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Abstract

This work deals with the simulation of Wishart processes and affine diffusions on positive semidefinite
matrices. To do so, we focus on the splitting of the infinitesimal generator, in order to use composition
techniques as Ninomiya and Victoir [E] or Alfonsi [ﬂ] Doing so, we have found a remarkable splitting
for Wishart processes that enables us to sample exactly Wishart distributions, without any restriction
on the parameters. It is related but extends existing exact simulation methods based on Bartlett’s
decomposition. Moreover, we can construct high-order discretization schemes for Wishart processes and
second-order schemes for general affine diffusions. These schemes are in practice faster than the exact
simulation to sample entire paths. Numerical results on their convergence are given.
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Introduction and first definitions

This paper focuses on simulation methods for Wishart processes and more generally for affine diffusions
on positive semidefinite matrices. Before explaining our motivations and our main results, we start with a
short introduction to these processes. Even though we use rather standard notations for matrices, they are
recalled in Appendix @, and we invite the reader to give first a quick look at it. Wishart processes have
been initially introduced by Bru [H, . They are also named because their marginal laws follow Wishart
distributions. Very recently, Cuchiero et al. [E] have introduced a general framework for affine processes on
positive semidefinite matrices S;([R) that embeds Wishart processes and includes possible jumps. In this
paper, we only consider continuous processes of this kind. Such processes solve the following SDE:

t t
X :er/ (a+B(X§))ds+/ («/ngdWSaJraTdWSTs/Xgﬁ). (1)
0 0

Here, and throughout the paper, (W;,t > 0) denotes a d-by-d square matrix made of independent standard
Brownian motions,

z,a € S (R), a € My(R) and B € L(S4(R)) (2)

is a linear mapping on S4(R). Wishart processes correspond to the case where

Ja > 0,a = aa’a and 3b € My(R),Vz € S4(R), B(x) = bz + ab”. (3)
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When d =1, () is simply the SDE of the Cox-Ingersoll-Ross process that has been broadly studied, and we
will implicitly assume that d > 2 throughout the paper. Weak and strong uniqueness of SDE (El) has been
studied by Bru [E]7 Cuchiero et al. [E] and Mayerhofer et al. [@] We sum up here their results.

Theorem 1 — Ifx € S; (R), & — (d — 1)aTa € 8§ (R) and B satisfies the following condition
Vi, z0 € S;([R), Tr(z122) =0 = Tr(B(xz1)z2) >0, (4)

there is a unique weak solution to the SDE ([l). We denote by AFFy(x,@, B,a) the law of (X{)i>0 and
AFFy(z,a, B,a;t) the marginal law of XF. If we assume moreover that & — (d + 1)aTa € S} (R) and
T € S;’*([R), there is a unique strong solution to the SDE ()

Under the parametrization of Wishart processes (E), condition (@) is satisfied and weak uniqueness holds
as soon as o > d — 1. In that case, we denote by WI1Sy(x, o, b,a) the law of the Wishart process (X[ )t>o0
and WISq(x, o, b, a;t) the law of XF.

Throughout the paper, when we use the notation AFFy(z, @, B,a) or AFFy(z,a, B, a;t) (resp. WISq4(z,a,b,a)
or WIS4(x, b, a;t)), we implicitly assume that @ —(d—1)a’a € S (R) (vesp. o > d—1) and B satisfies ()
so that weak uniqueness holds.

In her Ph.D. thesis [E], Bru has introduced Wishart processes and used them in biology to study perturbed
experimental data. Recently, a great attention has been paid to Wishart processes for applications in finance.
Namely, Gourieroux and Sufana [@] and Da Fonseca et al. [E] have suggested to use these processes to model
the instantaneous covariance matrix of d assets. It naturally extends stochastic volatility models for only one
asset like the Heston model [@] Obviously, processes on positive semidefinite matrices are really interesting
to model the evolution of a dependence structure because they can describe a covariance matrix. However,
when dealing with applications, it is in general crucial to be able to sample paths of such processes and make
Monte-Carlo algorithms.

To the best of our knowledge, there is few literature on simulation methods for Wishart and general
affine processes @) Wishart distributions have been intensively studied in statistics when o« € N. In this
case, exact simulation methods have proposed by Odell and Feiveson [R1], Smith and Hocking [RZ and
Gleser [ to mention a few. Concerning discretization schemes, the usual Euler-Maruyama scheme is not
well-defined because of the square-root. This is what already happens for the Cox-Ingersoll-Ross process
which corresponds to the case d = 1. One has then to find specific schemes. Recently, Benabid et al. [E]
and Gauthier and Possamal [E] have proposed numerical approximations for Wishart processes that are
well defined under some restrictions on the parameters. However, there is no result on the accuracy of
their methods. Currently, Teichmann [@] is working on dedicated schemes for general affine processes by
approximating their characteristic functions. Our study here is only dedicated to the diffusion ()

Initially, our goal was to find high order discretization schemes for Wishart processes by splitting operators
and using scheme compositions. Indeed, this approach has already proved to be very efficient for other affine
diffusions, see . Doing so, we incidentally have found a remarkable splitting for some canonical Wishart
processes which enables us to sample exactly Wishart processes. In particular, our result extends the
Bartlett’s decomposition that is commonly used to sample central Wishart distributions when o € N. This
splitting also enables us to get high order discretization schemes for Wishart processes. Then, by using
scheme composition, we also get a second order scheme for any affine diffusion ) Contrary to the exact
scheme, one has then to study the discretization error, and we provide a rigorous analysis of the weak error.

This paper is structured as follows. First, we present some general results on affine diffusions. We
calculate their infinitesimal generator and obtain interesting identities in law that are intensively used next
for the different simulation methods. Section E is devoted to the exact simulation of Wishart processes. It
exhibits a remarkable splitting of the infinitesimal generator and shows how it can be used to sample exactly
any Wishart distribution. Section E deals with high order schemes for affine diffusions. Thanks to the
remarkable splitting, we are able to construct a third order scheme for Wishart processes and second order
schemes for affine diffusions. Last, we give numerical illustrations of our convergence results in Section H
We compare the time required by each method and also give a possible application of our results in finance.



1 General properties of affine processes on positive semidefinite
matrices

1.1 The infinitesimal generator on M (R) and S;(R)

We start this subsection with a simple Lemma, which is useful to calculate the infinitesimal generator of
affine processes. Its proof is basic and is left in Appendix EI

Lemma 2 — Let (F;)¢>0 denote the filtration generated by (Wy,t > 0). We consider a process (Yy)i>0 valued
in € S4(R), and we assume that there exist continuous (F;)-adapted processes (Ai)i>o, (Bi)i>o and (Ci)e>o
that are respectively valued in Mg(R), Mg4(R) and Sa(R) so that Y admits the following semimartingale

decomposition:
dY; = Cydt + BydW, Ay + ATaw ! BY (5)

Then, fori,j,m,n € {1,...,d}, the quadratic covariation of (Y1)i; and (Yi)m.n is given by:

d((Ye)ijs (Ye)mn) = (BtBtT)i,m(AtTAt)j,n+(BthsT)i,n(AtTAt)j,m+(BthsT)j,m(AtTAt)i,nJr(BtBtT)j,n(AtTAt)(i,m-

It is worth to notice that the quadratic covariation given by (E) depends on A; and B; only through the
matrices AT A; and B;B}'. Lemma [ enables us to calculate easily the infinitesimal generator for the affine
process ([l) which is defined by:

zeS;(R), LMf(x) = lim w for f € C*(Mg4(R),R) with bounded derivatives.

Proposition 3 — Infinitesimal Generator on Mg(R). Let (X7)i>0 ~ AFFq(x, @, B,a) be an affine
process. Its infinitesimal generator on M4(R) is given by:

LM = Tr([@ + B(z)]DM) + %{m(zDMGT@DM) + Tr(z(DM)"a”aDM) + Tr(eDMa" (D))}, (7)
where DM = (8; j)1<ij<d-

Proof :  On the one hand, the drift part of the operator is given by 22,121 ak,lakﬁzz’l:l (B(2))k,10k,1 =
Tr((a + B(z))DM). On the other hand, we get from (f) that the diffusion part of the operator is:

I iiwim(aTa) i + 2 (0Ta)jm + 2 (aT0)in + 250 (4T Q)5 )01 O
d d
= % Zn,m,i,j:l Li,m (aTa)Janaza ama é Zn m ,1,] Ti "(aTa)J ma 1,7 am n
+% Z,m,i,j: Ljm ( TG’)Z na 1.7 nts3 En m ,L%.’L']’ (a’ G/)Z ma a]am n
= %[Tr(xDMa a(DM)T) + Tr(z(D )TaTa(DM) ) + Tr(zDMaTaDM) + Tr(x(DM)TaT aDM)]
= 3[Tr(z(D")Ta”a(DM)T) + 2Tr(zDMaT aDM) + Tr(z(DM)Ta”aDM)).

Here, we have given the infinitesimal generator on M (R), while we know that the affine process (X[)¢>0
takes values in S (R) C Sy(R). Thus, we can also look at the infinitesimal generator of this diffusion on
S4(R), which is defined by:

z € S§(R), L f(z) = lim w for f € C*(S4(R), R) with bounded derivatives.



For x € S4(R), we denote by xy; ;3 = xi; = w;,; the value of the coordinates (i,7) and (j,4), so that
T =3 cicicaTiigy(ed’ +Lizje)") (see notations in Appendix [A)). For f € C*(S4(R),R), we then denote by
O,y f its derivative with respect to the coordinates xy; ;3. We introduce

7 Ma(R) = S4(R)
r (z+27)/2,

that is such that m(z) = 2 for x € S4(R). Obviously, f o7 € C?(M4(R),R) and we have
L f(x) = LMfon(x).

By the chain rule, we have for z € Sq(R), 9;; fom(x) = (Li=j + 31Li;)yi 1 f (x) and get the following result.

Corollary 4 — Infinitesimal Generator on S;(R). The infinitesimal generator on S4(R) associated to
AFF4(x,@, B, a) is given by:

L® = Tr([@ + B(x)] D) + 2Tr(zD%aTaD%), (8)

where D° is defined by ij = (Li=; + %1i¢j)8{i7j}, Jor 1 <i,5<d.

Of course, the generators L™ and L® are equivalent: one can be deduced from the other. However, LS
already embeds the fact that the process lies in Sq(R), which reduces the dimension from d? to d(d + 1)/2
and gives in practice shorter formulas. This is why we will mostly work in the sequel with infinitesimal
generators on Sg(R). Unless it is necessary to make the distinction with L™, we will simply denote L = LS.

1.2 The characteristic function of Wishart processes

As for other affine processes, the characteristic function of affine processes on positive semidefinite matri-
ces can be obtained by solving two ODEs. In the case of Wishart processes, it is possible to solve explicitly
these ODEs by solving a matrix Riccati equation (see Levin [E]) Here, we give the closed formula for the
Laplace transform and a precise description of its set of convergence.

Proposition 5 — Let X} ~ WISy(z,a,b,a;t), ¢ = fot exp(sb)a’ aexp(sb?)ds and m; = exp(th). We
introduce the set of convergence of the Laplace transform of XI, Dy a0 = {v € S4(R), Elexp(Tr(vX}))] < oo}.
This is a convex open set that is given explicitly by

Db,a;t = {U S Sd([R),VS c [0, t], I, — 2qsv € gd([R)} (9)

Besides, the Laplace transform of X[ is well-defined for v = vg + vy with vg € Dp g, v1 € Sa(R) and is
given by:
exp(Tr[v(Iy — 2gv) " *muazml])
E Tr(vX}))] = = . 10
exp(Tr(oX7))] Y ey (10)

The characteristic function corresponds to the case vg = 0 that clearly belongs to Dy 4;t. The proof of this
result is given in Appendix @ Let us remark here that for X7 ~ WISq(x,a,0,I7;t), the formula above
becomes even simpler and we have for v = vg + fv; such that vg € Dy g, v1 € Sq(R):

exp(Tr[v(Iq — 2tITv) 1))
det(Iy — 2tI3v)F

Elexp(Tr(vX7))] = (11)



1.3 Some identities in law for affine processes

This section presents simple but interesting identities in law for affine processes. We first state a prelim-
inary lemma.

Lemma 6 — Let B € L(S4(R)) and q € G4(R). We define B, € L(S4(R)) by By(z) = (¢7) " B(¢"zq)q*.
Then,
B satisfies ) < B, satisfies ([i).

Proof : 1Tt is sufficient to prove the direct implication since B(z) = ¢* By((¢7)"'zq=1)q. Let z,v € S (R)
such that Tr(zv) = 0. We have

Tr(Bqy(z)v) = Tr[B(q" zq)q~ 'v(¢") "] > 0,

since B satisfies ({) and Tr[(¢7) " 'zq~ quq”] = Tr(xv) = 0. O

Proposition 7 — The following identities holds:
o AFFy(z,a,B,a) = AFF4(z,a, B,VaTa).

aw

o (linear transformation) Let ¢ € G4(R), we have

qTAFFd(Z'a Q, B7 a’>q L: AFFd(qT'rqv qTO_dL Bq*1 ) a’q)7
where B,-1 is defined by Vy € S4(R), B,-1(y) =q* B((¢¥) 'yqg~)q.

Proof :  From Proposition f| or Corollary i, we know that (X#);>0 ~ AFFy(z,@, B,a) and (XF);>0 ~
AFF4(x,a,B,vaTa) have the same infinitesimal generator. Therefore, they solve the same martingale
problem. Thanks to the affine structure, one can show that this martingale problem has a unique solution
by looking at the characteristic function. This is made in a much general case in Cuchiero et al. [E] Similarly,
we can check easily that ¢” AFFy(y, &, B,a)q and AFFy(q"yq,q" aq, B,~1,aq) lead to the same martingale
problem. Here, we remark that B,-1 satisfies ([f) thanks to Lemma fj. O

An interesting consequence of this linear transformation is given in the following corollary. It states that
any affine process can be obtained as a linear transformation of an affine process for which we have a = I},
where I} = (1i—j<n)i<i,j<a (see notations in Appendix [A)). Since our main goal here is to sample paths of
such processes, this says us that it is sufficient to focus on this special case.

Corollary 8 — Let (XF);>0 ~ AFF;(z,&,B,a) and n = Rk(a) be the rank of aTa. Then, there exist a
diagonal matriz §, and a non singular matriz u € G4(R) such that & = v du, and a”a = uTIgu, and we
have:

(X0 = u"AFF; (u™ ") 2u™", 8, By, I}) u,

where Yy € Sy(R), Bu(y) = (u=H)T B(uTyu)u=t.



Proof :  Once u is given, the identity in law comes directly from Proposition ﬂ We give now a constructive
proof of the existence of u, which takes back the arguments given by Golub and Van Loan ([@], Theorem
8.7.1). Nonetheless, we explain it entirely since it gives a practical way to get u.

Let us consider &+ a’a € S;'([R). From the extended Cholesky decomposition given in Lemma E there
is a matrix v € G4(R) such that v"av + vTa’av = Ij, where r = Rk(a + a’a). Since v'av € S} (R),
vTaTav € 8§ (R) and 2712 = 0 for z € R? such that z; = --- = z, = 0, there are s1, s> € S, (R) such that:

T- . _ s 0 T T . sy 0
Uow—(o O>andvaav—(0 0).

Let 02 be an orthogonal matrix such that o2 s50 is a diagonal matrix. We assume without loss of generality
that only the first n elements of this diagonal are positive: ol sq00 = diag(ni,...,Mn,0,...,0). We set

0 Iy
Thus, we get the desired result by taking u = diag(\/m1, - - -, /Tns 1,...,1)o" 1oL O

0 0 . . _ . .
0= < 2 > and get I = oTvTavo + oTvTaT avo, which gives that ofvT avo is a diagonal matrix.

Let us make few comments on the practical implementation to compute uw. For Wishart processes,
a = aa’a, and u can directly be obtained by using a single extended Cholesky decomposition (Lemma )
In the general case, the computation of u mainly requires an extended Cholesky decomposition and the
diagonalization of ss.

Up to now, we have stated identities for the law of affine processes. Thanks to the explicit characteristic
function of Wishart processes, we are also able to get another interesting identity on the marginal laws.

Proposition 9 — Lett > 0, a,b € M4(R) and o > d—1. Let my = exp(th), q¢; = fot exp(sb)a’ aexp(sb?)ds
and n = Rk(q:). Then, there is 0; € G4(R) such that g = tﬁtlgﬁf, and we have:

WISq(z,o,b,a;t) = 0:WISq(0; "meaxm? (0,17, ,0,17;1)0F (12)

Law

This proposition plays a crucial role for the exact simulation of Wishart processes. Thanks to (@), we can
sample any Wishart distribution if we are able to simulate exactly the distribution W1S4(z,«,0,17;t) for
any x € S;r([R). In Section E, we focus on this and give a way to sample exactly WI1S4(z,«,0,17;t). Let us
stress here that we can compute the matrix ; by using the extended Cholesky decomposition of ¢;/t, as it
is explained in the proof below.

Proof :  We apply Lemma B to ¢ /t € 8§ (R) and consider (p, ¢, ky,) an extended Cholesky decomposi-

tion of q;/t. We set 0; = p~* Z” I 0 . Then, 6, is invertible and it is easy to check that ¢; = tOtIZ}@tT.
n d—n
Now, let us observe that for v € S4(R),
det(Iy — 2igv) = det(0;(0; " — 2itIT0T v)) = det(Iy — 2itI70T v0;),
Tr[iv(Iy — 2igew) tmpaml] = Te[i(0; )T 0 v(0:0; — 2it0, 130T 00,07 ) " Lmyam] ]

= Tr[i0] v0; (14 — 2itIT0F v0,) 10 ' mam? (0, 1)),
Let X* ~ WISy(z,a,b,a;t) and X¥ ~ WISq(z,,0,17;t). Then, from ([[0)) and , we get that
t t d g

l)T

E[exp(iTr(vX]))] = [E[exp(iTr(HtTvet)N(fglmtmme(9; )] = [E[exp(iTr(thf(fglmﬂmtT(G;I)THtT))],

which gives the result. O



Last, we have to mention that the identity (E) extends an usual identity between CIR and Bessel squared
distribution. It gives when d = 1:

,e2bt — 2btx

1
WISl(ZL', a, b, a; t) wa a TbtWISl(m, a, 0, 1,t)

In that case, this identity can also be obtained directly from the SDE. Let (X[)i>0 ~ WISi(x,a,b,a). We
have dX{ = (aa®+2bX;)dt +2a+/X7dW;. Then, Y; = e 2 X7 /a? is a time-changed Bessel squared process
since dY; = a(e™ 2% dt)+2v/Y;(e ' dW;). We obtain WIS, (xz, a, b, a;t) = ae® WS, (z/a?, ,0,1; 1_62;2bt ).

On the other and, a linear time-change gives that W15 (x, o, 0, 1; At) = AW IS (z/), «,0,1;t), which leads
to the same identity as (L) by taking A = (1 — e=2%)/(2bt).

2 Exact simulation of Wishart processes

In this section, we present a new method to simulate exactly a Wishart process. It works without any
restriction on the parameters. Wishart distributions have been thoroughly studied in statistics when a € N
(which is then called the number of degrees of freedom). Exact simulation methods have already been
proposed in that case. For instance, Odell and Feiveson [@] have given an exact simulation algorithm for
central Wishart distributions based on the Bartlett’s decomposition, and Gleser extends it to any (non-
central) Wishart distribution. Bru [E] explains also when o € N how Wishart processes can be obtained as
a square of Ornstein-Uhlenbeck processes on matrices.

Here, our method relies on the identity in law ) that enables us to focus on the case b =0, a = I}
Then, we show a remarkable splitting of the infinitesimal generator as the sum of commuting operators.
These operators are associated to SDE that can be solved explicitly on Sj([R), which enables us to sample
any Wishart distribution.

2.1 A remarkable splitting for W1S,(z,a,0,I7})

The following theorem explains how to split the infinitesimal generator of a WIS, (z, @, 0, I}) as the sum
of commutative infinitesimal generators. It will play a crucial role in the sequel for the exact simulation and
to get discretization schemes.

Theorem 10 — Let L be the generator associated to the Wishart process WI1Sq(x, «,0,1}) and L; be the
generator associated to WISg(x, 0, eil) forie{l,...,d}. Then, we have

L=>Y Liand Vi,je{l,...,d}, L;L; = L;L;. (13)

i=1

Proof : From (E), we easily get that L =" | L; since I} =Y 7" e%. The commutativity property comes
from a simple but tedious calculation which is left in Appendix @ O

Beyond the commutativity, two other features of (E) are important to notice.
e The operators L; and L; are the same up to the exchange of coordinates ¢ and j.

e The processes WI1S(z,,0,¢€}) and WISy(x,«,0,I}) are well defined on S (R) under the same hy-
pothesis, namely o > d — 1 and z € S (R).



This second property enables us the composition that we explain now. Let us consider t > 0 and x € S;([R).
We define iteratively:

thvm ~ WISd(SC,Oé,O;e(li;t)’

2,xh®

Xt7 t ~ W[Sd(th’I,a,O,ei,t),

n,...XtI,'I n—l,...th,'m n
X ~ WISs(X{ ,a,0 el t).

. xle
Thus, X, " is sampled according to the distribution at time ¢ of a Wishart process starting from

) xbe .
X;_l"“ " and with parameters (a,0,€%). We have the following result.

1,z

Proposition 11 — Let Xt"’“'xt be defined as above. Then

1,z

XM O WISa(x, @, 0,175 1).

Thanks to this proposition, we can generate a sample according to WIS4(z,a,0,I};t) as soon as we can
simulate the laws W1Sy(z, «, 0, efi). These laws are the same as WISy(x, «, 0, I;; t), up to the permutation
of the first and i*" coordinates. In the next subsection, it is explained how to draw such random variables.

It is really easy to give a formal proof of Proposition Ell Let f be a smooth function on S;([R) and
XF ~ WISq(z,,0,17;t). By iterating It6’s formula, we have that E[f(X7)] = Yo t*L* f(z)/k!. Similarly,
we also get by using the tower property of the conditional expectation that:

—+oo

n XlYT n XlYT n— ...Xlrym n— “.Xl’m
A R L L o IED o s o] g
En
Simply by repeating this argument, we get that
n...th’I = t21 Lk k kn - tk k x
A S v L+ L)) = Ef(XP)). (15)
E1yeeiykn=0 =0
To get the second equality, we identify a Cauchy product and use that the operators Ly, ..., L, commute.

To make this formal proof correct, one has to check that the series are well defined and can be switched with
the expectation. This check is made in the Appendix for our framework and remains valid as soon as
the operator L; and L are of affine type.

2.2 Exact simulation for WI1Sy(z,a,0,I};t)

In this subsection, we focus on the simulation of W1S,(z,,0,I}) with a > d—1and z € S (R). Thanks
to Proposition @ this enable us then to simulate samples of WISd(ac o, 0,1I7}). For the sake of the clearness,
we start with the case of d = 2 that avoids complexities due to the matrix decompositions. We deal with
the general case just after.

2.2.1 The case d =2

We start by writing explicitly the infinitesimal generator Ly of W1Ss(z,,0,I3). From (E), we get:

T
xr e SJ(R), Llf(ZE) = aa{Ll}f(ZC) + 2.’1]{171}64?171}]8(.’1]) + 230{112}5{111}5{112}]“(@ + %65172}‘]((56) (16)



We show now that this operator is in fact associated to an SDE that can be explicitly solved. We will denote
by (Z},t > 0) and (Z%,t > 0) two independent standard Brownian motions.
When (323 = 0, we also have x(; 33 = 0 since z is nonnegative. In that case,

X§ =, d(X7) 1y = adt +24/(XF),ydZ), d(XP )12y =0, d(X{) 2,23 =0 (17)

has the infinitesimal generator ), which is the one of a Cox-Ingersoll-Ross SDE (or of a squared Bessel
process of dimension « to be more precise). By using an algorithm that samples exactly a non central
chi-square distribution (see for instance Glasserman [[L(]), we can then sample WISy (x,,0,I};t) when
.T{ng} =0.

When x50y > 0, it easy to check that the SDE

v v X7)(12))’ XP)
AXP)p1y = oadt+ 2J (XE) iy — pRardz + 2 m ol dz?
d(X{) 12y = (X7)(2,20dZ7 (18)
d(X¥)22y = 0

starting from X& = 2 has an infinitesimal generator equal to L;. To solve ([Lg), we set:

(XP)(1,29)°
(th>{2,2}

(X)) 1,2y
VT{2,2}

Here, u stands for the initial condition, i.e. u = Ug. We get by using Itd calculus that

Uaay = XHpay — s (U iey = (U )g2,2) = Tg2,2)- (19)

AU 1,y = (a = 1)dt + 24/ (U 11342, d(U) 1,2y = dZ7 and d(U;*) 2,03 = 0. (20)

Therefore, (Uf*)(1,2y and (Uf*){1,1} can be respectively be sampled by independent Gaussian and non-central
chi-square variables. Then, we can get back X7 by inverting (E)

XDy = Uy + U2y XD aey = U e/ UMy, (X2 = (U2 (21)

The following proposition sums up and makes more precise the above result. Its proof is postponed to
the general case (Theorem [L3).

Proposition 12 — Let 2 € S (R). Then, the process (XF)i>o defined by either (I7) when T2y = 0
or (E) when x (s 9y > 0 has its infinitesimal generator equal to Li. Moreover, the SDE ) has a unique
strong solution which is given by (1)), where (U¥,t > 0) is the solution of the SDE (RU)) starting from

2
_ _ oy _ _T{1.2) —
U1} =T} T G5, 200 U2y = g Y22 = Ty

This result gives an interesting way to figure out the dynamic associated to the operator Li, by using
a change of variable. It is interesting to notice that the CIR process (Uf*){1,1} is well defined as soon
as its degree o — 1 is nonnegative, which coincides with the condition under which the Wishart process
WISs(x,,0,13) is well-defined. Last, we notice that the solution of the operator L; involves a CIR process
in the diagonal term and a Brownian motion in the non diagonal one. We will get a similar structure in the
general d case.



2.2.2 The general case when d > 2

We present now a general way to sample exactly WISy(x, «,0,1};t). We first write explicitly from (E)
the infinitesimal generator of WISy(z,,0,1}) for x € 8] (R):

Lif(x) = adpay (@) 422,107 11 f(@)+2 > ${1,m}5{1,m}5{1,1}f($)+% > 2y 0my O f ().
1<m<d 1<m,I<d
m#£L m#1I#1
(22)
As for d = 2 we will construct an SDE that has the same infinitesimal generator L; and that can be solved
explicitly. To do so, we need however to use further matrix decomposition results. In the case d = 2, we
have already noticed that we choose different SDEs whether x2 2 = 0 or not. Here, the SDE will depend on
the rank of the submatrix (z; ;)2<i j<d, and we set:

r= Rk((xi,j)2§i,j§d) € {0, e, d— 1}.

First, we consider the case where

. ¢ 0 cr kT T
Jde, € G, lower triangular, k, € Ma—1—rxr(R), (2)2<i j<d = b 0 6 6 =:cc'. (23)

With a slight abuse of notation, we consider that this decomposition also holds when r = 0 with ¢ = 0.
When r = d — 1, ¢ = ¢, is simply the usual Cholesky decomposition of (x; ;)2<i j<d. As it is explained in
Corollary @, we can still get such a decomposition up to a permutation of the coordinates {2, ...,d}.

Theorem 13 — Let us consider v € S (R) such that (RJ) holds. Let (Z!)1<i<r11 e a vector of independent
standard Brownian motions. Then, the following SDE (convention > ;_,(...) =0 when r =0)

d(X{) 1y = O‘dt+2\/(Xf){171}—ZZ:1 (Croa (e i (XE) 1101y) 2
231 iy (e e (XF) gy dZy (24)
AXP) iy = g CioipdZiT i=2,....d
d((XF)ky)2<ki<a = 0

has a unique strong solution (X[)i>o starting from x. It takes values in S:[([R) and has the infinitesimal
generator Li. Moreover, this solution is given explicitly by:

Xr =
10 0 U)ay + kzl((Utu){l,kH})2 (UM)0411)T<i<r O 1 OT ()T
0 ¢ 0 - 0 c k
! ((U#){1,1+1})1§zgr I, 0 T r )
0 kv Ig—r— 0 0 0 0 0 Iy vy
(25)
where
AUy = (« - rl)dt +2 /T a0dZ) , waay =20y — Sop (Uerny)? > 0, o)
d((UgL){l,Hl})lSlSr = (dZt+ )1glgr , (u{1,l+1})1§lgr — C;l(‘r{l,lJrl})lglgr-

Once again, we have made a slight abuse of notation when r = 0, and (@) should be simply read as
Uy 00
X7 = 0 0 0 | in that case. In the statement above, it may seem weird that we use for u and
0 00
U} the same indexation as the one for symmetric matrices while we only use its first row (or column). The
reason is that we can in fact see X7 as a function of U}* by setting:

(U,;U'){LJ} = u{%]} = z{i,j} for Z,j Z 2 and (Utu){lﬂ} = u{l,i} =0 for r +1 S ) S d. (27)
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Thus, (¢r, kr, Ig—1) is an extended Cholesky decomposition of ((U}") j)2<i,j<d and can be seen as a function
of Uj*. We get from (J) that

d—1
X{ = h(U}"), with h(u) =Y Ly_Rij(u, )se; ;<a) hr(u) and (28)
r=0
L0 0 upay + 2 (wpey)? (W) i<z 0 L0 0
he(u)=1 0 cr(u) 0 k=1 0 c(w)t k.(u)? |,
0 k() Iap (wa iy hsise v A IR R A

where (¢ (u), kr(u), Iq—1) is the extended Cholesky decomposition of (u; j)2<i j<a given by some algorithm
(e.g. Golub and Van Loan [@], Algorithm 4.2.4). Equation @) will play later an important role to analyse
discretization schemes.

The proof of Theorem [1] is given in Appendix @ It enables us to simulate exactly the distribution
WI Sﬁ, @,0,1};t) simply by sampling one non-central chi-square distribution for (Ui )11y (see Glasser-
man [L0]) and r other independent Gaussian random variables. Like in the d = 2 case, we notice that
the condition which ensures that the Cox-Ingersoll-Ross process ((U*){1,1},t > 0) is well defined for any
r € {0,...,d—1}, namely a—(d—1) > 0, is the same as the one required for the definition of WI1Sy(z, «,0, I}).

Remark 14 — From (R5), we get easily by a calculation made in (B7) that Rk(X?) = Rk((2ij)a<i j<d) +
L) (,.,#0, and therefore,
Rk(X}) = Rk((2i,j)2<i,j<a) + 1, a.s.

Theorem [1J assumes that the initial value 2 € S; (R) satisfies (RJ). Now, we explain why it is still
possible up to a permutation of the coordinates to be in such a case. This relies on the extended Cholesky
decomposition which is stated in Lemma @

Corollary 15 — Let (X{)i>0 ~ WISq(z,a,0,1}) and (cr, kr,p) be an extended Cholesky decomposition of

1
(@i,5)2<ij<da (Lemma @) Then, T = < 0 2 s a permutation matriz, and

z » 0 r T .
(X0 = WTWISd(TF,TﬂT,Oé,O,Ié)TF and ((ﬂ'xﬂT)i,j)gSMSd = ( ZT 0 ) ( 06 6 ) satisfies (@)

aw

Proof :  The result is a direct implication from Proposition E, since 77 = 7! and 7 JnT = I}. O

Therefore, by a combination of Corollary E and Theorem , we get a simple way to construct explicitly
a process that has the infinitesimal generator L, for any initial condition x € Sj([R). In particular, this
enables us to sample exactly the Wishart distribution W1S4(z,a, 0,1 C};t). The algorithm below sums up

11



the whole procedure.

Algorithm 1: Exact simulation for the operator L
Input: 2 € S (R), d, @ >d—1and t > 0.
Output: X, sampled according to WISy(z, «,0,1};t)
Compute the extended Cholesky decomposition (p, k., ¢,.) of (z; ;)2<i j<a given by Lemma B3,
r € {0,...,d — 1} (see Golub and Van Loan [[J] for an algorithm);

1 0 - 1/~
Set m = ( 0 p ), I =mer?, (ugi g1y i<i<r = (6) 7 (@141 )1<i<r and

— 5 r 2 )
upray = Ty = 2opmr (Ukeny)® 205
Sample independently r normal variables Go,...,Gry1 ~ N(0,1) and (U{*)f1,1} as a CIR process at

time ¢ starting from w1y solving d(Uf*) 11y = (o — r)dt + 2/(U) 11,1342} (See Glasserman [[Ld)).
Set (UM (10411 = w1141} + VEGiy1 ;

return X — .
1 0 0 Uy + 2 (U arey)” (U isy) i< 0 1 0 0
T 0 c 0 k=1 0 cr kT .
" U r I 0 r T
0 ke Lo (U ){ngl})lszs " 0 0 0 I,

Let us discuss now the complexity of this algorithm. The number of operations required by the extended
Cholesky decomposition is of order O(d?). From a computational point of view, the permutation is handled
directly and does not require any matrix multiplication so that we can consider w.l.o.g. that = = I;. Since
¢, is lower triangular, the calculation of ug; 3, @ = 1,...,7 + 1 only requires O(d?) operations. Also, we
do not perform in practice the matrix product (E), but only compute the values of Xy ;, fori=1,...,d,
which requires also O(d?) operations. Last, d samples are at most required. To sum up, it comes out that
the complexity of the whole algorithm is of order O(d?).

2.3 Exact simulation for Wishart processes

We have now shown all the mathematical results that enable us to give an exact simulation method
for general Wishart processes. This is made in two steps. First, by using the remarkable splitting (Propo-
sition @) and the exact scheme for WISd(x,a,O,IC};t) (Theorem and Corollary E), we get an exact
simulation scheme for WISg(x,a,0,I7;t). As we will see, it is related but extends the Bartlett’s decompo-
sition of central Wishart distribution that dates back to 1933. Then, by using the identity in law ([L9), we
are able to sample any Wishart distribution WISy(z, a, b, a;t).

2.3.1 Exact simulation for WIS;(z,,0,1};t)

By gathering the results obtained in the subsections @ and @, we get a way to sample exactly the
distribution WI1S4(z,,0,17;t). Indeed, thanks to Theorem B and Corollary B we know how to sample
exactly WISy(z,a,0,1};t). By a simple permutation of the first and kY™ coordinates, we are then also able
to sample according to WISd(x,a,O,e’;l;t) for k € {1,...,d}. Thus, we get by Proposition @ an exact
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simulation method to sample W1S4(z, o0, I];t). It is given explicitly in the algorithm below.
Algorithm 2: Exact simulation for WI1S4(z,«,0,17};t)
Input: xeS:[([R),ngd, a>d—1andt>0.
Output: X, sampled according to WISy(z, o, 0, I];t)
y=x
for k=1tondo
Set pr1 = p1k = pii = 1 fori ¢ {1,k}, and p; ; = 0 otherwise (permutation of the first and k*®

coordinates).
y = pYp where Y is sampled according to WISq(pyp, @, 0,1};t) by using Algorithm EI
end

return X =y.

Since this algorithm basically runs n times Algorithm El, it requires a complexity of order O(nd®) and
therefore at most of order O(d*). As we have seen, the “bottleneck” of Algorithm [l| is the extended Cholesky
decomposition which is in O(d®). All the other steps in Algorithm [] require at most O(d?) operations. A
natural question for Algorithm E is to wonder if we can reuse the Cholesky decomposition between the for
loops instead of calculating it from scratch. For example, if it were possible to get the Cholesky decomposition
of loop k + 1 from the one of loop k at a cost O(d?), the complexity of Algorithm E would then drop to
O(d?). Despite our investigations, we have not been able to do so up to now.

Remark 16 — When a > 2d — 1, it is possible to sample W1Sq(z,,0,I7;t) in O(d®) by another mean. If
X} ~WIS4(x,d,0,175t) and X7 ~ WI1S4(0,a —d,0,17;t) are independent, we can check that X} + X} ~
WISq(x,a,0,1};t). Then, X} can be sampled by using Proposition @ and X? by using Corollary @ since

X = tWISi(0,0—d,0,1j;1) from (LJ).

x

1,
Remark 17 — Let + € S;*(R). From Remark [}, we get that for each k € {1,...,n}, th""Xt €
S;’*([R), a.s.. In that case, the extended Cholesky decomposition that has to be computed at each step is an
usual Cholesky decomposition.

2.3.2 The Bartlett’s decomposition revisited

Now, we would like to illustrate our exact simulation method on the particular case WI1S4(0,,0,17;1),
which is known in the literature as the central Wishart distribution. In that case, we can perform explicitly
the composition given by Proposition . We will show by an induction on n that:

o ((Ligh<ijen O (LT )1<ij<n O
1 0 0 0 0 )

where (L; ;j)1<j<i<a and L;; are independent random variables such that L;; ~ N(0,1) and (L;;)* ~
x*(a—i+1),and L; ; =0 for i < j.

For n = 1, we know from Theorem [13 that (X]"%)11 ~ x2(a) since d(X}%)11 = adt + 21/ (X}°)1.1dZ}
with (Xé ’0)17 1 = 0, and all the other elements are equal to 0. Let us assume now that the induction hypothesis
is satisfied for n — 1. Then, we can apply once again Theorem E (up to the permutation of the first and

1,0

n'™ coordinates). We have Rk(X{’fl"”X1 ) =n —1,a.s., and the Cholesky decomposition is directly given
by (Lij)1<ij<n_1. Then, we get from (RJ) that there are independent variables L2, ~x*(a—n+1) and
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1,0
1

Ly~ N(0,1) for i € {1,...,n — 1} such that Xfa---x _

(Lijh<ij<n-1 0 0 Iy (Ln,i)i<i<n—1 0 (Lij)i<ijen O 0
0 1 0 (Lny’i)?<i<n—1 Z?:l L721,7, 0 6 - 1 0 )
0 0 Iyn 0 0 0 0 0 Iyn
L1 (Ln,i)i<i<n—1 O I 0 0 In—1 (Lni)i<i<n—1 O
Since (Ln,i)1T<i<n—1 Z?:IL%J 0 = (ani)?<i<n—1 Lnn 0 0 Linn 0,
0 0 0 0 0 0 0 0 0

we conclude by induction and get the following result which is known as the Bartlett’s decomposition (see
Kshirsagar [[[7] or Kabe [[Ld]).

Corollary 18 — Bartlett’s Decomposition of central Wishart distributions. With the notations
above,
(Lij)iij<n O (Lii<ij<n O N

Therefore, the identity given by Proposition @ that we have obtained by a remarkable splitting of
the infinitesimal generator extends in a natural way the Bartlett’s decomposition to non-central Wishart
distributions.

2.3.3 Exact simulation for WI1S,(x,«,b,a;t)

Now, thanks to the identity in law (@), we get an exact simulation scheme for WI1Sy(z, a, b, a;t). The
associated algorithm is given below. To the best of our knowledge, this is the first exact simulation method
for non-central Wishart distributions that works for any a@ > d — 1. The existing methods in the literature
mainly focus on the case o € N that arises naturally in statistics. Namely, Odell and Feiveson [@] and
Smith and Hocking [@] have proposed an exact simulation method for central Wishart distributions based
on the Bartlett’s decomposition. Gleser ] has given an exact simulation method for non-central Wishart
distributions, also when the degree « is an integer.

Algorithm 3: Exact simulation for WIS4(z, «, b, a;t)
Input: z € SJ(R), a >d—1, a,b € My(R) and ¢ > 0.
Output: X, sampled according to WI1S,(z,a,b,a;t).
Calculate ¢; = fot exp(sb)a’ a exp(sb?)ds and (p, ¢y, k) an extended Cholesky decomposition of q; /t.

Cn 0
kn Idfn
return X = 0,Y 0], where Y ~ WISq(0; 'mexmI (0; )7, a,0,7;t) is sampled by Algorithm [

Set 0, =p~! ( and m; = exp(tb).

3 High order discretization schemes for Wishart and semi definite
positive affine processes

Up to know we have given an exact simulation method for Wishart processes. It relies on a remarkable
splitting of the infinitesimal generator given in Theorem E When dealing with discretization schemes,
splitting operators is a powerful technique to construct schemes for SDEs from other schemes obtained
on simpler SDEs. This idea of splitting originates from the seminal work of Strang [@] in the field of
ODEs. As pointed by Ninomiya and Victoir [@] or Alfonsi [Iil], it rather easy to analyse the weak error
of schemes obtained by splitting, simply by using the same arguments as Talay and Tubaro [@] for the
Euler-Maruyama scheme. Thus, we will only focus on the analysis of the weak error, i.e. the error made on
marginal distributions.
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Up to our knowledge, there are very few papers in the literature that deal with discretization schemes
for Wishart processes. Recently, Benabid et al. [E] have proposed a Monte-Carlo method to calculate expec-
tations on Wishart processes which is based on a Girsanov change of probability. Gauthier and Possamai [E]
introduce a moment-matching scheme for Wishart processes. Both methods are well defined under some re-
strictions on the parameters, and there is no theoretical result on their accuracy. Currently, Teichmann [@]
is working on dedicated schemes for general affine processes by approximating their characteristic functions.

This section is structured as follows. First, we recall basic results on the splitting technique to get
discretization schemes for SDEs. We will take the same framework as Alfonsi [f]] since it is somehow designed
for affine processes. Then, we will explain how to get high order schemes for W1Sg(x,,0,1}) from the
remarkable splitting (E) From this result, we will be able to get a second order scheme for any semi
definite positive affine processes and a third order scheme for Wishart processes.

3.1 General results on discretization schemes for SDEs

In this paragraph, we try to present the minimal knowledge that we will use later to get schemes for
affine processes. We take back the framework developed in Alfonsi ([fl], Section 1) and refer to this paper
for further details and proofs.

Let us start with some notations. We consider a domain D C RS, ¢ € N*. For a multi-index v =
(Y15 -+ -»v¢) € N, we define 9, = 9", .. ,824 and || = Zle ~; and set:

pol(D) = {f € C*(D,R), Vy € NS, 3C, > 0, e, € N*, Vo € D, |0, f(x)| < C, (1 + ||z]|*)},

where ||.|| is a norm on RS. We will say that (Cy,e5),enc is a good sequence for f € Cpor(D) if one has

10, f(z)| < Cy(1 + ||z||°"). Mainly (but not only), we will consider in this paper D = S; (R) as a subspace
of Sq(R) ~ R¥4+1)/2 n that case, it is natural to keep the same indexation as for matrices, and we rather
use the notation 0, = ngi§j<d 831{;}”} for v = (’Y{i,j})lgigjgd e Nd(d+1)/2,

Definition 19 — Let b: D — R%, 0 : D — M¢(R). The operator L defined for f € C*(D,R) by:

¢ ¢
LI @) = Y- b@0if (@) + 5 3 (007 )i (20030, (2) (29)

is said to satisfy the required assumptions on D if the following conditions hold:
b Vivj6{15"'54}71)1'(1')’(0—0—1-‘) ( )chol( )

o for any x € D, the SDE X} = x + fot b(XZT)ds + fo 2)dWs has a unique weak solution defined for
t >0, and thus P(Vt > 0,XF € D) = 1.

In the case of affine diffusions, b;(z) and (co7); j(z) are affine functions of 2 and the operator satisfies the
required assumption on the appropriated domain. Let us stress that if L satisfies the required assumption
on D and f € C32,(D), all the iterated functions LF f(z) are well defined on D and belong to Coo1(D) for any
ke N.

Let us turn now to discretization schemes. We will consider in this paper a final time horizon T' > 0 and
the regular time grid defined by ¢t =iT/N,i = 0,..., N. When discretizing a Markovian process, a scheme
is usually described as a way to sample the process at the next time step from its current position. Thus, we
will say that (p,(t)(dz),t > 0,z € D) is a family of transition probabilities on D if p,(t) is a probability law
on D for any time-step ¢t > 0 and any position z € D. Then, a discretization scheme on the regular time grid
associated to this family starting from zg € D is simply a sequence (X t]\_](,,O < i < N) of D-valued random

variables such that:

L4 XtN = Zo,
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e the law of X t% . is sampled according to py X5, (T'/N)(dz) independently from the previous samples, i.e.

[E[f(Xt]}[V )|(Xt?6,0 <j<i)=Jpf( pXN T/N)(dz) for any bounded measurable function f : D — R.

i1

Up to the initial condition, the discretization scheme (X N0 < i < N)is entirely characterized by (p.(t)(dz),t >

0,2 € D). With a slight abuse of language, we will then say that (P, (t)(dz),t > 0,2 € D) is a scheme on D.
We will denote by X a random variable on D which is sampled according to p(t).

Definition 20 — Let L be an operator that satisfies the required assumption on D. A scheme (p.(t)(dz),t >
0,z € D) is a potential weak vth-order scheme for the operator L if for any function f € Cpol( ) with a good
sequence (Cy, ey ) enc, there exist positive constants C, E, and n depending only on (C, ey) enc such that

+Zk|t LR f(

vt € (0,n), [E[f(XP)] < CTH L+ )| F). (30)

When the coefficients of the SDE have a sublinear growth, we can check that the exact scheme (i.e. X¥ = X7,
where (X[, t > 0) solves the SDE associated to L) is a potential vth-order scheme for any order v € N ([Ij],
Proposition 1.12). In that case, (B() is then clearly equivalent to:

3C, B, >0, Vt € (0,), |E[f(X])] — EL[f(X])]| < C#FH(L+ [l2]| 7).

In practice, having a potential weak vth-order scheme for the operator L is the main requirement to get
a weak error of order v. This is precised by the following theorem that relies on the idea developed by Talay
and Tubaro [R4].

Theorem 21 — Let us consider an operator L that satisfies the required assumptions on D and a discretiza-
tion scheme (XX,0 < i < N) with transition probabilities p,(t)(dz) on D that starts from X = zo € D.
k3 9]

We assume that
1. p.(t)(dz) is a potential weak vth-order scheme for the operator L,

2. the scheme has bounded moments, i.e.:

Vge N, 3N(g) €N,  sup  E[|XXN ]9 < oo, (31)
N>N(q),0<i<N !

3. f: D — R is a function such that u(t,z) = E[f(XF_,)] is defined on [0,T] x D, C>, solves Vt €
[0,T],Vx € D, dyu(t, z) = —Lu(t, x), and satisfies:

VI € N,y € N, 3C, e, > 0,Yz €D, t € 0,T], |00 u(t,z)] < Cp\(1+ ||z]). (32)
Then, there is K >0, Ng € N, such that |E[f(XX)] — E[f(X;°)]| < K/N" for N > Np.
N

Let us mention that condition (B]) is slightly weakened with respect to Theorem 1.9 in [fl]. However, we can
check that (BI) is in fact sufficient to make work the proof of this theorem given in [fl].

Let us comment briefly the hypothesis of this theorem. The boundedness of the moments ) holds as
soon as the coefficients of the SDE have a sublinear growth (see Lemma B in Appendix D). It is instead
much more technical to get the bounds (@) on the derivatives of w. In their original paper, Talay and
Tubaro have considered stronger assumptions on b and o (namely, C* with bounded derivatives) to get such
bounds. In the case of Wishart processes, we are able to get (B) when f € Coo1(Sa(R)) by using the explicit
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formula of the characteristic function (E) This is stated in Proposition @ We however deem that this
result still holds for the general affine case.

Now, we present results that explain how the property of being a potential weak vth-order scheme can
be preserved when we use the splitting technique. To do so, we need to introduce first the composition of
schemes. Let us consider two transition probabilities pL(¢)(dz) and p2(t)(dz) on D. Then, we define:

P2 (ts) 0 L (t1)(dz) := / P (t2) (d2)P2 (1) (dy),

which is the law obtained when one uses first use scheme 1 with a time step t; and then scheme 2 with a time
step to with independent samples. More generally, if one has m transition probabilities pl,...,p™ on D, we
define

P (tm) 0+ 0 py(t1)(d2) i= P (tm) 0 (5™ (tm—1) 0 -~ 0 Py (1) (d2)).

Proposition 22 — Let Ly, Ly be two operators satisfying the required assumption on D. Let p. and p> be
respectively two potential weak vth-order schemes on D for L and L.

o If L1Ly = LoLy, p2(t) o pL(t)(dz) is a potential weak vth-order discretization scheme for Ly + L.

o Ifv>2, p*(t/2) o p'(t) 0 p2(t/2) and & (p*(t) o pL(t) + p'(t) 0 p2(t)) are potential weak second order
schemes for L1 + L.

3.2 High order schemes for Wishart processes

In this paragraph, we will give a way to get weak vth-order schemes for any Wishart processes. The
construction of these schemes is the same as the one used for the exact scheme. First we obtain a vth-order
scheme for WISy(z,a,0,1}). Then, we get a vth-order scheme for WISy(z, a, 0,17) by scheme composition.
Last, we use the identity in law ) to get a weak vth-order scheme scheme for any Wishart processes.

3.2.1 A potential weak vth-order scheme associated to L,

In this paragraph, we present a potential weak vth-order scheme for the generator of WISy(z, ., 0,1 é)
Roughly speaking, we obtain this scheme from the exact scheme given by Theorem E and Corollary @ by
replacing the Gaussian random variables with moment matching variables and the exact CIR distribution
with a sample according to a potential weak v-th order scheme for the CIR.

Theorem 23 — Let z € S§(R) and (¢, kv, p) be an extended Cholesky decomposition of (z; j)e<ij<a. We

ta=( 10 di=menT, so that 3= < < K\ Like in h 3, we h
SeL ™ = 0 D ana r = mxme , SO at r = kr 0 0 0 . wKe eorem , we nave

T

Ug1,1y = Tf1,1y — Z(U{l,k+1})2 >0, where (ug111y)1<i<r = ¢ (F{1,141})1<i<rs
k=1

and we set ugy gy = 0ifr +2 < i < d and ug ;) = Ty if 4,5 > 2. Let ((A}’i)lgigr be a sequence of
independent real variables with finite moments of any order such that:

Vie{l,...,r}, Vk < 2u+1, E[(G)*] = E[GF], where G ~ N(0,1).

Let (Utu){l,l} be sampled independently according to a potential weak vth-order scheme for the CIR process
AU )11y = (o —r)dt + 2 (Ut“){l,l}dZtl starting from ugy 1y and that satisfies the immersion property
(Definition [37). We set:

Uiy =upg VG, 2<i<r+1, (Upy =0, r+2<i<d, (U =ugijy ifi,§ > 2.

17



Then, the scheme defined by Xf = WThT(Utu)W is a potential vth-order scheme for Li, where the function
h is defined by (9).

The proof of this result is technical and requires further definitions. It is left in Appendix @ Second and
third order schemes for the CIR process that satisfy the immersion property can be found in Alfonsi [ﬂ] (see
Corollary @) We can therefore get second (resp. third) order schemes for L; by taking any variables that
matches the five (resp. the seven) first moments of A(0,1). This can be obtained by taking

P(GP=V3E) = PG =—v3) = % and P(Gi = 0) = % (33)

(resp. P <éim/3+\/6) = ‘/f—\/;, P (G 5\/3\/6) :%— ‘/f\/;, ee{-1,1}). (34)

3.2.2 A potential weak vth-order scheme associated to W15y(z,«,0,I})

From Theorem @, we know that the infinitesimal generator of W1S4(z, ., 0,17) is given by L = > | L;,
where the operators L; are the same as L; up to the permutation of the first and i*" coordinate. Moreover,
these operators are commuting. Thus, if 71<? denotes the associated permutation matrix and Xf is the
potential vth-order scheme defined by Theorem E,

. B 1+>i ;oL .
gl tXT e g9 g g potential vth-order scheme for L;.

We then get a potential vth-order scheme for L thanks to Proposition @

Corollary 24 — Let p', i € {1,...,d} be potential weak vth-order scheme for L;. Then for any n < d,
P (t) o+ 0 py(t)(dz)

defines a potential weak vth-order scheme for WISq(x,a,0,17).

Remark 25 — Let ¢ > 0 and th be a potential weak vth-order scheme for WI1S4(z,«,0,17). Since
x+etvt; is a potential weak vth-order scheme for the operator L = 0, we easily get by scheme composition
(Proposition that Xf"'atyﬂld is also a potential weak vth-order scheme for WISq(x,a,0,I}). This
scheme starts from an invertible initial condition, and by Remark , we only make in that case usual
Cholesky decompositions on invertible matrices.

3.2.3 A weak vth-order scheme for Wishart processes WI1S,(z,a,b,a)

Now that we have a potential vth-order scheme for WIS4(z, ,0,1]), we are in position to construct
a scheme for any Wishart process W1Sy(z, a,b,a) thanks to the identity ([J). Unfortunately, we need to
make some technical restrictions on a and b (namely, a € G4(R) or ba’a = a’ab) to show that we get like
this a potential vth-order scheme. We however believe that this is rather due to our analysis of the error
and that the scheme converges as well without this restriction. We mention in addition that we give in the
next section a second order scheme based on CorollaryE for which we can make our error analysis for any
parameters.

Proposition 26 — Lett > 0, a,b € Mg(R) anda > d—1. Let m; = exp(th), ¢ = fot exp(sb)a’ aexp(sb?)ds
and n = Rk(a”a). We assume that either a € G4(R) or b and a®a commute. We define

e ifn=d, 0, as the (usual) Cholesky decomposition of q./t,

18



. _ Cn 0
o ifn<d, b = \/% fot exp(sb) exp(sbT)dsp~! ( .

decomposition of aTa otherwise.

I ) where (¢, kn,p) is the extended Cholesky
d—n

In both cases, 0, € G4(R). Let }A/ty denote a potential weak vth-order scheme for WI1S4(y, a,0,17). Then,
the scheme defined by

A~ ~p—1 —1
Xp = gy, e O g (35)
is a potential weak vth-order scheme for WISy(x, a, b, a).
Proof : First, let us check that 0; € G4(R) is well defined, such that q;/t = 6, 170] and satisfies:
3K, 1 > 0,V € (0,7), max([|6c], [|6:] ") < K. (36)

When n = d, ¢:/t is definite positive as a convex combination of definite positive matrices and the usual
Cholesky decomposition is well defined. Moreover, (Bf)) holds since g¢;/t goes to a’a which is invertible
when ¢ — 0. When n < d, we have assumed in addition that b and a”a commute. Therefore, ¢; =
aTa(fOt exp(sb) exp(sb?)ds/t). Since ala and (fot exp(sb) exp(sb)ds/t) are positive semidefinite matrices
that commute, we have

1 1 [f
g = \/f / exp(sb) eXp(st)dsaTa\/g / exp(sb) exp(sbT)ds.
0 0

Once again, % fg exp(sb) exp(sb?)ds is definite positive as a convex combination of definite positive matri-

ces and we get that 0, = \/% f(f exp(sb) exp(sbT)dsp~! ( ) € Ga(R) satisfies ¢;/t = 0,167 by

Cn 0

kn Iaq-

o - . _1( cn
Lemma @ Similarly, () holds since p ( k.
goes to Iy when t — 0.
Let f € C;’,%I(Sj([R)). Let X7 ~ WISy(z,a,b,a;t). Since the exact scheme is a potential vth-order
scheme, there are constants C, E,n > 0 depending only on a good sequence of f such that

t
I ) does not depend on ¢ and \/% Jo exp(sb) exp(sbT)ds

v tk
vt e (0,m), [ELF(XD)] = Y LM @) < C# (14 2] ). (37)
k=0
On the other hand we have from Proposition E,
A N 71777/ I’ITLT —1\T 71777/ mmT —1\T
E[F(X7)] — ELF(XF)) = E[f(0, 77 ™™ O 0T — E[f (0,7 ™ @) 0T, (38)

Let us introduce fo, (y) := f(0y0]) € Cg%l(Sj([R)). By the chain rule, we have 0g; ;1 fo, (y) = Tr[0: (e} +

Lizjel" )07 OF (007 )], where (f ())r = (Lit + $Lr1)Opr 1y f () and e’ = (Lp—iij)h1<r,1<a- From (Bd),
we see that there is a good sequence (Cl, e.y)vew(dﬂ)/z that can be obtained from a good sequence of f such
that:

vt € (0,m). ¥y € SF(R), 10, fa, ()] < O (1+ [lgll°).

Therefore, we get that there are constants still denoted by C, E,n > 0 such that

vt (0,n), [ELF6F" O 0] — Elp(oy O 00| < ot 07 e (6717 17).

(39)
From (B{), we get that there is a constant K’ > 0 such that ||0; 'mam! (0, )T ||F < K'||z||? for t € (0,n).
Thus, we get the result by gathering (B7), (BJ) and (B9). O
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Now, we want to show thanks to Theorem @ that the scheme given by Proposition @ gives indeed a
weak error of order v. However, if we exclude the exact simulation of the CIR, we only have at our disposal
(up to our knowledge) at most a third order scheme for the CIR (see [f]). It seems thus fair to state the
result on the weak error in that case.

Theorem 27 — Let (X{)i>0 ~ WIS4(z,,b,a) such that either a € G4(R) or a’ab = ba’a, and f €

Coor(Sa(R)). Let ()A(t]:](,,() < i < N) be sampled with the scheme defined by Proposition [24 with the third order

scheme for the CIR given in [l and starting from x € ST (R). Then,

3C, No > 0,YN > No, [E[f(X[N)] — E[f(X{)]| < C/N®.

Proof : The conditions of Theorem @ are satisfied thanks to Propositions @, @ and Lemma . O

3.3 Second order schemes for affine diffusions on S; (R)

In this part, we present two different potential second order schemes for general affine processes. The
first one is well-defined without any restriction on the parameters. The second one is faster but requires to
assume in addition that & — da”a € S (R).

Let (X{)i>0 ~ AFFy(z, @, B,a). Thanks to Corollary f, there is u € G4(R) and a diagonal matrix § such
that @ = u"ou, aTa = uTIZ}u and we have:

)T 1

I _
(XP)izo = @IV, ™ u)yso, where Y ~ AFFy(y, 3, By, I}).

aw

—l)TIu—l

Lemma 28 — If Yty is a potential vth-order scheme for AFFy(y, 6, By, 1}), then qu/t(u
potential vth-order scheme for AFFy(x, @, B, a).

U s a

Proof :  Let f € C2,(S§(R)). We then have z — f(ulzu) € C (S5 (R)). Since u is fixed, there are

pol pol
constants C,n, £ depending only on a good sequence of f such that for ¢ € (0,7), |[E[f(uT}>t(u71)Twilu)] —
A —1\T -1 —1\T -1
E[f(XP))| = [EF @Y™ ™ w) - Ef @Y™ )| < O (1 () Tea ™ F) < Ot (L +
||z||¥), for some constant C’ > C. O

_ We now focus on finding a scheme for AF Fy(y,@, By, I}). Since 0 is a diagonal matrix such that
§—(d—1)I7 € 8§ (R), we have B
Omin := min §;; >d— 1.
1<i<n
From Corollary H, we can write the infinitesimal generator of Y}/

L =Tr([0 + B(z)]|D®) + 2Tr(xDS I? DS) = Tr([0 — dminl} + Bu(2)]D®) + duminTr(DS) + 2Tr(xDS 17 DY)

Lope Lwisy(@,6min.0.17)

(40)
as the sum of the infinitesimal generator of WISd(x,émin,O,Ig) and of the generator of the affine ODE
2'(t) = 0 — dminl} + Byu(2(t)). Of course, this ODE can be solved explicitly. Moreover, we know by
Lemma i that if 2(0) = = € S (R), the solution of this ODE remains in S, (R) since Assumption ({) holds
for B, and 6 — dminl} € ST (R). We denote by p?PE (t) the Dirac mass at x(t): this is an exact scheme for

Lopg. Thanks to Proposition @, we get the following result.
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Proposition 29 — Let p¥V(t) denote a potential second order scheme for WI1Sy(x, 6min, 0, I7). With the
notations above, the following schemes

1 R
SpOPE () 0 pl (1) +

5 P (8) o p7PE(t) and pOPE(t/2) 0 p (1) 0 pTPF(8/2)

DN =

are potential second order scheme for the affine process AFFy(x,6, By, I7).

By combining Lemma @ and Proposition @, we get a potential second order scheme for any affine process.
In the numerical experiments in Section [}, we have used the composition p?PE(t/2) o pW (t) o p9PE(t/2)
even though the other one would have work as well.

Let us stress now that different splitting from (@) are possible. For example, we could have chosen instead
L = Tr([0— BI} + By (x)]DS) + BTr(DS) + 2Tr(x DS I} DY) for any 8 € [d—1, omin]. When @—da’a € S (R)
(or equivalently when & — dI} € ST (R)), the following splitting

L =Tr([0 — dI} 4 Byu(2)]D%) + dTr(D®) + 2Tr(xDS I} D¥) (41)

LopE Lwisy(@,a,0,1%)

is really interesting. Indeed it is known from Bru [E] that Wishart processes can be seen as the square of an
Ornstein-Uhlenbeck process on matrices and can be simulated very efficiently. More precisely, we will use
the following result.

Proposition 30 — Let € S (R) and ¢ € My(R) be such that cTc = x. Then, the process X§ =
(¢ +WiI)T (c + WiI}) satisfies
(X{)e>o0 = WISy(x,d,0,I7).

Ifé denote a d-by-d matrixz with independent elements sampled according to (@), Xf =(c+ \/EG'I;)T(C +
\/ECA}’IQ) is a potential second order scheme for WI1S4(x,d,0,17).

Proof :  We have by using Itd calculus dX{ = (c + Wi I)TdWi I} + I3dW[ (c + WiI}) + dIjdt. By
using Lemma [], The quadratic covariation of (X¥);; and (X{)m,, is given by d((X{)ij, (XF)mm) =
(X)im T )i + (XE)inT])jm + (XF)jm (T} )i + (XE)jn(I])im. Therefore, (X[)i>0 solves the same
martingale problem as WI1S(z,d,0, I7}), which is known to have a unique solution from Cuchiero et al. @]

Let us show now that Xf is a potential second order scheme. We can see ¢ + \/félg as the Ninomiya-
Victoir scheme with moment-matching variables (see Theorem 1.18 in [f[]) associated to %Zle > 97
on My(R). Let f € C32,(S7(R)). Then, z € My(R) — f(zTx) € C5%;(M4(R)) and there are constants

pol pol
C, E,n > 0 depending only on a good sequence of f such that:

vt € (0,n), [E[f((c + VIGI}) (¢ + VIGI}))] = E[f ((c + W I§)" (e + W I7))]| < CE 11+ e[ ).

Let us observe now that the Frobenius norm of ¢ is /Tr(cTc) = /Tr(z) < /d + Tr(22) < Vd + /Tr(22).
Therefore, for any norm, there is a constant K > 0 such that ||c|| < K(1 + ||z||), which gives the result. O

Corollary 31 — We assume that 6 — dI} € S;(R). Let p"vis(t), denote the second order scheme of
Proposition Bd, and p9PF (t) be the exact scheme for the ODE associated to Tr([6 — dI} + B, (x)|D®). Then,
TpOPE(t) o p¥eis (t) + 3p"is (t) 0 pOPE(t) and pOPF (t/2) o pWVeis (t) 0 pQPE(t/2) are potential second-order

scheme for AFFy(x,6, By, I7]).
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The scheme given by Lemma P§ and Corollary B is not well-defined when @ —da”a ¢ S} (R). When it is
defined, it is however more efficient than the scheme given by Proposition @ and Lemma @ We have already
mentioned in subsection that the exact scheme has a cost of O(d*). Similarly, the schemes given by
Propostions @ and @ have a cost of O(d*) operations. On the contrary, the scheme given by Proposition
only requires one Cholesky decomposition. Thus, the scheme given by Lemma @ and Corollary @ has a
complexity in O(d®). We will illustrate this in the next section.

We conclude this section by mentioning that in the case of Wishart processes, we can show that the weak
error is indeed of order 2 thanks to Theorem , Lemma Bf and Proposition @

Theorem 32 — Let (X7 )i>0 ~ WIS4(x,a,b,a). Let (ng,() < i < N) be the scheme starting from x which
is sampled either by the scheme defined by Lemma @ and Proposition @ (with the second order scheme for
the CIR given in /ﬂ]) or, if we have in addition o > d, by the scheme given by Lemma @ and Corollary @
Then,

30, No > 0,YN > No, [E[f(X]X)] - E[f(X})]| < C/N?.

4 Numerical results on the simulation methods

The scope of this section is to compare the different simulation methods given in this paper. We still
consider a time horizon T and the regular time-grid ¢t = iT/N, for i = 0,..., N. In addition, we want
to compare our schemes to a standard one, and we will consider the following corrected Euler-Maruyama
scheme for AFFy(x,@, B, a):

N N N N T = =
XjéVV =z, ngN+ = ng+(a+B(Xj£VV))N+1/(thﬁvv)+(Wtﬁ1—Wtﬁv)amT(Wtﬁl—Wt{v)T, /(ng)to <i< N-1.

(42)
Here, % denotes the matrix that has the same eigenvectors as = with the same eigenvalue if it is positive
and a zero eigenvalue otherwise. Namely, we set 27 = odiag()\f, R )\:{)OT for x = odiag(\1, ..., Aa)oT.

Thus, z is by construction a positive semidefinite matrix and its square root is well defined. Without this
positive part, the scheme above is not well defined for any realization of W.

First, we compare the time required by the different schemes and the exact simulation. Then, we present
numerical results on the convergence of the different schemes. Last, we give an application of our scheme to
the Gourieroux-Sufana model in finance.

4.1 Time comparison between the different algorithms

In this paragraph, we compare the time required by the different schemes given in this paper. As it has
already been mentioned, the complexity of the exact scheme as well as the one of the second order scheme
(given by Lemma P§ and Proposition P9) and the third order scheme (given by Proposition @) is in O(d*)
for one time-step. To be more precise, they require O(d*) operations that mainly corresponds to d Cholesky
decompositions, O(d?) generations of Gaussian (or moment-matching) variables and O(d) generations of
noncentral chi-square distributions (or second or third order schemes for the CIR). The time saved by the
second and third order schemes with respect to the exact scheme only comes from the generation of random
variables. For example, the generation of the moment-matching variables (@) and (@) is 2.5 faster than
the generation of M (0,1) on our computer. The gain between the second or third order schemes for the
CIR given in Alfonsi [[l] and the exact sampling of the CIR given by Glasserman [[Ld] is much greater, but it
depends on the parameters of the CIR. When the dimension d gets larger, the absolute gain in time between
the discretization schemes and the exact scheme is of course increased. However, the relative gain instead
decreases to 1, because more and more time is devoted to matrix operations and Cholesky decompositions
that are the same in both cases. Let us now quickly analyse the complexity of the other schemes. The
second order scheme given by Lemma @ and Corollary @ (called “second order bis” later) has a complexity
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N =10 N =30

Schemes R. value Im. value | Time R. value Im. value | Time
Exact (1 step) —0.526852 | —0.227962 | 12
274 order bis —0.526229 | —0.228663 | 41 —0.526486 | —0.229078 | 125
274 order —0.526577 | —0.228923 | 76 —0.526574 | —0.228133 | 229
374 order —0.527021 | —0.227286 | 82 —0.527613 | —0.228376 | 244
Exact (IV steps) —0.526963 | —0.228303 | 123 —0.526891 | —0.227729 | 369
Corrected Euler —0.525627*| —0.233863*| 225 —0.525638%| —0.231449*| 687

a=235d=3Ar=10"3 A}, = 1073, exact value R. = —0.527090 and Im.= —0.228251
Exact (1 step) —0.591579 | —0.037651 | 12
274 order —0.590444 | —0.037024 | 77 —0.590808 | —0.036487 | 229
374 order —0.591234 | —0.034847 | 82 —0.590818 | —0.036210 | 246
Exact (IV steps) —0.591169 | —0.036618 | 174 —0.592145 | —0.037411 | 920
Corrected Euler —0.589735% —0.042002*| 223 —0.590079*| —0.039937*| 680
a=22,d=3,Ar=0.9x10"3 A, = 1.3 x 1073, exact value R. = —0.591411 and Im.= —0.036346
Exact (1 step) 0.062712 —0.063757 | 181
274 order bis 0.064237 —0.063825 | 921 0.064573 —0.062747 | 2762
274 order 0.064922 —0.064103 | 1431 0.063534 —0.063280 | 4283
374 order 0.064620 —0.064543 | 1446 0.064120 —0.063122 | 4343
Exact (IV steps) 0.063418 —0.064636 | 1806 0.063469 —0.064380 | 5408
Corrected Euler 0.068298* | —0.058491*| 2312 0.061732* | —0.056882* 7113
a=105,d=10,Agr =14 x 1073, Ay, = 1.3 x 1073, exact value R. = 0.063960 and Im.= —0.063544
Exact (1 step) —0.036869 | —0.094156 | 177
274 order —0.036246 | —0.094196 | 1430 —0.035944 | —0.092770 | 4285
374 order —0.035408 | —0.093479 | 1441 —0.036277 | —0.093178 | 4327
Exact (IV steps) —0.036478 | —0.092860 | 1866 —0.036145 | —0.093003 | 6385
Corrected Euler —0.028685%| —0.094281*| 2321 —0.030118%| —0.088988*| 7144

a=92,d=10,Agp =14 x 1073, A, = 1.4 x 1073, exact value R. = —0.036064 and Im.= —0.093275

Table 1: E[exp(—Tr(ivXﬁv))] calculated by a Monte-Carlo with 10° samples for a Wishart process with a = I,
N

b=0, z=10I4, v = 0.09I4 and T = 1. The starred numbers are those for which the exact value is outside the 95%

confidence interval, and Agr (resp. Ar) gives the two standard deviations value on the real (resp. imaginary) part.

in O(d®) operations for one Cholesky decomposition and matrix multiplications, with O(d?) generations of
Gaussian variables. The complexity of the corrected Euler scheme is of the same kind. At each time-step,
O(d?) operations are needed for matrix multiplications and for diagonalizing the matrix in order to compute
the square-root of its positive part. However, diagonalizing a symmetric matrix is in practice much longer
than computing a Cholesky decomposition even though both algorithms are in O(d®). Also, one has to
sample O(d?) Gaussian variables for the Brownian increments.

In Table @, we have calculated by a Monte-Carlo method one value of the characteristic function of a
Wishart process. It is also known analytically thanks to (E), and we have indicated in each case the exact
value. We have considered dimensions d = 3 and d = 10. We have given in each case an example where
a > d and another one where d — 1 < o < d. We have used the different algorithms presented in this paper:
“nd order bis” stands for the scheme given by Lemma @ and Corollary @ (with the moment-matching
variables (B3)), “2"¢ order” stands for the scheme given by Lemma P§ and Proposition P9 (with (B3) and the
second order scheme for the CIR given by [[l]), “3"? order” stands for the scheme given by Proposition
(with (B4) and the third order scheme for the CIR given by [l}), and “Corrected Euler” stands for the
corrected Euler-Maruyama scheme presented in the beginning of this section. For the exact scheme, we have
both considered the cases with one time-step T' and N time-steps T/N. Of course, the first case is sufficient
to calculate an expectation that only depends on X7, but the second case allows to compute also pathwise
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expectations. For each method, we have given the value obtained and the time needed on our computer
(3000 MHz CPU).

First, let us mention that the exact value is in each case in the confidence interval except for the corrected
Euler scheme. As one can expect, the exact method with one time-step is by far the quickest method to
compute an expectation that only depends on the final value. We put aside this case and focus now on the
generation of the whole path. We see from Table @ that the second and the third order schemes require
roughly the same computation time. As expected, the second order scheme bis is much faster when it is
defined (i.e. when o > d). On the contrary, the Euler scheme is much slower than the second and third order
scheme, even though it should be faster for large d. This is due to the cost of the matrix diagonalization.
Let us mention that the time required by the discretization schemes is proportional to N and do not depend
on the parameters when the dimension is given. On the contrary, the time needed by the exact scheme
may change according to a and can increase considerably when « is close to d — 1. To be more precise, the
exact simulation method for the CIR given by Glasserman [m] uses a rejection sampling when the degree
of freedom is lower than 1, which corresponds to the case d — 1 < a < d. The rejection rate can in fact be
rather high, notably when the time-step gets smaller. For N = 30, d = 3 and a = 2.2, the exact scheme is
four times slower than the second order scheme and 2.5 slower than the exact scheme with a = 3.5.

Let us draw a conclusion from this time comparison between the different schemes. Obviously, we
recommend to use the exact scheme when calculating expectations that depend on one or few dates. Instead,
when calculating pathwise expectations of affine processes by Monte-Carlo, we would recommend to use in
general the second order bis scheme when « > d and the second order (or third order for Wishart processes)
whend—-—1<a<d.

4.2 Numerical results on the convergence

Now, we want to illustrate the theoretical results of convergence obtained in this paper for the different
schemes. To do so, we have plotted for each scheme E[exp(—Tr(ivX/Y))] in function of the time step T'/N.
N

This expectation is calculated by a Monte-Carlo method. As for the time comparison, we illustrate the
convergence for d = 3 in Figure m and d = 10 in Figure E Each time, we consider a case where @ > d and a
case where d — 1 < o < d, which is in general tougher. In these figures,

e scheme 1 denotes the value obtained by the exact scheme with one time-step,

e scheme 2 stands for the second order scheme given by Lemma @ and Proposition @,
e scheme 3 denotes the third order scheme given by Theorem E,

e scheme 4 is the corrected Euler scheme @)

Here, we have not plotted the convergence of the second order (bis) scheme given by Lemma @ and Corol-
lary @ because it would have given almost the same convergence as the other second order scheme.

N 2 4 8 10 16 30
Figure [I, right | -0.000698 | 0.000394 | 0.033193 | 0.111991 | 0.185128 | 0.210201
Figure f, right | 0.494752 | -0.464121 | 0.657041 | 0.643042 | 0.637585 | 0.619553

L
:

Table 2: Values obtained by the Euler scheme in the numerical experiments of Figures m and E

As expected, we observe in both Figures [I| and [ convergences that fit our theoretical results. Namely,
Scheme 2 converges in O(1/N?) and Scheme 3 converges faster in O(1/N?). In some cases such as Figure fl,
Scheme 3 already matches the exact value from N = 2. Even though it seems to converge at a O(1/N)
speed, the corrected Euler scheme is clearly not competitive with respect to the other schemes. In the tough
case d — 1 < a < d, the values obtained by the Euler scheme are in fact outside the figures, and we have put
the corresponding values in Table E
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Figure 1: d = 3, 10” Monte-Carlo samples, T = 10. The real value of E[exp(—Tr(iv)A(t% ))] in function of the time-step
T/N. Left: v =0.05I4 and Wishart parameters z = 0.414, « = 4.5, a = Iq and b = 0. Exact value: 0.054277. Right:
v = 0.214+0.04g and Wishart parameters x = 0.414 + 0.2¢q, « = 2.22, a = I; and b = —0.5]4. Exact value: 0.239836.
Here, ¢ is the matrix defined by: g; ; = 1;»;. The width of each point represents the 95% confidence interval.

We want to conclude this section by testing numerically the convergence of our schemes when we cal-
culate pathwise expectations. Of course, our theoretical results only bring on the weak error, but we
may hope that our schemes converge also quickly when considering more intricate expectations. In Fig-
ure 1.9, we approximate E[maxo<;<7 Tr(X#)] with the different schemes by computing the maximum on
the time-grid. The convergence seems to be roughly in O(1/yv/N) for all the schemes (see Figure [,
left), including the exact scheme. However, the main error seems to come from the approximation of
maxo<i<7 Tr(X[) by maxo<i<n Tr(Xtﬂz\,). In fact, we have plotted in Figure [£.g (right) the difference be-

tween E[maxo<i<y Tr(X )] and E[maxo<p<ny Tr(X7y)]. Then, we find convergences that are very similar
- k - k

to those obtained for the weak error: schemes 2 and 3 converge at a speed which is respectively compatible
with O(1/N?) and O(1/N3). Scheme 4 seems also to give a O(1/N) convergence. It would be hasty to
draw a global conclusion from this simple example. Nonetheless, the convergence of schemes 2 and 3 is
really encouraging on pathwise expectations, if we put aside the problem of approximating a function of
(XF,0<t<T) by a function of (th{j’() <k <N).

4.3 An application in finance to the Gourieroux and Sufana model

In this paragraph, we want to give a possible application of our schemes in finance. More precisely,
we will consider the model introduced by Gourieroux and Sufana [[J]. This is a model for d risky assets
St ..., 8% Let (B;,t > 0) denote a standard Brownian motion on R? that is independent from (W;,t > 0).
Then, we consider the following dynamics for the assets:

t t
t>0,1<1<d, sﬁ:séw/ Sidu—i—/ S (\/XudBy)1, (43)
0 0

where X; = Xo—i—fot (aaTa+bX, + X,bT) du—i—fot (VXzdWya + aTdW]\/X7) is a Wishart process. Here,
(vX.dB,), is simply the I*" coordinates of the vector v/X,dB,. We can easily check that the instantaneous
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Figure 2: d = 10, 107 Monte-Carlo samples, T' = 10. Left: imaginary value of E[exp(—Tr(iv)A(t]YV))] with v = 0.00914
N
in function of the time-step T'/N. Wishart parameters: z = 0.4l4, o = 12.5, b = 0 and a = I4. Exact value:
—0.361586. Right: real value of E[exp(fTr(ivXtNN))] with v = 0.009]; in function of T/N. Wishart parameters:
N

z = 0414, o = 9.2, b = —0.5I; and a = I;. Exact value 0.572241. The width of each point represents the 95%
confidence interval.

quadratic covariation matrix between the log-prices of the assets is X;. Last, r denotes the instantaneous
interest rate.

To simulate both assets and the Wishart matrix, we proceed as follows. We observe that the generator
of (S, Xi) can be written as

d d
1
L =L%+ L%, where L° = g 1 r8;0s; + 7 E 1 884,705, 0s;,
i= i,j=

and L¥ is the generator of the Wishart process WIS4(x,a,b,a). The operator LS is associated to the SDE
dSl = rS! + Sl(\/xdBy), that can be solved explicitly. We have indeed S} = S} exp[(r — z11/2)t + (VT By)1)-

Let us also remark that /xB; = ¢B; if we have ec” = z: both are centred Gaussian vectors with the
aw

same covariance matrix. In practice, it is more efficient to use S! = S} exp[(r — z1,/2)t + (cBy)i] where
c is computed with an extended Cholesky decomposition of z rather than calculating /x, which requires
a diagonalization. Let us then denote by péﬁz)(t) the exact scheme for L° (x is unchanged) and ﬁf;m)(t)
a second order scheme for the Wishart process WISy(x,a,b,a) (s is unchanged). Then, we consider the
following scheme

S5 (0)0 5, 1) (1) + 55(0) 0 5 ) (1),

i.e. we draw a Bernoulli variable of parameter 1/2 to decide whether we use first ﬁé () or ﬁf; (). Under
some conditions that we do not check here, this construction is known from Proposition RJ to preserve the
second-order convergence. To be consistent with Subsection @, this scheme is denoted by scheme 2 later

in this paragraph. To compare this scheme with a more basic one, we consider the Euler-Maruyama scheme
defined by (E) and

Sy’ = b, S =5 (1 +T/N + (/X% (Buy, - BtN))l) 0<i<N-1.

i
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T/N. The width of each point gives the precision up to two standard deviations.

It is denoted by scheme 4 like in Subsection @

We have plotted in Figure the price of a put option on the maximum of two risky assets (d = 2). The
Gourieroux and Sufana model is an affine model, and the characteristic function of S; is explicitly known
(see [[1]). Thus, it is possible to adapt the method proposed by Carr and Madan [E] and to calculate by
numerical integration (which is possible for small dimensions) the value of this put option. We have given
in Figure @ the exact value obtained by this method. As one might have guessed, we observe a quadratic
convergence for scheme 2 and a linear convergence for scheme 4. The benefit of using scheme 2 is clear since
it already fits with the exact value from N =5 in both cases: its convergence is really satisfactory.

5 Conclusion and prospects

Let us draw a brief summary of this paper. Thanks to a remarkable splitting of the infinitesimal generator
of Wishart processes, we have been able to sample exactly any Wishart distribution. We have also proposed
a third order scheme for Wishart processes and a second order scheme for general affine diffusions. We have
confirmed these rates of convergence with numerical tests and analysed the time complexity of each method.
It comes out that we recommend to use the exact scheme to compute expectations that depend on one
(or few) times. To calculate pathwise expectations, we instead recommend generally to use discretization
schemes. More precisely, the second order scheme given by Lemma @ and Corollary @ has to be preferred
when o« > d. Otherwise, we recommend to use the third order scheme given by Theorem @ for Wishart
processes or the second order scheme given by Lemma @ and Proposition E for general affine diffusions.

Let us give now some prospects of this work. As a possible continuation of this paper, it is natural to
wonder if it is possible to extend our schemes to affine diffusions on positive semidefinite matrices that include
jumps (see Cuchiero et al.[ﬂ]). From a modelling point of view, we believe that Wishart processes could be
used in a wide range of applications. In fact, they can be used as soon as one has to model dependence
dynamics. Thus, we hope that the possibility of sampling such processes will stimulate different kinds of
dependence models.
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A Notations and some results on matrices

Notations for real matrices :

e For d,d € N*, M4(R) denotes the real d square matrices and My q (R) the real matrices with d rows
and d’ columns.

e S4(R), ST (R), S;’* (R), and G4(R) denote respectively the set of symmetric, symmetric positive semidef-
inite, symmetric positive definite and non singular matrices.

e For z € My(R), 27, adj(x), det(x), Tr(z) and Rk(z) are respectively the transpose, the adjugate, the
determinant, the trace and the rank of .

e For z € S (R), /= denotes the unique symmetric positive semidefinite matrix such that (y/z)? = =

e The identity matrix is denoted by I; and we set for n < d, I} = (Li=j<n)i<i j<d and €] = (Li=j=n)1<i,j<d;
so that I =" | e} We also set for 1 <i,j <d, e}/ = (Lk=i,i=j)1<k,i<d-

e For z € 84(R), we denote by zy; ;) the value of z; j, sothat v = 37, ., .oy T(i 5y (efi’jJr]l#jeg’i). We use
both notations in the paper: notation (x; j)i<i j<q is of course more convenient for matrix calculations
while (2; j3)1<i<j<d is preferred to emphasize that we work on symmetric matrices and that we have
Tij = Lji-

e For A\i,..., s € R, diag(A1,...,\q) denotes the diagonal matrix such that diag(A1, ..., Aa)ii = A

Now, we present different results that are used in the paper. We first recall the extended Cholesky
decomposition of positive semidefinite matrices which is used intensively and then give two other technical
results.

Lemma 33 — Let q € S;'([R) be a matrix with rank r. Then there is a permutation matriz p, an invertible
lower triangular matriz ¢, € G-(R) and k, € Mg_rxr(R) such that:

T 1 (¢ O
pgp CC,C(/{/’T 0>

The triplet (¢, ky,p) is called an extended Cholesky decomposition of q. Besides, é = < b T > € G4(R),
r d—r

and we have:
q=("p) ;" p.

The proof of this result and a numerical procedure to get such a decomposition can be found in Golub
and Van Loan ([@], Algorithm 4.2.4). When r = d, we can take p = I, and ¢, is the usual Cholesky
decomposition.

Lemma 34 — Let b,c € Sq(R). If either b € S] (R) or ¢ € SJ (R), then I, + ibc is invertible. In particular,
ifbe S;*(R), b+ic is invertible.

Proof : We start with the first assertion. Since (I + ibc)T = I + ich, it is sufficient to check the case
where ¢ € 8§ (R). By a way of contradiction, let us assume that there is € C?\ {0} such that z + ibcz = 0.
We respectively denote by zr € R? and z; € R? the real and imaginary part of z. One gets easily that
xp = bexy and x; = —bcxg. Since x # 0, we have necessarily zg # 0, cxg # 0, bexg # 0 and cbcxr # 0.
Since c is nonnegative, we get by decomposing on an orthonormal basis that czr.xg > 0 and cbcxg.bexg > 0.
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However, we also have cxr.xp = —crp.becbexr, which leads to a contradiction. The second assertion is now
obvious since b+ ic = b(I; +ib"'c). O

B Proofs of Section

B.1 Proof of Lemma P
Proof : From the SDE (f), we have

(dY3)i; = (Ci)ijdt + (BedWi Ay + AT AW BT )i 5
(Co)igdt + Sy (Be)iw(Ag + (B (Ae)ii) (W)

Then we get the following formula for the quadratic covariation

A(YV)ig, Yo)ma) = S (Bik(A)y + (Br)jk (A1) (Be)mk (A in + (B (Ad)im)dt
= ZZ;C(Bt>i,k(Bt)m,k(At>l,n(At>l,j + Zld,k(Bt)z‘,k(Bt)n,k(At)l,m(At)z,j
+ 30 (B (B m e (A in (An) i + 341 (B ke (B (At (A1 (44)
= (BB )i (AT A + (BiBY )i (AT A
(Bt )] m(A At)n 7 (Bt )J n(A At)m i

B.2 Proof of Proposition

Proof : Let v € §4(R) such that Vs € [0,t], 15 — 2gsv € G4(R). As it is usual for affine diffusions, the
Laplace transform can be formulated with ODE solutions. Namely, we will show that E[exp(Tr(vX}))] =
exp|¢(t, v) + Tr(¥(t, v)x)], where ¢ and ¢ solve following ODEs (see for example Cuchiero et al. [{f]):

5##@“) = w(tav)b'i_bTw(tav)+2w(tav)aTaw(t’U) ) ’L/J(O,’U) = v
Oho(t,v) = aoTr(y(t,v)) i 0(0,v) 0.

The function 1 solves an usual matrix Riccati ODE. As shown by Levin [@], 1) can be obtained explicitly
by the mean of the following exponential matrix :

D I L I D)

From [[L§],we obtain that

Y(t,v) = (¥(0,v)A12(t) + Ag2(t) " (¥(0,v) A1 1 (t) + Ag1 (1))

-1
( 2v exp(th) fo exp(—sb)al aexp(—sb?)ds + eXp(—th)) vexp(th)
-1
= ( 2v fo exp(sb)a’ aexp(sb?)ds exp(—tbT) + eXp(—th)) vexp(th)
ex

p(DT) (I — 20g.)~ v exp(th),

provided that Iy — 2gsv is invertible for s € [0, ¢], which holds by assumption. Therefore we get for z € S4(R),

Tr(y(t,v)z) = Tr(exp(tb”)(ly — 2vq) " tvexp(th)z)
= Tr((Ig— 2vg:) 11) exp(th)x exp(tbT) g
Tr (v(Ig — 2qv) ! exp(tb)z exp(tbT)
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since v(Iy — 2qv) "' = (I — 2vq;)~'v. As explained by Grasselli and Tebaldi ([[l4], section 4.2), ¢ can also
be calculated explicitly by the mean of the exponential matrix above, and we get:

a
(1) = ~ T (10g{(L4 — 209) exp (7)) — #1x(3)
By using that exp(Tr(log(A))) = det(A) for A € G4(R), we deduce then that

exp(@(t,v)) = exp(§tTr(b)) (exp(Tr(log{(la — 2vg:) exp(tb™)})))
= exp($tTr(b)) (det{(1q — 2vq:) }det{exp(tb”)}) =
exp (gltTr(b) — 24Te(b)) (det{(Iq — 2vg:)}) >
det(Ig—2q;0) 3
For the last equality, we have used that det(I; — 2vg;) = det((Ig — 2vg)T) = det(Ig — 2qzv).
Now, it remains to show that ([Ld) indeed holds. By It6 calculus, we get that for s € (0,):

dexplp(t—s, v)+Tr(h(t—s,v) XT)] = exp|p(t—s, v)+Tr((t—s, v) X ) Tr[th(t—s, v)(/ X2dWea+aT dWT \(/X_)g)].
45

—_=
2

tTr(
tTr(

Thus, exp[¢(t — s,v) + Tr((t — s,v)X7)] is a positive local martingale and therefore a supermartingale,
which gives that Elexp(Tr(vX}))] < explo(t,v) + Tr(¢¥(t, v)x)] < 00, i.e. Dy gt C Dg,ab,ait, Where

Dp.ait := {v € Sa(R), Vs € [0,1], Ig — 2qsv € Gg(R)} and ﬁx,a,b,a;t = {v € S4(R), E[exp(Tr(vX[))] < oo}.

On the other hand, when —v € S;*(R), we can check that exp[¢(t — s,v) + Tr(¢(t — s,v)X?)] < 1 by
observing that det(Iq — 2¢v) = det(lg + 2v/—vgv/—v) > 1 and Tr (v(Ig — 2qv) ! exp(th)z exp(tbT))
—Tr (V=v(lg + 2v/—vgv/—v) "t/ —vexp(th)z exp(tb”)) < 0. In that case, exp[p(t—s, v)+Tr((t—s,v) XT)]
is a martingale from ([t3)), and ([L()) holds.

Let us observe now that Dy, is convex. In fact, we have det(Iq — 2¢,v) = det(lg — 2\/q5v/qs), and
therefore Dy ;¢ = {v € Sa(R), Vs € [0,t], 4 — 2,/qsv/q5 € S;’*(ﬂ?)} which is obviously convex. The Laplace
transform v +— Elexp(Tr(vX7))] is an analytic function on Dy, (see for example Lemma 10.8 in [f]).
The RHS O@E) is also analytic on Dy 4+ and coincides with the Laplace transform when —v € S;’*([R).

(

Therefore, (| holds for v € Dy 4, since Dy 44 is convex. Now, we can extend to complex values of v. Indeed,
the RHS of ) is well defined for v = vg + iv; with vg € Dp 4, thanks to Lemma @ Since both hand
sides are analytic functions of v, ([L() holds for v = vg + iv;.

Last, we want to show that Dy 4. = @I7a,b7a;t. We first consider the case b = 0 and assume by a way of
contradiction that there is v € ﬁx,a,o,a;t \ Dy a:¢ for some z, o, a and t > 0. Let = min{s € [0, 1], I4 — 2qsv &
Ga(R)} € (0,t]. On the one hand, we have v € Dy ,.; and v € Dy q;s for s € [0,). On the other hand, we
have by Jensen’s inequality:

s €[0,t], exp((t — s)Tr(va’a)) exp(Tr(vX?)) < Elexp(Tr(vXF))|Fsl,

which gives s € [0,t] — exp(—sTr(vaTa))E[exp(Tr(vX?))] is nondecreasing and finite. Since ([L]) holds for
s < t, we get that E[exp(Tr(vX7))] = +o00, which leads to a contradiction. Let us now consider the case
b # 0. From Proposition P| (which is a consequence of the characteristic function obtained above), we have

v € Dy apat < 0 v0; € Do py = Vs € [0,1],det(Iq — 2(s/t)qv) # 0.

In particular, Dy o.p.q: is an open set. For v € Gq(R), we have det(Iy — 2(s/t)qv) # 0 <= det(v™! —
2(s/t)qt) # 0 (resp. det(Iy — 2qsv) # 0 <= det(v! — 2¢5) # 0). Since s¢; < s'q; (vesp. ¢s <
o) for s < s', we know from Theorem 8.1.5 in [LJ] that the (real) eigenvalues of v=! — 2(s/t)q; (vesp.
v~ — 2¢,) are nonincreasing w.r.t. s. Since they are also continuous, and v~ — 2(s/t)q; = v~! — 2q, for
s € {0,t}, we get that Vs € [0,t],det(v™" — 2(s/t)q:) # 0 <= Vs € [0,t],det(v™" — 2¢5) # 0, and thus

Da.apat NGa(R) = Dp ot NGa(R). Let v € Dy g past- Since Dy o.pq:t 1S an open set, there is € > 0 such that
vtely € Dyopat NGa(R). Since Dy gy is convex, v = (v +elg+v —€lg)/2 € Dy gy O
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C Proofs of Section

C.1 Proof of Theorem [I(Q
Proof : From (§), we get:

1
1<m<d 1<m,1<d
m#i m#i,l#T

We want to show that L;L; = L;L; for i # j. Up to a permutation of the coordinates, L; and L; are the
same operators as Ly and Ly. It is therefore sufficient to check that L1 Ly = Lo Ls. By a straightforward but
tedious calculation, we get

LiLy =

0®0(1,1y012,2) + 20322y 01,1 0F 91 + 200 Y _ (2. 130(1,11 02,2y 2,5y +
v 72
(0) (1)

(2)

«
5(8?172} + Z IL'{j,k}a{l,l}a{Q,j}a{Q,k}) + 2ax{171}8f171}8{2,2} + 4${171}x{2,2}8f171}8f272} +
S~ #2,k#2

3) (1) 3)
(4)

4y wanre i 0e)0n +ran20n ey + Y 240t 00K +
J#2 T 3#2,k#2
(6) (8)

2
2 Z T1,m}y941,13071,m) 02,2y +4 Z T{,my(2,2y9(1,13001,m} 002 2y +
m#1 m#1

(2 (6)

A0 Y waumyTe 001 00m 01,1 02.2) + 7(1.210(1130(1.2)0(2.2))
m#£1,j#2

(10)

®
+ Y ramrem00n0nmOnnder T Y, TrmOf s 0nm
m#1,k#2,j#2 m#1l,m#2

(11) (12)

+2 Z T{1,my941,110(1,2102,m} + 56{1,2}5?1_,2} + 2x41,2y071,110(1,21 92,2}
m#l,m#2

(19)
(13)
@ 2
5 Y TmnumOnnde + D T2 @m0 0um 0y 0 +
m£L £ m£L £

(4) (®)

Y T pTmnOnmOnndedey +2 Y, Tomy0n20m Oy + 22020y 2,002y +
m#1,l#1,5#2 m#l,m#2

()
() (13)

1 2

T2 mnrumdumOundenden Y, rmadundundem + Y, Temdhsdem-

m#11#1 m#1,l#1 m#l,m#2

A2, kA2 MA2,1#£2

(12)
(15) (16)
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Obviously, we have the same formula for Lo L simply by exchanging the index 1 and 2. It is then sufficient
to check that the above formula remains unchanged when we exchange the two index. Each term above is
marked with a number. If this number is in the form (7), then the associated term is symmetric. Otherwise,
there exist in the formula its corresponding symmetric term which is marked with the same number. O

C.2 Proof of Proposition [[]]

Proof : Let X7 ~ WISq(x,,0,17;t). We will check that for any polynomial function f of the matrix

1,z
elements, we have E[f(XF)] = E[f(X;" " )]. Let us consider a polynomial function f of degree m:
x € S4(R), f(x) = Z a,Z7,
YENAHD/2 |y]<m

where |7 = 37, cicica iy and 7 =Tl i<y zz%f Since the operator are affine, it is easy to check
that Lf(xz) and L;f(z) are also polynomial functions of degree m. We set:

1flle = > |ay| and |L| = max I1LZ7 e,

N ENUA+1D)/2 |y |<m YENHLED /2, [y|<m

so that [|[L¥ f||p < |L|¥||f|lp for any k € N. Therefore, the series > oo t"L* f(x)/k! converges absolutely. By
using [ + 1 times It6’s formula, we get:

l t *Sl
L) = 3 i)+ [ S e s

Wishart processes have bounded moments since the drift and diffusion coefficients have a sublinear growth.
JR— 1
Thus, C' = max, cyaw+1)/2 || <m SUPse(0,4] E[|XZ"|] < oo and we obtain that |f0t %[E[Ll“f(Xf)]dﬂ <
CIflle L) /(1 + 1)! L 0. Thus, we have E[f(X{)] = > pe, t"L* f(2)/k! and similarly we get that
—+00

“+o0

1,z _ 1,z tk" B 1,z
e |t = 3 ke,
kn=0"""
- — Ta !
Now, we remark that C' = max, cyac+1/2 || <m SUPse(0,4] max(E[|[ X" |],...,E[ X" |[]) < oo by using

xbe -
once again that Wishart processes have bounded moments. Since E[|LFr f(X]"""" )] < C||fllp|Lnl*",
we can switch the expectation with the series and get ([[4). Then, since L% f(x) are polynomial function of
degree m, we can iterate this argument and finally get (L), which gives the result. O

C.3 Proof of Theorem [LJ

The proof is divided into two parts. First, we prove that the SDE @) has a unique strong solution which
is given by (@) and is well defined on S (R). Second, we show that its infinitesimal generator is equal to
the operator L; defined in (E)
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First step. Let us assume that (X7);>0 is a solution to (24). We use the matrix decomposition of
(i j)2<ij<a given by (BJ) and set:

T

U i+1y = Z(Cr_l)l,i(Xf){uH}a ledl,...,r},
i=1
r T 2 T
Upy = XDy — Y (Z(Cfl)l,i(Xf){l,m}) = (X1 — (U 1a41y)’-
=1 \i=1 =1
We get by using Lemma @ that:
L 0 0 Uiy + ke (U ks1y)® (U iy icicr O [ 0
0 ¢ 0 ((U)(1+11)1<1<r I, 0 0 ' kI
0 kr Id r—1 0 0 0 0 0 Id r—1
(Ue)qa, 1} + Zk ((U)peey)? (U asp)i<icres (U gy i<k
Cr (Ut) (rie1y 1<i<r crcl erkl = X7
(Ue) 1,413 )1<i<r kel 0
Since 0 cr o is invertible, X € S; (R) if, and only if:
0 kr Id—r—l
Uiy + i (U gi413)? (Ue) gy )2<i<r+1 O
Vz € RY, 2T ((Us) .1y )2<i<rs1 I, 0 |z (47)
0 0 0

= Z%(Ut){l,l} + Z(Zi—i-l + (Ut){1,¢+1}21)2 >0, <= (Ut)(1,13 > 0.

i=1

In particular, we get that (Uo)(1,13 = ug1,13 > 0 since x € ST (R). Now, by Ito calculus, we get from (@)
that d(Up) (1,41} = Dorey Sopes (e Duiler)iwdZf T = dZ{™ and

AUy = (a—r)dt+2/(Ut)gn dWl + 230 Y () (X (1 1y VT
_21:1 ((Ut){l,lJrl})th

= (Oé*T)dt+2\/(Ut>{1,1}th1.

Thus, the solution (X7);>0 is necessarily the one given by (R5) (pathwise uniqueness holds for (UM )i<i<rst,
and especially for the CIR diffusion (U{*){1,1 since a > d — 1 > 7). Reciprocally, it is easy to check by It6
calculus that @ solves @

Second step. Now, we want to show that L is the infinitesimal operator associated to the process
(XF)i>0- It is sufficient to compare the drift and the quadratic covariation of the process X;* with L. Since
the drift part of (X7);>¢ clearly corresponds to the first order of L1, we study directly the quadratic part.
From (R4), we have for i,j € {2,...,d}? :

(X )1y (X)) = A(XF)pay — Xk [Z;:l(C;l)k,l(th){l,l—i-l}}2 + > e Do (6 Dk (X q10413%)
= 4(X7)nydt,

(X ) iy XD gy) = Zee(en)imipler)j—1pdt = (ccT)im1 jadt = (X7) g gydt,

A(XF )y (X ay) = 22y 2o (er)imuk (e D (XE) gy dt = 2(X7F ) paydt, if i <+ 1,

d((X¥) 11y, (X)) = 23 1 2 1(kr>i71—r,k(c; )k, ( )41y dt
= Qlel(kz )i 1,T11(th){1,l+1}dt =2(X ){1 iydt if i > 7+ 1, by Lemma @

Thus, we deduce that L; is the infinitesimal generator of (X[);>o.
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Lemma 35 — Lety € SJ (R). We set r = Rk((y;,j)2<i,j<d)s ¥ = (Y1,i+1)1<i<r and Y7t = (Yris1)ri1<i<d-
We assume that there are an invertible matriz ¢, and a matriz k, defined on Mg—r_1x(R), such that

e 0 ' kr
(Yi,j)2<ij<d = ( k, 0) ( 0 0 )

Then, we have yi"* = kycotyf.

1|0 0 1 0 0
Proof : Wesetp=| 0] ¢, 0 and have p~ ! = | 0 et 0 . Since the matrix
0 kr Idfrfl 0 *krc;l Idfrfl
_ .d -
R Y1 | (D)™ " = ke tyD)”
Py ) = Yl I 0
yf’d — kpe; tyb 0 0
is positive semidefinite, we necessarily have yI’d — kyetyl = 0. O
D Proofs of Section
Lemma 36 — Let us consider an operator L on D that satisfies the required assumption and such that b

and o have a sublinear growth, i.e. AK > 0, ||b(z)||2+ |lo(x)|2 < K (14 |z|2). Let us consider X a potential
vth-order scheme for L, with v > 1. Then, condition (@) holds.

Proof :  We have D C RS, and we set for p € N*, f,(z) = (Zle z?)p = (||z]]2)*, x € D. Clearly,

fp € Cooi(D), and since X7 is a potential vth-order scheme for L, we have

lim [E[f,(X7)] = fp(@))/t = Lfy(2). (48)

t—0t

Since we have 0; f,(z) = 2px; fp—1(z) and 0;0; fp(x) = 4p(p — V)ziz; fp—2(x) + Li=; (2pfp—1(x)), it is easy to

check that |Lf,(2)] < 320 20K (1+ [lll2)ell3” " + 320, p* K21+ [lefl2) all3"™* < Cp(1 + |l2])57) =

Cp(1 + fy(x)), for some constant Cp, > 0. From (fg), we get that:
30 >0,V € (0,7), E[fo(X7)] < fyla) +tCp(1 + fy(2)).

We consider now the scheme (X;VV,@ = 0,...,N) with N > T/n that starts from zp € D. We have
(X)) < L (0] + Cp(T/N) U+ EL () Let o = fy (o) and wigs = wi(1+ CyT/N)+C,T/N.
We have [E[f’p(f(t])’V )] < wi and u; = (14 C,T/N)(fp(wo) + 1) — 1 < e“»T(f,(20) + 1). Therefore we have
it1
sup sup E[|X]N ]3] < €T ([lzof3” + 1) < e,

N>T/n0<i<N

which gives (B1)). O
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D.1  Proof of Theorem

Theorem @ defines the scheme as FThT(Utu)ﬂ'. We can prove (see later) that Ug‘ is a potential vth-
order scheme for some operator, and it would be then easy to analyze the error if h, were in C;f)l(Sj(R)).

Unfortunately, h,. is only smooth w.r.t. to the coordinates w; 1y, ... uf1 4y and is not a priori in CS%I(S;(R)).

In fact, this is sufficient to show that FThT(Utu)ﬂ' is a potential vth-order scheme because these coordinates
are the only one that are modified by the scheme. This requires however some further analysis which is made
below.

Let D € RS be a domain. We introduce for any domain D C R¢, € € N* the set

cgi,ljb(uax[b) = {f € C*(DxD,R), ¥y € N¢, 3C,, > 0, e, € N*, ¥(z, &) € D, |9, f(x,7)| < C,(1+]|(z, 7))},

where ||.|| is a norm on R**¢ and 8, = 9]",. .., 8&“ denotes the derivatives w.r.t. the coordinates of D. For

fe CS?)I‘D([D x D), we will say that (Cy, ey)yenc is a good sequence for f if it is such that [0, f(z,Z)| <
C., (14 ||(z,%)||¢") for any (z,%) € D x D.
Let us now consider an operator L that satisfies the required assumption on D. It is easy to check that

all the iterated functions L f are well defined and belong to C;’,‘;I‘D(D x D) as soon as f € Cootlp(D x D).

Let us fix # € D and consider Xf sampled according to a potential weak vth-order scheme for L. Since
z +— f(x,) belongs to C52,;(D), we know by (Bd) that there are constants Cz, Ez, nz such that

N ‘1
W€ (0,mz), [ELf(XP)] = D 5t L f(a,8)] < Cat” (1 + ||| ™).
k=0
In practice, one would like instead to get some bounds where the dependence with respect to x is more
tractable. This is why we introduce the following definition.

Definition 37 — Let L be an operator that satisfies the required assumption on D. We will say that a
potential weak vth-order scheme for L satisfies the immersion property if for any D C RE, € € N* and any
function f € Coo)|p(D x D) with a good sequence (Cy,eq)yenc, there exist positive constants C, E, and n
depending only on (Cy, e, ) ene such that

vi e (0n), [EFRE D)~ 30t A fa )| < O (4, )17,
k=0 """

In practice, most of the usual schemes satisfy this property. In fact, to prove that a scheme is a potential
vth-order scheme, it is common to use a Taylor expansion that gives generally at the same time the immersion
property. We illustrate this for the exact scheme below.

Proposition 38 — LetD C RS, b: D — RS and o : D — M (R) such that ||b(2)||+||o(x)|| < C(1+|z||) for
some C' > 0, and assume that Lf(z) = Zle bi(2)0; f(x)+ 4 Zgﬁjzl(O’O’T(m))i,j 0;0; f (x) satisfies the required
assumption on D. Then, for any v € N, the exact scheme is a potential weak vth-order scheme for L and it
satisfies the immersion property.

Proof : Let f € Coy|(D x D). We know from the sublinear growth condition that we have bounds on the
moments of X7: Vg € N*,3C, > 0,Vt € [0, 1], E[|| (X7, 2)]|7] < Cq(1+ ||(z, &)||?). By iterating It6’s Formula,
we get then easily for ¢ € [0, 1],
T ~ - tk k ~ t(t_s)l/ v+1 T ~
k:O . O .
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Since L¥T1f ¢ Cpo1 [D( [D) there are constants C' > 0 and ¢ € N* depending only on a good sequence

of f such that |[L**' f(z,Z)| < C(1+ ||(z,Z)||?). Thus, we deduce that |E[f(X],Z)] — > r_o ‘;:, LFf(x, )| <
v+1

O+ Cy(1 + (2, 3)[9)). 0

Besides, the immersion property is easily preserved by scheme composition.

Proposition 39 — Let L1 and Ly be two operators that satisfy the required assumptions on D, and assume
that pL(t)(dz) and p2(t)(dz) are respectively potential weak vth-order discretization schemes on D for these
operators that satisfy the immersion property. Let Ai,X2 > 0 and Xiotl N~ D 2(A\at) o pL(A1t)(dz). Let

fecx D x D). Then, there are constants C, E,v that only depend on a good sequence of f such that
poliD
201 AP A
vt € (0,n), |[E(Xxine D]~ Y Tt LE f(2, 7)) < O A+ | (2, 2)] ).

Therefore,

o If LiLy = LoLy, p*(t) o pL(t)(dz) is a potential weak vth-order discretization scheme for Ly + Lo
satisfying the immersion property.

o Ifv>2, p(t/2) o pi(t) 0 P2(t/2) and & (p*(t) o pL(t) + p'(t) 0 p2(t)) are potential weak second order
schemes for Ly + Lo satisfying the immersion property.

This proposition is a straightforward extension of Proposition 1.15, Corollary 1.16 and Theorem 1.17 of
Alfonsi || ] and we do not repeat the proof here. Thanks to this result, we can prove the immersion property
of the schemes that are obtained by splitting. The Ninomiya-Victoir scheme which is obtained by a
composition of exact schemes naturally satisfies this property. By looking at the proof of Theorem 1.18
in ], it still satisfies this property if we replace the Gaussian samples by moment matching variables. Also,
we can check that the second and third order schemes for the CIR process presented in Alfonsi [ﬂ] satisfy
the immersion property.

Corollary 40 — The Ninomiya- Victoir scheme and the second and third order scheme for the Coz-Ingersoll-
Ross process given in /E] satisfy the itmmersion property.

Corollary 41 — Let Ly (resp. Ls) be an operator that satisfies the required assumptions on Dy (resp.
Ds). Let th’zl and )A(f“ be potential weak vth-order schemes for L1 and Lo sampled independently. Then,
()A(tl’wl,f(f’“) is a potential weak vth-order schemes on D1 x Do that satisfies the immersion property.

Proof :  From the immersion property, it is easy to check that (X, X ,2) (resp. (xl,f(f’m)) is a potential
vth order scheme for L (resp Ly) on Dy x Dy that satisfies the 1mmersion property. The composition of
these schemes is simply (X, x}lm X2 ¥2). Since L and Lo operate on different domains, we have Ly Ly = LaLy,
which gives the result. O

Proof of Theorem @
Let 2 € ST (R) and f € CPOI(S;([R)) and r = Rk((z; j)2<i,j<a). Since the operator L; satisfies the required
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assumption, we know that the exact scheme is a potential vth-order scheme (Proposition ), and there are
constants C, E,n > 0 depending on a good sequence of f such that

v

tk

|
kOk

vt € (0.9), [E[f(XP)] = Y 7 Lif(2)] < C(L+||z]®). (49)

On the other hand, we know from Theorem B, equation @) and Corollary E that we have
X7 =alh. (U"T,

where (Uf*) (1,13 solves the SDEs (Bd) starting from the initial condition u; ; for 1 <1 < r+1, and Uiy =
ug; j1 for the other coordinates. We have also Xf = WThT(Utu)ﬂ' by construction, and it is natural to focus
on the function u — f(77h,(u)7).

Let us consider the set

{SC S Sd(R), s.t. (xi7j>2§i7j§d S S;__l(R>;zl,1 Z 0}

It is isomorphic to (R x R¥™1) x ST | (R) by the map  — ((x1,1,...,21,4), (i j)2<i,j<a). We have to notice
now that the function h, defined by (Rg) is such that h, € Cpol R, xRi-1 (Rt x R x 8T | (R)). It is indeed

a polynomial function with respect to uj 1,...,u1,4. Then, it is easy to check that u — f(77h,(u)T) €

p01’[R+><[Rd LRy xR x ST (R)) since f € Cpol(S;r([R)). Moreover, by the chain rule, we can get a good
sequence for this function that only depend on a good sequence of f since 7w and h,. are fixed.

By assumption, (Utu){l,l} is a potential vth-order scheme for the operator (o — r)J¢1,1y + 2u{171}8f1,1}

and satisfy the immersion property. The schemes (Ut“){lﬁi} (2 < i <r+1) can be seen as a Ninomiya-
Victoir scheme with moment matching variables. They are therefore potential vth-order scheme for the
operator 8{21 i (] Theorem 1.18) and satisfy the immersion property from Corollary @ Therefore, from

Corollary @ Ut (1,1} -5 (Ut“){l,d}) is a potential vth order scheme for (o — 7)91,1) + 2u{1,1}8{2171} +

5 ZZ 1 {1 i} satisfying the immersion property. Thus, there are constants that we still denote by C, E,n > 0
depending on a good sequence of f such that:

vt € (0,n), |E[f (" he(U)m)] = E[f (x e (Uf)m)]] < CEFH LA ul ). (50)

Now, one has to notice that [|ul < C'(1+|z||) for some constant C’ > 0 since we have ugy 13+> ;1 (ug1 g13)?
Z¢1,1y and T and z have the same Frobenius norm. We get then the result by gathering () and (E) O

Remark 42 — We can check by looking at the proof above that the scheme obtained for L1 also satisfies the
immersion property. Since we do not need it for the construction of the further schemes for WI1Sq(z, a, b, a)
or AFF,(z,, B,a), we will no longer mention it.

D.2 Proof of the third condition of Theorem for Wishart processes

The scope of this part is to show the following result.

Proposition 43 — Let (X{)i>0 ~ WISa(z,a,b,a), f € Cooi(Sa(R)), = € ST(R) and T > 0. Then,
a(t,z) = E[f(XF)] is C* on [0,T) x S; (R), solves dyu(t,x) = Li(t,z) and its derivatives satisfy

d(d+ )

Vi€ N,Vn € N ICin,e1n > 0,z € ST(R), vt € (0,71, 10 ][] alyat,x)| < Crn(1+ [afom).

1<i<j<d

(51)
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For technical reasons on the boundary of S (R), it is convenient here to work with f € Cpo1(Sa(R)) rather

than f € C55,(S; (R)). The proof of Proposition [l is based on a remarkable identity on the derivatives of

the Laplace transform which is stated below.

Lemma 44 — Let (X7)i>o0 o WISi(z,a,b,a) and v = vg + ivr such that vg € Dy 4 and v € Sq(R).

We denote by ¢(t, a, x,v) the Laplace transform of XF given by (E), the other parameters a, b being fized.
Then, the deriative w.r.t xgy 1y satisfies the following equality

Opey b, a, ,0) = (t, a + 2,2, v)pt (v),

{k:1}

where p; is a polynomial function of the matriz elements of degree d defined by :
{k’l}(v) =Tr [vad‘([ — 2g0)ymy (el +1 el’k)mT} =: Z a) U where o7 = H v i
Dy J(Ld qt t\€q k#1€4 t . t ) {ij}

d(d+1 ;9
YENT 2 |y|<d (i3}

Moreover, its coefficients are bounded uniformly in time:

3K, > 0, Vs € 0,4, max (|az’{k’l}|) < K.
d(d+1
YENT 2 |v|<d

Proof : We get from ([L0)),

. k,l Lk
Tr [”adJ(Id = 2qw)mi(eq” + Trpiey )mtT} exp (Tr [v(Iq — 2qv) " 'meam]])
x [e3
det(Iy — 2qwv) det(Iy — 2q4v) 2
o(t,a+ 2, x,v)Tr [vadj([d - 2qtv)mt(e§’l + ]lkﬂefi’k)mﬂ .

8{k,l}¢(taaazav> =

Since s — ||ms|| and s — ||gs|| are continuous functions on [0,¢], we obtain the bounds on the polynomial
coefficients. O

Proof of Proposition [i: Let f € Coo1(Sa(R)). First, let us observe that (1)) is obvious when I = |n| =0
Since we have VI € N, L' f € Coo1(Sa(R)), and olu(t,x) = E(L'f(XF)), it is sufficient to prove (pl]) only for
the derivatives w.r.t. .

We first focus on the case |[n| = 1 and want to show that gy ;a(t, x) satisfies (FI). The sketch of
this proof is to write f as the inverse Fourier transform of its Fourier transform and then use Lemma @
Unfortunately, f has not a priori the required integrability to do that, and we have to introduce an auxiliary
function f,.

Definition of the new function f,. Since Dy q.r given by (fl) is an open set and 0 € Dy 4.7, there
is p > 0 such that pIy € Dpgr. Let 4 : R — R be the function such that p(x) = 0if z < —1 or
x>0, plz) = exp(ﬁ) if -1 < 2 < 0. We have p € C*(R). We consider then the cutoff function

¢ : R = R € C®(R) defined as Vz € R, {(z) = %. It is nondecreasing, such that 0 < ((z) < 1,

((z) =0if v < —1 and ((v) = 1 if > 0. Besides, we have ¢ € C5g;(R) since all its derivatives have a

compact support. Now, we define a 9 € C55,;(Sa(R)) as

9 S4R) — R
z = Hf-l:lC(»’C{i,z'})Hi;&jC(z{j,j}x{i,i}*z%i,j})'
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It is important to notice that 0 < ¥ < 1, d(x) = 1 if € S4(R) and J(z) = 0 if there is i € {1,...,d}
such that zg; 3 < —1ori < j € {1,...,d} such that x?m.} > 1+ ag 2,0, Let v € NU4=1/2 Since
[ € Cpa1(Sa(R)), there are constants K, E' > 0 and K', E’ > 0 such that, Vo € S4(R)

Nl < K1), (geensn) I (2w civenmeon)
1<i<j<d
< K'(1+ H(-T{i,i})lgigd”El)Hj:l (1{‘z{i,i}‘>71}) H (1{%,]}S1+w{i,i}w{j,j}}) :

1<i<j<d

Here, the upper bound only involves the diagonal coefficients. We define

z € Su(R), fp(z) = 9(z)f(2) exp(=Tr(pz)),

and obtain from the last inequality that f, belongs to the Schwartz space of rapidly decreasing functions
since p > 0. Thus, its Fourier transform also belongs to the Schwartz space and we have

folx) = (Q)W /M exp(=Tr(ivz)) F(f,)(v)dv, where F(fp)(v /AﬂZ exp(Tr(ive)) f, (z)dx
and in particular f,, F(f,) € L'(Sa(R)) N L*>®(Sa(R)).
A new representation of i(t,r). We have f(z) = exp(pTr(x))f,(x) for € S; (R), and therefore

) = Elexp(Te(pX7)f, 05
1
o | g i LD P ]

ot s E (i LX) 0

The last equality holds since f a(a+1) |E[exp(Tr[(—iv+ pla) X7F))]| X | F(fo)(v)|dv < ¢(t, e, , pla) || F(fp)]l1 <

oo. Here, we have used that p[d € Dya;7 to get qﬁ(t o,z plg) < oo.
Derivation with respect to z;, ;3 , k,1 € {1,. d} From Lemma @ we have by Lebesgue’s theorem

. 1 . )
Ay yilt, x) = o) D /) Ot o+ 2,2, —iv + pLa)p™ (pIa — i0) F(f,) (v)dv (52)
T 2 2

since |07, , 8(t 0, x, —iv + pla) F(£,)(v)] < |(t, 0 + 2,2, pla)l[p* (pla — i) F(f,)(v)| and pi*™" (ply
iv)F(fp)(v) is a rapidly decreasing function.

Let 1 < k/,I' < d. An integration by part gives [(plg—iv) i 11y exp (Tr[z(iv — pla)]) 9(z) f(z)dx g 1y =
(@ + Lp—r) [pexp (Tr[z(iv — pla)]) O 1y ((2) f (z))da g 1y, and thus

(T — i0) gy Flexpl-pTr(@)]9(@) f () (0) = (L 4 Do) FlexplpTr(@)]Opse 1y [9) f ()] (0).

We set ¢(y) = ngk’gl’gd(% + Lpr—p )83 for 4y € NHIH/2 and get by iterating the argument that:

[T (pLa—iv) i) F(fo)(0) = 0(0)F (exp [=pTe(2)] 0, (8 x f)(=)) (v). (53)

1<k/<U'<d

R k1 . Ak, .
Since pi" (pla —iv) = X0 aeaen 0l Thcpcpcalpla = ) (57 we get from () and (53

dpepultz) = > af P PeE@,(f x 0)(¥) = Y al B e(NE @, £(Y)), (54)

[vI<d [v|<d
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where (Y{)i>0 Kl WIS4(z,a + 2,b,a). Here, we have used that d,(J x f)(y) = 0,f(y) for y € S (R).

From Lemma [i4 (az’{k’l}) NEC is bounded for ¢ € [0,T], and we get (1) when |n| = 1 since
YEN” 2 |y|<
Oy f € Cpoi(Sa(R)). Thanks to (F4). a derivative of order |n|, can be seen as a (bounded) linear combination

of derivatives of order |n| — 1, and we easily get (51]) by an induction on |n|.
It remains to check that we have indeed O (t, z) = Lu(t,z). Let ¢,h > 0. By the Markov property, we
have @(t + h, z) = E[a(t, X})]. From (B1) and 1to’s formula, we get [@(t + h, z) — u(t, z)]/h = Lu(t,z). O
h—0

Lemma 45 — Let o,z € ST (R), B € L(S] (R)) that satisfies #f), and x(t) be the solution of the following
ODE

x(t) =z + /0 (o + B(z(s)))ds. (55)
Then, we have x(t) € SF (R) fort > 0.

Proof : The ODE (53) is affine and has unique solution on 87 (R) which is given by

t >0, z(t) = exp(tB)(z) +/O exp (sB) (a)ds, (56)

where Vt € RT,Va € S4(R), exp(tB)(z) = > o, th;!(m), B¥(z) = Bo...o B(x) such that B(z) = x.
k times
We assume first that a,z € S;*(R) and consider 7 = inf{t > 0,2(t) ¢ S;(R)}, with the convention
inf ) = +00. We have 7 > 0. Let us assume by a way of contradiction that 7 < co. Then, z(7) cannot be
invertible and there is y € S (R) such that y # 0 and Tr(yx(7)) = 0. From (F§) and ({), we get

Tr(2'(1)y) = Tr ([B(xz(7)) + aly) > 0,

since « is positive definite. Therefore, there is € € (0, 7) such that Tr(yz (7 —€)) < 0. Let us recall now that
z€ 85 (R) < Vy e SF(R), Tr(yz) > 0. Thus, z(1 — €) € S (R), which contradicts the definition of 7.

In the general case o,z € S (R), we observe that the solution (bf) is continuous w.r.t. z and «, and
thus Vt > 0,z(¢) € S (R) since S (R) is a closed set. O
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