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Abstract

We consider a Wright-Fisher diffusion (z(t)) whose current state cannot be observed
directly. Instead, at times t; < ty < ..., the observations y(t;) are such that, given
the process (z(t)), the random variables (y(¢;)) are independent and the conditional
distribution of y(¢;) only depends on x(¢;). When this conditional distribution has
a specific form, we prove that the model ((z(t;),y(t;)),¢ > 1) is a computable filter
in the sense that all distributions involved in filtering, prediction and smoothing are
exactly computable. These distributions are expressed as finite mixtures of parametric
distributions. Thus, the number of statistics to compute at each iteration is finite, but
this number may vary along iterations.
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1 Introduction

Consider a large population composed of two types of individuals A and a. Suppose that the
proportion z(t) of A-type at time ¢ evolves continuously according to the following stochastic
differential equation

do(t) = [=0z(t) + &' (1 — x(t))]dt + 2[z(t)(1 — x(t))]l/Qth, z(0) = n, (1)

where (W) is a standard one-dimensional Brownian motion and 7 is a random variable
with values in (0,1) independent of (W;). This process is known as the Wright-Fisher
gene frequency diffusion model with mutation effects. It has values in the interval (0,1). It
appears as the diffusion approximation of the discrete time and space Wright-Fisher Markov
chain and is used to model the frequency of an allele A in a population of genes composed
of two distinct alleles A and a (see e.g. Karlin and Taylor (1981, p. 176-179 and 221-222)
or Wai-Yuan (2002, Chap. 6)). Suppose now that the current state z(¢) cannot be directly
observed. Instead, at times t¢1,%9,...,t, with 0 < t; < t3... < t,, we have observations
y(t;) such that, given the whole process (z(t)), the random variables y(¢;) are independent
and the conditional distribution of y(t;) only depends on the corresponding state variable
x(t;). More precisely, we consider the following discrete conditional distributions. Either, a
binomial distribution, i.e., for N > 1 an integer,

Py(ts) = yla(t) = o) = (Jyv

or, a negative binomial distribution, i.e., for m > 1 an integer,

P(y(ti) = ylz(ti) = z) = (

>my(1—x)N—y, y=0,1,...,N, (2)

m+y—1

)mm(l—x)y, y=0,1,2,.... (3)
Y

Under these assumptions, the joint process (z(ty), y(t,)) is a hidden Markov model (see e.g.
Cappé et al., 2005).

In this context, a central problem that has been the subject of a huge number of contri-
butions is the problem of filtering, prediction or smoothing, i.e. the study of the conditional
distributions of z(¢;) given y(t,), ..., y(t1), with [ = n (filtering), l = n+1,n+2,... (predic-
tion), [ < n (smoothing). These distributions are generally called filters (respectively exact,
prediction or marginal smoothing filters). Although they may be calculated recursively by
explicit algorithms, iterations become rapidly intractable and exact formulae are difficult
to obtain. To overcome this difficulty, one generally tries to find what is called a finite-
dimensional filter. This means that one looks for a parametric family F of distributions on
the state space of (z(t,)) (i-e. a family of distributions specified by a finite fixed number of
real parameters) such that if £(zg) € F, then, for all n,l, L(z(t;)|y(tn), - .., y(t1)) belongs to
F. This situation is illustrated by the linear Gaussian Kalman filter (see e.g. Cappé et al.
2005). However, there are few models satisfying the same properties as the Kalman filter:
It is rather restrictive to impose a parametric family with a fixed number of parameters (see
Sawitzki (1981); see also Runggaldier and Spizzichino (2001)).

Recently, new models where explicit computations are possible and which are not finite-
dimensional filters have been proposed (see Genon-Catalot (2003), Genon-Catalot and



Kessler (2004) and Chaleyat-Maurel and Genon-Catalot (2006)). Moreover, in the latter
paper, we have introduced the theoretical notion of computable filters for the problem of fil-
tering and prediction. Instead of considering a parametric class F, we consider an enlarged
class built using mixtures of parametric distributions. Such a class is much larger than a
classical parametric family. The conditional distributions are specified by a finite number
of parameters, but this number may vary according to n,l. Still, filters are computable
explicitly. We give sufficient conditions on the transition operator of (x(¢,)) and on the
conditional distribution of y(t;) given x(¢;) to obtain such kind of filters. We prove that the
model proposed in the first two papers above corresponds to a computable filter system.
Moreover, we give new and different models fitting in our theoretical properties. These
models have a common feature, namely the hidden Markov chain is a time discretization of
a diffusion process (an Ornstein-Uhlenbeck process and a Cox-Ingersoll-Ross diffusion pro-
cess). Indeed, the framework of computable filters is particularly well fitted to the transition
operators of diffusion processes.

In the present paper, we show that the sufficient conditions for a computable filter are
satisfied by the model (1)-(2)-(3). Therefore, the conditional distributions of filtering and
prediction are computable and we give the exact algorithm leading to these distributions.
Moreover, we obtain the marginal smoothing distributions which are also given by an explicit
and exact algorithm.

The paper is organized as follows. In Section 2, we briefly recall some properties of the
Wright-Fisher diffusion. In Section 3, we recall the filtering-prediction algorithm and the
sufficient conditions of Chaleyat-Maurel and Genon-Catalot (2006) to obtain computable
filters. Section 4 contains our main results. We introduce the class F ¢ composed of finite
mixtures of parametric distributions fitted to the model (see (16)). We prove that the
sufficient conditions hold for this class and give the explicit formulae for the up-dating
and the prediction operator (Proposition 4.1, Theorem 4.2, Proposition 4.5). The result
concerning the prediction operator is the most difficult part and requires several steps.
Then, we turn back in more details to the filtering-prediction algorithm (Proposition 4.7).
Moreover, we give the exact distribution of (y(t;),7 = 1,...,n) which is also explicit. Hence,
if §, " are unknown and are to be estimated from the data set (y(¢;),i = 1,...,n), the exact
maximum likelihood estimators of these parameters can be computed. In Subsection 4.5, we
study marginal smoothing. We recall some classical formulae for computing the marginal
smoothing distributions. These formulae involve the filtering distributions, that we have
obtained in the previous section, and complementary terms that can be computed thanks to
Theorem 4.2. Section 5 contains comments on practical implementation and future work.
Finally, in the Appendix, some technical proofs and auxiliary results are gathered.



2 Properties of the Wright-Fisher diffusion model.

In order to exhibit the adequate class of distributions within which the filters evolve, we

need to recall some elementary properties of model (1). The scale density is given by:

T —du+0'(1—u)
u(l —u)

s(z) = exp (—(1/2)/ du) =221 —2)"%?, ze(0,1).

It satifies [ s(z)dz = co = fl s(z)dz if and only if § > 2 and §’ > 2, conditions that we
assume from now on. The speed density is equal to m(z) = #%/271(1 — 2)%/271, 2 € (0,1).
Therefore, the unique stationary distribution of (1) is the Beta distribution with parameters
48’ /2,6/2 which has density

/

rz (1 —x)%_l
)
B(fa 5)

() = Lo,1)(@). (4)
For simplicity, we assume that the instants of observations are equally spaced with sampling
interval A, i.e. t, = nA, n > 1. Hence, the process (X,, := x(t,)) is a time-homogeneous
Markov chain. We denote by pa(z, ') its transition density and by P its transition op-
erator. The transition density is not explicitly known. However, it has a precise spectral
expansion (see e.g. Karlin and Taylor, 1981, p.335-336: Note that 2z(t) —1 is a Jacobi diffu-
sion process). The results we obtain below are linked with this spectral expansion although
we do not use it directly (see the Appendix).

3 Sufficient conditions for computable filters.

First, we focus on filtering and prediction and we consider case (2) with N = 1 for the
conditional distributions of Y; := y(¢;) given X; = z(¢;), i.e., we consider a Bernoulli condi-
tional distribution. The other cases can be easily deduced afterwards (see the Appendix).
Let us set

PYi=ylXi=2)=fu(y) =2YQ —2)' 7Y,y =0,1,2 € (0,1). (5)

We consider, on the finite set {0, 1}, the dominating measure u(y) = 1,y = 0, 1. Thus, f.(y)
is the density of L£(Y;|X; = z) with respect to p.

3.1 Conditional distributions for filtering, prediction and statistical in-
ference.

Denote by
Vl|n:1 :E(Xl | an"‘7Y1)7 (6)

the conditional distribution of X; given (Y,,,Y,_1,...,Y7). For [ = n, this distribution is
called the optimal or exact filter and is used to estimate the unobserved variable X,, in
an on-line way. For | = n + 1, the distribution is called the prediction filter and is used



to predict X, 41 from past values of the Y;’s. For 1 <[ < n, it is a marginal smoothing
distribution and is used to estimate past data or to improve estimates obtained by exact
filters.

It is well known that the exact and prediction filters can be obtained recursively (see
e.g. Cappé et al. (2005)). First, starting with v)g.; = £(X1), we have

Vn|n:1(d$) X Vn|n—1:1(d$)fz(yn)' (7)
Hence,

Vnln:1 = Y, (Vn|n71:1) (8)
is obtained by the operator ¢, with y = Y;, where, for v a probability on (0,1), ¢,(v) is
defined by:

Jz(y)v(dz .
pulor) = D i) = [ wtde st (9)
u(y) (0,1)

This step is the up-dating step which allows to take into account a new observation. Then,
we have the prediction step

VnJrl\n:l(dx/) = /( ) Vn|n:1(dx)pA(x7 ml)dx/ = Vn\n:IPA(dx/)v (10)
0,1
which consists in applying the transition operator: v — vVPa. These proper-

ties are obtained using that the joint process (X,,Y,) is Markov with transition
pA(wmxn+1)fmn+1(yn+1)dxn+lﬂ(dyn+1)7 and initial distribution Vl\o:l(dwl)fm(yl)ﬂ(dyl)-
Moreover, the conditional distribution of Y;, given (Y,,_1,...,Y7) has a density with respect
to u, given by

P (0n) = i) = [ 1) o) (1)
Note that (Y;,) is not Markov and that the above distribution effectively depends on all
previous variables. For statistical inference based on (Y7i,...,Y,), the exact likelihood is
given by

Pa(Y1, - Yn) = [ [ pvgocs (Y)- (12)
=1

3.2 Sufficient conditions for computable filters.

Now, we recall the sufficient conditions of Chaleyat-Maurel and Genon-Catalot (2006). First,
consider a parametric class F = {1y, 0 € O} of distributions on (0, 1), where O is a parameter
set included in RP, such that:

e Cl: For y = 0,1, for all v € F, py(v) belongs to F, i.e. ¢y,(vg) = vr,(9), for some
T,(0) € O.

e C2: For all v € F, vPA = ) o @aVp, is a finite mixture of elements of the class F, i.e.
A is a finite set, & = (), A € A) is a mixture parameter such that, for all A\, ay >0
and ) ycpan=1,and 0) € ©, for all A € A.
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Proposition 3.1. Consider now the extended class Fy composed of finite miztures of dis-
tributions of F. Then, under (C1)-(C2), the operators ¢,, y = 0,1 and v — vPaA are from
.7:'f mto f'f. Therefore, once starting with vyjg.; = E(Xl_) € ff, all the distributions Vyjp.1
(exact filters) and vy, 1|, (prediction filters) belong to Fr.

For all n, these distributions are completely specified by their mixture parameter and the
finite set of distributions involved in the mixture. Of course, the number of components
may vary along the iterations, but still remains finite. Thus, these distributions are explicit
and we say that filters are computable.

The proof of Proposition 3.1 is elementary (see Theorem 2.1, p.1451, Chaleyat-Maurel
and Genon-Catalot, 2006, see also Proposition 4.7 below). Now, it has a true impact because
the extended class is considerably larger than the initial parametric class. Evidently, the dif-
ficulty is to find models satisfying these conditions. Examples are given in Chaleyat-Maurel
and Genon-Catalot (2006) where the hidden Markov process (z(ty)) is a discretization of a
diffusion process. Here, we study another diffusion process. It has the noteworthy feature
that, to compute filters, the explicit formula for the transition density of (z(t)) is not re-
quired, contrary to the examples of the previous paper. We only make use of the infinitesimal
generator which is explicit for all diffusion models.

4 Main results.

Our main results consist of exhibiting the proper parametric class of distributions on (0, 1)
and of checking (C1)-(C2) for this class and the model specified by (1) and (2) with N =1
(see (5)). The interest of these conditions is that they can be checked separately. Condition
(C1) only concerns the conditional distributions of Y; given X; and the class F. In the
Appendix, we complete the proof of (Cl) for (2)with N > 1 and (3). Condition (C2)
concerns the transition operator of (z(t)). It is the most difficult part.

Let us define the following class of distributions indexed by ©® = N x N:
F ={v;;(dz) < h; j(x)m(x)dz, (i,5) € N x N}, (13)

where ' _
hij(z) =a'(1 —x) . (14)

Hence, each distribution in F is a Beta distribution with parameters (i + %/, Jj+ g) and (see
(4))

$i+%—1(1 . x)j+g_1

v; i(dx) = ; 1 x)dx. 15
o) = s Loy @ (15)

Let us define the extended class:
Fr=1{>_ aivij;A CNxN,[A| < +o0,a = (e, (i,5) € A) € Sy}, (16)

(3,5)EA



where

Sp={a = (aij, (i,§) € A),A CNxN,[A| < +00,V(i,j), 05 =0, Y =1} (17)
(4,5)EA

is the set of finite mixture parameters. It is worth noting that the stationary distribution
m(x)dr = v o(dr) belongs to F. Thus, in the important case where the initial distribution,
i.e. the distribution of 7 (see (1)), is the stationary distribution, the exact and optimal
filters have an explicit formula.

4.1 Conjugacy.

The following proposition gives the up-dating and marginal operators for distributions of
the class F (see (9)).

Proposition 4.1. Let v; j € F (see (13)).

1. Fory=0,1, ¢y(Vij) = Vityj+1—y. Hence, (C1) holds.

2. The marginal distribution is given by

. S Yy . 5 1-y
Z—|—§ ]‘1‘5
P,y = ——% — = ,y=0,1. 18
i <z+y+5gﬂ) (z+g+5;5> (18)

Proof. The first point is obtained using that f,(y)v; ;j(dz) o xi+y+%_1(1 —x)j+1_y+g_1dx x
ity jr1—y(@)m(2)dz.

For the marginal distribution, we have

Bli+y+%,j+1-y+9)

P (y) = —
Vi j B(Z—l—%,]—f—g)

To get (18), we use the classical relations B(a,b) = FF(EQSS) and I'(a + 1) = al'(a), a,b > 0

where I'(.) is the standard Gamma function. O

Proposition 4.1 is proved for the conditional distributions (2) and (3) in the Appendix.

Remark : Proposition 4.1 states that the class F is a conjugate class for the parametric
family of distributions on {0,1}: y — f.(y)u(dy) with respect to the parameter = € (0,1).
The property that Beta distributions are conjugate with respect to Bernoulli distributions
is well known in Bayesian statistics (see e.g. West and Harrison (1997)). Analogously, the
class F is also a conjugate class for the parametric family of distributions (2) and (3) with
respect to x € (0,1). ¢



4.2 The transition operator acting on polynomials.

We now concentrate on condition (C2). As already noticed, the class F contains the sta-
tionary distribution 7(z)dx = vy o(dx) of (1). We do have vgoPa = vpo. However, when
(i,7) # (0,0), v;; P no more belongs to F but belongs to F; as we prove below. To obtain
this result, we use the reversibility of the transition operator P; and investigate its action
on the polynomials h,,, (see (14)). Let

Pihy p(z) = mpp(t, x). (19)

We establish a set of ordinary differential equations with respect to ¢ to compute m,, (¢, x)
for all (¢,z) through a double induction on (n,p).

4.2.1 Preliminaries.

Proposition 4.2. For all Borel positive functions h defined on (0,1), if v(dz) =
h(z)m(z)dz, then, vP,(dx') = Pih(z")w(2")dz’, where, for t >0,

1
Pth(x’):/o h(z)py(2', x)dx.

Proof. 1t is well known that one-dimensional diffusion processes are reversible with respect
to their speed density: The transition p:(z,z’) is reversible with respect to w(z)dz, i.e.
satisfies for all (z,2’) € (0,1) x (0,1):

W(I)pt(x7 .73‘/) = W(l‘/)pt(l‘/, J") (20)
This gives the result. O

Proposition 4.3. Suppose that:

e (C3) For all (n,p) € N x N, there exists a set App C N x N such that |A,,p| < 00
and for allt > 0,

Phap()= Y Bij(t)hig(), (21)

(6,j)€An,p
with, for all (i,7), and allt >0, B; ;(t) > 0.

Then, condition (C2) holds for P, for allt > 0. Moreover,

vapPildz) = > oyt (de),
(1,5)€EAnp
where a(t) = (o j(t), (i,7) € Anp) belongs to Sy (see (17)) and
Bli+5.j+5)
B(n+%.,p+ %)

i j(t) = Bi;(t)



Proof. We have (see (15)), for all (n,p),

B(%,9)

Bn+%,p+39)

vnpbt = (hnpm) P

Using Proposition 4.2, we get:

(hnpm)Pi(dz) = Pihy p(z)m(z)dx.

Now,
Pihnp()w() =Y Bij(t)hi;()m(),
(6,9)€An,p
and B(i+ /2,5 +6/2)
hi j(x)m(z)dx = v; j(dz) B(5)2.0)2)
Joining all formulae, we get the result. O

Therefore, it remains to prove condition (C3). We start with a classical lemma.

Lemma 4.1. Let h belong to the set C%([0,1]) of twice continuously differentiable functions
on [0,1]. Then,

d

4 (Ph(x)) = BLh(z), Pyh(a) = h(z). (23)
where Lh(z) = 2x(1 — x)h"(z) + [-dx + &' (1 — )|k (z) is the infinitesimal generator of (1).

Proof. Let x,(t) be the solution of (1) with initial condition x,(0) = . By the Ito formula,
t t
h(z4(t)) = h(z) +/ Lh(azx(s))ds+2/ W (24(5)) (22(5) (1 — 24(s)))"/* dW.
0 0
Taking expectations yields Pih(z) = h(x) + fg P;Lh(x)ds which is the result. O

Now, we start to compute P;h,, p(z) for all n,p € N.
Proposition 4.4. Recall that my ,(t,.) = Pihpy(.) Then, for all n,p € N,

d

%mn,p(ta ) = _an+pmn,p(tv ) + Cn((s/)mn—l,p(tv ) + Cp(é)mn,p—l(ta -)7 m0,0(tu ) =1, (24)

where, for alln € N,
an =n2(n—1)+35+09], cn(d) =n[2(n—1)+7]. (25)

(If p or n is equal to 0, then, cp(d) =0 or ¢, (8') = 0, and formula (24) holds). Note that,
since the expression of a, 1s symetric with respect to 0,0’, we do not mention the dependance
on these parameters. Note also that for all n, since both § and &' are positive (actually > 2),
the coefficients a,, and c,(9),cn(8") are non negative.



Proof. In view of (23), it is enough to prove that
Lhn,p = —an+phn’p + Cn(dl)hn_l’p + Cp((s)hn,p—la (26)

where L is defined in Lemma 4.1. To make the proof clear, let us start with computing
Lhy, 0. We have immediately:

Lhpo(z) = —anhno(z) + cn (8 ) hp—1,0(x).
Now, since y(t) = 1 — z(t) satifies
dy(t) = [=0"y(t) +8(1 —y(0)ldt + 2(y(t) (1 — y(1))/2dW, (27)
we obtain Lhg , by simply interchanging ¢ and ¢’ and get

Lhop(z) = —aphop(x) + cp(8)hop-1(2).

Finally, to compute Lh,, ;,, we use the following tricks: Each time 2"t appears, we write
" = —(1-2—1)2" = —(1—x)2"+2"; each time (1—z)P™! appears, we write (1—z)P™! =
(1—2)P(1—2)=(1—2)? —2z(1 —x)P. Grouping terms, we get (26). O

Our aim is now to prove that

My p(t,.) = exp (—anipt)hinp(.) + > By (Ohnkpi(),  (28)

where, for all (k,1), (n,p), B"", pil(t) > 0 for all ¢ > 0. Moreover, we give below the precise

formula for these coefficients. Hence, the set A, ), of (C3) is equal to {(k,1),0 <k <n,0 <
[ < p}. The first term can also be denoted by

Bp(t) = exp (—anipt).

It has a special role because it is immediately obtained by (24).

4.2.2 Computation of m,o(¢,.) and mg,(¢,.).

Recall notation (14) and that my(t,.) = Pihpo(.). We prove now that (28) holds for all
(n,0) and all (0,n).
Theorem 4.1. The following holds:
mn,O(t7 ) = exXp (_ant)hn,O(-) + Z Bsfkp(t)hnfk,()(')v (29)
k=1

where, for all (k,n), with1 <k <mn, Bzf)k o(t) =20 forallt > 0. Moreover, fork =1,...,n,

B0 o) = cn(d)en-1(8") .. enp1 () By(an, an-1, ..., an_r), (30)



where

k“ -
(=1’
By(an, a1, - anp) = (1) 3 exp (~an_j1) SO
nsy An n =0 n—j HOSZS’CJ?&]' \an_j — anfl‘

We can also set
Bzy’g(t) = exp (—ant).
Analogously:

mO,n(t’ ) = €xp (_ant)ho,n(') + Z Bg,’z;k(t)h[),n—k(')v (32)
k=1

where, for all (k,n), with1 < k <mn, Bg’z_k(t) >0 for allt > 0. Moreover, fork =1,...,n,

By 1, (t) = cn(8)en-1(6) ... ni1(8) Bi(an, an-1, .. ., an_g),

We also set
Bg:g(t) = exp (—ant).

Proof. For the proof, let us fix x and set m,, o(t, 2) = my(t). We also set Bka’o(t) = B" ()
during this proof. Solving m’,,(t) = —anmy,(t) + cp (6" )my—1(t), mp(0) = 2™ = hy o(x) yields
t
mp(t) = exp (—ant) 2" + cp(8') exp (—ant)/ exp (ans)mp—1(s)ds. (33)
0

Let us first prove by induction that

ma(t) =) B y(t)a" ", (34)
k=0

where B! ,(t) > 0 for allt > 0 and all k = 0,...,n and B};(t) = exp (—ayt). For n =0,
mo(t) = 1. For n = 1, we solve (33) and get

(1 —exp (—ayt))
aq '

mi(t) = exp (—ayt)x + c1 ()

So, (34) holds for n = 1 with

(1 —exp (—ait))
ay

Bi(t) = exp (—ait), B§(t) = c1(8) > 0. (35)

Suppose (34) holds for n — 1. We now apply (33). Identifying the coefficients of "%,
0 <k <n, we get:
By(t) = exp (—ant),

and for k=0,1,...n—1,

Bg_(kﬂ)(t) = c,(8") exp (—ant) /0 exp (ans)Bzzll_k(s)ds. (36)

10



Hence, (34) holds for all n > 0 with all coefficients non negative.

Now, we prove (30)-(31) by induction using (36). For n = 1, we look at (35) and see
that, since ag = 0,

BL(t) = o1 (8" (=) ERz0t) | (D exp(Zaod)) - sn g ar - ao).
ai — aop lag — a1

Now, suppose we have formulae (30)-(31) for n —1 and £ = 0,1,...,n — 1. We know that

B'(t) = exp (—ant). Let us compute, for k = 0,1,...,n — 1, Bgf(kﬂ)(t) using (36). We
have:

By iy (1) = cn()en1(8) .. cn_i(8)(=1)F x B, (37)
with

(=1’

S .
o<tk iz lan—1-5 = an-1-1

k ¢
B = jz(:)exp (—ant)/o exp ((an — ap—1—j)s)d (38)

Integrating, we get:

k .
(-1)/
B = exp (—an—1—4t + (—exp (—ant))A,
jZ:(:J p( n—1—j )(an o an—l—j) Hoglghl#j ‘an—l—j _ anflfl‘ ( ( n ))
with .
(-1)
A= - (39)
jz(:) (an — anflfj) Hoglgk#j ‘anflfj — Qp—1-]
Hence,
B = exp (—an_ it + (—exp (—ant))A. 40
Z i ey pi Jamy — g T (P () (40)

In view of (30)-(31)-(37)-(39)-(40), to complete the proof of (29), it remains to show the
following equality:

Lemma 4.2.

k —1)J 1
3 (-1)

=0 (an - an—l—j) H()Slgk,l;«éj ‘an—l—j - an—l—l’ B (an - an—l)(an - an—2) ce (an - an—k—l) .

This lemma requires some algebra and its proof is postponed to the Appendix. At last,
to get (32), we just interchange ¢’ and ¢ in all formulae because of (27). O
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4.2.3 Computation of m,, p(t,.).

Recall that hy, ,(x) = 2™(1 — )P and my, p(t,.) = Pihyp(.). Now, we focus on formula (24).
It is easy to see that, since we have computed my, o(t,.) for all n and mg,(¢,.) for all p,
then, we deduce from (24) my, ,(t,.) for all (n,p). This is done as follows. Suppose we have
computed all terms m; j_;(t,.) for 0 < i < j < n, then, we obtain all terms m; j_;(¢,.) for
0<i<j<n+1. Indeed, the extra terms are:

e my110(t,.) that we know already,

e Mmjnt1—i(t,.) for 0 <i < n+ 1 that is calculated from

d

%mi,n—s—l—i(t, ) = —An4+1Min+1— z( )+Cz(6 )mz 1,n4+1— z( )+Cn+1 z(a)mi,n—s—l—i—l(t’ ')a

e at last, mg,+1(¢,.) that we know already.

Thus, having the first line mg(¢,.) and the first column my, o(t,.), we get each new term
m; ;(t,.) from the one above (m;_1;(t,.)) and the one on the left (m;;j_1(t,.)).

Now, we proceed to get formula (28).

Theorem 4.2. For all (i,j) such that 0 <1< j <mn,

mij—i(t,.) = exp (—a;t)hi;—i(.) + > By (Ohikjoia(),  (41)
0<k<i,0<1<j—i, (k1) (0,0)

with

i kot
Biﬁk,jfifl(t) = < 1 >Cz((5l) - Ci—k+l(5,)cj—i(5) - Cj_i_l+1(5)Bt(aj, Aj—1y s aj_(k,H)),

with the convention that, for k = 0, there is no term in c.(8') and for 1 = 0, there is no term

in c(0)).
Proof. By (30)-(31)-(36), we have proved that

t
Bi(ant1,any .. Qp_f) = €xp (—an+1t)/ exp (an4+15)Bs(an, an-1,...,an—_k)ds. (42)
0

Suppose (41) holds for 0 < i < j < n. Let us compute the extra terms m;,+1—(¢,.) for
0 < i < n+ 1 using their differential equations. We have

Mint1—i(t,.) = exp (—ant1t)hint1-i(.) + A;(8") + Bi(9), (43)
with

t
Ai(6") = exp (_an+1t)/ exp (an+15) ¢i(0)mi—1,n+1-i(s, . )ds, (44)
0

12



t
B;(0) = exp (—ap+1t) / exp (an+15) nt1—i(0)Miny1-i—1(s,.)ds. (45)
0

We apply the induction formula and replace m;_1 p41-i(s,.), Mint+1—i—1(s,.) by their devel-
opment. This yields:

Mi—1n+1-i(8,.) = exp(—ans)hi—1nt1-i(.)

i—1ln+1—1
+ > B D ngi—imv ($) i1k n1—iv (1),
0< k! <i—1,0<U <nt1—i, (K1) £(0,0)

Mint1-i-1(8,.) = exp(—ans)hint1-i-1(.)

imAl—i—1
+ g Bi_k//’n+1_i_1_l//(S)hifk”,n+1fiflfl”(')'
0<k”<i,0<1”<n+1—i—1,(k",l")#(0,0)

In (43)-(44)-(45), the coefficient of h;—1 n4+1-i(.) obtained by the above relations only comes
from:

t
ci(6") exp (—an11t) /0 exp (an+18) exp (—a,s)ds.

By (42), this term is equal to:
il 1
¢i(0")Bi(ant1,an) = Bfflffiﬁ,i,o = <1> ci(6")Bi(ant1, an). (46)

Analogously, the coefficient of h; p41-i—1(.) comes from:

t
Cnt+1—i(0) exp (—apn41t) / exp (an+18) exp (—ans)ds.
0

This term is equal to:

1

Cnt1-i(0)Bi(any1, an) = BZ,’ZE:EA = (0

)cnﬂ_i(é)Bt(anH, an). (47)

Now, the coefficient of the current term h;_j ;,41—;—;(.) comes from the sum of the following
two terms:

t . .
by = i(8') exp (~anst) /0 exp (an18) B L (s)ds, (48)

(i—1-K=i—-kn+l1—i-U'=n+1—i—1,thusk’=k—1,I'"=1) and

t . .
by = cpt1-i(6) exp (—an+1t)/ exp (an+15)B;f;:7llﬂ__§_l(5)dSa (49)
0

(i—K' =i—kn+1—i—1-1"=n+1—i—1 thus k" =k,I” =1—1). Thus,

t E+1—1

b1 = ¢;(8") GXP(—anﬂt)/ exp (an+18)< ko1 >C¢—1(5,) e Cim— (k1)1 (87) X

0

Cn1-i(0) -+ Cpr1-im141(0) Bs(@n; an-1, - - -, G (jp1-1))ds

13



— (k - 1) ¢i(8")ei=1(8") - - cimk1(8")ent1-4(9) - - - cny1—i—141(9)

E—1

XBt(anJrl, Qpy Gp—15 - - - aan—l—l—(k—i-l))'

And .
k+1—-1
by = cpy1-i(0) exp (—ap41t) / exp (an+15) < k: >ci((5’) oGy (0 x
0
Cn+1—(i+1)(5) oo Cn1—i—141(0) Bs(an, an—1, . .. 7an—(k+l—1))d3
k+1-1

_ ( . >ci(5/)ci_1(5/) it () emrs(8) - emrr s 131(5)

XBt(anJrl, Apy Ap—1y - - - ,an+1_(k+l)).
Now using that (kﬁfll) + (’H,l;l) = (k#), we finally obtain that b; + by is exactly equal to
the expected term B;f;irl—z—l(t) O

Remark :  Result (41) may be related with the spectral properties of the transition op-
erator P;. Indeed, considered as an operator on the space L?(w(x)dx), it has a sequence
of eigenvalues and an orthonormal basis of eigenfunctions. The eigenvalues are exactly the
(exp (—ant),n > 0) and constitute a fastly decreasing sequence (a, ~ 2n?). The eigenfunc-
tion associated with exp (—ant) is a polynomial of degree n, linked with the n-th Jacobi
polynomial with indexes (%/ -1, g — 1) (see the Appendix). Thus, each polynomial h; ; has
a finite expansion on this eigenfunctions basis. Therefore, P;h; ; has also a finite expansion
on the same basis. However, from these spectral properties, it is not evident to guess the
expansion obtained in (41) nor is it to guess that the expansion contains only positive terms.

O

4.3 The mixture coefficients.

We proceed to the final steps for condition (C2): We use Proposition 4.3 and formula (22)
to obtain the mixture coefficients for v; ;_; P;. First, we need a lemma.

Lemma 4.3. For 0 <i<n and 0 <j <p, we have

B(i+ %,7j + %) _ (1—5]) n+pQn+p—1 - - - Cit14+plitpQitp—1 - - - Qitj+1 (50)
Bin+%.p+3)  ("P)eald)en—1(8) - cip1(8)ep(6)cp-1(8) . . ¢j1 ()

In the trivial case (i,7) = (n,p), the quotient is equal to 1. In (50), for j = p, there is no
term in ¢(0), and for i = n, there is no term in c(8').

Proof. We use the relation

ab

Blat Lo+ 1) = 3 10

B(a,b). (51)
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Hence,

P -1+ p-1+3) 5 5
B(n+7,p+7): 5/4_? 2 546 B(n*1+*’p*1+7)'
2 20 (n4+p—-14+52)(n+p—-2+5°) 2

2

By (25), we have:

an 8+ cn(d) cp(9)
-1 —n-1+2 —p—1+2.
o Tt T Ty Tty Ty, TP
Hence,
& 5. cn(d)ep(0)2(n+p)2(n+p—1) & )
Bn+ 2 p+2)= P Bin—1+%p-1+9).
P ) = o T amy amy DTl lg)
Iterating downwards yields:
Bli+%,j+35) _ (i+4)!nlp! ntj@ntj—1 - - Gigj+1
B(n + %,p + g) (n4+p) ! §len(0")en—1(6") ... cit1(6")ep(0)cp—1(0) . .. cj+1(6)
This gives (50). O

Now, we have the complete formula for v; ;_; ;.

Proposition 4.5. For 0 <i < j, we have

o ij—i S
k:O,...,i,lZO,uwj*i

where, for (k,1) # (0,0),

L (I
Zf;,ljfifl(t) = Wajaj,l PN aj—k—l+1Bt(aj7 Aj—1y.-- ,aj_k_l). (52)

(%)

a

For (k,1) = (0,0), o
;7 —i(t) = exp (—a;t). (53)

The proof is straightforward using Proposition 4.3, Theorem 4.2 and the lemma.

Note that Proposition 4.5 shows that, for all ¢ > 0, Zogkgi,oglgjfi aﬁ’_j;;._i_l(t) = 1.
This can be checked directly by formulae (52)-(53) (see the Appendix).

Let us have a closer look at the mixture coefficients. First, note that they are symetric
with respect to ¢ and §. The non symetric part appears in the distributions v;_ ;.
Another point is that, looking at v; j_; P;, we see that very few mixture coefficients will be
significantly non nul. Indeed, they are all composed of sums of rapidly decaying exponentials.
To illustrate this point, let us compute more precisely the distributions

70 ,0
Vn,OPt = Z asz,o(t) Vn—k,0 = Z aZ,O (t) VE,0,
k=0,...,n k=0,...,n
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which corresponds to ¢ = j = n in the formula of Proposition 4.5. For n = 1, aézg(t) =

a1Bi(ai,a0) = 1 — exp (—ast), aizg(t) =exp (—ait), and a1 = &' + J, a9 = 0. Hence:

vi0P = (1 —exp (—(0" +0)t))vo,0 + exp (—(8" + d)t)v10-

For n = 2,
aget) = 1- m exp (— (8 + &')t) + A% exp (—(2(2+ 5 + d)t)),
300) = Z2EIE) (exp (54 90— exp (~(202+ 5+ 9)1)
azo(t) = exp(—(2(2++0)).

These remarks lead us to the fact that the leading coefficient in v, oP; is the coefficient
of the stationary distribution m = vy which is equal to 048”8 (t), while the others are very
small. A more precise result is given below.

Proposition 4.6. The following holds for all n > 0:
agp () =1+ Y ()" exp (~at) Af, (54)
k=1
where, for fized k, as n tends to infinity, A} — Ay and Ay is given by (55).

Proof. Using (22) and (31), we have:

n

alo(t) =Y (—1)" exp (—axt) AL,
k=0

with
AnQp—1 - ..01

 ocicnizr lox —ail’
Since ap = 0, we get Ay = 1. Now, ar, —a; = (k — )[2(k + 1 — 1) + § + ¢']. This yields:
n_ <n> HlélSk—l,nglgn[Q(l —1)4+0+0

k nglgk_17k+1§l§n[2(k‘ + 1 — 1) + 6+ 5/]

n=
Since we assume that k is fixed and that n tends to infinity, we may assume that k <
n/2. Then, we can simplify the common factors that appear in the numerator and in the
denominator of A} and get:

A — <n> [hic<r1i=p 1200 = 1) + 0+ 0]

Aj,

Pk [Li<i<k2(n+1—1) +6 + &
Setting
1
Ap = gy II Re-n+s+0d], (55)
1<I<k—1,l=k+1
and using the Stirling formula, we get A} ~ Aj which is the result. O
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4.4 Working the filtering-prediction algorithm and estimating unknown
parameters.

We must now illustrate how Proposition 3.1 allows to obtain explicitly the successive dis-
tributions of filtering v,,,.; and of (one-step) prediction v, .1 (see (6)). Suppose that
the initial distribution is £(X1) = 19, i.e. the stationary distribution of (z(t)). After
one observation Y7, we have the up-dated distribution vy)1.; = ¢y, (v00) = Vy;,1-v;. Then,
we apply the prediction step to get vg)1.1 = vy;1-y; Pa. This distribution is obtained by
Proposition 4.5:

B Yi,1-v
Ui 1-viPa = E Oy, 1ty (B)vy kv - (56)
0<k<Y;,0<I<1-Y)

Then, there is another up-dating for Ys, and another prediction, and so on. To be more
precise, let us state a proposition that explains the use of Proposition 3.1.

Proposition 4.7. Suppose v =73 i<, 0<i<j Qi—k,j—1 Vi—k,j—1 15 @ distribution of ]:"f.

1. Then, fory=0,1,

py(v) o ik it Pvg_ gy (Y) Vity—k,j+1-y—1,
0<k<i,0<I<;

where the marginal distribution py,_, . ,(y) is given in (18). Thus,
<Py(’/) = E Qipy—k,j+1—y—1 Vity—k,j+1—y—1s
0<k<i+y,0<I<j+1—y

where Qiyy—kjr1-y—1 X Ci—gji Py_y,,(y) for k = 0,1,...,4,0 = 0,1,...,5 and
Qipy—k,j+1—y—1 = 0 otherwise.

2. We have:

ikl
vPA = Z Z Wikt @i A (D) | Viewj-n,

0<K<i,0<A<) \0<k<r,0<I<A

i—k,j—1

where the Qi

(A) are given in Proposition 4.5.

3. The marginal distribution associated with v is

pu(y) = Z Q.51 pui_k,j_z(y)' (57)

0<k<i,0<I<y

It is therefore a mixture of Bernoulli distribution (see Proposition 4.1 and formula

(18)).
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The first part is straightforward. The second part is an application of Proposition 4.5
with an interchange of sums. Thus, the number of components in the successive mixture
distributions grows. Indeed, let us compute the number of mixture components for the
filtering distributions. For vy|;., we find (1 + Y1)(1 + 1 — Y1); the prediction step preserves
the number of components. For v,,.; and vy, 4,1, the number of components is (1+
YY)l +n—3"Y;). However, as noted above, very few mixture coefficients will be
significantly non nul. It was also the case for the model investigated in Genon-Catalot and
Kessler (2004) and in Comte et al (2007).

Let us notice that the h-step ahead predictive distribution, v, .1 is obtained from
Vnn:1 Dy applying the operator Pg, €. Vpihln:l = Vn‘mng. Therefore, this distribution
stays in the class Fy and has the same number of mixture components as v|;.1.

Now, suppose that ¢, § are unknown and that we wish to estimate these parameters using
the data set (Y7,...,Y,). The classical statistical approach is to compute the corresponding
maximum likelihood estimators. This requires the computation of the exact joint density
of this data set which gives the likelihood function (see (12)). For general hidden Markov
models, the exact formula of this density is difficult to handle since the integrals giving the
conditional densities of Y; given (Y;_1,...,Y7) are not explicitly computable (see formula
(11)). On the contrary, in our model, these integrals are computable by formula (18).
Suppose that the initial distribution is the stationary distribution of (1), i.e. 1. For
i = 1, the law of Y1 has density p,,,(y1) given by (18): It is a Bernoulli distribution with
parameter % Then, for 7 > 2, the conditional distribution of Y; given Y;_1,...,Y7 has
density py,, ,, (yi). It is now a mixture of Bernoulli distributions. The exact likelihood is
therefore a product of mixtures of Bernoulli distributions.

4.5 Marginal smoothing.

In this section, we compute vj,.; for I < n. To simplify notations, denote by p(zi|yn, . .., y1)
the conditional density of X; given Y, = yp,..., Y1 = y1, i.e. the density of vj,.; taken at
Yy = Yn,..., Y1 = y1. Analogously, denote by p(y;|yi—1,...,y1) the conditional density of
Y; given Y;_1 =y;—1,..., Y1 = y1. We introduce the backward function:

pl,n(yl+l7 < Yng .’E), (58)

equal to the conditional density of (Yj41,...,Ys) given X; = z. By convention, we set
Pnn(0;2) = 1. Then, the following forward-backward decomposition holds.

Proposition 4.8. Forl <n,

p(xily, -, 1)
o PWilyio1, -

P(@t|yns - y1) = T )pz,n(ym, e Yni ) (59)

This result is classical and may be found e.g. in Cappé et al. (2005). Therefore, the
smoothing density is obtained using the filtering density that we have already computed.
The denominator in (59) is also available. It remains to have a more explicit expression
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for the backward function (58). The following proposition gives a backward recursion from
l=n—1down to ! =1 for computing (58).

Proposition 4.9. First, for all n,
Pr—1,n(Yn; x) = Palf.(yn)](@). (60)

Then, forl+1 < n,

Pin(Uitts - Yni T) = Palf (Yis1)Pis 1.0 Wig2s - - - U3 )(@) (61)

Proof. We use the fact that (X,,Y},) is Markov with transition pa(zn, Znt1) frns (Ynt1)-
Given X,,_1 = z, X,, has distribution pa (z, x,)dz,. Hence,

1
pn—l,n(yn;l‘) - /0 pA($,xn)f:cn (yn)dl‘na
which gives (60). Then, for n > [+ 2,

Pin(Yi41s - - Yn; )

n

1
:/ Pa(@, 241) fory (i) X [ pal@ior, @) fo, (vi)daigr - . dey
0 i=1+2

1
= / A Ti41) fary (Y1) P10 (Y2, - - -5 Yns Tig1)dap 4,
0
which gives (61). O

Let us now apply these formulae to our model. We will show briefly that backward
functions can be computed by simple application of Theorem 4.2. Indeed, since

f-r(yn) = hyml—yn ($)7
pn*l:n(yn; fl?) = PAh’ynylfyn (.I) = myn,lfyn (A’ '/L‘)a
is obtained by Theorem 4.2. Next, we compute
myml_yn (A7 ) X hynful—ynq ()7

which is a linear combination of hy, |4y, —k2—y,_1—yn—1 With 0 <k < 9,,0 <1 < 1—y, and
apply the transition operator Pa to get pp—2n(Yn—1,yn; ). This is again given by Theorem
4.2. By elementary induction, we see that backward functions are explicit.
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5 Comments on practical implementation and open prob-
lems.

A careful numerical investigation of the model is now required which is the subject of a
future work. In particular, the numerical study should enlight the way that the mixture
coefficients evolve along the iterations on the filtering-prediction algorithm. It is worth
noting that, at each iteration, only a finite number of terms is involved.

For both the theoretical and numerical aspects, this model is to be compared with the one
in Comte et al (2007) which is of the same kind. A complete numerical study is performed
based on simulation data. In this paper, the observations are given as Y; = x(¢;)1; where
(z(t)) is the absolute value of an Ornstein-Uhlenbeck process and (1);) is a positive noise.
Hence, the model is an intensity perturbation of a non-negative diffusion process. The results
of the numerical study enlight the fact that no more than one or two mixture coefficients
are significantly non nul! The estimation of the unobserved state variable is easily feasable
and performs well on simulated data. Some theoretical aspects of the model linked with
stability of the filter are investigated in Genon-Catalot and Kessler (2004).
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6 Appendix

6.1 Proof of Lemma 4.2.

Let us write in more details expression (39). We have

A = L X 1
(an - an—l) (an—l - an—2)(an—1 - an—3) .. (an—l - anflfk)
+ (=1) X ! + ...
(an - an—2)(an—1 - an—2) (an—2 - an—3) ------ (an—Z - anflfk)
(-1t ) 1

+
(an = an—j)(an-1 = an—j) ... (@n—jt1 = an—j)  (an—j —an—j-1)...(@n—j — Gn_—1)

(-n*

(an - an—l—k)(anfl - an—l—k;)(anf2 - an—l—k) ce. (an—k - an—l—k)

4.+

Now, we set

Ly = (an - an—l)(an - an—2)(an - an—3) e (an - anfkfl)y
Ly = (an—l - an—2)(an—1 - an—3) ------ (an—l - an—k—1)7
Ly = (an72 - an73)(an72 - an74) . (aan - an—k—l)a
Ly = (an—t+1 — @n—k) (@41 — Cn_k—1),
Ly = (@n—k — @n—g—1).

We must prove that
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For this, we introduce the product T, = LoL1 ... L. Now, we need to prove that AT, =
LiLs... L. We start to compute AT,:

AT, = —2% Iy... L

Livi...Lp+...
(an = an—j)(an—1—anj) .- (an—jp1 —an—j) 7"

+

(an = ap—p-1)(@n-1 = Ang-1) - (An—kg1 — Gn-p-1)

Now, we see that

AT, = P(ay) (63)

where P(.) is a polynomial with degree k. Indeed, in AT, the terms containing a,, come

only from the terms

Lo
= P'(an)7
(an — an—j) !

where
Pi(z)=(z —ap—2)(x —ap—3)...(x — ap_g-1),
Pj(z) = (x — an—1)(x — an—2) ... (x — an—js1) X (T — ap—j—1) ... (T — ap—p—-1),
Piii(z) = (x —ap—1)(z —apn—2) ... (xr — an—x),

are all products of k factors of degree 1.  Notice that Pj(xz) is nul for =z =
On—1,0n—2y s Qn—jt+1,Qp—j—1y- -+, an_k—1 and that P; (an_l) = L,

Pj(an—j) = (an—j — an-1)(n—j — an-2) ... (an—j — an_j11) X Lj,

Pyii(an—k—1) = (an——1 — an—1)(@n—k—1 — an—2) ... (Gn—k—1 — Ap_p)-

Therefore (see (63))

L
—Py(r)— L L+
Gp—1 — An—2

LiLo... Lj—l

(@n-1—=an—j)(an-2 = an—j) . (Gn—js1 = an;)
Li... Ly

(@n—1— apn_1-k)(an—2 — Gpn_1-k) - . (Ap—p41 — An—1-k)

—i—(—l)j_lpj(l‘) Lj+1...Lk+...

+(=1)* Py (2)
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Now,
P(an,l) = P1 (an,l)Lng cee Lk = L1L2L3 PN Lk
L —9 — G
Plans) = —Pylano)— P [y gy lGnzzanl) oo
(anfl - an72)

(anfl - aan)
— IyL,...Ls

L1L2 ... Lj_l
(an—1 = an—j)(an—2 — an—j) ... (An—jt1 — an—j)
= (-1)2YLiLy...Lj 1LiLjq ... Ly

Plan—;) = (‘Hjile(an—j)

Lj+1 oLy

Plan-r1) = (=1)*Peji(an-—r-1)) Ly i

(an—l - an—l—k)(an—Z - an—l—k) s (an—k+1 - an—l—k)
= (=D*LiLy... L.

Therefore, P(x) = LiLy... Ly for the k + 1 distinct values * = an—1,an-2,...,0p_f—1.
Since P(z) is a polynomial of degree k, it is constant equal to Lj Ly ... Lg. In particular,

P(an) = L1L2 oo Lk,

which is equivalent to A = 1/Lg (see (62)). So the proof of Lemma 4.2 is complete.
6.2 Binomial or negative binomial conditional distributions.

Proposition 4.1 holds for the other cases given in the introduction. Let v; ; belong to F.

o If f(y) = (];[)xy(l—x)N’y, y=0,...,N, then ¢, (v; ;) = Vity, j+N—y and the marginal
distribution is equal to:

() = <N> Bli+y+(3'/2),+N—y+(/2)
‘ v B(i+(5'/2),j +(6/2)) ’

y=0,1,....,N  (64)

o If fi(y) = (m+y_1):cm(1—:z:)y, y=0,..., then ¢, (v; ;) = Vitm,j+y and fory =0,1,...,

(65)

Pu,;(y) = <m+ v 1) B(i+m+(8'/2),j +y +(6/2))

y B(i+(6'/2),5 +(6/2))

6.3 Mixture coeflicients.

We now check using formula (52) that > oo «; 0<j<ji aifgz_i_l(t) = 1. By interchanging
sums and setting k' = k,I’ = k + [, we first get
Z O‘Ef;?ﬂez(t) = Zp(i,j — i)ajaj_l ce aj,l/HBt(aj, Ce ,aj,l/),
0<k<i,0<I<j—i =0
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where

ig-n= Y W)

()
0<k! <i,0<l —k/ <j—i g

We recognize the sum of hypergeometric probabilities so that p(i,j —i) = 1. There remains
to prove that, for all 7 > 0,

i
Z aﬁ)k’o(t) == Z a;a;—1 - .. ai—k+1Bt(ai, PPN ai_k) =1.
0<k<i k=0
We fix i. Looking at (31) and interchanging sums, we have to check that
i

ZHifj exp (—a;—jt) = 1,

§=0
where, for j =0,1,...,1,

7
Hi;=>Y 1] (66)
k=j

and

) — (_1)k+j A1 - - - Qi—f+1
‘ [o<i<k iz lai-j — ail

Since ag = 0 and Hy = (—1)¥a;...a1/a;...a; = 1, we have Hyexp (—apt) = 1. So we must
prove that, for all j =0,1,...,i—1, H;_; = 0. Denote by D, the denominator of Lj:

Di = (ai - ai_j) e (ai_]’+1 — ai_j)(ai_j — ai—j—l) e (ai_j — ai_k).
It is easy to prove by induction (on k) that, for k=i —1,...,j + 1,

.. &i—j B ¢ 7 R |
J
Dk—l

)

L =L 4+ 0+ + I = (—)H e

where the notation ” means that the term is absent. The formula for k = j + 1 yields

A i ian .
L) = (-t et
D’ !
J

This gives H;_j = 0 (see (66)) for all j =0,1,...,i—1..
6.4 Spectral approach.

The transition density p;(z,y) of (1) can be expressed using the spectral decomposition of
the operator P;. Consider equation (1) and set z(t) = 2z(¢) — 1. Then,

dz(t) = [=6(1 + 2(2)) + 0'(1 — z()]dt + (1 — 22(t))/2dW;.
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This is a Jacobi diffusion process. Let us set
) 0

Then, for n > 0, u(z) = Pﬁ’ﬁ(z) with

—L" B A e ! (68)

Pri(z) =
is solution of
(1-2Hu"+[B—a—(a+B+2)2u = —n(n+a+p+1)u (69)

The function (68) is the Jacobi polynomial of degree n with indexes («, 3). The sequence
(Pﬁ"ﬁ(z),n > () is an orthogonal family with respect to the weight function p(z) = (1 —
z)a(l—i—z)ﬁl(_LH) (2). After normalization, it constitutes an orthonormal basis of L?(p(z)dz)
(see e.g. Lebedev (1972, p.96-97) or Nikiforov and Ouvarov (1983, p.37)). Now, we set
h(z) = u(2z — 1) in (69) and get:

20(1—2)h" +[B—a—(a+B+2)(2z — 1))k = —2n(n+a+ B+ 1)h.
Using the relations (67), we obtain:

2z(1 —z)h" + [-dz + &'(1 — 2)|]h' = —n(2(n — 1) + § + &')h.

Hence, Lh = —ay,h where L is the infinitesimal generator of (1). For n > 0, the sequence
s 19 4
Qn(z) =P 7% (2z-1)

is the sequence of eigenfunctions of L. The eigenvalue associated with @), is —a,. The
transition operator P, has the same sequence of eigenfunctions, and the eigenvalues are
(exp (—ant)). We have:

a0 -y 0 D gyreiogredoy
XT

Qn(z) =

n!
Each polynomial @, is of the form (see (14))

n

Qu(z) =Y e ihin-i(). (70)

=0

And each h; j_; can be developped as
j .. .
hij—i = Z dy? ™ Qr,
k=0
with di’jﬂ' = 021/2 fol hi j—i(x)Qr(z)m(z)dx and ¢, = fol Q%(z)m(z)dx. Since PQy =

exp (—apt)Qr,

J
Pthi,j—i = Z exXp (—akt)dzj_ZQk.
k=0
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This approach requires the computation of the coordinates d;’j ~* and of the coefficients ci-f i

of (70). Our method gives directly the expression of Pih; j_;.

Let us notice that the transition density of (1) has the following expression:

+o0
pi(,y) = 7(y) Y exp (—ant)Qn(2)Qn(y)c, ", (71)
n=0

as explained in Karlin and Taylor (1981). Therefore, by using the expression (70) and some
computations, it is possible to prove that this transition satisfies also condition (T1) of
Chaleyat-Maurel and Genon-Catalot (2006). More precisely, this transition can be expressed
as an infinite mixture of distributions of the class F.

This property has the following consequence. Suppose that the initial variable in (1) is
deterministic x(0) = xo. Then, x(¢1) has distribution py, (zo,«). This distribution belongs
to the extended class F composed of infinite mixtures of distributions of F. We can apply
our results to the extended class: The filtering, prediction or smoothing distributions all
belong to F.
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