .

with

The minimum of % is then unique on (s/(r + 1), +00) and is reached at 6*.

Notice that the condition required for f ~7 to be in L}OC(P) isa < % + 1 and for every

s >r+ 1onehas 1+ % < Si(iﬂ). Combined to the condition a(r + 1 — s) > 0 yields the given
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constrain on a in (b).
(c) Now let s < r and consider Inequality (3.3). One has

” s a +oo ©
/ fr==(0z) f "= (x)dz = )\/ 2o lem 75 (09 g
R 0

I'(a)
Therefore fRfT%s(Qx)ffr%s(x)dﬂc < 4o0 iff > s/r.
On the other hand, for every 6 > s/r,

_r_ s 1‘% +oo - p
pl+s (/R fé:;s (z)fw(w)d:zr> — (Cpste </O xa_ler/\s(res)d:L‘)

s—r

= Cg5te (7“9 — s)aT.

Considering the function / defined by h(6) = 0514 (rf — s)a¥ we show that h reaches its minimum
on (s/r, +00) at the unique point 6* = (s + a)/(r + a). O

Remark 5.5. Let X ~ I'(a,\). If s < r,then 6 = (s + a)/(r +a) < 1. Then the se-
quence (az*’o)nzl is a contraction of (ou,)n>1 with scaling number 6*. On the other hand, if
s > r, then 6* > 1 and the sequence (ozz*’o)n21 is a dilatation of (o )n>1 with scaling num-
ber 6*. Moreover there is no constraint on the parameter a as long as s < r. In this case when
we set a = 1 (exponential distribution with parameter \) we retrieve the result related to the expo-
nential distribution. We notice that 0* does not depend on the parameter \. That is expected since
['(1,\) = &(\) and, in the exponential case we know that the scaling number does not depend on .

Let 6* = (s + a)/(r + a) and consider now the sequence (a?;’o)nzl defined as previously. Does
this sequence verify the L°-empirical measure theorem? If a = 1 we boil down to the exponential
distribution. On the other hand, when a # 1, one shows below that there exists a > 1, s > 0 and
7 > 0 such that the sequence (aff’o)nzl does not verify the L®-empirical measure theorem.

Suppose that (aﬁ*’o)nzl satisfies the L*-empirical measure theorem. Then we must have, for all
u € Ry,

1 1 /“ 1 1 u 1
— flz/0")Trrdr = / f(z) T dx. (5.11)
it Jo (x/0%) s o ()
with f(x) = %x“_le_ml{xw} and Cy, = ff(az)ﬁda: forall » > 0.

However, we have for any r > 0,
a 1 too A
e = At [ e e,
0

a 1 +oo A
= AT#D(a) T / T/ (D)=l m T gy
0

_a_ _ 1 r+a _r+a r+a
f— )\1 rr 1 ’I‘F )\ r+1 ]_ r+1
Er@ T (S5 ) A )
r—+a 1 __r r+a
=T r THr )7+l 1)+,
<r+1> (a) (r+1)

Equation (5.11) is written down for all u € Ry,

r+a

r4+a\ ™ (% a1 __Arta) T S

C(r) i / arile <T+1)<S+G>Idx:C(s)/ @5 e H 0y
s+ a 0 0
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_r+a
P T+1(r—|—1) L Yr>0.
Let m € N and o > 0. We show by induction that, for v > 0,

/uxne—axd$:<lun+ n n—1+n(n_l)un—2+'_‘+n7!u+ n! >6—au+ n!
0

with C(r) =T (W)_l ArH

o a2t o3 an b gl ol
Let us consider @ > 1 such that ‘:T_} and ‘SLH are integers and set n = ;‘fjr%, m = ‘;jri, a =
% and § = SJ%l Equation (5.11) finally reads
+ Eay 1 ( 1) ! ! !
r+a\r n n(n — n! n! n!
C(T) (S + a) |: (au” + ?Un_l + Tu”_g +--+ JU + W) e — OWH:|
1 m .4 m(m-—1) m! m! _ m!

Seta =7, s=1,r=2, A=1landu = 1. Thenn = 2,;m = 3,a = 3/8,5 = 1/2 and
we show after some computations that the sequence (af:’o)nzl does not satisfy the L®-empirical
measure theorem since

185 a8 _ 1 12, U

e

128 48 512
(one side is rational, the other is not). Hence, we have constructed an L®(P)-rate-optimal sequence
which does not satisfy the L*-empirical measure theorem.

6 Applications

6.1 Application to Lloyd’s I algorithm

One of the important issues from a computational point of view is the search of the L"-optimal quantiz-
ers. The quadratic case (r = 2) is the commonly implemented for applications and various algorithms
like the Competitive Learning Vector Quantization (CLVQ) algorithm (see e.g [11]) and "randomized
versions" of the Lloyd’s algorithms (I and II) (see e.g. [4]) are used. In practice, Lloyd’s I algorithm is
widely used to compute stationary (or optimal) quantizers because it can be easily implemented. We
will use the natural extension of Lloyd’s I algorithm to compute the L"-stationary (optimal) quantiz-
ers. In a general framework, L"-stationary quantizers () (with a,, = (1, -+ -, iy )) are computed
using the L"-stationary equation Ve,, ,(X) = 0. This equation reads for every r > 1 (see [11])

E (IXECi(Otn)|X - 04m'|r_2X)
E (1xec;(an)|X — amil™=2)

The Lloyd’s I procedure is the fixed point procedure derived from (6.1). Starting with an initial

. 0 . . ! . .
quantizer oz,(1 ) of size n, one defines recursively a sequence (a%)) i=1,..,1, of L"-stationary quantizers

(where L corresponds to the number of Lloyd’s iterations) by setting for every [ =1, | L,

Qpi = i1=1,--+,n. (6.1)

E (Lyec,@nlX - ol VI2x)
oY) = o m i=1,-.,n (6.2)
nt l—l) _ Y - g LU- .
E <1X€Ci(an)|X - agn' " 2)

By "randomized version" of the Lloyd’s I procedure we mean that both expectations in (6.2) are
computed using a Monte Carlo simulation of size M. However in higher dimensions there are several
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L"-stationary quantizers and the Lloyd’s I procedure is somehow a method to compute the "nearest"
one (namely the one in the attracting basin of which the procedure has been initialized). This is why
the initialization of the procedure at already good grid is a crucial issue to obtain good L"-quantizers.
This leads us to consider the optimally L"-dilated quadratic quantizers as natural good candidates to
initialize the L"-Lloyd’s I procedure. We compare it to a random initialization, which consists on
generating a vector of size n distributed as X and multiply it by the same scaled number (6%).

We carried out a numerical test in dimension d = 2,3 with » = 4 for the N (0; 1) distribution.
The Monte Carlo size M is equal to 10° and our grid size n moves 10 by 10 from 10 to 100. Numerical
results depicted in figure 2 (for d = 2) show that the dilated L?-stationary (optimal) grids are already
almost L*-stationary (and likely almost optimal if we suppose that the L?-stationary quantizers are)
since the initial scaled L?-stationary grids do not move during the successive Lloyd’s iterations. This
is also confirmed by Figure 1 (when d = 2) and Figure 3 (when d = 3) where the logarithm of the
L* quantization error of the dilated grids remains the same during the successive Lloyd’s procedures.
The dilated L?-stationary quantizers initialization seems to be the best choice one can do. The Lloyd’s
procedure initialization with random grids never leads to lower quantization errors. Moreover it needs
several iterations of the procedure, depending to the grid size.

6.2 Application of L"-quantizers to numerical integration

Let 3 > 1and let X € LOT(P), g9 > 0. Let f € Lipg(R?) := {g : R* = R, [g(z) — g(y)| <
Clz — y|(1 4 |2~ + |y|®~1)}. For any sequence of quantizers (c,),>1 and any r € [1, +00] we
have

I£(X) = f(XO)1<CE(IX — X |(1 + \X\ﬂ* +]Xen]81))
<CNIX = X[ (1 + IX 150 + 1K 155200 (6.3)

by Hélder’s inequality with v’ = r/(r — 1).

Suppose now that X ¢ LA+%(P), Ve > go. To give a sense to the above inequality as a error
B+eo

bound, we must choose 7’ such that (8 — 1)r" < 8 + €o; which in return impose that r > 7722, Now
?]:;8 > 2 as soon as § > 2 + gg. Furthermore if lim inf |{ (T%” > 0 there is no alternative to these

|| —+o0

constraints. In this situation it is impossible to use quadrature formulae for numerical integration
based on quadratic quantizers. However we can use some dilated L?-optimal (at least stationary)
quantizers o, for large enough n. Then

E(f(Xe% ™)) Zf P(X € C;(a? 1))

and
~ 0*.u ~ 0% .u
[Ef(X) —Ef (X )| < [[EF(X) —Ef (X )]
so that the error bound (6.3) holds true profided f is lipschitz. Such an approach requires to com-

pute the weights P(X € C;(ad ")) associated to the Voronoi cells of af . The following easy
proposition says how to compute these weights.

Proposition 6.1. Let X ~ P and P = f - \g. Then, for everyn > 1, we have

Vie {1, --,n}, P(Ci(a%")) = Py (Ci(an)). (6.4)
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Proof. Letn > 1and ay, = (a1, , Gy ). One has

P(Ci(a") = P(X € Ci(a®) = | F(@)dra(x).
{lz— (0 arni — ) |=min; z; |2 — (0 (ans—))|}
Making the change of variable z = QT_T“ + u yields
P(Cital) =0 [ Fon(2)ANa(2) = Pou(Cilam)).
{Zeci(an)}
0

When a closed formula (like for the exponential distribution) is not available for the weights of the
dilated cells, these weights can be estimated by the Monte Carlo method using the Nearest-Neighbour
algorithm. Fast implementations of this algorithm can be find e.g. in [3, 8].
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Figure 1: Comparison of the log of the L*-error (power 4) as function of the log of the grid size after 1 (on the
left) and 10 (on the right) Lloyd’s iterations.

29



| ¢ * | ‘. +
3 ¢ e ¢
] + | ¢
. + Y . . . ¢ .
24 . » 24 . 1
1 . + ¢ e . ] - e ¢ ¢ .
] ¢ e, . | LI S
1 + 1 4
M I ‘ A S P ¢
] ¢ ¢ 1 ¢+ ¢
TR R SR ‘. TR N SR SN ’
H o« * 0 * ¢
| TR A 4 . . | LR AR 4 . ¢ ? N
L4 + ¢ ¢ L4 ¢ L4 *+
™ “o’o“ ™ “0‘0”
+ 3 L4 ¢
] * ¢ B ¢ +
RN ¢ 9 o v L
-2 ¢ . -2 v ¢ .
, « ¢ 0 N J L N
-3 L4 -3 +
, o ] T
-4 T T T T T T T -4 T T T T T T T
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3
+ dilated grid before Lioyd ~ + dilated grid after 1 Lloyd + dilated grid before Lioyd  + dilated grid after 10 Lloyd
Figure 2: The L2-dilated grid before and after 1 and 10 Lloyd’s iterations; the grid size equals 80.
d=3 d=3
1.0 < 0.5 *
057 * 00
00: X ] ¥
R -0.5
| . ]
05 ] *
u_g:a 1 % —1.0
~1.04 X ] ¥
1 * % 5] ¥
-1.54 % B
i * X ]
J X —2.01
201 o % g ‘
4 4 4
25 e e e e ! 25| e e o |
2.0 25 3.0 3.5 4.0 45 5.0 2.0 25 3.0 3.5 4.0 45
? Giated oid orer s Liowa logN) ? Gleted oid orer 70 Ly logN)
x random arid after 1 Llovd * random arid after 10 Llovd
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