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EXISTENCE OF SOLUTIONS FOR SECOND-ORDER DIFFERENTIAL
INCLUSIONS INVOLVING PROXIMAL NORMAL CONES

by

Frédéric Bernicot & Juliette Venel

Abstract. — In this work, we prove global existence of solutions for second order differential
problems in a general framework. More precisely, we consider second order differential inclusions
involving proximal normal cone to a set-valued map. This set-valued map is supposed to take
admissible values (so in particular uniformly prox-regular values, which may be non-smooth and
non-convex). Moreover we require the solution to satisfy an impact law, appearing in the description
of mechanical systems with inelastic shocks.

Résumé. — Nous prouvons dans ce travail un résultat d’existence globale de solutions pour
des inclusions différentielles du second ordre. Nous considérons plus précisément des inclusions
différentielles du second ordre faisant apparaitre le cone proximal normal d’un ensemble C
dépendant du temps. La multifonction C'(-) est supposée admissible (et en particulier prendre des
valeurs uniformément prox-régulieres éventuellement non régulieres et non convexes). De plus, nous
imposons a la solution de vérifier une loi d’impact, apparaissant dans la description de systemes
mécaniques avec des chocs inélastiques.
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1. Introduction

We consider second order differential inclusions, involving proximal normal cones. These
differential inclusions appear in several fields (granular media [25, 27], robotics [16], [17] and
virtual reality [34] ... ).

They describe an evolution problem where the state-variable is submitted to some constraints
and so has to live in an admissible set).
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Numerous works deal with the particular case where the admissible set is given by several
constraints. Let us first detail them. We write C' C R? for the closed admissible set defined by
constraints (g;)i1<i<p as follows :

C = ﬁ{qeR,gz )>o}. (1)

=1
The tangent cone to C' at ¢ is

Tola) i= {u € RY, (u,Vgi(a)) =0 Vi€ (o)}
where I(q) is the set of “active constraints”
1(q) == {i, gi(q) = 0}.

The second order problem is the following one: let Z be a bounded time-interval, f : ZxR% — R¢
be a map, find ¢ € WhH*°(Z, R?) such that ¢ € BV(Z,R%) and

dq+ Ne(q)dt > f(t,q)dt
VteZ, (th) =Pryu) (@t ))
q(0) = qo € Int(C)

q(0) = uo,
where Int(C') is the interior of the set C' and N¢(q) is the normal cone defined by
{0} if ¢ € Int(C)
Nc(q) == {_ Dicrq NiVai(a), A= 0} if ¢ € 0C
0 ifqg ¢ C.

This differential inclusion can be thought as follows: the point ¢(¢), submitted to the external
force f(t,q(t)), has to live in the set C. The differential inclusion dg + N¢(q)dt > f(t, q)dt does
not uniquely define the evolution of the velocity during an impact. To complete the description,
we impose the impact law ¢(t*) = P q))d(t™), introduced by J.J. Moreau in [25] and justified
by L. Paoli and M. Schatzman in [28, 30] (using a penalty method) for inelastic impacts. This
law can be extended with a restitution coefficient to model the elastic shocks.

The existence of a solution for such second-order problems is still open in a general framework.
The first positive results were obtained by M.P.D. Monteiro Marques [22], L. Paoli and M.
Schatzman [29] in the case of a smooth admissible set (which locally corresponds to the single
constraint case p = 1 in (1)). The single constraint case is also treated in [23, 13] where an
additional mass-matrix depending on ¢g. The proofs use a time-discretization of (2) and rely on
the convergence of the approximate solutions. The multi-constraint case with analytical data
was then treated by P. Ballard with a different method in [2]. In this paper, a positive result
of uniqueness for such problems was also obtained. Then in [31], an existence result is proved
in the case of a non-smooth convex admissible set C' (given by multiple constraints). There,
the active constraints are supposed to be linearly independent in the following sense: for each
q € 90, the gradients (Vg;(q))icr(q) are supposed to be linearly independent. This assumption
is quite strong since it implies that the number of active constraints |I(q)| is always lower than
the dimension d (which may fail for some applications). Moreover the impact law is proved
under a geometrical assumption:

V@i, j) € 1(9)?, i#j,  (Vgi(a),Vgi(g) <O0. (3)
In [32, 33], similar results are obtained without requiring the convexity of C'. Note that excepted

in [2], all these results are local in the following sense: for each initial data (qo,up), there exists
a time 7 = 7(|up|) and a solution ¢ of (2) on Z = [0, 7].
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Recently, time-dependent constraints are considered. More precisely, the constraints g; :
7 x R? — R define the following set-valued map

p

)= {q eR’, gi(q) > O} : (4)

i=1

Then Problem (2) becomes: find ¢ € Wh*°(Z,RY) such that ¢ € BV (Z,R%)
dq + Neg(g)dt > f(t, q)dt
VteZ, §(t") =Py, ,,qt")
q(0) = qo € Int(C(0))

4(0) = uo,
where V; 4 is the set of admissible velocities:

Local existence results were obtained in [40] assuming that OC(-) belongs to C3(Z x R?) (which
locally corresponds to a single constraint). Recently in [5], a global result was proved by the
first author and A. Lefebvre for convex C? constraints g; (no regularity on the boundaries OC (t)
is required). Moreover, Assumption (3) and the independence of the gradients (V49:(t, ))icr(t,q)
are relaxed to a positive linearly independence: global results are shown under the existence of
p,7 > 0 such that for all ¢ € C'(t) and nonnegative reals \;

> AVt )l < | DD AVt q)] (Rp)
1€1,(t,q) 1€1,(t,q)
where
Ip(t,q) = {i, gi(t,q) < p}.

In this paper, we are interested in local and global existence results for second order problems
involving a general set-valued map C(-) (not necessary defined with constraints). This problem
was solved in the case of first order differential inclusions called sweeping process. Let us briefly
recall the corresponding context. For a bounded time-interval Z, a set-valued map C' : T = R?
with nonempty closed values and a map f : Z x R? = R?, the associated sweeping process takes
the following form:

dq
5 (O +N(C(@),4() > f(t,q(2)) 7)

q(0) = qo ,
with an initial data ¢o € C'(0) and where N(C, ¢) denotes the proximal normal cone of C' at any
point ¢g. This kind of evolution problem has been introduced by J.J. Moreau in 70’s (see [26])
with convex sets C'(t). He proposed a time-discretization of (7) called the catching-up algorithm.
This scheme was later adapted to the second order problems (2) and (5). Later the convexity
assumption was weakened by the concept of “uniform prox-regularity” (a set C' is said to be
uniformly prox-regqular with constant n or n-prox-regular if the projection onto C' is single-valued
and continuous at any point distant at most 1 from C'). In this framework, the well-posedness of
(7) was proved by G. Colombo, V.V. Goncharov in [11], H. Benabdellah in [3], L. Thibault [41]
and by G. Colombo, M.D.P. Monteiro Marques in [12]. The sweeping process problem is still
extensively studied but the recent results are not detailed here (see the works of M. Bounkhel,
J.F. Edmond and L. Thibault in [7, 41, 14, 15] and of the authors in [4, 6]).

Note that a major difference exists between the first and the second order differential inclusions.
Indeed, even with smooth data the uniqueness does not hold for second order problem such (2)
or (5), see [38] and [2]. The only positive results are proved in [39] for one-dimensional impact
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problems and in [2] in the context of analytic data. Here we are only interested in existence
results for general second order problems.

In the case of a general set-valued map C(-), we introduce the following set (which extends the
concept of T (g) and V 4):

Definition 1.1. — For a set-valued map C : T = RY, for every ty € T and qy € C(t), the cone
of admissible velocities is defined as follows:

C(t0+€)—qO}

€

— liminf M

Cio.q0 = {v = li{‘rg)ve, with v. € i .

We assumed that the set-valued map C(-) is Lipschitz continuous on Z: there exists ¢y > 0 such
that for all t,s € Z

du(C(t),C(s)) < colt — s, (8)
where dpy denotes the Hausdorff distance.
We are interested in the following problem: find ¢ € W1°(Z,R%) such that ¢ € BV (Z,R?) such

that
dg+N(C(t),q) > f(t,q)dt

VteZ, ¢tt) = Pe, .o [q(t)] (9)
q(0) = qo,
q(0) = uo
where gy € Int[C'(0)] and ug are initial data and N(C(¢), ¢) is the proximal normal cone to C(t)
at ¢ (see Definition 2.3). Let us give a more precise sense to this differential problem.

Definition 1.2. — Let T :=[0,T] be a bounded time-interval. A continuous function q : T —
R is a solution of (9) if there exists another function k : T — R? such that :

a) q belongs to WH>(Z,R%)

b) ¢ and k belong to BV (Z,R%)

c) the following differential equation is satisfied in the sense of time-measures

dg + dk = f(t,q)dt (10)

d) for allt € Z, the impact law ¢(t+) = Pe, ()] holds
e) the initial conditions are verified : q(0) = qo and ¢(0) = ug
f) the differential measure dk is supported on {t, q(t) € OC(t)}:

k(1) = /O 1weocmdlkl(s),  K(E) = /0 £(s)dlk](s), (11)

where &€ : T — R? is a measurable function satisfying for all s € I: £(s) € N(C(s),q(s)),
€(s)[ = 1 and [k|(t) := Var (k. [0,t]).

The main subject of this work is to prove the following global existence result.

Theorem 1.3. — Let Z = [0,T] be a bounded time interval. Suppose that C' : T = R? is a
Lipschitz and admissible (see Definition 2.13) set-valued map Assume that f: T x R? — RY is
a measurable map satisfying:

KL >0, Vtel, Vq,qe C(t), |f(t,q) — f(t, 9] < KLlg -4 (12)
JF € LYT), Vt € T, ¥q € C(t), |f(t,q)| < F(t). (13)

Then the differential inclusion (9) admits at least one solution.
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The paper is structured as follows: the notions of uniform prox-regularity and admissibility
related to the main assumptions of Theorem 1.3 are detailed in Section 2. Moreover, we prove a
natural expression of the set Cy, 4, with the help of the tangent cone of  := {(t,q) € RxRY, t €
Z, g€ C(t)} at (to,qo). Then Section 3 is devoted to the proof of Theorem 1.3. In Section 4, we
deal with a set-valued map C'(+), defined by constraints as in (4). More precisely, we prove under
(R,) global existence results (Theorem 4.6). For time-independent constraints, Assumption (Rp)
is shown to be sufficient to obtain local existence results (see Theorem 4.7), which is weaker
than the usual geometrical assumptions.

2. Preliminaries and Definitions

First we precise some notations. For a time interval Z, we write W1%°(Z,R?) (resp. W11 (Z,R%))
for the Sobolev space of functions in L*°(Z,R%) (resp. L'(Z,RY)) whose derivative is also in
L>®(Z,R%) (vesp. L'(Z,R%)). BV(Z,R%) is the space of functions in L>(Z,R?) with bounded
variations on Z. We define the dual space M(Z) := (C.(Z))" where C.(Z) is the space of contin-
uous functions with compact support (corresponding to the set of Radon measure due to Riesz
Theorem). We set M (Z) for the subset of positive measures.

We emphasize that the different notions defined in this section can be extended in the case of
an infinite dimensional Hilbert space H. We consider the Euclidean space R?, equipped with
its euclidean metric | | and its inner product (,-). For a subset @ of RY, we denote by dg the
distance function to this set :
do(x) := inf |y —z|.
Q(@) = inf |y — |

Definition 2.1. — Given a family of sets D, C R? indexed by € > 0, the outer and inner limits
are defined respectively by

limsup D, := {x € Rd, dar — x, e \( 0 with x € Dek},
N0
and
liminf D, := {x = lim zc, 7, € De} .

If these two sets both equal a set D C R, then we say that D, converges to D and we write
lim D, = D.
e\0

Definition 2.2. — Let Q be a closed subset of R%. The set-valued projection operator Pg is
defined on R? by

Vz € RY, Po(z) ={yeQ, |[x—y|=dg(x)}.

Definition 2.3. — Let Q be a closed subset of R and x € Q, we write N(Q, x) for the prozimal
normal cone of Q at x, defined by:

N(Q,z) := {v €R? 35 >0, x € Py(x + Sv)} .

The cone N(Q, x) somehow generalizes the notion of the outward normal direction. In Figure 1,
we have plotted a set @) with several points z;. At the regular point z4 (where the boundary is
smooth), the proximal normal cone is exactly the half-line directed by the outward direction. At
the points xg, 1 and z3 the boundary is not smooth and the proximal normal vectors constitute
a cone. At the point x5, notice that the proximal normal cone is reduced to {0}.

We now define the tangent cone as follows:
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N(Q7 xl)

Ficure 1. Examples of proximal normal cones

Definition 2.4. — Let Q be a closed subset of R? and x € Q, we write Tg(x) for the tangential
cone of Q at x, defined by the following outer limit:

Tg(x) := limsup - {vERd, Jug = v, Jep (0, v € @ x}
e\0 € €k
2.1. Uniform Prox-regularity. — We now come to the main notion of “prox-regularity”. It
was initially introduced by H. Federer (in [18]) in finite dimensional spaces under the name of
“positively reached sets”. Then it was extended in infinite dimensional space and studied by
F.H. Clarke, R.J. Stern and P.R. Wolenski in [8] and by R.A. Poliquin, R.T. Rockafellar and
L. Thibault in [35].

Definition 2.5. — Let Q be a closed subset of R and n > 0. The set Q is said n-proz-reqular
if for all x € @ and v € N(Q, x) \ {0}
v

B <.%'+77m,77> ﬂQ:(Z)
By extension, a closed set Q is said uniformly proz-reqular if there exists n > 0 such that Q s
n-prox-regular.

We refer the reader to [8, 9] for other equivalent definitions related to the limiting normal cone.
The previous definition is very geometric, it describes the fact that we can continuously roll an
external ball of radius n on the whole boundary of the set ). The main property is the following
one: for a n-prox-regular set (), and every x satisfying dg(z) < n, the projection of x onto @ is
well-defined (i.e. Pg(x) is a singleton) and the projection is continuous.

The notion of prox-regularity can be described by the hypomonotonicity property of the proximal
normal cone too (see the work of R.A. Poliquin, R.T. Rockafellar and L. Thibault ([35])):

Proposition 2.6 ([35]). — Let Q be a closed subset of RY. Then Q is n-proz-regular if and
only if the proximal normal cone N(Q,-) is an hypomonotone operator with constant % That

means: for all x,y € Q and all (o, 5) € N(Q,x) x N(Q,y), we have

1
(o =B —y) 2 =5 llo] + 18]} |« —yf?
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or equivalently
1
<my—@S§ﬁMW—m? (14)

Proposition 2.7. — Let Q be a n-proz-reqular set of R%. Consider y € R? with dg(y) < 21.
Then y € @ if and only if

_ 1
Ve € QN B(y,do(v)), Yo eN(Q.2), (oyy —2) < g lalle —yP*
Proof: Consider a point y ¢ @ satisfying the above property and choose € Pg(y). Then
y— 1z € N(Q, ) and we get
1
ly wl_%u yl°,
which leads to a contradiction with the assumption dg(y) < 2n. 0

Since the prox-regularity of a set implies its Clarke’s regularity (see Definition 6.4 of [36]), we
have the following lemma (Corollary 6.29 of [36]).

Lemma 2.8. — Let Q be a uniformly prox-reqular set. Then for all x € Q the normal and
tangential cones are mutually polar :

N(@,2)” = Tq().

That means:

To(x) = {u eR?, Vv e N, z) (u,v) < O} .

In particular, it comes that every tangential cone of a uniformly prox-regular set is convex.

Proposition 2.9. — Let C(-) be a Lipschitz continuous set-valued map taking uniformly prox-
reqular values on Z. For all ty € Z and qp € C(tg), we set
... Clto+h)—q 5 . .. Ct+h)—q
Cio.q0 := hin\l‘gf — and  Cyy g0 = ll?}(l]%lf —
t—tp
qeC(t)

Then Cto,qo = Cto#]()'

Proof: Let tg € Z and ¢y € C(tg), the first inclusion Cyy 4y C Ciy.q is 0bvious and we only deal
with the other one. So let us fix v € C~t07q0. By definition, there exist vectors vy, ;4 € %

such that

v = }Lli% Vht,q-

t—tg
qa—rq0
We write
Zntg — 0 _ Clto+h) —qo
It comes

|hvntq — Zhtq + Q|  do@oth (qo + hvptq)
Vh,t.q = Whitql = : h : = loth) A . (15)

Moreover qo + hvpt,q — 2ht,g € N(C(to + h), 2nt,q). Let &ntq € Pogorn) (@ + hvngg), we have

90 + hntg — 2htgl < |€ntg — 2htgl + |€ntg — (90 + hontq)l- (16)
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Then for h > 0, let us choose t, € Z such that [t;, — to] < h? and ¢, € C(t3) satisfying
lgn — qo| < h%. So by this way,
‘gh,thﬂh - (QO + hvh,th,%)‘ < ’&l,tm(Ih - (Qh + hvh,th,%)’ + ‘Qh - QO‘
< dotgrn)(@n + hUng, q,) + lan — ol
<du(C(to+h),C(th + h)) + lan — qol
< colth — tol + lan — qo| < (co + 1)h% (17)
In addition,
dc(to+r) (90 + PVn1y.0,) < doe) (0 + M0npy, q,) + A (C(to + h), Cto))
< hlon,t, q,] + coh
and
doto+n) (@ + Pong,qn) < dow,)(an + hon, q,) + da(Cto + h), C(ta))
S h|vh,th7qh| + CO|th - tO - h|
For h small enough, it comes

n n
dcto+h) (20 + honty, q,) < B and  doggn) (qn + hon g, q,) < 2

By Theorem 4.8 in [8], since C(tg + h) is n-prox-regular, the projection operator is Lipschitz on
a neighborhood of C'(ty + h). As a consequence, for h small enough
[€htnan = Zhianl = [Peorn) (@n + Mntya.) = Poorn) (G0 + Mg, q,))|
< 21
"~ 20 = doo+m) (90 + Wonty,a,) = dotorn) (h + Wong, g,
< 2|qn — qo| < 2h%. (18)
It follows from (16), (17) and (18)

lan — qol
)

|90 + "on b0, = Zhian| < [Ehtnan = Zhitnanl + €hitnan — (@0 + VR, q,)]

< 2h? + (co+ 1)h? < Ch?,
for some numerical constant C. It follows from (15) that

‘Uh,thﬂlh - whihﬂh’ <Ch
and so

U= I£I—>mO Uh,th,an = I£I—>mO Wh,ty,,qn

with wp. ¢, ¢, € %. Hence v € Cyy 40, Which concludes the proof of this inclusion Cy, 4, C
Ctmqo-

2.2. The sets of admissible velocities. — In this subsection, we consider a set-valued map
C(+) Lipschitz continuous and taking (nonempty) uniformly prox-regular values. We aim to
describe the sets of admissible velocity C;, with the help of the whole set

Q:={(t,q), teZand g€ C(t)}
and to prove its convexity.

Let first recall the notion of the derivable tangent cone (see Section 6.A in [36]).

Definition 2.10. — Let Q be a closed set of R?. A vector v € Tg(x) is said derivable if for all
small enough € > 0 there exists ve € Q:x such that ve converges to v. We note Tg(x) C To(x)

the set of derivable vectors, which can be seen as the following inner limit

T]Q)(x) := lim inf Q-z = {v e R v =Ilimv. with v, € Q—x}
eNo € e\,0 €
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A closed subset Q) is said geometrically derivable if every tangent vector is derivable, i.e. for all
e
D
Tq(x) = Tg(w).
In this particular case, the inner and outer limits are equal and so the limit is well-defined:

. Q-
To(x) = Tg(x) = 11\1(% —

For example, it is well-known that every uniformly prox-regular or even Clarke’s regular set is
geometrically derivable (see Corollary 6.30 in [36]).

These definitions allow us to describe the set of admissible velocities with the the tangent cone
of Q. For (t,q) € 2, we have defined the set of admissible velocities

C(t—i—e)—q}.

Cig:=14qv=limv., with v, €
t,q { N0 € € c

Proposition 2.11. — For every (t,q) € Q with t € Z, we have
Cig = {ue R (1u) € TR((t,0) } - (19)

Proof: Let us denote by C~t7q the set of the right side in (19). It is obvious that for v € Cyg,

the vector (1,v) is tangent to  at (¢,q) and derivable. Consequently the inclusion C;, C Cy 4 is
proved. N

Let us now study the inverse inclusion. So consider v € C; 4. By definition (1,v) is a derivable
vector to  at (¢,q) so for small enough e > 0, there exists a vector (s, ve) converging to (1,v)

such that Q- (to)
— t,
(Se,ve) € — el

which is equivalent to

q+eve € C(t+ ese).
Since the set-valued map C' is Lipschitz continuous (with a Lipschitz constant ¢), it comes

do(i4e)(q + €ve) < du(C(t + ese), C(t + €)) < coelse — 1]. (20)
So let us denote z. € P(y4e)(q + €ve) and choose w, such that
Ze i= ( + €We.

By definition, z. € C(t + ¢€), which means
Q-(taq

1w
(1,we) € —

Moreover (20) yields

|ve — we| < ¢plse — 1.
Since s, converges to 1 and v to v, we deduce that w, converges to v too. Thus v € C; 4, which
ends the proof of the inclusion C~t7q C Ciq- ]

Then we can state the main result concerning the sets of admissible velocities.

Proposition 2.12. — For every (t,q) € Q with t € Z, the set Cy 4 is convex.

Proof: If C;, is supposed to be nonempty, we can choose two vectors v! and v? belonging to
Ciq- Let a €]0,1[, we aim to prove that
vi=av' + (1 —a)v? € Cyy.

According to the previous lemma, for ¢ = 1,2 and small enough parameter €, we have a sequence
v}, converging to v such that
q+ev; € Ct+e).
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Writing ve := av! + (1 — a)v?, we want to estimate dc(t4¢)(q + €ve). Suppose that g + eve does
not belong to C(t + €) and let z¢ € Poyye)(q + €0e). So g + €ve — 2¢ is a proximal normal vector
at z.. Since C(t+€) is n-prox-regular, thanks to the hypomonotonicity property of the proximal
normal cone (see Proposition 2.6), we have for i = 1,2

<q_|_€vé_ze’q+eve_'26> S W
n

Multiplying by « the previous inequality for ¢ = 1 and by 1 — « the one for ¢ = 2 and summing
them, we obtain

g+ evi — 2|,

1
lg + eve — z¢| < % [oz|q—|— evel — z€|2 +(1-a)lg+ evg — z6|2] .

Since ¢ + evl € C(t +¢€) for i = 1,2, we have
|4 + v = zel < lg+ eve — 2| + elve — v
< 2elve — v
< 2e(|ve| + [vf]) < AMe,

where M denotes a uniform bound of v! and v? (since they are convergent). So we deduce that

M2
lq + eve — z| < M 2 (21)
n

Then let us choose w, such that
ze = q + ewe € C(t + ¢).

From (21), we know that

8M2?

€|lve — we| < €

and so w, converges to v. We have proved that v = av! + (1 — a)v? is the limit of velocities w.
satisfying

q+ew. € C(t+e).
That means v € C; 4, which shows the convexity of this cone. [

2.3. Admissibility. — After having introduced the notion of prox-regularity, let us now
present the concept of admissibility.

Definition 2.13. — A set-valued map C : T = R? is said admissible on T := [0,T] if it takes
uniformly prox-regular values (with a same constant) and if there exist d,r,7 > 0, and for all
to € [0,T] sequences (zp), and (up), with |up| =1 and x, € C(ty) such that for all s € [0,T]
with [ty — s| < 1, (B(xp,7))p is a bounded covering of the boundary 0C(s) and

Vp, Yo € 0C(s) N B(xp,2r), Yv € N(C(s),z), (v,up) > d|v|. (22)

For an admissible set, the “good directions” u, allow us to build inward cones.

Lemma 2.14. — Let us consider an admissible Lipschitz set-valued map C : T = R? and let
us keep the notations of the previous definition.
Fixty €L, x, € C(ty) andv > 0. Then ift € T with |to—t|+v <7 and xz € B(x,,3r/2)(C(t),

B <£C — VKoUp, %5> Cc C(t+v),
no r

2K0 + 2¢cq + 5)2 ’ 2(60 + 6+ 2/60)
the Lipschitz constant of the set-valued map C(-) (see (8)) and n the proz-regularity constant.

as S0on as vV < Vpip := Min {( } and Ko 1= %0 + 1, where ¢y is
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Proof: Let v < Uy, and x € B(xp, 3r/2) () C(t). We consider z = z — vrkgu, + 0, with 0] < 2.
Suppose that z ¢ C(t+v) and set y € Poy4,)(2), vi= 2z —y € N(C(t+v),y) \ {0}. Necessarily,
y belongs to B(x,r/2) because

)
rw—yrsrw—z\+\z—yrgz\x—zwcousz(now%)+cw§u<5+2n0+co><r/z

where we have used that do(i4.,)(2) < depy(2) +du(C(t),C(t +v)) and z € C(t).
Let§ € Py (2), since C(t +v) is n-prox-regular, it comes

(6= v.0) < 5rle =yl

That yields
1
(€ —z0) + o < o (1€ = 2| + |z = ) o]
< —12(8 4 20 + 2¢0)?|v].

Consequently,
KO<Vupa ’U> - <9’ U>

1 1
< %(y(é + 2k + 2¢0))?|v] + de () ()|v] < %(y(é + 250 + 2¢0))% + cov | |v]. (23)

As y € B(z,r/2), y belongs to B(xp,2r) and the admissibility assumption gives (u,,v) > d|v|.
Thus (23) implies that

0 1
KooV — vy < 2—(1/(5 + 2k + 2¢0))% + cov
n

w0 which leads to a contradiction. Thus z € C(t + v). 0

and so that v Z m

The following lemma is a consequence of the previous one.

Lemma 2.15. — Under the previous assumptions and notations, fix to € T and x, € C(tp).
For allt € T and x € B(zp,3r/2)(C(t), for all v < Vpin, —koup € W
Moreover for all y € t+y) =N B(0, %),
—KoUp € T%(y)
In addition, —kou, —y belongs to T cirv)—« (y) as soon as
vly|* < én/2. (24)

Proof: Concerning the first point, by Lemma 2.14, z—kovu, € C(t+v) if x € B(xp,3r/2)(C(t)

C(t v

CUINZE Loty e Q2 (0, 1), 2+ vy € Bla.r/2)
B(zp,2r) and z +vy € C(t+v). The admissibility assumptlon implies that for all v € N(C(t +
v),x + vy),

and v < V. Thus —kouy, €

(—up,v) < —0lv] <0.
Since N(C(t +v),z + vy) = N(M,y) we have for all v € N(M,y),
(—up,v) <O0.

As a consequence, —u, € N(M, Y)° =T ousv)—« (y) (due to Lemma 2.8).

14
e . Pepso (@) —
M is L-prox-regular and contains a € —<* @)=z

Let us now prove the last point. Since -
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(satisfying |a| < ¢p), for all y € C(t +v) and v € N(M,y) =NC({t+v),z+ry)
v
(a—y,v) < —v[la —y|* < EM (c§+ 1),
by the hypomonotonicity property of the proximal normal cone. It follows from (24) that
Y yp Yy property p

1%
(—Koup — y,v) < —kod|v| + (—y,v) < —kKodlv| + ;\v\ (¢ + |y]?) + colv]

IN

30
=gl lelly? <0

(since vc3 < nd/4 and kod = § + ¢p), which proves the expected result (thanks to Lemma 2.8).

]
Proposition 2.16. — Let C(-) be an admissible and Lipschitz continuous set-valued map on
Z. For allty € T and qo € C(to), we set
... Clto+h)—qo 5 ... Ct+h) —q
Cio,q0 = hzn\l(r]lf — and  Ciyq0 = hz’{_l?i(?f —
t—tg
qeC(t)

Then Cto,qo == C~t07q0 ?é @

Proof: We refer the reader to Proposition 2.9 for the equality Cyy 40 = Cro.q0- 1t Temains us to
check that these sets are nonempty.

If go € Int(C(to)) then we easily have Cry 40 = Cto.q0 = R Else go € dC(ty) and by Lemma 2.14,
there exist u, # 0, kg > 0 and vy, > 0 such that for all v €]0, vyinl, o — vEou, € C(ty + v).
So we deduce that —rkgu, € Cyy .40 7 0. d

3. Discretization and convergence of approximate solutions

This section is devoted to the proof of Theorem 1.3. As usual, we obtain existence results for
(9) by proving the convergence of a sequence of discretized solutions.
To do so, we extend the Catching-up algorithm (proposed by J.J. Moreau for the firt-order
differential inclusions) to the considered second-order problem. Let us describe the numerical
scheme.

Let h :=T/N < vpin/4 be the time step, where v, is defined in Lemma 2.14. We denote by
q; € R? and up € R? the approximated solution and velocity at time ty = nh for n € {0,..,N}.

The approximated solutions are built using the following scheme:
1. Initialization :

. L[t
(g, an) = (d0, o + hawo + W2 f3)) with fii:= o | = f(s,qp)ds. (25)
0
Since qo € Int(C(0)), gj, belongs to C(h) for h small enough (such that (Juo|+ [; F(t)dt)h <

dac(0)(q0)) -

: !
2. Time iterations: g;, are given for ¢ € {0,...,n}. We define f} := E/ f(s,qp)ds and
th
gt e P+ (245 — a R (26)

This algorithm is a “prediction-correction algorithm”: the predicted point 2q; — q}?*l + h? I
that may not be admissible at the time ¢}, is projected onto C(¢}1).
We define the following functions: for all ¢ € [t}, tzﬂ[,
n+l _ n
an(t) = qf + (¢ — 1) Bt (27)
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and the velocity uy by

1 i ap
up(t) == upth = hT (28)

dac(0)(90)

Note that, for every h < m,

the scheme is well-defined. Moreover the computed

configurations are feasible :

Vh>0,¥n € {0,... N}, qu(th) =g € C(t}). (29)

For the intermediate times ¢ €]¢}, ¢}, the point gj,(t) may not belong to C(t). However from
(29) and the Lipschitz regularity of the set-valued map C(-) (see (8)), we have the following
estimate :

Vh > 0,Vt € T, dC(t) (qh(t)) < max{dc(t) (qg), dC(t) (C]ZJFI)} < ¢ph. (30)

The proof of Theorem 1.3 is quite technical and will be decomposed into 4 steps, which we shall
briefly describe below.

— In Subsection 3.1, we obtain uniform bounds on the computed velocities u;, when h goes
to 0 in L>°(Z,RY) and in BV (Z,R%).
— In Subsection 3.2, we use compactness arguments in order to extract a subsequence of

(qn, un)n>o converging to (g, u).

— In Subsection 3.3, we check that the limit functions g, v satisfy the second order differential
equation (the momentum balance) and the initial conditions.

— In Subsection 3.4, we verify the impact law for u.

After that, we will have proved that the limit function ¢ is a solution of Problem (9), which
shows Theorem 1.3. O

3.1. Uniform estimates on the computed velocities. — This subsection is devoted to
the proof of uniform estimates in BV (Z,R%) for the computed velocities in order to extract a
convergent subsequence by compactness arguments.

First, we check that the velocities are uniformly bounded in L°°(Z,R%). Aiming that, we prove
the following lemma giving a first estimate on the velocities.

Lemma 3.1. — For all integer n € {0,...,T/h}
up ™ < 2luh + hf}] + co.
Proof: By rewriting (26) in terms of velocity, we deduce that
UZJFI € Pcuﬁ“)—qg [uh + hfy]-
Sty g
With z := Pc(tzﬂ)(qg) (as coh < coVmin/4 < 1, the projection de gj is single-valued), it comes

z—qp
h

The proof is also achieved thanks to |z — ¢i'| < dy (C(t}), C(t})) < coh. 0

lupy + hff —up ™ < |up + hfp —

To iterate this reasoning, it would be very interesting to obtain a similar estimate without the
factor 2 in Lemma 3.1. This is the main difficulty in order to obtain a uniform bound of the
velocities and we solve it in the following proof.

Proposition 3.2. — There exists hy > 0 such that the sequence of computed velocities (up)n<p,
is bounded in L>=(Z,R%). We set

K := sup [Jupl|ree(z) < 00
h<hi
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Proof: 1—) Estimate on the velocities for small time intervals.
Let us fix h < hy with hy later defined and satisfying h; < min{v,;n,7}. Consider a small time
interval [t_,ty] C I of length satisfying

T
T AR

where kg is introduced in Lemma 2.14 and ng is the smallest integer n such that ¢;' > ¢_. Thus
tp0 € [t_,ty]. We are looking for a bound on the velocity on this time interval. Rewriting the
scheme in terms of velocities, we have that

1
n+ < Pcu”“) a7 [uk + 1yl

h <ty —t_| <min

(31)

Nl‘l

. . oyt
involving uj + hf — qu-l eN % qu-l

By the admissibility of C, there are balls B(x,,r), which cover C(£;°). So there exists at least
one index p such that ¢;° € B(x,,r) and we denote w := wuy.
Then for n satisfying ¢} € [t_,t,] (since h+ |t} —t;°| < 7), Lemma 2.15 yields that for h < vy
if

a € B(gy,’,7/2) (32)
(which implies ;' € B(x),3r/2)) and

hlup T2 < né /2, (33)

n+1 o
then —row — uj leN (% uZ“) . So we deduce that

(up + hffl — u"“, —Kow — Z+1> <0,
which implies
Jup ™+ wow] <y + R + mow| < [ujy + row| + hIfE|-
We set m the smallest integer (bigger than ng) such that m + 1 does not satisfy (32), (33) or
tZLJrl ¢ [t_,t4]. By summing these previous inequalities from n = ng to n = p with ng < p < m,
we get

et
Vp € {ng,...,m}, |y, P ow| < [up® + Kow| —|—/ F(t)dt.
0
Finally, it comes
T
sup  |up| < |up®| + 2ko +/ F(t)dt. (34)
no<p<m+1 0

By integrating in time, we deduce
tm+1

m—+1 no 70 "
la ™ —aqp°] < | |up®| 4 2K0 +
0

by (31). Consequently by definition of m, tJ* <t < tZLH as soon as (33) holds for n =m + 1.
Moreover thanks to Lemma 3.1, we have

2r

F(t)dt) (Its =t +h) < T < g

T
luf 2 < 20| + e + 2/ F(t)dt.
0

From (34), (33) is satisfied for n = m + 1 as soon as
2

T
0
<(|uh°|—|—2/<0—|—/ F(t dt)+co+2/ F(t)dt) g%.
0
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Finally, we obtain
T
sup [uf] < [+ 200+ [ Plt)at
t_<tp<ty 0

as soon as
2

T T 775
h (2(|u20| + 2K0 + / F(t)dt) + co + 2/ F(t)dt> < o
0 0

2—) End of the proof.
Let h < h; (later defined), we are now looking for a bound on u; on the whole time interval
Z =[0,T1], in assuming that T" < 7/2 without loss of generality. Let us start with ¢_ = ¢(0) := 0.

We know that with
r
ty =t(1) mln{5A(1), }

where
T
A1) := |ug| + 2k0 —|—/ F(t)dt
0
we have
T
sup [uf] < A() < fuol + 260+ [ Pt
0<tP<t(1) 0

as soon as

(a0 w2 [ Po) <

Then, let us suppose that there exists n; such that £(0) < ¢, < (1) < tZIH' We have
0 <01 :=t(1) —t,* < h. In that case, we set t_ = ;" and

. n r
t+ = t(2) = Imin {thl + 5A—(2),T}

r
=min< t(l) =6 + ——,T
with
T T
A(2) = IU,Q‘ + 4K + 2/ F(t)dt > ‘Uh(tzl)’ + 2K0 + / F(t)dt
0 0
From the previous point, we deduce that

n n
sup  fup| < sup  fuy]
t(1)<tp<t(2) il <tn<t(2)

T
< Jupt| + 2k +/ F(t)dt
0

T
< Jug| + 4ko + 2/ F(t)dt = A(2)
0
as soon as

(240 reve [ ra) <2

Hence

T
sup |up| < A(2) = |ug| + 4ko + 2/ F(t)dt.
0<tn<t(2) 0

By iterating this reasoning, for any integer k > 1 we set

T T
A(k) = |ug| + 2kro + k/ F(t)dt = A(k — 1) 4+ 2ko + / F(t)dt
0 0
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and

t(k) := min {t(k: 1) G 5AL(k),T}

k—1 k
:min{—izlél-—kiZlSAL(l,),T}.

where 0, < h for all k. This construction of t(k) can be made while t(k—1) —t(k —2) > h. This
condition will be verified as long as
r
—0k—2+ ——— > h.
Y Y=Y
Using the fact that 0 < d;_o < h, we see that we can construct t(k) for k < N verifying
r

5 <|u0| +2(k — Vg + (k— 1) [ F(t)dt)

> 2h,

which is implied by

k< ko(h) := {1 + (10Lh - \uoy> (2,% n /OT F(t)dt>_1J . (35)

Consequently, we know that the velocities can be bounded on [0, t(ko(h))] as follows

sup  Jug| < A(ko(h))
0<tr <t(ko(h))

where
ko(h)—1 ko(h)

t(ko(h)) = min Z 8 + Z - A : (36)

under the property
2

T 2 T
I R 2/ Pyt <h <2A(k:0(h)) oo+ 2/ F(t)dt) < ni/2.
o<t <t(ko(h)) 0 0
Now, using the fact that kg(h) goes to infinity when h goes to zero, that the harmonic serie
diverges and that (35) yields
ko(

OZ 8| < hko(h) < C,

we see by (36) that ¢(ko(h)) is equal to T for h small enough. Therefore, there exists hy < Vpmin
such that, for h < hg, T = t(ko(ho)) = t(ko(h)). Finally, we see that, for h < hyg, t(k) can
be constructed until k = ko(hg) (since h — kg(h) is non decreasing) and that t(ko(ho)) = T
(independently from h < hg). Hence uj; can be bounded as follows

sup |up| < A(ko(ho)), (37)
0<tn<T
if
T 2
h <2A(k30(h0)) +co + 2/ F(t)dt) < ?75/2. (38)
0
However, (38) holds for
nd

h < hy := min ¢ hy,
<2A(/<:0(h0)) +a+2fTF dt)
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So we finally obtain the uniform bound
T
sup sup_[uf] < Alho(ho)) = ol + Zho(ho)wo + ko(ho) [ Flt)at,
h<hi 0<tp<T 0
which concludes the proof of a uniform bound in L* for the velocities uy,. u

Having obtain a uniform bound of the velocities, we can now prove that they have a uniformly
bounded variation on the whole time-interval I.

Theorem 3.3. — There exists ha €]0, hy[ such that the sequence of computed velocities (up)p<p,
is bounded in BV (I,R%).

Proof: We adapt the proof of Theorem 3.2 in [5]. To study the variation of uj, on I, we split I
into smallest intervals. We define (s;); for j from 0 to P such that:

80=O, SP:T,

1
|Sj+1—5j|:§min{7',%}, for j=0...P—2,

1
‘SP - 3P—1’ < = min {Ta L}a
2 K

where 7 and r are given by Definition 2.13 of the admissibility and K is the Lipschitz constant
of g (see Proposition 3.2). All these constants are independent on h and such a construction

gives
2T
P=|—FT—~|+1, (39)
min { T, ?}

which is independent of A. Then, for all h < hy, we define n% for j from 0 to P — 1 as the first
time step strictly greater than s;:

j_ j
< s < 0
.
and n!’ is set equal to N (£ = tzh =T).
In the sequel, we suppose h < min{|sj;1 — s;|}/2. We also obtain a strictly increasing sequence
j
of (tzh ); verifying

J Jj—1 r
™| < { —}. 40
| h h | S NNy 7, K ( )

The variation of uj;, on I can be estimated as follows

N-1 P-1
Vary(up) = Z \uZ“ —up| = Z Var;uy,
n=0 Jj=0
where
n{flfl
Var;(up) = Z \uZ‘H — uj|
. . nJ 77/]+1
corresponds to the variation on [t,",¢," [. To study these terms, we recall that
UZ-H S PC(tZJFl)qu [up, + hfy] (41)
Gy )=

by writing the scheme in term of velocities and we state the following lemma:
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Lemma 3.4. — There exist uniformly bounded vectors y"ﬂ (|y"§t| < ko) such that, for all small
enough h, for all j € {0,..., P} andn € NN [ni,niﬁﬂ, we have

2 j j
21 € Pognity_nlzo] = |21 -l < 5 <|ﬂfo —y"h? — g — y"h|2>
Sy 7
as soon as x1 is bounded by K (constant introduced in Proposition 3.2).

Proof: First for small enough h < v, and h < 7/2, it comes
Jj i+l "31 n "ﬂ n "ﬂ n
neny,n =" =ty +h<7/24+7/2=7 and |¢," —q| < K|t," —t| <7r/2

i ;
So thanks to Lemma 2.14 (applied for ch, qZh), we know that there exist unit vectors v™ such
that

i . . Ctn+1 _
n e [n%,n{lﬂ[ —  B(—rov"™,6/2) C M

- (42)

Indeed p"iz is “a good direction”, given by the admissibility assumption, associated to the point

J J
(th" a,")
ho9n )
Then, we develop similar arguments than those used in [10] and [5, 31, 13]. In these works,
n+1 _.n
the set onto which the velocity is projected was convex. In the present case, the set w
is n/ h-prox-regular, which is slightly weaker.

Let n belong to [n], n{fl[. We define
=y 4 =2 "L where  y"h 1= —rqu”h.
(Here we suppose xg # w1, else the desired result is obvious.) We have

. . . C tﬂ-f'l _ o
2" € B(—kogv™,5/2) C M

h
n+1\y_ n

The point x1 being the projection of xy onto the %—prox—regular set %)%7 we get

n’ h nd 2

(o — 21,2 — 1) < %L’Uo — x|z — 2]
thanks to the hypomonotonicity property (see Proposition 2.6). Thus
j j j j j
[wo — Y™ > = |or =y + fwo — @1 4+ 2(2"h — Y™, mo — w1) + 2(w1 — 2™, mo — @1)

> oy — Yy 4 202" — Y mg — 2) — ;]mo — 2q||2"h — a)?
nd |2 h n? 2
> |z —y"n| +5|x0—x1|—;|x0—x1||zh—:c1| )

Using that the vectors 2" are uniformly bounded by kg + §/2 and that x; is bounded by K, it

follows that for h < W

J j 1)
w0 — Y™ |? > |z —y"n | + §|~’UO —x1].

This, together with the fact that the vectors y"{z are uniformly bounded by kg, ends the proof
of Lemma 3.4. 0
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We now come back to the proof of Theorem 3.3. For n in [n{t, n{f [, using (41) and the previous

lemma (with 79 = u} + hf and 21 = u}*'), it comes

2 . .
up? —up = bl < 5 (oo =y = oy )

2 . .
< = (Jup +Af =y P = = y?)

.

2 j J 2 4
< = (lup =y =t =y 4 SRS + S RS — g

2 n ) n nd 2 n 4 n
S 3 (!uh =y = fup Tt~y h\2) + SR+ SIRF (K + ko).

+

By summing up these terms for n from nh to nj, Y21 we get

j+1 Jj+1
ny' -1 ny' -1

n n 2 n n? gt n? n
Var) = 30 -l < 3 (It gl ge) + 0 Sae
n:nh n=nj,
w1
4 0 n

and finally

P-1 P-1 . , , , T 2

2 n’ n’ 12 nJ+1 n’ 12 2

Var (uy,) ZVar] (up) < SZ <|uhh_y 2 —Juph — > +5 </0 F(t)dt)

7=0 7=0

4 5 r
+g <K+/€O+Z> </ F(t)dt)
0
2
<

%(K+m0)2P+§</OTF(t)dt> —|—§<K+Ii0+ ></ F(t dt)

This completes the proof of Theorem 3.3, since P does not depend on h from (39).

3.2. Extraction of a convergent subsequence. — The previous uniform bounds on the
computed velocities allow us to extract a convergent subsequence.

Proposition 3.5. — There exist subsequences of (qn) and (up) (still denoted by qp, and up)
which respectively converge to ¢ € WH°(Z,R?) and u € BV (Z,R%). Moreover (up)y strongly
converges to u in LY(Z,R?) and for allt € T

q(t) € C(t). (43)

The initial condition is satisfied: q(0) = qo and u(0) = uy.

Proof: By Proposition 3.2, the sequence (uy,), is bounded in L>°(Z, R?). Arzela-Ascoli theorem
proves that (gp,)p, is also relatively compact in W1°(Z,R%). So up to a subsequence, we can
assume that g strongly converges to ¢ € Wh°(Z,R%).

Moreover, as (uy) is bounded in BV (Z,R%), there exists a subsequence (still denoted by uy)
converging to u in L'(Z,R?). It is easy to show that necessarily u = ¢ in the distributional
sense. In addition, by the uniform bound of the variation Var(uy), u belongs to BV (Z,R%) with
Var(u) < supy, Var(uy).

Inclusion (43) is a direct consequence of the uniform convergence of g, to ¢ together with (30).
Let us now check the last point concerning the initial condition. Since for all A > 0, g, (0) = qo
so ¢(0) = qo. Moreover, the initial point gy € Int(C(0)). The maps g, and g are Lipschitz with



20 FREDERIC BERNICOT & JULIETTE VENEL

the same constant, which implies there exist s > 0 and { > 0 such that for all ¢ € [0, s] and all
small enough h > 0
dac (qn(t)) + dacy(q(t)) > 1.
So the computed points are far away from the boundary of C(-) during the whole interval [0, s].
That implies
g =24 —ay Tt RRSE,
in other words
up "= up + b,
for n verifying tZH € [0, s]. So we deduce that
trtt

h
uptt — | < / F(t)dt,
t

n
h

which gives by summing all these inequalities

sup |up(t —u0|</ F(t
te(0,s]

Since wuy, converges almost everywhere to u (up to a subsequence), it comes that

S
=l ozn < [ Pl
Taking the limit when s goes to 0 implies the desired result: u(0) = ug. O

3.3. Solution of the continuous differential inclusion. — In this subsection, we prove
that the limit function (obtained in the previous subsection) satisfies the differential inclusion
of Problem (9), according to Definition 1.2.

Proposition 3.6. — The limit function q satisfies the continuous differential inclusion: there
exists k € BV (Z,RY) such that in the sense of time-measures
dq + dk = f(t,q)dt (44)

and the differential measure dk is supported on {t, q(t) € OC(t)} :

|k|(t) = / Lys)eocsdlkl(s),  k(t) = / £(s)dlk[(s), (45)
0 0
with £(s) € N(C(s),q(s)), |£(s)| =1 and |k|(t) := Var(k,[0,t])

The idea is to let A goes to 0 in the relation

C () — gn
ul + hf —ul ! e N <%,ug+l> . (46)
We refer the reader to [20], [37] and [6] for similar reasonings in the framework of first order
differential inclusions.
Proof: The scheme

n+1 € Pcu”“) a7 n [upy + hfy]

implies (46) and so
upp + I =t e N(C), gy ). (47)
Let us define a piecewise-constant function kj,, defined for ¢t € [tZ_l, ti| by
n—l i+l
kp(t) := Ky —uo—uh—i-z f(s,qt)ds.
=0

So we have
kit — k=l + b —ut e N(O@E), g . (48)
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By Proposition 3.5, u;, converges to u in L'(Z,R?%) and ¢, uniformly converges to q. Moreover
f is Lipschitz with respect to the second variable thus we deduce that kj strongly converges to
some function k € L'(Z,R?) verifying for almost every t € 7

K(t) = g — u(t) + /O f(s,q(s))ds

Thanks to the uniform bounded variation of uy, k belongs to BV (Z,R%) and then (44) holds.
So it remains us to check (45). We recall that Q is the set of (¢,¢) with ¢t € Z and ¢ € C(t). Let
X : T x R* — R? be any nonnegative smooth function compactly supported in Int(£2). Then

T

T
OS/O x(s,q(s))d|k|(s) Sliinjgf/() X(8,qn(s))d|kn|(s). (49)

However,

T n+1
/ (5 an())dlEn | (5 Z / X520+ (5 — ) (KD — kp)ds.
0

Assume that for some integer n, k:Z+1 — k' # 0, then ¢! + hu} + h2f ¢ C(tZ'H). Thus, for
every t € [t7, 7]

T
doc()(an) < h (Co + K +/ F(s)ds) ,
0

because ¢; € C(t}), |u}| < K (see Proposition 3.2) and ¢y is the Lipschitz constant of C.
Consequently, for A small enough

docw(an) + hIK < dp(supp(x), 09Q)
and so x(s, g} + (s — tHui ™) = 0, for s € [t7,t7"![. Finally, we obtain that for h small enough

T
| 3o =
hence from (49), we obtain

T
/0 x(5,a(s))dlk|(5) =

for any nonnegative smooth function x, compactly supported in Int(£2). Taking a sequence of
such functions converging (increasingly) to 11n¢(), then we have

T
/0 L) (s, q(s))d|k[(s) =
or equivalently ) T
k= /0 Lo (s, a(s))dlk|(s) = /0 Voot (a(s))dlk|(s).

To finish, it remains us to check that “dk(s) € N(C(s),q(s))”. We move the reader to [20]
(the end of the proof for Theorem 1.1 in [20]) for precise details. Indeed the arguments relie
on the hypomonotonicity property of the proximal normal cones (see Proposition 2.6). By (47),
ul + hf — ul ™ belongs to N(C(t7+h), g th) for all integer n. So for every continuous map
¢ : T — R? such that ¢(t) € C(t), we have

(@(th ™) — g™ up + A —upth) < —\uh +hfi = u o) — g

Summing all these inequalities from 0 to N —1, it comes with (48) for every nonnegative function

/ V() (P(On(t)) — qn(On(t)), dkp(t)) < —/ V()| G0 (t) — an(0n (1)) *d|kn|(t) (50)
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where we denote 0y,(t) = ¢! for t € [¢},¢}"[. Since dkj, and d|k;| are uniformly bounded
measures. Up to extract a subsequence, we can assume that they are weakly convergent to dk
(the differential measure of k) and da (where da is a nonnegative measure). Necessarily, the
measure dk is absolutely continuous with respect to the measure da. So there exists a bounded
and measurable function g such that dk = gda. Taking the limit in (50) when h goes to 0, it
comes

T 1 T )
/0 V() = a(t).g(O)da() < - /0 B(0)](E) — a(t) Pda).

Since this inequality holds for every nonnegative function ¢, we deduce that for all ¢t € Z and
all map ¢

(6(t) — q(t), g(t) < %ww —q(0),

which yields by Proposition 2.7 that g(t) € N(C(t),q(t)). Indeed for every ¢y € Z and ¢¢ € C(to),
there exists a continuous map ¢ : Z — R% satisfying

p(tyeC(t), VteT
{ ¢(to) = 9o
It suffices to consider the solution of the following sweeping process (see [41])
—¢(t) e N(C(t),¢(t)) forae. t €l
{ d(to) = ¢o.
That also concludes the proof of (45). U

3.4. Collision law. — Finally, Theorem 1.3 will be proved, provided that the collision law is
satisfied for the limits u and ¢, which is the aim of the following proposition.

Proposition 3.7. — The impact law is satisfied:
Vig €T, u(ty) = Pctqu(to)(u’(to)).

Proof: Note that, from Proposition 3.5, u € BV (Z,R%), so that the left-sided u~(t) and the
right-sided u™ (¢) limits are well-defined.

The proof is quite technical so for an easy reference, we remember the definitions of the sets
Cty,qo (see Definition 1.1)

C(t —
Ctoqo :=qv = lim v, with v, € M .
0.40 e—0t €

Moreover, we recall that these sets are nonempty due to Proposition 2.16. From now on, let us
fix the instant tg € Z. The desired property

u'(to) = Pey ) (U (t0)) (51)
can be seen as the limit (for h going to 0) of the “discretized property”
UZ—H € PC(tZJFI)qu [uf + R f"]. (52)
h
Step 1: We claim that
'LL+ (to) € Cto,q(to)' (53)

By definition, ¢ € WH*°(Z,R?) and u € BV (Z,R%) so we have that

u'(to) = lim u(to +¢) = lim q(to +€) — qlto)

e—0 e—0F €
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The last equality comes from

u*(to) — q(to + ) — q(to)

< sup  |ut(tg) — u(s)| — 0.
s€ltoto+al a—0

Since ¢(to +€) € C(to + €),
wt (ty) € lim C(to +¢€) — q(to)

e—0F €

= Cto,(I(to)’

which completes the proof of (53).

Let us now come back to the proof of (51). As we just proved u*(tg) € Cto,q(to) and since Cyg (40
is a convex set (see Proposition 2.12), (51) is equivalent to

Yw € Cto,q(to)7 <u_ (to) - u+(t0), w — u+ (t0)> < 0. (54)

So, in the following, let us fix w € Cy; 4(1)- In Step 2, we construct a family of points w, for
v > 0 such that w, tends to w when v goes to zero satisfying w, € % for h sufficiently
small and (¢, q) close to (to,q(tp)). Then in Step 3, for each v, we go to the limit on h, ¢ and ¢

to show that (u™(tg) — ut(to),w, — u™(tp)) <0 and finally, we make v go to zero to conclude.

Step 2: From the admissibility assumption, there exist a neighborhood U C  C Z x R% around
(to, q(to)) and a “good direction” ¢ € R? such that for all (t,q) € U

Vv e N(C(t),q), (¢, v) < —dJv], (55)
with a numerical constant 6 > 0. For v €]0, 1], we consider the point w, := w + v{. We claim
that for each fixed v > 0, there are €, and h, such that for every h < h,, (t,q) € U, we have
C(t+h)—q

[t —to| + g —q(to)] <& = w, € -

(56)

Let us detail this point.
Thanks to Proposition 2.16, we know that for any 6 there exists a neighborhood Vy C U of
(to,q(to)) and hg such that for all (¢,q) € Vy and h €]0, hy|

desn—q (W) < 0.
h
Let us denote w4 a point of P oin—q (w).
h

If h < hg <2n/(co+ |w|+ 1), it can be proved that for (¢,q) € Vpy, w, € % ie ¢+ hw, €
C(t + h). By Proposition 2.7 and as dc(4n)(q + hw,) < 27, it suffices to show that for all
x € C(t+h)and ve NC(t+h),x)

(q + hw, — z,v) < %qurhwy—x!Q (57)
as soon as
|z — q 4+ hw,| < h(cy + |w| + 1). (58)

Let x € C(t + h) satisfying (58), we have
(g + hwy, — z,v) = (¢ + hw + vh( — z,v)
= <q + hwt,q - 1‘,1)> + Vh<C7U> + h<w - @t,Q7U>

IN

1 N N
%]qu + hiy g — x]2 — vhé|v| + hlw — Wy 4 |v]

IN

1
|v] %|q + higg — x> — vhé + ho| |
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where we have used that g+ hwy ; and « belong to C(t+ h) with the hypomonotonicity property
of the proximal normal cone and (55). Then taking 6 < min{vd/2,¢;} with ¢; := 1/(6(co +
2|w| + 2)), we get

lg + hivy g — x\z < |q+ hw, — x\z + h2]wy — ﬁ)m\z + 2h|w, — Wy 4l|q — x|
< |q + hw, — x> + h?

and so

1 1
—|q+ hiyg — x| —vhd + hO < —|q + hby g — z|* — h—
q q
2n ’ 2n
1 6 h
< L[]
1 2
§—|Q+hwu—$|
21

as soon as h < vdn. Thus, for v < ¢1, § < min{vd/2,c1}, h < hy, := min{hg, vén} and (¢, q) € Vp,
it comes

1 1

—|q + hivy.g — x> — vhé + h < —|q + hw, — z|?
q

2n ’ 2n

for all x € C(t + h) satisfying (58) and v € N(C(t + h),z). That proves (57) and so (56).

Step 3: Let us now fix the parameter v < ¢;.
Thanks to the uniform Lipschitz regularity of the maps g;, and their uniform convergence towards
q, there exists h, < h, such that for e <e¢,/(2+2K) and h < h,,

th € fto — e, to + ] = |t — to| + |af, — qlto)] < e

We recall that
K = sup l[un oo (2 ray < o0

. 1 k k h ith ¢t = tF) oives C(tﬁﬂ)*qﬁ M
Consequently, as g7 € C(t}), the property (56) (with ¢ = ¢}') gives w, € —25-—". Moreover

(52) describes that

Ctk+1 _ Kk
b+ hfF —uf T EN (%wlzﬂ .

k+1)

K
Therefore, w being %—prox—regular, we have (due to the hypomonotonicity property)

h
(uf + bl —uf T w, —ul ) < %|u2 + hfE = Jwy, — uf TR (59)

We sum up these inequalities for & from n to p, integers chosen such that ¢} is the first time
step in [tg — €,tg — € + h] and ¢} the last one in [tg + € — h,to + €¢|. First, we know that

p

to+eth
> h{Fw, —up ™| < (Jw| + K +1) / F(t)dt, (60)
k=n to—€
with K := supy, ||un|lec. We also have
P
D Cuh =y wy) = (un () = un(th), w). (61)
k=n

We deal with the remainder as follows:
P P .
k k+1 k+1\ _ k k+1 k n|2 p+1,2
Z(uh_uh y Uy, >—Z<uh_uh sup) — lup|” + w7,
k=n k=n
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which gives

p

1 _
Sk — bt —ult th a4 2 [lun(t P A+ un(2)P)
k=n
_ EVam(uh)? o Y fun ()] (62)
2 A ) h hJV 1o

where we wrote Vary for the L2-variation of a function. Using (59), (60), (61) and (62), we
finally get :

1 1 B B
§Var2(“h)?t;;*1,tg} T3 [—un(E) 2 + lun(B) 2] + (un(Er) — up(th), w,)
t0+5+h h p
< (lwl+ K+ 1)/ F(t)dt + o= > uf + hfy — ™ Jw, — w2,
to—e 277 P
However

p T
> fuf +hfh —uptt| < Z Jul — up )+ Z h|fi] < Var(uy) + / F(t)dt < By
k=n 0

k=n

for some numerical constant, due to Theorem 3.3 and
jwy —u P < (Jwl + 1+ K)? = B3,

due to Proposition 3.2. Consequently, we deduce that

1 1 _ _
§Var2(uh)[2t271’tﬁ + 5 [—]uh(tz 1)’2 + ’uh(tZ)P] + (uh(tZ 1) — uh(tﬁ),wy>
to+e+h h
< By / F(t)dt + —B1B3. (63)
to—e 277

Let us now choose a sequence of €,, going to zero, such that uj pointwisely converges to u at
the instants ¢ty — €, and to + €, (which is possible as uj; converges almost everywhere towards
u). For each €, and h < iLy, we have shown that inequality (63) holds. Then, passing to the
limit for h — 0 we get

1 1
§Var2(u)[2t0_€m7t0+€m] *t3 [—luto — em)[* + |u(to + em) ]

to+em

+ (ulty — €m) — ulto + ), w,) < By / F(t)dt,

to—€m

which gives for €¢,, — 0
1 1 _ -
5 Vara(u)i o+ o [=lu” (o) + [u™ (to)*] + (u” (to) — u™ (to), wy) <0.
Finally we obtain
1 _ 1 _ _
5 [ (o) —u (to)[* 4 5 [=lu (fo)l* + [ (t0) ] + {u™ (0) = (t0), ) < 0.

By expanding the square quantities, we obtain for all v < ¢;

(u™(to) — u (to), w, — ut(tg)) < 0. (64)
Recall that w, = w + v, we obtain (54) by letting v go to 0 in (64). 0
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4. A particular case

As explained in the introduction, all the second-order differential inclusions, already studied
in the literature, concern a particular case where the moving set C(-) is given by a finite number
of constraints. This section is also devoted to prove that the previous abstract result covers this
case, as soon as the constraints satisfy some reasonable assumptions.

So we consider the Euclidean space R?, B the closed unit ball in R4*! and Z = [0, T] a bounded
time-interval. For i € {1,...,p} let g; : T x R? — R be functions (which can be thought as
“constraints”). For ¢ € Z, we introduce the sets

Qi(t) == {x eRY, gi(t,z) > o} :

and the following one
p
Q1) := [ Qit),
i=1

which represents the set of “feasible configurations z”. We remember that Q = {(t,z), t €
Z, x € Q(t)} and we similarly define €2; in replacing Q(t) by Q;(t). Moreover we assume that
there exist a, 3, M,k > 0 such that g; € C? (Q + kB) and satisfies :

V(t,z) € Q; + KB, a < |Vegi(t,x)| < B, (A1)
V(t,x) € Qi + KB, 0rgi(t, )| < B, (A2)
Y(t,x) € Q; + KB, |D2gi(t, )| < M (A3)
and
Y(t,z) € Q; + kB, 02gi(t, )| + |0:Vagi(t, )| < M. (A4)

For all t € Z, we denote by
I(t,z) == {i, gi(t,x) =0}
the set of “active contraints” and for p > 0
Ip(t,CC) = {Z’ gz(t,JT) < P} .
We suppose that there exist constants p,y > 0 such that for all x € Q(¢) and all nonnegative
reals \;

Z il Vgi(t,z)| < v Z AiVgi(t,z)|, (Ry)
1€l,(t,x) 1€l,(t,x)

Theorem 4.1. — Under the assumptions (Al), (A3) and (Ry), there exists n := n(a, M,~)
such that the set Q(t) is n-prox-regular for allt € T.

Proof: The time t is fixed in this proof so for simplicity we omit it in the notations. We will
follow the arguments and the ideas of [42] (Subsections 3.1 and 3.2) and [21] (Subsection 2.2)
where the desired result is already proved in the case of convex constraints g;.

First let us study the set @; for a fixed index i. We refer the reader to Proposition 3.2 of [42]
for the following well-known fact. Due to the assumptions, Q; has a C'-boundary

0Q; = {x S Rd, gl(az) = 0}
and for x € 0Q);, its proximal normal cone is given by
N(Qs, ) = —RTVg;(z).

We now want to check that @); is uniformly prox-regular with a constant 7. It suffices to check
the hypomonotonicity property: for all z € 9Q; and y € Q;

1
(v =y —Vaulw)) 2 =5 -lw = y*1Vgi(z)]. (65)
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Indeed since g;(z) = 0, a first order expansion together with Assumption (A3) give

M
0<giy) < (v =y, ~Vai(@)) + S |w - yl>.

So (65) is satisfied with ng := a/M, hence Q; is no-prox-regular (thanks to Proposition 2.6).
Then let us study @ the intersection of sets ;. We first have to prove that for all x € 9Q

N@z)= Y N@Qiz)=- Y R'Vg(). (66)
icl(z) iel(z)

Let us denote

Ny == > R'Vgi(x).

iel(x)

The inclusion NV, C N(Q, z) is proved in Proposition 2.16 [21] (this part did not use the convexity
of the functions g;) and so we just deal with the other one. By the way, we point out that A,
is the polar cone of

T, := {z eRY VieI(z), (Vgi(z),z) > O} .

So using the orthogonal decomposition related to polar cones (see [24]), any v € N(Q, z) can be
written v = w + z = Ppr,v + Py, v, with wlz. Suppose z # 0. Since v € N(Q, x), there exists
t > 0 such that x € Pg(z + tv). Let

s = min(¢,7) with 7 := min 9i(z)

igl(z) (28 + da)|z|’
by the well-known property of the projection, the inequality s < ¢ implies
z € Po(z + sv). (67)

From Lemma 5.2 in [6], we know that () satisfies the second property of the admissibility: there
exist a bounded covering of 0Q) with balls B((xp,r)),, a collection of “good direction (u,),” and
constants p, d such that for all = € B(xzp,2r) and all v € N(Q, x)

(v,up) > dv.
There exists p such that x € B(zp,r) and we set
T:=1x+ sv— sw — es|z|lup, = x + sz — €s|z|uy,

where € will be later chosen small enough (¢ << 1). We claim that & € ). Indeed thanks to
Assumption (A3) we have for all i,

9i(Z) > gi(x) + s(Vgi(x), z — €|z|uy) — szM(l + e)2|z|2.

Consequently,
Vi € I(x), gi(%) > se|z|da — s*M (14 €)*|z]*> >0

: €d

if's < Emiirae:

gi(2)

(@t (1 op) e

Furthermore, if i ¢ I(z), then s < 7 <

9i() > gi(x) — sB]2|(1 +¢€) > 0.
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That is why & € @ as soon as s < oo yz and in this case do(x + sv) < |z + sv— | =

M (1+)2
s‘w + e|z|up‘ := sv/A. By expanding
2
A= ‘w + e\z]up‘
= [w]? + €[2]? + 2¢[z|(w, up)
< |w|* 4 €|z + 2¢|z||w|
1
< )2 4 =142
< fwf? + L[
<[of? = wl* + 2%,
for € < %m Finally we have obtained that for small enough € and s
dg(x + sv) < s|v|

which leads to a contradiction with (67). So we conclude that z = 0, which completes the proof

of (66).
Finally, the prox-regularity of the set @) is shown by invoking the “reverse triangle inequality”
Assumption (R,), as done in Proposition 2.17 [21]. 0

Remark 4.2. — Note that for allt € Z, z € Q(t)
Tt,:v = {Z € Rd, Vi e I(t,:ﬂ), <vmgi(tax)’z> > 0} = TQ(t)(x)
Indeed Yy, and T (w) are two convex cones whose polar cones are equal:

jvt,:v = Z R+V:vgi(tax) = N(Q(t)’x)'

1€l(t,x)

Proposition 4.3. — Let Q) be the set-valued map defined at the beginning of the current section.
The set Q) := {(t,x) €I xR ze Q(t)} is uniformly prox-regular. Moreover for all (t,z) € Q

with t € %, the set Cy, (defined in Definition 1.1) verifies
Crp = {z eRY VieI(t,x), 0gi(t,x) + (2, Vagi(t,z)) > 0} )
Proof: The set  is given by the functions h; as
0= {(t,x) e R Vi€ {0,...p+ 1}, hi(t,z) >0, }

with h; == g; for i € {1,...,p}, ho(t,x) :=t and hp41(t,z) := T —t. In order to apply Theorem
4.1, we check the different assumptions relatively to h;: for all i € {0,...,p + 1}

V(t,x) € Q; + KB, min{a, 1} < ]V(M)hi(t,x)] < max{24,1}, (68)
V(t,x) € Q; + KB, |Df, ayhilt, @)| < 2M, (69)
and
B+2
Z )\i‘v(t,x)hi(tax)’ < Y (1 + T Z )\iv(t,x)hi(t7x) . (70)
i€l(t,z) €l(t,x)

Indeed Properties (68) and (69) are obvious for ¢ = 0 and ¢ = p+ 1. Let i € {1,...,p} and
(t,z) € Q; + kB. Inequality (68) is proved by

a < |Vagit, )| < [Vigahi(t, 2)] < [Vagi(t, ©)| + |0gi(t, )| < 25.

The second one (69) is due to Assumptions (A3) and (A4):

1/2
D2 o hit.2)| < (102gs(t, @) + [ D2gs(t, 2) + 200, Vohi(t, 2)2)

T

< 2M.
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Concerning Assumption (70), we just deal with the case where I(t,z) N {1,...,p} # 0 (else the
inequality is obvious). For all i € {1,...,p}, we have |0; ¢;(¢,z)| < g\vx gi(t, x)| which implies

1/2 I3
IV () hi(t, @) < (100 95 (8, 2)° + | Vo gi(t,2) ) 2 < (1 + a) IV gi(t, )]

For ¢ =0 or i =p—+ 1, it comes similarly
1
‘v(t,x)hi(t7x)‘ =1< a’var gio(th)‘

where ig € I(t,x) N {1,...,p}. Then (70) is involved by Assumption (R,). By Theorem 4.1, we
conclude to the uniform prox-regularity of 2.

Thanks to Proposition 2.11, we know that for all (¢,x) € Q with ¢ € %
Cro = {u e RY, (1,u) € Tg((t,x))} - {u eRY, (Lu) € TQ((t,:c))}
because (2 is uniformly prox-regular (see Corollary 6.30 [36]). By Remark 4.2, we get
Ta((t,z)) = {z e RM, Vi€ I(t,x), (Va hilt,z),2) > o}
= {z = (21,24) ERXRY, Vi e I(t,z) N{L,....p}, 2109i(t,x) + (Vo gi(t, ), 24) > 0}
since ¢ € Z. Consequently, u € C;, if and only if d:g;(t,x) + (u, V5 gi(t,x)) > 0 for all ¢ €
I(t,z) =I(t,z) N{1,....,p}. 0

Proposition 4.4. — Under the previous assumptions, the set-valued map Q(-) is admissible.
More precisely, for all (to,qo) € Q there exist a “good direction u” and constants r,d such that
for all (t,q) € QN B((to, o), 2r) and all prozimal vector v € N(Q(t), q) = = > ;e r(1,9) R*Vgi(t,q)

(0.u) > o] (71)
Moreover the set-valued map @ is Lipschitz continuous on L.
We refer the reader to Lemma 5.2 in [6] for the admissibility property and to Proposition 2.11
of [43] for the Lipschitz continuity.

The case of a set-valued map @ has already been studied in [5]. We look for explaining that the
current results of existence solutions for differential inclusions covers the one obtained in [5].

Proposition 4.5. — Under the above assumptions, Problem (9) is equivalent to the following
one : find g € WH(Z,RY), ¢ € BV(Z,RY) and time-measures \; € M (I) such that

VteZ, q(t)€Q(t)

p
dg = f(t,q)dt +Y_ V4 gi(t,q)dN;

=1
supp(Ai) C {t, gi(t,q(t)) = 0} for all i (72)
VteI, (th) = Pe, i d(t7)
q(0) = qo
q(0) = wp.

Proof: By the characterization of the proximal normal cones (see Remark 4.2), it is obvious
that a solution of Problem (72) is a solution of Problem (9) too. Indeed, consider g, A, ..., \p
a solution of Problem (72). Then we define the measure A = A\; + ... + ), in order that each
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measure J\; is absolutely continuous with respect to A. There also exist bounded nonnegative
and mesurable functions ¢; such that for all i = 1,...,p: d\; = £;d\. Then

dg = f(t,q)dt + Z Vq9i(t,q)d\; = f(t,q)dt + <Z Vq9i(t, q)&(t)) d.

i=1 i=1

By writing £(t) = Y0_; Vo gt a)li(t) € —N(Q(¢),q(t)), we set £(t) = &(t)/IE(t)| if £(1) is
non-vanishing and &£(¢) = 0 else. So, we obtain
di — f(tq)dt + £(8)dv()

with dv = |£(t)|d). Since the functions ¢; are bounded by 1, the function ¢ is bounded on Z and
v e My (Z). We conclude that ¢ is a solution of Problem (9).

Let us explain the other relation. Let ¢ be a solution of (9). By definition, there exist a function
k € BV(Z,R?%) and a measurable map ¢ : Z — R? such that

dg + dk = f(t,q)dt

and
szﬂawmm>

with £(s) € N(C(s),q(s)) and [£(s)] = 1. The technical difficulty is to represent the map £ in
terms of Kuhn-Tucker multipliers (this corresponds to a problem of selection for a particular
set-valued map). For all ¢t € Z, we define

F(t) := {()\1, anAp) € (R £(t) = — Z)\ivqgi(t,q(t)), Ai # 0 only if g;(t,q(t)) = O} .
i=1

We are now looking to obtain a measurable selection of the set-valued map F. It is easy to see
that F takes non-empty closed values. Moreover its graph 'z

T'r:= {(t,)\l, ...,)\p) el x (RJr)p, ()\1, ...,)\p) S f(t)}
is given by
Dy = G~ ({0)) N (Z x (BF))
where G is defined as follows

G(t, Ay Ap) = &(1) + Z AiVagi(t,q(t)) + Z INilX1(t,q(0)) (7) | €

iel(t,q(t)) i¢1(t,q(t))

where e is any vector e € R?\ {0} and y I(t,q(t))e is the characteristic function:

. 0, i€I(tq)
XI(t,q(t)e (Z) = { 400, 1 ¢ I(t,g(t))-

Consequently, since £ is measurable and ¢t — I(¢, ¢(t)) is upper semicontinuous, we deduce that G
is measurable and so it follows that the graph I'r is a measurable set. Then, Theorem 8.1.4 in [1]
yields that the set-valued map F is measurable and that F admits a measurable selection. Let
us write (ai,...,ap) for such a measurable selection of F. Then, we let the reader to check that
the measures d\; := a;d|k| are solutions of Problem (72) (since the reverse triangle inequality
(Rp), it comes that the functions a; belong to L*°(Z,R)). 0

We have checked that the set-valued map @ takes uniformly prox-regular values (see Theorem
4.1). Moreover the Lipschitz regularity and the admissibility property have already been proved
(see Proposition 4.4). We can now apply Theorem 1.3 and we get the following one:

Theorem 4.6. — Under the above assumptions ((Al)-(R,)) and with f satisfying (12) and
(18), the problems (5) and (72) are equivalent and admit at least one solution on any time
interval T.
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We would like to finish this section with a local existence result for a constant set Q(t) = Q
defined by time-independent constraints.

Theorem 4.7. — Let k > 0 and consider Q = (}_; {x € R? gi(z) > O}, where g; € C%(Q +
kB(0,1)) satisfy (A1), (A3) and (Ry). Then for all initial data qo € Int(Q) and ug € R?, there

exist Ty = To(Juol) > 0 and q solution of (2) on [0,Tp] where f satisfies (12) and (13) with
F e L™(T).

Proof: First, @ is uniformly prox-regular by Theorem 4.1. Thanks to Theorem 5.1, there
exists Ty := To(|ug|) > 0 such that the computed velocities (uy)p are uniformly bounded in
L>=([0,Ty],R) (for h going to 0). We can also conclude that all the computed solutions g, are
uniformly bounded: there exists L > 0 such that for all small enough h > 0 and all ¢ € [0, Tp] :

lgn(t)] < L.
Due to Lemma 4.8, there exist p := p(L) and v := (L) > 0 such that (R,) holds for every
q € B(0,2L). By Lemma 5.2 in [6], the set Q verifies a “local admissibility” property: there exist
8,7 > 0, sequences (), and (up), with |u,| =1 and z, € @ N B(0,2L) such that (B(z;,7)), is
a bounded covering of the boundary 0Q N B(0,2L) and
Vp, Vo € 0Q N B(0,2L) N B(zp,2r), Yv € N(Q,z), (v,up) > d|v|.

We let the reader to check that the proof of Theorem 1.3 still holds since we consider points
gt € QN B(0,L) (indeed we can choose 7 < L in order that for all ¢7' € B(0, L), the whole ball
B(q},r) is included in B(0,2L) where the admissibility property is verified). Thus we get the
existence of a solution on [0, Tp]. U

Lemma 4.8. — Let L > 0 then there exist p := p(L) and vy := (L) > 0 such that (R,) holds
for every q € B(0,2L).

Proof: Assume that (R,) does not hold for all p > 0 in B(0,2L). So there exist a sequence
(qn)n € B(0,2L) and (A);,, such that

Yo NIValg) =n| Y. AVl

ie]l/n(qn) ’iel1/n(Qn)
with A} > 0. Without loss of generality, we can assume that ) ;. L1 n(an) A =1

By compactness, up to a subsequence, there exist ¢ € B(0,2L) and (Ai)i=1,...p such that ¢, — ¢
and for all i € {1,...,p}, A" = ;. It comes with (A3)

nl > AVglg)| - nMlg—al < Y NValg)| + Mg, —ql.
’iel1/n(Qn) ie]l/n(qn)
So

1 M
n . < = n . — _
E AiVgi(g)| < - E A Vgi(q)| + (M + ) lgn — 4|

i€1y /7 (gn) i€y /n(qn)

8 M

S (M+=—) g —q|
n n

Furthermore, since g; € C'(R?), g; is uniformly continuous and so it is easy to check that
I jn(qn) C I(g) for n large enough. For such n, (Rp) and (A1) imply

IN

1
<=

STONVa@I<| Y. A'Valg)l.

e}
T Ve m(an) i€l m(an)



32 FREDERIC BERNICOT & JULIETTE VENEL

Finally, we obtain
M
<Ly <M+—> |an — q
n n

which leads to a contradiction for n — oco. O

=29

In Theorem 4.7, the assumptions on the gradients (Vg;); are weakened with respect to the
existing results (see the introduction). Indeed the gradients of active constraints are usually
supposed to be linearly independent, which implies that Assumption (Ry) holds on any com-
pact (see Remark 4.9). Assumption (Ry) permits also to deal with a large number of active
constraints, while the linearly independence requires that |I(¢)| < d. In addition, we emphasize
that the classical geometrical assumption: for all i # ¢’ € I(q)

(Vgi(q),Vgir(q)) <0

is not required.

Remark 4.9. — Let K C RY be a compact set and assume that for all ¢ € QNK, (Vg;i(q ))icr(q)

is linearly independent. This collection can be extended to a basis of R%, denoted by (eD)i=1,..d-
Let us consider (fj) —1,...d the associated dual basis such that for alli,j € {1,..,d}

1, i=j
q(,9\ __ ’
eﬂ‘(ei)‘{o, i

Then for q € QN K and nonnegative reals (\i)icr(q), it comes

> XilVai@) <8 Y Xt (Vgilq) <ﬁZZ)\€qul

i€1(q) i€1(q) i€l(q) j=1
d d
<BY DY MVal) | <8I A D AiVaile)
j=1 i€l(q) j=1 icl(q)
So, we obtain (Ry) on K with
d
v:=[f sup ] < oo
qEQNK ]Zl J
by Lemma 7 of [32].
5. Appendix

This section is devoted to another proof of uniform bounds for the computed velocities in
L>=(Z,R%) (Proposition 3.2). However, we are looking for a proof in the framework of a constant
set C', requiring only the prox-regularity property on C and we do not assume it is admissible.
We will see that we can just obtain a local result: the velocities are bounded on a time interval
[0, Tp], where the time T depends on the initial conditions. It is not clear how can we extend
the proof to a global result without extra properties such the admissibility.

Theorem 5.1. — Assume that C(-) := C where C is a uniformly proz-regular (possibly not
admissible) set and f satisfies (12) and (13) with F € L*(Z). Then, the computed velocities
(still by using the scheme (26)) (up)n<1 are uniformly bounded in L°°(Z,R%) on [0,Ty], where
Ty depends on the initial data ug as follows:

1

T(] - ’
27 +1) (2luol + 3l|Flloe + /TPl )

with a numerical constant J (defined in Lemma 5.3).
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We first detail three technical lemmas and postpone the proof after them.

Lemma 5.2. — Let n be an integer and vy €]0,1/4] (later defined in Lemma 5.3). Then if
[y =T < and g =g+ BT <
then
™ = ay T < e R Tl = g+ R
Proof: By definition, for each integer n,

a7t =Po [2¢0T — g + RAT

It follows that with z := 2q”Jrl qp + h? f"“, — q,’f“ is a proximal normal vector of C at the
point q . The hypomonotonicity property of the proximal normal cone yields
<q}TLL+2 P q}TLL+2 q2+1> ‘qn+2 qh+1’2 ’Z n+2‘.

It also comes

a2 —ay = g T g < ICJ"+2 a1 (12— @y g™ =g t)
Using Cauchy-Schwarz inequality, we deduce
A A R A gt — g (12— g + gt — ).

Thanks to Lemma 5.3 (later proved) with a = [¢}" — ¢/"™'| < nand b := |z — ¢!t < n, it
comes

|qn+2 q2+1| <|z— +1|+J|z n+1|2
U
Lemma 5.3. — Let a and b two nonnegative reals satisfying
a’+ (b —2n)a + 2nb > 0. (73)
Then for some numerical constant vy €]0,1/4] and J > 0 (independent on a,b), we have
Zigﬁ}:agﬂjbz. (74)

Proof: We remark that (73) is a second degree polynomial function with respect to a, whose
discriminant is given by

A := (b —2n)? — 8nb.
The real A is nonnegative as soon as b < yn < n/4. Then we know that (73) implies

a e,z
with
—b+2n n VA
Ty = —— + —.
= 2 2
It comes )
b b
A = 4n? [1—3 + —]
4n?
Hence,

‘\/Z—2n<1—23b>‘§MbQ
n

for some numerical constant M = M(~,n).

b 3b M
(=24t (n-2) )] < =02
e (e (-3))| <3
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Sox_ < b+Mb?/2 and z; > 2n—2b— Mb? /2. Furthermore, there exists a small enough constant
v > 0 such that 2yn + M(yn)?/2 < n, which implies with b < vn that x, > . Consequently,
since a ¢]z_, x| and a < n, we deduce that necessarily

M
agx_§b+7b2,

which concludes the proof of (74). U
Lemma 5.4. — Let J' be a fized positive real. We denote by ¢7, the n-th iterated of
by =z — x+ J x>

For every x > 0 with J'nx # 1, we have

"nx 2m—1 _ n
() <z (%—_11> — o (L4 () -+ (Tnz)? ). (75)

Proof: It is obvious that ¢, is a polynomial function of degree 2" with nonnegative coefficients.
So we know that ¢, can be written as

¢ (x Z ak ot

We want to prove that for all n > 1 and k € {17 w2}
al™ < (J'n)FL. (76)

It is obvious that (76) holds for n = 1 (in fact, there is equality). Let us assume that (76) holds
for an integer n and prove it for n + 1. Since

O () = ¢lhn(w) + T 9l (),
for all k € {1,...,2"*+1}

(n+1 n) +J Z a(n aén ;

k—1

< (J'n)Ft 4 J'Z(J’n)jfl(l]/n)kflfj
j=1

< ()P T (k- 1)(J n)F 2

< (J'(n+ 1)k,

By agreement, a,(cn) is set equal to 0 if & > 2™.
That ends the recursive proof. U

We now come back to the proof of Theorem 5.1.
Proof of Theorem 5.1: We define a sequence (z"),, as follows:

=lan = au| + W*[|Flloc + h/[[Flloc  and 2" = i1 (2™),

where J is introduced in Lemma 5.3 and functions ¢ in Lemma 5.4. We choose h < min{Ty, 1}
small enough in order that zo < 27 (this is possible since |g; — 9| < hlui| < 2h|ug|+2h%(| F||so,
see Lemma 3.1).

Now we set

Pi={n<T/h, |y —q}| <n and |qf — g |+ R*[f7] < v}
and
P:=min{n >0, n¢ P} — 1.
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We want to prove that P = N where N := Tp/h. Let fix n € {1,..., P}, since |¢/t" — q| <17
and ¢ — ¢ | + h%[f!| < 7, thanks to Lemma 5.2 it comes

it = apl < lap —ai R+ gy — @y R
< ésllay —ap " +h2 7).
Consequently
™t =gl + RPN < ballan — an A+ REAED 4 B2 Flloo
< bslah —ap 1+ B2 + (2°)?
< osllan —ap 1+ WP + ("1

where we have used that the sequence (z™), is increasing. Consequently, we easily deduce by
iteration that for all n =1, ..., P,

G = gl + R <t (77)
Indeed, (77) is satisfied for n = 0. Moreover assuming (77) for n — 1, we have
lay ™ = anl + B2 < pallan — a7+ P + (@7 < gra (@) =t

because ¢ is nondecreasing on [0, col.
Thanks to Lemma 5.4 (with J' = J + 1), we have for every n < P

1
g, —aqp| + R T < a” <—1_(J+1)mo>

Moreover for all n < N =Ty/h
(7 + na® < (7412 (1gh — gl + W Flloe + o/ TFT )
< (7 + 1T (lubl + BllFlloe + /TPl )

A

(7 + DTy (2luo| + 3k Fllow + /TFlloo)

IN

1
2 )
where we have used Lemma 3.1 to estimate |uj| by 2|ug| + 2| F|| and the definition of T.
Thus for n = P, we get

lay = an |+ P f T < 220 <.
Due to Lemma 3.1, it comes
lap 2 =gy T < 20g) T — g [+ 207 fT < 2m <.
Finally, P+ 1 € P and so P = N = T/h. We also conclude that

. |qh n 1
sup fuf] < sup |
0<ty <To n<N ‘h’
EN
<2—
h

<2 (Jubl + Bl Flloe + v/TFT )
< 2 (2luol + 3hl|Flloe + VTFlluc ) ,

which is uniformly bounded with respect to h when h goes to 0. U
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