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On p-tuples of the Grassmann manifolds

Joél Rouyer
June 10, 2010

Abstract

We provide a matrix invarariant for isometry classes of p-tuples of
points in the Grassmann manifold G, (K’i) (K =R or C). This invariant
fully caracterizes the p-tuple. We use it to determine the regular p-tuples
of G2 (R?), Gs (R?) and G2 (C%).

1 Introduction and notation

A triangle (triple of points) of the Euclidean space is fully defined, up to isom-
etry, by three numbers, namely its side lengths. Of course, three given positive
numbers may or may not be the side lengths of some triangle. Indeed, they are
if and only if they satisfy the well known triangle inequality. More generally, we
can consider p-tuples of points. Once again, a p-tuple of the Euclidean space
is fully characterized by the data of the distances determined by each pair of
points. The existence criterion is a little less easy, but could be stated in terms
of signs of the minors of some matrix build up from the square of the prescribed
distances (see for instance [1, p. 239]). The aim of this paper is too discuss
analogous matter for p-tuples of points in the Grassmann manifold G,, (KP"),
where K = R or C. It will turn out that in this case, the data of distances
between the points of a p-tuple are no longer sufficient to characterize it up to
a global isometry of KP", and so, we have to define another matrix invariant.

The Grassmann manifold G, (Kd) is the set of n-dimensional linear sub-
spaces (n-spaces, for aim of shortness) of K%. The group U (d) of isometries of
K acts on Gy, (Kd)p on a natural way. We say that two p-tuples are isometric if
and only if they lie in the same orbit under this action. We say that two p-tuples
(Ty,...,T,) and (I}, ..., F;}) are congruent if and only if d (I';,T';) = d (T}, F;)
(see below for the definition of the geodesic distance d in G, (K?)) for all i,
j € {1,...,p}. Of course, two isometric p-tuples are congruent, but the con-
verse is not true.

The problem we investigate here is to find some numerical invariant for p-
tuples up to isometry. The solution is well known for p = 2. Given two n-spaces
I';, Ty € K9 we consider the function 6 : P (I';) — R which associates to a line
[ of 'y the angle between [ and its orthogonal projection onto I'y. Of course, K¢
is endowed with its canonical scalar product (i.e. ((u1,...,uq), (v1,...,vq)) =



EZ:1 Ukvg). So, we can define the angle between two lines Ku and Kv € P (Kd)
1 u,v

<|1§,u> <>7L,U>'
critical angles between I'y and I's. Critical angles allow us to define the so-
called geodesic distance between I'; and I'y as the square root of the sum of the
squares of the critical angles.

It can be proven that two pairs of n-spaces are isometric if and only if they
have the same critical angles. Moreover, given n numbers 61, ..., 0, € [0, g],
there always exist two n-spaces embedded in K" such that these numbers are
the critical angles between them.

A convenient way to compute the critical angles between two n-spaces I'y,
I'; ¢ K% is to equip each of them with an orthonormal basis gei, el (=
1,2), and to put the coordinates (in the canonical basis of K%) of €} into the
4™ column of a d x n matrix B*. Then the cosines of the critical angles are the
singular values of the matrix By Ba[9].

as cos” The stationary values of the function 6 are called the

1.1 Earlier results

If the case of two n-spaces is for long quite well-understood, there are hitherto
very few investigations concerning triples, or more general p-tuples.

Augustin Fruchard investigated the case triples of real planes (i. e. 2-spaces)
in [4]. Projecting orthogonally the unit circle of each plane onto the two others
yields two ellipses in each plane. The angles between the major axes of these
ellipses are called the inner angles. Of course, this notion makes sense if and
only if the projection of a unit circle is never a circle, i. e. each pair of planes has
two distinct critical angles. A. Fruchard defined a generic triangle as a triple
for which the inner angles are well defined, and for which all the angles (critical
and inner) belong to }0, 3 [ He proved that a generic triangle is fully defined by
the six critical angles, the three inner angles, and four signs €1, ¢e2, 3,64 = +1,
the pack of which he refers to as the signature of the triangle. We shall give in
section 3 an analogous result, but our method leads to an invariant involving
only one sign €. This is due to the fact that the class of triples we can investigate
with our method is slightly larger than the class of generic triples. What appear
in A. Fruchard’s work as 16 distinct continuous families can be glued into two
bigger ones. The triples of the interface are those that can be treated by our
method, but are not generic.

Another point of view for the study of a p-tuple I' = (I'y, ..., T',) is to con-
sider the orthogonal projections onto I'y, ..., I',. The traces and determinants
of various products of these projections are numerical invariants of the isometry
class of I'. Giovani Masala obtained nice results in this way, still in the case of
real planes. He gave a list of invariants which fully characterizes a p-tuple. His
invariant system allows him to classify the regular quadruples of G4 (RS). How-
ever, although the statements of his theorems differ considerably in spirit from
those of A. Fruchard, the proofs are more or less similar. In particular, they
chiefly involve the notion of inner angles, and so, let few hope of generalization
in higher dimensions [6][7].



Another important investigation is the case of p-tuples of equi-isoclinic n-
spaces. Two n-spaces are said to be isoclinic if their critical angles are all equal.
Further, p n-spaces are said to be equi-isoclinic if they are pairwise isoclinic with
the same angle. In this quite restrictive case, a theory does exist. A mormal
Seidel matriz (named after J.J. Seidel in [2]) is a Hermitian np X np matrix
with the following property: if we see it as a p X p matrix whose coeflicients
are n X n matrices, then (i) the diagonal coefficients vanish, (ii) the coefficients
of the first row and the first column (except the first one which is zero) are
identity matrices, and (iii) all other blocks are unitary (or orthogonal if K = R).
The unitary (or orthogonal) group acts on the set of normal Seidel matrices by
conjugation of each block. The theory provides a way to associate to a p-tuple of
equi-isoclinic n-spaces of angle a one of the orbits of the Seidel matrices under
this action. Moreover, the data of this orbit and the angle « fully determine
the p-tuple. The existence problem has also a nice solution: given a normal
Seidel matrix S and an angle «, there exist a p-tuple of equi-isoclinic n-spaces
with angle o and associated Seidel matrix S if and only if cos « is lower than
or equal to the opposite of the inverse of the smallest eigenvalue of S. In case
of equality, the p-tuple can be embedded in K"P~#_ where u is the multiplicity
of the smallest eigenvalue of S; otherwise the p-tuple spans K" [5][2]. These
results were actually stated in the real case, but all the proofs hold verbatim for
K=_C.

The method we propose in this article will include as particular cases both
A. Fruchard’s and J. J. Seidel’s points of view.

1.2 Notation

Throughout this article, we shall have to deal with np X np matrices which are
defined by n x n blocks. If M is such a matrix, M;; will stand for the n x n
block consisting of the intersection of the lines (i —1)n+1, ...,i—1)n+n
and the columns (j—1)n+1, ..., (j—1)n+n. As usual, if M isanxn
matrix, M;; is the scalar coefficient which lie on line ¢ and the column j. If M
and N are np X np matrices, M * N stands for the np X np matrix defined by
(M*N)l] = MijNijy 1 S Z,j S p.

If X is a set of square matrices of order n, and N is a diagonal matrix of the
same size,

e M (k) stands for the set of k x k matrices with coefficients in K.

D (k) stands for the set of k x k diagonal matrices with coefficients in R.

D™ (k) stands for the set of k x k diagonal matrices with positive diagonal
coefficients.

U (k) stands for the unitary group of degree k if K = C, or the orthogonal
group if K = R.

SU (k) stands for the special unitary group of degree k if K = C, or the
special orthogonal group if K = R.



O (k) stands for the orthogonal group of degree k.
e SO (k) stands for the special orthogonal group of degree k.

e M (X,p) stands for the set of np X np matrices whose diagonal block-
coefficients are I, and other coefficients belongs to X.

e H (X, p) stands for the subset of Hermitian (symmetric if K = R) matrices
of M (X, p).

e S(N) stands for the set on n x n matrices whose singular values are the
diagonal coefficients of N.

e D (X, p) stands for the set of np X np matrices which are block-diagonal,
with diagonal block-coefficients belonging to X.

If My, ..., M, belongs to M (n) we denote by diag (Mj, ..., M,) the block-

diagonal matrix whose diagonal block-coefficients are My, ..., M,. As usual, if
o1, ..., on are scalars, diag (o1, ...,0,) € D (n) stands for the diagonal matrix
with diagonal coefficients o1, ..., op,.

For M € M (n), we denote by [M ]p the square matrix of order np whose
block-coefficients are all equal to M, save the diagonal ones which are identity
matrices.

2 General theory

2.1 A matrix invariant

Let I' = (I'y,...,T) be a p-tuple of G,, (K"P). The most obvious matrix invari-
ant is a matrix built up from critical angles. We say that a symmetric matrix
A e M(D(n),p) is an edge matriz associated to I' if the diagonal coefficients
of A;; € D(n) are the cosines of the critical angles between I'; and I';. It is
clear that a p-tuple is, in general, associated to more than one edge-matrix, for
the critical angles can be arranged in any order. If we ask furthermore that the
cosines are arranged in non-increasing order of multiplicity, and, for cosines of
the same multiplicity, in decreasing order, the obtained matrix will be called
the—with the definite article—edge matrix of T.
We say that a p-tuple is homogeneous if its edge matrix A is such that

i. All of the diagonal coefficients of A;; are positive (1 <i,j < p).

ii. The set C & {U €U (n)|UA;; =A;;U} does not depend on 4, j (1 <
i<j<p)

It is clear that C is a subgroup of U (n); we call it the group of A. Note
that the first point ensures that A;; is invertible.

If the n angles between any two n-spaces are pairwise distinct and less than
5, the p-tuple will be said to be anisoclinic. It is clear that anisoclinic p-tuples



are homogeneous. Indeed, an homogeneous p-tuple is anisoclinic if and only if C
is the group of diagonal unitary matrices, if and only if C is Abelian. Moreover,
a generic p-tuple of planes is necessarily anisoclinic.

The following Lemma will be useful for further development.

Lemma 1 Let N € DV (n). Assume that Uy, Vi, Us, Vo € U (n) are such that
Ui NV = Uy NVy'. Then there exists a matriz E € U (n) which commutes with
N and such that Uy = U1 E and Vo = V1 E.

Proof. Let M = U;NV}; we have MM* = U;N?U; = UyN?U;. Hence
the columns of U; and U, are eigenvectors of the same matrix M M*. More
precisely, if we denote by BY the block of U; (i = 1, 2) consisting of eigenvectors
associated to one given eigenvalue oo of M M*, then the columns of B{* form
an orthonormal basis of the eigenspace of M M* associated to «. Therefore,
there exists an unitary matrix E® (whose order is the multiplicity of «) such
that BS = B{E®. Since the argument holds for any eigenvalue «, there exists
E € U (n) which commute with N and such that Uy = U, E.

On the other hand, M*M = V;N2V}* = Vo N2Vy, whence there exists F' €
U (n) such that Vo = Vi F. Now, UyNV}* = UsNVy = Uy NEF*V;, whence
EF* =1, =

From now on, we suppose that I" is homogeneous. Let A be the edge matrix
of I'; and C be the group of A.

Let each n-space I'y, be endowed with an orthonormal basis (ef, . ef) and
consider the Gram matrix G of the family

(e%,e%, . .,eb,e%,...,eﬁ_l,eﬁ) .

As a Gram matrix, G is Hermitian and positive semi-definite. Moreover, due
to the fact that (ef,...e%) is orthonormal, G belongs to H(M (n),p). If you

J
choose some other orthonormal basis (e;k ...e;-k) in Ty, 1 <k < p, then there

exists V¥ € U (n) such that e/ = 22;1 erﬁ It follows that the correspond-
ing Gram matrix G’ is obtained from G by the formula G’ = DGD*, where
D € D(U(n),p) is defined by D;; = V¥*. This fact motivates the following
definition: two matrices of H (M (n),p) are equivalent if they are conjugated
by a matrix of D (U (n),p). It follows that two Gram matrices are equivalent if
and only if they are the matrices of the same p-tuple of n-spaces, up to a global
isometry.

By construction of G, the critical angles between I'; and I'; are the singular
values of G;;, whence there exist U;;, V;; € U (n) such that G;; = UijAij Vi
Since G;; = G7;, we have Vi; AU = Uy Ay Vi By Lemma 1, there exists
Cj; € Csuch that U;; = Vj;Cy; and Vi; = Uj;Cy;. Moreover, these two formulae
infer that C;;Cj; = I,. It follows that there exist C € H(C,p) and U €
M (U (n),p) such that G = U «C*« A« U*. A Gram matrix which admits such
a decomposition will be called a A-Gram matrix.

We say that M € S (A;;) is of L-kind (respectively R-kind) if there exists
W € U (n) such that M = WA;; (respectively M = A;;W). It follows from



Lemma 1 that, if U,V € U (n) are such that the matrix UA;;V* is of L-kind
(respectively R-kind), then V € C (respectively U € C).

We say that a A-Gram matrix G is prereduced if for j > 2, Gy, is of L-kind,
and G2 = Aqo. Since G is Hermitian, the prereduceness implies furthermore
that G;1 is of R-kind for ¢ > 2, and Gao1 = Ao .

Lemma 2

i. Each A-Gram matriz is equivalent to a prereduced Gram matriz.

it. Two prereduced A-Gram matrix G and G’ are equivalent if and only if

there exists D € D (C, p) such that D11 = Day and G' = DGD*.

Proof. Chose a decomposition G =U xC x« AxU* of G. Let D € D (U (n),p)
be defined by

Dy = C1*2U1*2
Dy; = 7;*1 if 1> 1,

and put G’ = DGD*. We have for j > 1,
ng = DiiGijD;j = Dy;UijAi;C5U5Us

J g
Hence G}; = D;,U1;C1;A;; is of L-kind and G}, = Aqa.

Assume now that G and G’ are prereduced and equivalent, there exists D €
D (U (n),p) such that G’ = DGD*. By hypothesis G is prereduced, so Gy, is of
L-kind (j > 1) and G12 = Aq2. It follows that there exist Uy = I,, Us, ...,U, €
U (n) such that Glj == UjAlj (] > 1) Since Gllj = DllGljD;j = D11Uinijj
is of L-kind, D7, € C for all j > 1. Since Gy = D11A12D3, = Aqa, by Lemma
1, we have D11 = Dy € C. =

It is clear that a decomposition of a A-Gram matrix G of the form U x
C x A x U* is not unique, and worst, there is no canonical way to define one
preferred decomposition among all the possible ones. So it will be necessary to
arbitrary distinguish such a decomposition. For this purpose, we choose a (not
necessary continuous) function s : U (n) — U (n) such that, for all U € U (n),
the restriction of s to the left coset UC is constant, and such that s (U) €
UC. In other words, we chose in each left coset UC an arbitrary distinguished
element s (U). We assume furthermore that s is chosen such that s (C) = {I,,}.
Such a map s will be called a split map. We also define § : U(n) — C by
§(U) = s(U)" U, and, for any U € U (n), the map U : C — C defined by
U (E) =4 (EU).

We say that a decomposition G = U x C x* A x U* of a A-Gram G matrix is
s-normal if U € M (Ims, p). It is clear that each A-Gram matrix has a single
s-normal decomposition. We say that a A-Gram matrix is reduced if, on the
one hand, it is prereduced, and on the other hand, the first block row of the
matrix C of its s-normal decomposition contains only identity matrix. Note
that, since C' is Hermitian, the latter condition may be equivalently stated on
the first block column.



Lemma 3

1. Each A-Gram matriz is equivalent to a reduced one.

i1, If two reduced A-Gram matrices G and G’ are equivalent, then there exist
E € C such that

G' = diag (U1 (E),.... Us, (B)) G (ding (Tt (B),.... Uhy (B)))
where U is the first matriz of the s-normal decomposition of G.

Proof. Let G = U *C * A x U* be the s-normal decomposition of a prereduced
A-Gram matrix G. Since G is prereduced, U;; = Uyp = Co1 = C12 = I,,. Define
D € D(C,p) by Dy = Cy; for i > 2. Put G’ = DGD*; define U’ and C’
such that G/ = U’ « C' x A x U’* is the s-normal decomposition of G’. Since
D11 = I, = D1s, by virtue of Lemma 2, the matrix G’ is prereduced. Moreover,
for i > 2, G;l = DiiUilCﬂAMUﬁ-Di} = C’liC’“AUUﬁ-, whence Clll = In.

Now assume that G = UxCxAxU* and G' = DGD* = U'xC"x AxU"* are
reduced and that the above decompositions are s-normal. By virtue of Lemma 2,
DeD (C,p). Moreover G:l = D;; A1 (DHUM)* and [,, = CL = D;;Uy; (DH)*,
thus D;; = [71\1 (Dll)- ]

We define a s-pair as an ordered pair (U,C) € M (Ims,p) x H(C, p) such
that for all 7 € {].,...,p}7 U1=0Cy =C1; =Uia =1,. IfG:U*C*Ap*U*
is a s-normal decomposition of a reduced A-Gram matrix G associated to T,
then (U, C) is a s-pair, which is said to be associated to T'. We define an action
of C on the set of s-pairs by E - (U,C) = (E - U, E - C), where

(E-U),;=s (ﬁl\z (E) Uz‘j) (1)
(E-C),; = Uiy o Uri (B)Cyy (i 0 U (B)) @)

Note that the notation E - C' is abusive, for E - C' actually depends on U. A
thorough verification shows that F - (U, C) is the s-pair corresponding to the
Gram matrix D (U x C x A x U*) D*, where D is the block-diagonal matrix de-
fined by D;; = (71\, (E). Hence, by virtue of Lemma 3, two s-pairs are associated
to the same p-tuples if and only if they lie in the same orbit. An orbit under
this action will be called a s-orbit. The following Theorem summarize the above
considerations.

Theorem 1 Two homogeneous p-tuple of G,, (K™) are isometric if and only if
they have the same edge matriz, and the same s-orbit.

Remark 4 In the case of an p-tuple I' of equi-isoclinic n-spaces of angle «,
A;j =cos(a)l,, C=U(n) and s = 1. If (U,C) is a s-pair associated to T,
then U = [In]p, It follows that the p-tuple is wholly determined by the orbit of
the matrizc C € H(U (n),p). The matriz C — I, is the normal Seidel matriz
mentioned in the introduction. See section 5.2.



Remark 5 The center Z of U (p) (which is clearly a normal subgroup of C)
fizes any s-pair. Hence this action can be seen as an action of C/Z.

In the special case where U = [In]p, we say that the s-pair (U, C) is special.
On the other hand, if U contains exactly 2p (i.e. the minimum number) block-
coefficients equal to I, then (U, C) is said to be common. Of course, a s-pair
may be neither common nor special. Note that, if one s-pair is common, then
all the s-pairs of its s-orbit are also common; in this case the corresponding
s-orbit and p-tuples are said to be common.

Proposition 6 Assume that C is Abelian. If the s-pair (U,C) is special, then
its s-orbit is a singleton.

Proof. Let (U = [In]p7C’) be a special s-pair and choose E € C, we have
(B-U),;=s I, (E) In) =5 (E) = I,, whence E-U = U. Moreover (E - C),;; =

idc ] ldc (E) Cij (ldc o ldc (E))* = ECUE* = C” Hence F - (U, C) = (U, C)
u

2.2 Regularity

A p-tuple I' = (I'y,...,T},) is said to be regular, if it is isometric to oI’ def

(Fg(l), . ,Fg(p)) for any permutation o € S,. The aim of this section is to
give some characterization of regular p-tuples by mean of its s-pair. Of course,
the critical angles between any two n-spaces of a regular p-tuple do not depend
on the considered pair of n-spaces. In other words, the p-tuple admits an edge
matrix in which all the non-diagonal block are identical.

Theorem 2 Let A = [N]p be an edge matriz in which all the non-diagonal

blocks are equal to N € DT (n). A p-tuple with edge matriz A and s-pair (U, C)
1s reqular if and only if there exist Fy, F3, ..., F, € C such that

Usj = 5 (F1Uy;) B<j<p) (3

Uyj = s (F1Usy) B<j<p) (4

s (CoU7) = 5 (U (F1) Uyz) B<i<p (5

s (CoalpUy) =5 (Ui (F)U;)  B<i#i<p)  (6)

U, (Co))" = Usj (F1) Oy (@Oﬁ;(ﬂ))*
B<j<p (7
UUs; (Ca) Cig (@1 (021'))* = Uij o Uyi (Fy) Cy ([7; Oﬁl\j(Fl))*
B<i#j<p (8

s (FpUwx) = s (U7y) B<k<p (9
s (FpUrj) = s (Ui Ury) (B3<k#j<p) (10



s(FkUQk) = ng (3 S k S p (11
5(FkU2j): Ukj (3§k7é] Sp (12)
s(ﬁl@MU@ = (3 (U7) U) (B<k<p) (13)

)
)
(0 ( )
=50 ULV Us) B<k#i<p) (14)
=50 (Uip)Uy)  B<k#j<p)

(0 ( )

=s50UU)U2) B<k#i<p
=5 (0 (U1 U1i) Usj)
B<ijk<p i#j j#k k#i) (17
= Culn(UR) B<k<p) (18)
= Ci;Uji (6 (U Uny))"

B<k#j<p) (19)
= Us; (5 (Uy)) CojUja (8 (U Uh))"

(B<k#j<p) (20)
= Us; (6 (Ui Uns)) CiUss (6 (U Ur))
(B<i,j,k<p, i#j, j#k k#i). (21)

Proof. Let (I'1,...,I';) be a p-tuple of edge matrix A = [N] , and s-pair (U, C),
where s is a split map with respect to the group C of A. For k # 2, we denote
by G* be the matrix obtained from G UsoxAxU by exchanging the
block lines of indices 2 and &, and the corresponding block columns. Clearly G*
is a Gram matrix corresponding to the p-tuple (2 k)T'. Since S, is generated
by the the transpositions (1 2), (2 3), ..., (2 p), T is regular if and only if the
5-pairs (U’“, Ck) corresponding to G* (k =1, 3, 4, ..., p) lie in the same orbit
as (U,C). From now on, ¢ and j are indices distinct from 1 and 2, and distinct
to each other. By definition of G' we have

Giy = N, G}; = Uy;CojNUY, Gy = UyjN, Gj; = Us;Ci;NUS,.

Define des
Gl é dlag (Uf2a ey U;:2) Gldla‘g (Uik% sy U:;Q)* 9
we obtain
Gl = N, Gij = UjyUsjCoyNU},Ujs = UsjCaj N
GY, = U1;NUjs, GL = UjpUi;Ciy NU Uy,
Put

Gl” déf dlag (0217 ey CQyL) Glldiag (0217 Tt CQTL)* )



we have
Gly =N, G}, =UyN, Gi; = Uy;N (Co;U5)"
Gl = CoUjUi;CisN (Co; U5 Us) "
The matrix G is reduced, it follows that
Ul = Uyj, Us; = Unj, Ufy = 5 (CoUS,)
Uz'lj =5 (CuURU;), 021,j = ﬁf\z(c%‘)*
Clj = UpUs; (Cai) Ci (@z (02.7'))* -
Now, T' is isometric to (1 2)T" if and only if there exist F; € C such that
(U',C") = Fy - (U,C), i.e. such that the relations (3), ..., (8) hold.

Let k be fixed in {3,...,p}. From now on, ¢ and j are moreover supposed
to be distinct from k. By definition of G*, we have

Gy = UwN, GY; =UyN, Gf, = N, G5; = Up;C; NU;,,
Gh. = UpaCraNUs,, Gl;zj = UsjCo; NU,, G?j =U;;Ci;NUJ;.
Put
G* Y diag (U3, I, ..., I,) GFdiag (U, I, ..., I,)",
we obtain
GYy = N, GY; = Uj, Uy N, GYy, = UL N, G§; = Up; ChyNU3,
GY, = UnaCraNU3,, GY; = UsjCoyNUS,, GY = U;;Ci;NU,.
Let D be the block-diagonal matrix defined by D11 = Daa = I,, Dy = 6 (Uyy,)
and D;; = 6 (Uz,Uy,). Put G < DGFD* | we have
Gla = N, G} = s (UnUy;) N, G = s (UF,) N,
GEl = UkjCiiN (6 (U Usj) Uji)* , Gy = UraCraN (8 (U3) Uni)*
GE! =0 (Ufy) UCoiN (8 (U3 Ury) Upa)”
GE =6 (U Uvi) Ui CijN (8 (U Ury) Usa) "
The matrix GF" is reduced, whence
Uty = 5 (U) . Uy = 5 (U Uyy) , Usy = Uga, Us; = Us;,
Uy = 5 (8 (Uy,) Uaw) , Uly = 5 (8 (U,Uni) Uin) , U; = 5 (8 (Usy,) Usy)
Uk, =5 (6 (UUvi) Uia) , UE = (6 (U, Uri) Usj)
Cy. = Craloi (6 (Up))" , €8y = Cuy Uiy (3 (URUA))”
Cly = Usy (8 (U7)) CoUgz (8 (UFU1))
Cl = Ui (6 (URUn,)) Ciy Ui (8 (U3, U15))"

10



Now, I' is isometric to (2 k)T" if and only if there exist Fi, € C such that
(U*,C*¥) = E - (U,C), i.e. such that the relations (9), ..., (21) hold. =

We say that a s-pair is regular, if it is associated to some regular p-tuple.
By Theorems 2 and 4 (see below), it is equivalent to say that it satisfies the
relations (3), ..., (21). A s-orbit will be said to be regular if one (or equivalently
each) of its s-pair is regular.

Proposition 7 A regular p-tuple is either common of special.
Proof. Follows from relations (3), (11), (12) and (15). m

Theorem 3 Let I' be a special anisoclinic p-tuple with edge matriz A = [N]p

and s-pair ([In]p , C’). Then T is regular if and only if there exist E € C such
that E* =1, and C;j = F for2<i#j<p

Proof. Put U;; = I,, in the relations (3), ..., (21). The relations (3), ..., (6),

(9), ..., (17) and (21) are always satisfied. The others become
Cy; = Coj, (3<j<p) (22)
C2;C;;Caj = Cyj, (B<i#j<p) (23)
Cor = Ck2, (3<k<p) (24)
Caj = Chjs B<k#j<p) (25)
Cij = Coj, B<k#j<p) (26)

From (25), C}; does not depends on k = 2,...,p, k # j. From (22), C;
is Hermitian. On the other hand, C is also Hermitian, whence C}; does not
depends on j either. Conversely, if all the C;; are equal for 2 < i # j < p, the
relations (22), ..., (26) are satisfied. m

2.3 The existence problem

The problem of existence of a p-tuple with prescribed edge matrix A and s-pair
(U, C) admits an obvious solution: such a p-tuple will exist if and only if the
matrix U x C'« A x U™* is positive semi-definite. The criterion can be restated in
signs of some minors of the matrix, and so appears to be as easy as the Euclidean
case. It seems difficult to expect a better one in such a general theory. However,
the criterion is no so easy to use in practice, so it will be convenient to have
some sufficient conditions. We shall prove in particular that a p-tuple with a
small enough edge matrix (i.e. large enough prescribed critical angles) always
exists. We says that a matrix M is lower than or equal to a matrix N, and
write M < N, if and only if each scalar coefficient of M is lower than or equal
to its corresponding coefficient in V.

Theorem 4 For any integers n > 1, p > 2 there exits a positive number o,
which depends only on n and p, such that for any s-pair (U,C) and any edge-
matriz A € M(D* (n),p) lower than or equal to [diag (o, ...,0)],, there exist
a p-tuple which is associates to them.

11



Proof. If H is an Hermitian matrix, we denote by [ (H) its smallest eigenvalue.
It is well known that the map [ hereby defined is continuous. For any s-pair
(U, C) and edge matrix A, we have

LU*C+AxU) >  min  I[(V+KxAxvV") Y L(A).
VeM(U(n),p)
KeH(U(n),p)

Since U (n) is compact, it is clear that the minimum exists and that the function

L is continuous. Moreover, L ([0] p) = 1, whence there exists o such that, for

any edge matrix A < [diag (o, ..., U)}p, L (A) > 0. Hence, for any s-pair (U, C),
and any A satisfying the above inequality, we have [ (U Cx AxU*) > 0,
.e. UxC* AxU* is a Gram matrix. ®

Remark 8 Augustin Fruchard proved in [4] that, for K=R, p =3 and n =2,

% is the best possible value for o.

The second Theorem of this section states that, roughly speaking, if we
choose a s-pair and the critical angles of one edge of the p-tuple, then it will
exist, provided that the other critical angles are large enough. We need for its
proof the (rather well-known) following Lemma. As for its proof, we refer, for
instance, to [8].

Lemma 9 Let A, B,C, D be four square matrices of order k. Let M be the
matriz of order 2k defined by

A B
v (28
If CD = DC, then det M = det(AD — BC).

Theorem 5 Let N € DT (n) be such that N;; € 10,1] (1 < i < n). Choose
distinct indices ig and jo in {1,...,p}. Let € () be the set of np X np edge
matriz A such that A ;0 = Ajgio = N and Ay < diag(7,...,7) fori# j and
{i,7} # {i0,Jo}. Let C be the group of unitary matrices commuting with N and
s a split map with respect to C. For any s-pair (U, C) there exists v > 0 such
that, for any A € € (7), a p-tuple with Gram matriz U « C « A« U* exists.

Proof. Let Ag € M(D(n),p) be such that (Ag), ;, = (Ao);,, = N and
(Ao);; =0€M(n) for 1 <i#j<p,{i,j} # {io,jo}. Since the eigenvalues
of a matrix depends continuously of its coefficients, it is sufficient to prove that

G =UxC *x Ag xU* is positive definite. Put A - Gigjo = UigjoCiojo NU

0Jo _](jio’

« _ 7172 A2 Ir* o Tinea . :
we have AA* = Ui, A7 . Ur. . Rearranging lines and columns, and by virtue
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of Lemma 9, we have

(1-2)I, A 0 0
A (1—z)I, O 0
det (G — zI,) = 0 0
: : (1—2)I, 0
0 0 0 (1-2)I,

(1-=x)I, A
A* 1-a)I,

_ (1 . m)(p—Q)n
(
= (1= 2)"" det (1= 2)° L — Uijy A2, U 5, )

—(1—2)P " det ((1 — )%, — A )

©0Jo
n
=(1-a)" " [[ -0 —2) 1+ 0; — ).

=1

It follows that the eigenvalues of G are 1, 1 — g; and 1 4 o;, and so are all
positive. m
The last theorem of this section concerns special regular p-tuple.

Theorem 6 Let 01,...,0, be pairwise distinct numbers of |0,1[. Let C be the
group of diagonal unitary matrices of order n. Let E be an element of C such
that E* = 1,, (i.e. E € D(n) and E;; = £1). Let C € H (C,p) be defined by
Cij=1, (1<j<p)and C;j = E (2 <1 # j <p). Then the (special regular

anisoclinic) p-tuple with edge matriz [diag (o1, ... ,Un)]p and s-pair ([In]p,0>

. . . . . . _ 1
exists if and only if, for each index i, either Ey; =1 or o; < 1

Proof. Put N ¢/ diag (01,...,0,) and G = C x [N] . The p-tuple with edge
matrix [N] and s-pair ([In] b C) exists if and only if G is positive semi-definite.
Note that G and [N E],, are conjugated by diag (E, In, ..., I,) and thus have the
same spectrum. Denote by J, the p X p matrix whose diagonal coeflicients are
0 and the others are 1. we have [NE] = I, +J, ® NE, and so the eigenvalues
of G are the product of eigenvalues of J, by eigenvalues of NE, plus 1. The
computation of the eigenvalues of J,, is classical, they are —1 (with multiplicity
p—1) and p — 1. Hence the eigenvalues of G are 1 — o1 E11, ..., 1 — 0p,Ep,
(multiplicity p — 1) and 1 + (p — 1) 01F11, ..., 1 + (p— 1) 0pEp,. The p first
eigenvalues are non-negative, the non-negativeness of the other ones yields the
conditions F;; =1 or o; < [

1
p—1°

3 The real anisoclinic case

In this section we consider only real anisoclinic p-tuples. In this case, the group
C is the group of diagonal matrices whose diagonal coefficients are +1, or in
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other words, the group generated by the reflections with respect to the hyper-
planes orthogonal to the vectors of the canonical basis. Obviously C is of order
2" and the center Z of O (n) is {£1,}, hence the s-orbits have at most 2"~*
5-pairs.

3.1 Case of planes

In this section, we only consider p-tuples of planes, i.e. n = 2. We denote
by R () the rotation of angle @ and by S the symmetry with respect to the
axis R (1,0). It is well known that O (2) = {R (), R (a) S | « € R/27Z}. The
group C has four elements, namely 415, £S5, and the left coset of R («) is
{R(a),R(a+7),R(a)S,R(cx+ m)S}. We define s by

s (R(a)S)=s(R(a))=R(a), if « € [0,7[,
s(R(a)S)=s5(R(a))=R(a+m), otherwise.

Of course, the interval [0, 7[ should be understood as an interval of the circle
R/27Z. 1t’s clear that this function s is a split map. We define & : C — C by
® (£1,) = £I, and @ (£5) = FS. If V € Ims\ {5}, then V = & and V* = —@.
Moreover, if A is a the rotation of angle o, we denote by A’ the rotation of angle
T — Q.

Proposition 10 Let (U,C) be a s-pair associated to a common p-tuple of real
planes. Then its orbit contains exactly two s-pairs. Moreover, the other s-pair
(U,C) is related to (U,C) according the following relations

Uij= U}, 1<i<n, 2<j<n, i#j, (i,j) #(1,2)
Cij= Cij, 3<i#Fj<n
égj: _CQj, 3 S j S n.

It follows that each common s-orbit contains exactly one s-pair such that Caz €
{I5,S}. This s-pair and the edge matriz fully characterized the p-tuple.

Proof. Apply the formulae (1) and (2) with E=S5. m

3.1.1 Triangles

A s-pair will depends on three rotations of Im s (the block-coefficients Uys, Uss
and Usz) and one element of C (the block-coefficient Co3 = C33). The s-orbit of
the s-pair (U, C') has at most two elements which are (U, C) and S- (U, C). By a
straightforward verification (S - C'),5 = €23€32613C23, where €;; = 1 if Uy = I
and —1 otherwise. It follows that, if the number of identity blocks in U is
even, there are exactly two elements in the orbit of (U, C), and exactly one with
Cos € {I5, S}. This s-pair is a numerical invariant which fully characterizes the
p-tuple.

If some block U;; equals I, then (S - U)ij =5 <Ij’1\2 (S)) = I, and if some
block U;; does not equal I, (S - U)ij = —Uj;. It follows that there are exactly
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16 s-orbits which are singletons, those whose matrix U contains only identity
blocks, and those whose matrix U contains one identity block and two blocks
m™ T

equal to R (%) The other orbits have two elements. For o, 3, v € [—5, 5] and
E € C, we denote by O (E, «, 3,7) the s-orbit of the s-pair

IQ 12 R(g +Oé) IQ IQ IQ
U,C) = I I R(Z+8) || b I, E
I, R(%+7) I Iy E I

Strictly speaking, if one of the angle a, 3, v is equal to 7, then the above pair
(U, C) is not a s-pair. In this case, O (E, a, 8,7) should be defined as the orbit
of a s-pair corresponding to the A-Gram matrix U x C x A « U*, where A is an
edge matrix small enough to ensure that U « C'x AxU* is positive semi-definite.

We have the following equalities:

O(E,a,B8,7)=0(—E,—a,—f,—7)
O(E,ig,ﬂ,v) :O(E,ig,—ﬁ, v)
O(E,mig,y) :O(E,—a,ig v)
O (B,a.8,£5) = 0 (B —a,—p. %7

It follows that the space of orbits has two connected components (E = 15 and
E = +5); each of them is homeomorphic to a cube on which the points of each
face are identified by the symmetry with respect to the center of the face.

Remark 11 A generic triple, as defined in [4], corresponds to an orbit O (X E, +
a, £, £7), with 0 < |a|, |B|, |y| < §. There is, in such an orbit, exactly one
s-pair (U, C) such that Ca3 belongs to {I2,S}. So the triple is characterized by
its edge matriz, one sign € = det Cy3 and the angles o, 3, v € ]0, 5 [

As stated in the introduction, Augustin Fruchard has proven that a generic
triple is determined by its critical angles, its inner angles wy, ws, ws € }0, 3 [,

and its signature (€1,€9,€3,64) € {:|:1}4. Using the canonical form (see [4,
p.130]), one can compute a Gram matriz from these invariants, and derive the
s-pair. A. Fruchard’s invariants and ours are related by the following formulae

200 = (2w1 — M)e1€2E3E,
20 = (2wg — w)er1€2e4
2’)/ = (20.)3 — 7'(')8163

£ =¢€1€9.

3.1.2 Regular anisoclinic p-tuples in G, (]RQP)

From Proposition 7, a regular p-tuple is either common or special. The case of
special p-tuples is settled by Theorem 3 and Theorem 6. So we now consider
the case of common regular p-tuples. In this case, we have necessarily p = 3 or
p =4, as stated by the
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Theorem 7 Let I be an anisoclinic reqular p-tuple of real planes. If p > 4,
then I is special.

Proof. Let I' be regular, common, anisoclinic p-tuple of real planes with p > 5.
Let (U,C) be one of its two s-pairs. Since I' is common, the relation (18)
becomes ® (Fy) CopF, = —Coi, (k = 3,...,p), whence F, = £5; we can thus
chose Fj, = S. The formula (17) becomes s (U};) = Uy;; hence for 3 <i # j <p,
U = R(%) (the hypothesis p > 4 is used here, for if p < 4, there is no
triples of distinct indices 4,5,k € {3,...,p}, and so, the formula (17) gives no
relation). The relations (12) becomes s (Uz*j) = Uyj, whence Us; = R(3).
Put & = det F1. The relation (3) yields Uy; = eR (¢Z). At last, (10) becomes
s (Ul*j) =5 (Up,Uyj), i.e. R(%) = I, which is absurd. =
The case of triangles is given by the

Theorem 8 Let I' be an anisoclinic, regular, common triple of real planes.
Then I' admits a unique s-pair which s either of the form

I, I, A I, I, Iy
Ih Ihb A, L ILb S
I, A I, Ir S Iy
or of the form
I, I, A I, I, Iy
L I, A |, L L I ;
I, A I Ir I, Iy

where A=R(0),0<0 <.

Remark 12 The Theorem 8 can be restated using the invariants «, 3, 7y, €
defined in Remark 11: a common triangle of planes is regular if and only if
—ae = B = —7. Fach family of regular triangles corresponds to a diagonal of
one the two cubic connected components of the space of s-orbits. The endpoints
of these diagonals correspond to the special reqular triangles.

Proof of Theorem 8. Let (U,C) be the s-pair associated to an anisoclinic

regular common triple of real planes, such that E def Cys € {I5,S}. Put
A = Uss, 1 = det F1 and € = det E. As seen in the proof of Theorem 7, we can

choose F3 = S in the relations (3), ..., (21). By straightforward computation,
those of the relations (3), ..., (21) which are not always satisfied become
A =s5(FUss)
U13 =5 (FlA)
5 (EU:;Q) =5 (F1U32)
—E=¢&1
A= Usy
Uy = A,
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whence the conclusion. m
Now let us examine the case of quadruples.

Theorem 9 Given two distinct angles o, 5 € [0, %[, there exist at most four
common reqular quadruples of G (RS) with critical angles a and 5. They admit
a s-pair which is either of the form

L I, A A Iy I, I, I
L, I, A A L, I, S -S
.[2 A/ IQ A ’ IQ S IQ T}S
_[2 A A Ig IQ -S 775 I2
or of the form
L, I, A A L L, I I
I, I, A A L, I I -1
12 A, IQ A ’ IQ IQ IQ 777]2 ’
I2 A A/ I2 IQ _I2 —77.[2 IQ

where n = 1 andA:R(%—n%),

Proof. Let (U,C) be the s-pair associated to an anisoclinic regular common
quadruple of real planes, such that Ca3 € {I3,S}. Put A = Uss. As seen
in the proof of Theorem 7, we can choose Fy, = S for k > 3 in relations (3),

, (21). In particular, (11), (12) and (16) become respectively Ugo = Ul

(B3<k<p),Uy=Uy; B j#k<p)and Uj, =Usp (3<i#k <p). Hence
Uss = Usp = A and Usy = Usy = Uss = A'. Put B Y R(0) Y U3, by (3), w

have U1y = B’ and either B = A or B = A’. With this notation, those of the

relations (3), ..., (21) which are not always satisfied become
A=s(F1B) (27)
5(C3A™) =5 (2 (F1) A) (28)
5 (C2A") =5 (P (F1) A) (29)
5(CosA™A)= 5(® (F1) A) (30)
5(CouA"AN)= 5 (@ (F1) A') (31)
—® (Cy3)= eCa3 (32)
Q (Coy)= eCoy (33)
@(023)= A A (Cyy) (34)
B'= s(B”"B) (35)
~Cas= Ci3® (3 (B B)), (36)

where ¢ = det F;. From (35), we get that 30 = 0 (mod ), hence 6 = § —n§
for n = +1. The angles of A”*A and A*A’ are opposite to each other and
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do not vanish, whence A*A = £& and A*A’ = ¥ and thus (34) becomes
O (Co3) = —P (Cay), whence Ca3 = —Cy4. Now we discuss two cases.

Case 1: F} = I,. By (27), A = B. The relations (32) implies Co3 = £85.
Since, by choice of the s-pair, Cos € {5, 5}, we have Co3 = S and Cyy = —S.
The equation (36) becomes C34 = —® (§ (R (—1%))) S = nS. With these values
of C and U, all the relations (27), ..., (36) are satisfied.

Case 2: F; = S. By (27), A = B’. The relations (32) implies Co3 = +1>.
Since, by choice of the s-pair, Ca3 € {S, Iz}, we have Ca3 = Iy and Cay = —1Is.
The equation (36) becomes C3qy = —® (5 (R (ng))) Iy = —nly. With these
values of C' and U, all the relations (27), ..., (36) are satisfied. m

3.2 Anisoclinic regular p-tuples of real 3-spaces.

We recall that a rotation R € SO (3) is associated to a pair of mutually opposite
quaternions in the following way: if we identify R? with the set of pure imaginary
quaternions, the rotation of angle 6 and unitary axis vector u € R? is represented
by the unitary quaternions +q = =+ (cos% + sin %u) Then, for any vector
of v € R®, i.e. for any pure imaginary quaternion v, we have R (v) = quq.
In order to avoid confusion with indices, we denote by bold characters (i, j,
k) the vectors of the canonical basis of R3. Denote by Repereqres (€0, €1, €2,
e3 € {0,%£1}) the set of those rotations which are associated to a quaternion
number ¢ = ag+aji+asj+ask, such that e; = sgn(a;) (i =0, ..., 3). Obviously
R_cy o) —c5 —e5 = Reyeyeqe, and the 40 elements set

def
P = {R€0€1€3€3|50751,52753 =-1,0, ]-}

is a partition of SO (3). In order to shorten the notation, we shall only write the
sign (+ or —) when one of the indices €5 equals £1. We also define R, (z = 0,

1, 2, 3) as the union of those Re ¢, c4e, Such that exactly z indices among ey,
..., €3 equal zero. Clearly

Q™ (R k=0,...3)

is also a partition of SU (3), coarser that P.

In the case of anisoclinic tuples of real 3-spaces, C = +{I3, S;, Sj, Sk}, where
Sy (¢ =1, ], k) is the half-turn of axis g, or in other words, the rotation associated
to the quaternion ¢. It is easy to check that the right or left multiplication by
Sq (¢ =1,j,k) respects the partition P of SO (3). More precisely we have

SiR€o€16254 = R—El €0 —€3 €2 R50515254Si = R—51 €0 €3 —€2
SjR6061€2€4 = R—sz €3 €0 —€1 R€o€16264Sj = R—sz —€3 €0 €1 (37)
SkR€g€1€2€4 = R*E3 —E2 €1 €0 R6061€2€4Sk = R*E3 €2 —E€1 €0°

In particular each set R, € @ is globally invariant under multiplications by

elements of CT “/ cnso (3). Now let us examine the left cosets. If U belongs
to some R. € P (¢ € {#1,0}"), then the three other elements of the coset UC,
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lie in three elements of P that does not depends on U € R.. Using (37), we get
the following table.

R, Riooo | Ri+oo | Rioto | Ryoot+ | Ro—++4
R.Si || Rotoo | Ri—00 | Roto— | Rot+vo | Ryot—
R:Sj || Roo+o | Root++ | Ryo—o | Ro—+0 | Rito+
RSk || Rooo+ | Roo—+ | Rotot+ | Rioo— | Ry——o

-

Roy—y | Royq— | Rogpqq | By | Ryyqy
Rio—— | Ryopt | Ryo—y | Boqq | R4
Ry oy | Ry—o— | Ryqo— | Byyq | Ryy—
Rivio | Ry o | R0 | Byyy | Ry

Hence, each coset UC contains exactly one element lying in one of the ten
sets of the first line of the above table. By definition s (U) is this element. If
U eC,i.e. ,if either U or —U belongs to one of the sets of the first column of
the table, then s (U) belongs to Rygoo = {I3}. Hence s is a split map. It is now
easy to compute the maps U , which depends only of the set R. € P in which
lies U. We obtain

if U € Ryq00, then U = U* = idg,

if U € Ry4q0, then U= Tjk and U+ = Ti,
it U € Ryo4o, then U = 7ix and U* = T,
if U € Rygos, then U = 735 and U* = 7,
if U € Ry NIms, then U = U* = idc,
ifUe€ Ry___, then U=cand U = ot

ifU€R++++,then(/]\:U_1 andf]\*za,

where 7,4 (¢, ¢ =1, j, k) exchanges £5, and £S5, and fixes the other elements
of C, 74 exchanges 5, and £I3 and fixes the other elements of C, and o is
defined by

0'(:|:I3) = :|:Ig g (:l:Sl) = :|:Sj

o (iSj) =45 o (iSk) = +5;.

Using this split map, one can obtain some results analogous to section 3.1.1,
namely, can determine the topology of the space of anisoclinic triangles. How-
ever, this would involve to discuss a wild number of cases, and we choose to not
include such a technical piece of work in the present article.

Therefore, we shall restrict our study to regular p-tuples. The first step of
this study is the following refinement of Proposition 7.

Proposition 13 Let (U,C) be a s-pair associated to an anisoclinic p-tuples of
real 3-spaces. Then there exists z = 0, 1, 2, 3 such that for all indices i, j
1<i<p, 2<j<p,i#j, (i,7)#(1,2)), Uy belongs to R,. Moreover, this
number z is the same for all the s-pair of a given s-orbit.
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Proof. The statement follows from relations (3), (11), (12), (15) and (1), and
from the fact that R, is stable by multiplication by any element of C, as well
as by s. m

The number z defined in the above Proposition will be called the degree of
the regular p-tuple. The case of special p-tuples (i.e. of degree 3) is treated in
section 2, so we consider now the case of common ones.

Theorem 10 There is no anisoclinic regular triangle of 3-spaces of degree 0.

Proof. Let (U, C) be a s-pair associated to an anisoclinic regular triangle of 3-
spaces of degree 0. The matrix U;s belongs to Ry, i.e. there exists € = +1 such
that U3 € Ricce. The relation (9) yields s (F5U3) = s (U3). On the one hand,
a direct computation shows that, for any £ € C, R ... is stable by the map
U+ s(EU), whence s (Us3) € Ricce. On the other hand Ujy € R_... C Ims,
whence s (Ufy) =Ujs € R_cce. W

Theorem 11 An anisoclinic regular triangle of 3-spaces of degree 1 admits a
unique s-pair of the form

13 13 FlAFl 13 13 Ig
.[3 I3 A s -[3 I3 EFl ’
I3 A 13 I3 €F1 Ig

where A € Royyy, F1 € CT and e = +1.

Proof. Let R. be one of the sets Roy——, Ro—+, Rot+— or Roy44. A straight-
forward verification shows that s (ER.) equals successively each of the above sets
when E run through CT. It follows that, a s-orbit associated to an anisoclinic
regular p-tuple of 3-spaces of degree 1 contains exactly four s-pairs, and exactly
one of them such that Usz € Ro1++. Let (U, C) be this s-pair and put A wf Uas.
By (3), there exists F; € C* such that U3 = Fy AFy. For k = 3, the equation
(9) becomes F3U13F5 = Uys, so the axis of Uz € Ry is invariant under Fj. It
follows that F3 = I3. Now, (13) implies Uss = Uss. For j = 3, the equation (5)
becomes Co3 ACo3 = Fy AFy, whence the axis of A is invariant by Co3F}, and so
023 = Fi.

Conversely, a s-pair of the above form satisfies all the formulae (3), ..., (21).
(]

Theorem 12
i. Forp > 4, there is no anisoclinic regular p-tuples of degree 1 in G (R3p).

ii. An anisoclinic reqular quadruple of 3-spaces of degree 1 admits a s-pair of

the form
Is I3 FWAF, F\BF; Is I3 I3 I3
13 Ig A B I3 13 €F1 €F1
13 A 13 B ’ 13 8F1 I3 €F1;Sq ’
13 B A 13 13 €F1 sFlSq 13
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where A € Roy 1y is a half-turn whose axis makes an angle 5 with one
vector q € {i,j,k}, B = S,AS,, F1 € CT\ {S,}.

Proof. Asseen in the proof of Theorem 11, a s-orbit associated to an anisoclinic
regular p-tuple of 3-spaces of degree 1 contains exactly four s-pairs, and exactly

one of them such that Usz € Roi 4. Let (U, C) be this s-pair and put A def Uss.
Since all non-identity block-coefficients of U are half-turns, the relation (9) be-
comes E(FkUl}c) = U1k~ Moreover S(FkUlk) = FkUlkﬁ-l\k:(Fk:) = FkUlka,
whence F}, preserves the axis of Uy, and so Fy, = I3 (kK > 3). Now the
relations (11) and (12) give Usy = Uy and Uy; = Uz;. The relation (5)
yields C5;U;2Cy; = F1UjoF1, whence there exist €3, ..., €, = %1 such that
Cy; = € F1. The relation (8) becomes

eigjUniUs; (Fy) CiUn;Un; (F1) = Ciy. (38)

Since Ims C SO (3), we have the formula det (‘7 (E)) = det V det E. Hence,

(38) infers that €; does not dependson s = 3, ..., p and that Fj; def m (Fy) =
Fj;. The formula (3) shows that Uy; = F1Us, Fi.

Assume now that p > 5. For any pair of distinct indices i,k € {1,...,p},
there exists an index j € {1,...,p} distinct from ¢ and j. Hence the relation
(17) gives Uij =0 (UlkUli) Uij(S (UlkUh’)- It follows that the axis of U,'j S R1 is
stable under § (UUy;) € CT, whence s (U1,Uy;) = UrxUr;. Now (10) becomes
Uij = U1Uyj, in contradiction with the fact that Uiy, € Ry.

Put B Usy. For (k,i) = (3,4), the equation (14) becomes

=5 (F34F1A) = F34F1AF34F1.

Hence B and A are conjugated by some matrix of C. The equation (6) gives
s(F1AB) = s(F1B), i.e. ABF34 = BF;. Moreover A # B follows from (6).
Combining this equation and (39) gives (F34F1A)3 = J3. It follows that F5,F; A
is a rotation of angle 27/3, and that F54F; # I5. Hence there exists ¢ € {i,j, k}
such that FyF3q = S;. Since the angle of S;A is 27/3, the angle between the
axis of A and ¢ is w/3. It remains to prove that Cs4 = £F34; this follows from
equation (20).

Conversely, one can check that a s-pair of the above form satisfies all the
equations (3), ..., (21). =m

From now on, if V if a rotation of angle a, we shall denote by V' the rotation
with the same axis and angle m — . A direct computation shows that, if
V € Rijoo and F € C*, then s (FV) is either V (if F = I3 or F = S;) or
V' =S5V*=V*S; (if F =S5 or F = Sy).

Theorem 13

i. There is no anisoclinic reqular quintuples of 3-spaces of degree 2.
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1. An anisoclinic reqular quadruple of G3 (Rlz) admits a s-pair which is ei-
ther of the form

Is Iz A A
Is Iz A A
I, A I, A |’
I3 A A I
I3 I3 I3 I3
I3 I3 S ACH ea 1 (S,)
Iy e0(S,) I o (Sy) S|
Is eo=1(S,) eo(S,)SsH2 I

or of the form

Ig 13 A’ A -[3 13 .[3 Ig
13 13 A A I3 I3 ely ESQ
Ig A/ .[3 A ’ .[5 EIQ 15 55157]+1)/2 ’
Iz A A I3 I €S, 85(5714-1)/2 Iy

where q € {i,j,k}, n,e = £1, and A is a rotation of axis q and angle
5 —ng- Moreover this s-pair is unique.

Proof. Let (ﬁ, C~')~ be a s-pair associated to such a p-tuple (p > 4). Since (U7 C’)
is of degree two, U3 belongs to one of the three sets R 00, Ri0+0 Or Ri00+-
We assume here that Uss € Ry g0; one can easily check that the proofs in the

two other cases are similar. By (2), we have (S; - C)a3 = S;Caz. Hence, there
is in the s-orbit of (U,C) a s-pair (U,C) such that E =4 Cas € {£1I3,£5S;}.
Moreover, since S; - (U,C) = (U,C) and S; - (U,C) = Sk - (U, C), this s-pair is
unique.

By virtue of (4), (11), (12) and (16), each block U;; (1 <i <p, 2 <j <p,

i # 7, (4,7) # (1,2)) equal either A = Usz or A’. Assume that there exists
k > 3 such that Fy, = I3 or F}, = S;, then by (9), Ui, = Uy, and so all the
non-identity block-coefficients of U are all equal to a same rotation of angle
/2. In this case the relation (6) becomes Is = s (Tj (F1) U,;), which is absurd.
Hence, for k > 3, Fj, equals either Sy or Sj.

If p > 5, then for (i,5,k) = (3,4,5), the relation (17) becomes Ué4 =
$ (0 (U5U13) Usq). Since Usy and Uss are rotation of axis i, 0 (U5Uss) € {13, Si},
whence U:;4 = Usy. This would imply once again that all the non-identity blocks
of U are equal, in contradiction with (6). If follows that p = 4.

It follows from (11) that Usy = A’. For (i, k) = (3,4), the relation (16) gives
Uj, = A. By (12) (with (j, k) = (4,3)), we have Uzqy = A’. By (4) we have either
U3 = Aand Uy = A, or U3 = A" and Uyy = A. In both cases Uz = Uj,.
For (j,k) = (3,4) the relation (10) gives U{3 = s (U15U13). Hence the angle of
Uss is either 7/3 or 27/3. Tt follows that there exists n = 1 such that A is the
rotation of axis i and angle § —ng. Now we discuss two cases.

22



Case 1: Fy € {I3,S;}. In this case Uy = A and Uyy = A’. The relation (7)
becomes 7; (Cy;) = Caj;, whence Cys = €Sj for ¢ = £1. For (j, k) = (3,4), (19)
becomes S;Cas = CuzTjk (6 (A" A)), thus Cy3 = sSjSi(n_l)/z. For (j,k) = (4,3)
the same relation becomes S;Co4 = Cyzji (6 (A*A")), whence Coy = £Sk.

Case 2: Fy € {Sj, Sx}. In this case U;3 = A’ and Uy4 = A. The relation (7)
becomes 73 (Cy;) = SiC2j, whence Co3 = el for e = £1. For (5, k) = (3,4), (19)
becomes S;Ca3 = Cu3Tjk (0 (A*A")), thus Cug = ESi(nH)/z. For (j,k) = (4,3)
the same relation becomes S;iCayq = Cy37ik (6 (A" A)), whence Coy = £5;.

So the s-pair (U, C) is necessarily of one of the two forms given in the state-
ment of the Theorem. It is now straightforward to check that these s-pairs are
actually regular. m

Theorem 14 An anisoclinic regular triangle of 3-spaces of degree 2 admits a
unique s-pair (U, C') which is either of the form

I, Is A I, I I
I3 Is A |,| I3 I3 0 (Sg) ;
13 A I3 Ig +o (Sq) 13
or of the form
I, I; A I I I
Is Iy A |,| I Iz =I3
I3 A" I3 I +I3 Iy

where A € RoNIms is a rotation of axis q € {i,j,k}.

Proof. Let (0, C’) be a s-pair associated to an anisoclinic regular triangle of

3-spaces of degree 2. We assume for the proof that A def Uss € Ryyo0; the
two other cases are similar. As seen in the proof of Theorem 13, there is in the
s-orbit of (ﬁ, C’) a unique s-pair (U, C') such that E def Cas € {£13,15;}.

The relation (18) gives 7 (F3) FsE = ES;, whence F3 € {Sj, Sx}. Hence,
by (11), we have Usy = A’. We now discuss two cases.

Case 1: Fy € {I3,S;}. The relation (4) implies that U;3 = A. The relation
(5) gives s (FA) = A, and so E = £5j. It is a straightforward verification to
check that (U, C) satisfies all the equation (3), ..., (21).

Case 2: F; € {Sj, Sx}. The relation (4) implies that U3 = A’. The relation
(5) gives s (FA) = A, and so F = £I3 It is a straightforward verification to
check that (U, C) satisfies all the equation (3), ..., (21). m

4 Anisoclinic p-tuple of C-spaces
4.1 The split map
In this section K = C and n = 2. For p € [0, g}, and «a, 8 € R/27Z, we put

cosp e —sinp e
sinp e cospe ’

v (a8) = (
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It is well-known that SU (2) is the set of those matrices v, (o, ). Therefore,
each unitary matrix V" admits a decomposition of the form V' = z v, (o, ), with
z € U, where U stands for the unitary circle in C. Indeed, V admits exactly two
decompositions of this form, for z v, (o, 5) = (—2) v, (a+ 7, 5 + 7).
We shall use the following notation
vp (@) = vp (@, 0)
¢(0) = 0 (6,0)
d(B) =vz (0,5).

We shall consider here anisoclinic p-tuples of complex planes, thus the group
C is the group of unitary diagonal matrix:

C={zc(a)|z€U, a e R/27Z}.
Elementary calculus gives the following formulae

c(@) v, (a,B) =v,(a+6,6—10)

vy (o, B)c(0) =v, (a+6,6+0).

If follows that, if p € ]0, 3 [, there is exactly one element of the form v, (¢)
in the left coset

v, (o, ) C={2zv,(a+0,6+6)]|0 €R, z €U},
namely v, (o — ). For p = 7, the left coset d () C is the set
{zd (B) |Pe R, z € U}.
It follows that the map s defined by

7r
s(zv(@B) =v,(a=B), z€U, pel0, 7|, afer/2z,
s (zd (B)) = d(0), €U, BER,
5 (E) = I, FE € C,
is a split map. The associated map ¢ is given by the formulae
5 (vp (v, B)) = ¢ (B)

§(d(B)) =c(B),
and the maps V and ‘//'\*, for V € Ims are given by

v, (@) (c(0)) = ¢ (—0) (pe]o,g[,a,e,e]&)
v, (@) (c(8)) = —c(—6) (pe ]o,g[,a,a,e R)

d(0) (¢ (6)) = c(~0)
d(0)" (c(8) = —c(~0).

As explained in the Remark 5, the s-orbits under C are indeed the orbits under
ct® e |0 ery.
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4.2 Anisoclinic triangles of G, (C)
Consider a triangle of G4 ((Cﬁ) associated to a s-pair (U, C) such that

I I Vp, (1)
U=\ I I Vp, (Q2)
Iy vy, (a3) Iy

It follows from (1) and from the formulae of the above Section that the numbers
p; that appear in the above matrix depend only of the s-orbit. These numbers
are invariants of the triangle, which are indeed closely related to inner angles.
We say that an anisoclinic triangle is generic if these three numbers p1, p2, ps
belong to ]0, 3 [ This definition generalizes A. Fruchard’s one. It is quite clear
that the set of generic triangles is open and dense in the set of all triangles.

Proposition 14 Fach generic triangle admits a single s-pair of the form

IQ IQ Up1 (al) .[2 .[2 .[2
12 ]2 ’Up2 (042) s IQ IQ wIQ 5
IQ Vps (ag) Ig 12 (I}IQ IQ

where p1, p2, p3 € ]O,g[, a1, g, ag € R/27x7Z, w € U. Therefore, the set of
s-orbits of generic triangles of G ((CG) is homeomorphic to 10, 1[3 x U4,

Proof. The result follows from the formula

12 12 Vp, (Oél) IQ IQ IQ
0(6/2) . Ig Ig Vpy (042) 5 IQ IQ wce (¢) =
Ig Up3 (053) .[2 .[2 @C(—¢) Ig
IQ Ig Vp, (O(l + 9) IQ Ig 12
12 IQ Vp, (0[2 +9) 5 IQ [2 wc ((ﬁ*@) 5
IQ Vps (013 —0) IQ 12 C)C(—d)—i—@) I2

which in turn, follows from (1), (2) and the formulae of Section 4.1. m

4.3 Regular p-tuples in G, (C%)

Proposition 15 Let (U,C) be a s-pair associated to a common anisoclinic p-
tuple of complex 3-spaces. Then, either all or none of the U;; (1 < i < p,

2<j<p,i# 3, (5,7) # (1,2) equal d(0).

Proof. The statement follows from relations (3), (11), (12) and (15) and from
the fact that s (E d(0)) =d(0) forany E € C. m

Theorem 15 A common anisoclinic triangle of G (Cﬁ) is reqular if and only
if it admits a s-pair which is of the form

I I Vp (0) I, I I
) Iy v,(0) |, I I 7S ;
IQ Up (7‘(’) IQ IQ T]S IQ
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or of the form

I I Vp (7T) Iy I I
IQ IQ Vp (0) s IQ 12 7]12 )
IQ Up (Tl') 12 IQ 77[2 12
or of the form
IQ Ig d(O) 12 12 12
12 [2 d(O) , IQ 12 wl 5
I d0) I I wl I

where p € ]0, 3 [, n==+1, w e {1,i}. Moreover, this s-pair is unique.

Remark 16 It follows from Theorem 15 that the reqular triangles of Gs ((C6)
are isometric to reqular triangles of Gs (RG), The correspondence between the
above s-pairs and the regular orbits described in section 3.1.2 is the follow-
ing: for @ £ 0, O(S,a,a,—a) corresponds to a s-pair of the first form, and
O (I3, —a, o, —) corresponds to a s-pair of the second form. The correspon-
dence between (n,p) and « is given by p = 5 — |a| and n = —sgn(a). The
s-orbits O (12,0,0,0) and O (S,0,0,0) correspond to s-pairs of the third form,
with w =1 and w = 1 respectively.

Proof of Theorem 15. Let (U, C) be a s-pair associated to a common aniso-
clinic regular triangle. From Proposition 15, either all the non-identity blocks of
U or none of them equal d (0). Assume first that we are in the second case. Let
w be the square root of det(Cy3) whose argument belongs to [0, 7[. There exists
¢ € R such that Co3 = we (). By (2), (c (¢/2) - C’) by = wly. Therefore, there
exists in the same orbit a s-pair (U, C) such that Ca3 = wlz. Put Fy = c(01/2).
The s-pair (U, C) satisfies the relation (7), which becomes we (—¢ + 7) = wF}2,
whence w?ly = ¢(m + 61) € C*. It follows that w? = £1 and w € {1,4}. Con-
versely, given any numbers ¢ € R, w € {1,4}, there exists §; € R such that the
relation is satisfied. All other relations become d (0) = d (0), except (18) which
becomes, for F3 = ¢ (03), we (¢ — 265) = @ ¢(m — ¢). Obviously, one can find 03
such that this last relation is satisfied.

Now assume that 013, 023, and Usy are not d(0). Put Uss = v, (a2). By

(1), (c(—a2/2) . Tj) by = U (0). So there exists in the same orbit a unique s-

pair (U, C) such that Usz = v, (0). Since the triangle is regular, there exists

I3 = c(01/2) and Fj =4 ¢ (65/2) such that the relations (3), ..., (21) are
satisfied. Put Uiz = v, (o) and Usa = v, (a3). By the relation (11) becomes
v, (03) = vy, (av3), whence p3 = p and 03 = «a3. The relations (3) and (4),

become respectively v, (0) = v,, (1 +61) and v, (o) = v, (01). It follows
that p1 = p and 61 = oy € {0,7}. The relation (9) becomes v, (a1 +63) =
v, (—a1 — ), whence 03 = 7. Put Ca3 = wc(¢), the relations (7) and (18)
becomes ¢ (61) w? = —I5 and ¢ (2¢) w? = I. So (U, C) is necessarily one of the
two first s-pairs of the Theorem. It is now straightforward to check that these
s-pairs actually satisfied all the relations (3), ..., (21). m
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Theorem 16
i. There is no anisoclinic common regular quintuple in G ((Cw).

it. An anisoclinic common quadruple of G ((CS) is reqular if and only if it
admits a s-pair of the form

IQ 12 U% (0) ’U% (7'(') 12 IQ 12 IQ

12 12 Ug (0) ’Ug (7‘() IQ 12 eS —&S

I2 ’U% (7T) IQ vg (0) ’ IQ eS I2 eS ’
Iy vz (0) vz (m) I, I, —eS S I

IQ 12 U% (ﬂ') U% (O) ,[2 IQ IQ IQ
I I vz (O) vz (ﬂ') I I el —el
Iy vz (m) I vz (0) || L2 el I, —¢l
Iy vz (0) vz (m) I Iy —ely —€ly I

where ¢ = £1. Moreover, this s-pair is unique.

Remark 17 As in the case of triangles, the common regular quadruples are iso-
metric to real ones. The above s-pairs and those of Theorem 9 are corresponding
first form to first form, and second to second, with n = €.

Proof of Theorem 16. Let (U,C) be a s-pair associated to an anisoclinic
common regular p-tuple (p > 4). By Proposition 15, either all of the U;; (1 <
i<p,2<ji<pi#7j, (i,7) # (1,2)) or none of them equal d(0). In the latter
case, the relation (6) implies I> = d (0). Hence this case is not possible.

So there exists some numbers p; ; € ]0, %[ and «;; € R/277Z such that
Usj = vy, (i) (1 <i<p,2<j<p,i#7j,(4,7)# (1,2)). Asseen in the proof
of Theorem 15, there is in the s-orbit of (U, C') an only s-pair such that agz = 0;
we assume that (U, C) is this one. From (3), (11), (12) and (14) it follows
that p;; does not depends on 4, j; we simply denote by p the common value.
Put F; = c(0;/2); the relations (3) and (4) become v, (a2;) = v, (v + 61)
and v, (1) = v, (ag; +61), whence as; = i + 601 and either §; = 0 or
6, = 7. The relation (9) gives for k > 3, v, (car, + 0i + 01) = v, (T — a2 + 601),
therefore 6 = m — 2apx. The relation (10) becomes v, (a; + 7 — 200k + 61) =
§ (v (—aap + 01, m) v, (g + 61)). Thus, there exists z € U such that

v, (g + 7 — 2001 + 61) = v, (—agk + 01, ™) v, (a2; + 01) diag (2, 2) .
Computing the matrix product and equaling the three last coefficients give

ze'h (e*io‘% — e*m”) cosp—1=0
zcosp e % (emZi — emz") +1=0

e 202k =01) ¢ 7 (e*i(a"’j*a”) cos? p + sin® p) =0.
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The second equation shows that as; # ag. If we use it to compute z, and then
replace it in the two other ones we get

(ez’a% . 6ia2j)2(;082p+ ez’(a2j+a2k) -0

(e'2 — e'2n) (ei(o‘%_%) cos? p + sin? p) — ei(Zaze—az;) (), (40)
Eliminating p in these equations gives e*®* = ¢%'®  whence o) = a; + 7 for
Jj#£ ke {3,...,p} It follows that p = 4 and agqy = ass + 7 = 7, and thus,
03 = 04 = . Now, for (k,j) = (3,4), (40) becomes

4eos’p =1,

and implies p = %. The relation (12) becomes v, (aa; + 0r) = v, (g 5), thus

ag; = agj+7 (k,j =3,4, k # 7). At last, the relation (11) gives age = qop + 7.

Hence the matrix U must be of one of the two forms given in the Theorem.
Put C;; = w;jc(¢i;) with w;; € U and ¢;; € [0, 7[. The relation (5) becomes

'U% (_04_72 + 2¢21) = U% (az] o+ 01) ’

whence ¢o3 = ¢oq = 01% (mod 7). From now on, we distinguish two cases:
Case 1: 0; = 0 and ¢o3 = ¢4 = 5. For j = 3 the relation (7) gives
w3, = —1, hence there exists e = 41 such that weg = —ei. For (j,k) = (4,3),
the relation (20) becomes wogwsslo = ¢ (¢43 — %) Hence ¢ (¢43 — %) is a scalar
matrix, ¢34 = 5 and wsy = wo3z = —ei. For (j,k) = (4,3), the same relation

gives woy = —ws34 = €. Finally

Co3 = O34 = —cic (g) =eS

Coy = cic (g) = —e8S.

Case 2: 0; = 7 and ¢a3 = ¢hoq = 0. For j = 3 the relation (7) gives w3, = 1,

hence ¢ &/ weg = 1. For (j, k) = (3,4), the relation (20) becomes wazwsslz =
—c(pa3). Hence c(¢da3) is a scalar matrix, ¢34 = 0 and wsg = —wo3 = —e. For
(j, k) = (4,3) the same relation gives woy = w3y = —¢.

It follows that a s-pair associated to a regular quadruple lies necessarily
in one of the four s-orbits described in the Theorem. On the other hand, by
Theorem 9, there are at least four regular s-orbits. Thus, we do not even have
to check that all the relations (3), ... , (21) are satisfied. m

5 Miscellaneous comments

5.1 On special p-tuples

Although special p-tuples are defined by mean of their s-pairs, the notion ac-
tually does not depends on the choice of the split map. This is clear from the
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fact that all split maps are asked to map the group C on the identity matrix.
It follows that specialness carries some geometrical meaning. In the case of an
anisoclinic p-tuples of Go (Rd), special p-tuples are simply those for which all
the inner angles equal either 0 or 7/2. This could be generalized for any homoge-
neous p-tuple I' = (I'y, ..., T'y) in the following way. Projecting the unit sphere
of T'; onto T'y, yields an ellipsoid £F C T'j. The p-tuple is special if and only if,
for each n-space I'y of the p-tuple, there exist (n — 1) (n — 2) linear maps ff; of
'y, which are all diagonal in the same basis of 'y, and such that i’j— (Sf) = Ef.
If the main axes of the ellipsoids are well defined, (i.e. in the anisoclinic case),
it is equivalent to state that all the ellipsoids of a given n-spaces share the same
axes.

In the three cases we have studied (G5 (Rd), G (Rd) and Go ((Cd))7 it ap-
pears that a regular quintuple is always special. Whether this fact holds with a

greater degree of generality is an important open question.

5.2 On the (equi-)isoclinic case

If the p-tuple is isoclinic, then C = U (n) and s = 1. It follows that each s-
pair is special. The group C act on the second matrix of s-pairs according the

formula
(E- C)Z.j = EC;;E*.

So the situation is analogous to the equi-isoclinic one. An isoclinic p-tuple is
determined by the critical angles (which are % numbers) and by the orbit
of its normal Seidel matrix. The only difference is that we cannot compute
this matrix from the Gram matrix with a global formula, but need to define it
blockwise.

We have not studied in this paper the isoclinic regular p-tuples, for this
has already be done, at least in the cases of G5 (R?) [2] and G3 (R?) [3]. We
just recall some of the results of these two papers in order to emphasize the
differences between isoclinic and anisoclinic case.

First of all, an equi-isoclinic triangle of G, (Rgn) is always regular. This fact
could be, of course, derived from Theorem 2, had it not already been proven
in [2]. It follows that the set of (regular) s-orbits of equi-isoclinic triangles is
homeomorphic to the set of conjugation classes of the orthogonal group of degree
n. If n = 2, it is homeomorphic to the disjoint union of the segment [0, 7] (where
x € [0, 7] corresponds to the class {R(x), R (—z)}) and a singleton (the class
of conjugation of all the symmetries).

Doing the same job in the complex case gives the following result: an equi-
isoclinic triangle with s-pair ([I,,], , C) is regular if and only if Co3 and C34 are
conjugated. Hence, some non-regular equi-isoclinic triangles exist in G, (C3").
The dimension (over R) of the space of s-orbits of equi-isoclinic triangles is
n, while the dimension (over R) of the space of regular s-orbits is only L%J
Knowing that the matrices of U (n) which are conjugated to their conjugate
transpose are exactly those which are conjugated to some real matrix of O (n)
leads to the following
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Proposition 18 An isoclinic reqular triangle of Gy, (C3") 18 associated to a
s-pair ([I2],,C) such that Ca3 € O (n).

For p > 4, the regularity of a real p-tuple is no longer systematic, and
indeed, occurs rather rarely. It is known that, a s-pair ([In} P C’) such that all

the coefficient blocks C;; (2 < i # j # p) are equal to a symmetric matrix of
O (n) is regular (Proposition 2.12 in [2]). If an isoclinic regular s-orbit does not
contain one s-pair (or, equivalently, only s-pairs) of this form, we shall call it
exceptional. For n = 2,3, the complete list of regular isoclinic s-orbit is known
(Theorem 6.2 in [2] for n = 2, and Theorem 9 in [3] for n = 3). It appears that,
in both cases, there is no exceptional s-orbit for p > 5. In the case of planes,
the set of exceptional s-orbits is finite, while in the case of 3-spaces, there exists
two continuous families of s-orbits of quadruples.

5.3 Isoclinic limit of anisoclinic p-tuples

Tt is clear, from Theorem 4, that for a given anisoclinic s-pair (U, C'), there exists
some isoclinic p-tuple in the closure of the set of anisoclinic p-tuple associated
to (U,C). If (U, C) is regular, then the corresponding p -tuple is clearly regular
too. It follows that there exists a canonical map A from the set of regular
anisoclinic s-orbits to the set of isoclinic ones. If a regular isoclinic s-orbit
does not belong to Im A, we say that it is 7igid. The intuitive meaning is that
the corresponding p-tuples cannot be deformed into an anisoclinic one, without
breaking the regularity. It is a natural problem to determine the list of rigid
s-orbits. For K = R and n = 2 or n = 3, the answers follows from [2], [3] and the
present article. We present here the sole results. The proofs are straightforward,
but, in some case, involve unpleasant computations.

First, we can see that the non-exceptional regular s-orbits are the images by
A of the special regular s-orbits. So only exceptional s-orbits may be rigid.

Second, no (regular) triangles of G2 (R®) or G5 (R?) is rigid. Indeed, if we
denote by O (V1, Vo, V3, E) the anisoclinic s-orbit of the s-pair (U, C') such that
(V1,Va, V3, E) = (Uys, Uas, Usa, Ca3), and by O (V) the isoclinic s-orbit of the
s-pair ([I,,];,C") such that Cj3 =V, then we have

AoO(R(r—t),R(t),R(r—1),I) = O(R(31).

Since the orbit O (S) is not exceptional, the case of triangles of G (R%) is
settled. Concerning G3 (R?), if we denote by R; («) the rotation of angle a and
axis i, we have for e = £1

AoO(Ri(m—1t),Ri(t),Ri(m —t),elz) = O (eR; (3t)),
and so, no triangles of G3 (Rg) is rigid.

It remains the case of quadruples. The four s-orbits of anisoclinic regular
quadruples of G5 (R®) are given by Theorem 9. The image by A of the two first
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of these s-orbits are the isoclinic s-orbit of

I, I, L I
[12]4 I, I, nly nl
’ I, nl, I, nl

Iy nly nly 1o

where = £1 is the parameter used in Theorem 9. The two last one have the
same image by A which is the orbit of

IQ IQ ( Ig ) I2

I I R(-%3)S S
ol n or()s 60 RS

I s R(%)S I

It follows that, among the five existing regular isoclinic s-orbits which are listed
in Theorem 6.1 of [2], only the third and fourth are rigid.

The anisoclinic regular s-orbits of quadruples of Go (Rg) are given by The-
orems 12 and 13. We denote by O (a) (o € ]0,%[) the anisoclinic orbit of
quadruple of G3 (Rlz) described in Theorem 12, when ¢ =i, ¢ = 1, F} = Sk,

and A is the half-turn of axis (%, ? cos a,? sin a). Then A (O (@)) is an s-
orbit of the continuous family described in Theorem 24 of [3]. The relation
between « and the parameters x and 6 of [3] are the following:

64 cosw = 27 cos 6cx — 54 cos 4o — 27 cos 2 — 10

K = sgn <a —cos™! ?) .

Of course, if ¢ = —1, we obtain the corresponding indirect quadruple. It follows
that none of the quadruples of the continuous family of [3] is rigid, except
possibly those corresponding to w =7, t.e. a € {0, %}, that is, those given by
the s-pairs

L L L I

IQ IQ Z:‘Si ESi

Po = [12]4 ’ IQ ESi IQ ESi ’
I, &5 £S5 I

L, I, I, I

le IQ IQ 551 ESQ

Prj2 = [-[2]4a I 551 I 553 ;
12 ESQ 853 IQ

where € = +1 and S7, S; and S3 are half-turns of equiangular coplanar axes.
However, the image by A of a s-orbit of the first form described in Theorem
13 is the s-orbit of pr 3. As for po, its orbit is not exceptional. So no regular
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quadruple of the continuous family is rigid. Hence, among the regular direct
equi-isoclinic quadruples which are listed in [3, Theorem 7], only one is rigid.
The non-identity blocks of its Seidel matrix are all equal to a same rotation of
angle 7/2.

5.4 Real and complex p-tuples

It is clear that any p-tuple of G,, (RP™) can also be seen as a p-tuple of G,, (CP").
Of course, there are, in general, many more p-tuples in G,, (CP"). However, it
is easy to derive from Theorem 3 the following

Corollary 19 Any special anisoclinic regular p-tuple of G,, (CP"™) actually be-
longs to G, (RP™).

Moreover, the following corollary is yields by the Theorems of sections 3.1.2
and 4.3

Corollary 20 Any common anisoclinic reqular p-tuple of G4 (CQP) actually be-
longs to Go (RQ”).

From Proposition 18, we get the
Corollary 21 Any regular isoclinic triangle of G, (CJ") actually belongs to
G (R™).

However, regularity in G,, (C?™) does not imply realness with full generality,
for there exist examples of regular isoclinic quadruples of Gy (C®) which are not
isometric to any quadruple of G (R®). One of them is given by the following
S-pair

I I I I
L, L R(%) E
I ) us 2 )
Bl | g, R(-2) L B
I, Er E; L
where
g1 =3 2403 o1 3i 2—1iv3
P\ —2+4v3 0 30 T\ 23 =3 )¢
The reader can check that the formulae (3), ..., (21) are satisfied for
T T
Fi=vg (3:3)
Tow
A5
A A CH
gL V3 i-2v3
PTai+2v3 B )

Whether an anisoclinic regular p-tuple of G,, (CP™) is necessarily isometric
to a real one remains an open question.
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5.5 Dimensions

As we have seen, it is often difficult to determine the topology of the set of
s-orbits for a given field K and given numbers n,p. It is of course easier to
determine its dimension, especially in the anisoclinic real case. In this case,
all the orbits are finite, whence the dimension of the set of s-orbits equals the
dimension of the set of those matrices U in s-pairs. On the other hand, since
the left cosets are finite, dim (Ims) = dim (O (n)) = w It follows that the
space of anisoclinic s-orbits of p-tuples in G,, (R"?) has dimension

Dg (n,p) = %n(n— Dp(p—2).

If we add the inp(p— 1) critical angles, we obtain that a ‘generic’ (with a
meaning which would deserve to be clarified) p-tuples of G,, (R"?) is defined by
inp (np — 2n + 1) numbers. This formula generalizes the one given at the end
of [7], in the case n = 2.

In the case of G5 (C?!), dim (Ims) = dim C =2 and the s-orbit of a generic
p-tuple is always homeomorphic to U, thus

Dc(2,p)=(p—2)(3p—1) - 1.

Hence a generic p-tuples of Ga (CQP ) is defined by 4p? — 8p+ 1 numerical invari-
ants.
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