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Embedding mapping-class groups of orientable
surfaces with one boundary component

Lluis Bacardit*

Abstract

We denote by Sy, an orientable surface of genus g with b boundary
components and p punctures. We construct homomorphisms from the
mapping-class groups of Sy 1, to the mapping-class groups of Sy 1 (5-1),
where b > 1. Our main result is that these homomorphisms are injective.
A particular case of these homomorphisms is a well-known embedding of
the braid group on p strands into the mapping-class group of S(;,_2)/2,1,1
if p is even, or into the mapping-class group of S(,_1)/2.1, if p is odd. We
give a short proof of a theorem of Birman and Hilden [ for surfaces with
one boundary component.

2000 Mathematics Subject Classification. Primary: 20F34; Secondary: 20E05,
20E36, 57M99.

Key words. Mapping-class group. Automorphisms of free groups. Ordering.
Ends of groups.

1 Main results

We fix non-negative integers g,p and a positive integer b. We denote by S,
an orientable surface of genus ¢ with b boundary components and p punctures.

Our main theorem is the following.

1.1 Theorem. Suppose (g,p) # (0,2). Let k : Sy po — Sga,0 be a finite index
reqular cover with p branching points in Sg19 which lift to q points in Sy .
Suppose every branching point of Sg10 lift to the same number of points in
Sy 0. Let &' 1 Sypq — Sgip be the corresponding unbranched cover. Let h
be a homeomorphism of Sy1, which fixes the boundary component pointwise.
Suppose h lifts to Sy 4. Let h be the lift of h which fixes the b-th boundary

component pointwise. Let f be the extension of h to Sgbo- If the restriction

*The research was funded by Conseil Régional de Bourgogne and the MIC (Spain) through
Project MTM2008-01550.



off to Sg1,-1) € Sy o 18 1sotopic to the identity relative to the boundary

component of Sy 1 -1y, then h is isotopic to the identity relative to the boundary
component of Sy 1 p.

Let M4, be the mapping-class group of S,;, relative to the bound-
ary components. That is, M,;, is the group of homeomorphisms of Sy,
which fix the boundary components pointwise modulo isotopy relative to the
boundary components of Sy;,. Since b > 1, we are restricting ourselves to
orientation-preserving homeomorphims of Sy .

The following result is immediate from Theorem [.].

1.2 Corollary. Suppose (g,p) # (0,2). Let k: Syp0 — Sg1,0 be a finite index
reqular cover with p branching points in Sg10 which lift to q points in Sy .
Suppose every branching point of Sg10 lift to the same number of points in
Sg 0. Let K1 Sy g — Sga,p be the corresponding unbranched cover. If every
homeomorphism of Sy1, which fizes the boundary component pointwise lifts to
a homeomorphism of Sy 4, then My 1, embeds in My 1 p—1).

Suppose p > 3. If p is odd, there exists a well-known index 2 regular
cover K : S(p-1y/2,1,0 — So,1,0 With p branching points in Sy, which lift to p
branching points in S(,_1)/21,0. Every homeomorphism of Sy, which fixes the
boundary component pointwise lifts to a homeomorphism of S(,_1)/2.1, Which
fixes the boundary component pointwise. Corollary [.4 says that Mg ; , embeds
in Mgy_1y/2,10- If p is even, there exists a well-known index 2 regular cover
K 1 Sp—2)/2,2,0 — So,1,0 With p branching points in Sp 1o which lift to p branching
points in S(,—2)/22,0. Every homeomorphism of Sy, which fixes the boundary
component pointwise lifts to a homeomorphism of Sy,_9)/22, which fixes the
second boundary component pointwise. Corollary says that My, embeds
in M(p—Q)/2,1,1-

From Theorem [L.1] we can proof the following theorem, which is an analog for
surfaces with one boundary component of a theorem of Birman and Hilden [{,
Theorem 2.

1.3 Theorem. Suppose (g,p) # (0,2). Let k: Sypo — Sg1,0 be a finite index
reqular cover with p branching points in Sy 1. Suppose every branching point of

Sg1,0 lift to the same number of points in Sy . Let f be a homeomorphism of
Sg' b0 which fizes the b-th boundary component pointwise and preserves the fibers

of K : Sgpo =+ Sg10. Then f induces a homeomorphism f of Sg.1,0 such that
rkf = fr. If f is isotopic to the identity relative to the b-th boundary component,
then f is isotopic to the identity relative to the boundary.

Proof. 1t is a general fact that if f preserves the fibers of K : Sy p0 — Sg1.0,
then f induces a homeomorphism f of Sy such that xf = fx. In particular,
f sends branching points to branching points.



Let ' : Sy g = Sg1,p be the corresponding unbranched cover. Since f sends
branching points to branching points, f restricts to a homeomorphism £ of Sy 1 .
Let h be the lift of h which fixes the b-th boundary component of Sy a pointwise.
Notice h extends to a homeomorphism of Sy . This extension of h coincides
with f It f is isotopic to the identity relative to the b-th boundary component,
then the restriction of f to Sgr1,-1) € Sy 0 18 isotopy to the identity relative to
the boundary component of S ' 1,(b-1) Then by Theorem [L.1], h is isotopic to the
identity relative to the boundary component of S, ; ,. This isopoty extends to an
isopoty relative to the boundary component of Sy from f to the identity. [

2 The algebraic analog

Instead of dealing with S, , and homeomorphisms of S, 5, which fix the bound-
ary components pointwise, we will deal with the fundamental group of S, ,
denoted (S, ). Since b > 1, we choose the base point of m(Sy;,) in the b-th
boundary component. In this way, a homeomorphism of S, ;, which fixes the
boundary components pointwise induces an automorphism of (S, ).

2.1 Notation. Let G be a group and let g, h be elements of G.

We denote by g the invers of g. We denote by ¢ the conjugated of g by
h, that is, g" = hgh. We denote by [g] the conjugacy class of G, that is,
[g] = {g° | a € G}. We denote by [g, h] the element ghgh. Let g1, gs,. .., g be
elements of G. We denote by T1%_, g; the product gigs - - - g

We denote by Aut(G) the automorphism group of G, and, by Out(G) the
group of extern automorphism of G. Given ¢ € Aut(G), we denote by g¢ the
image of g by ¢.

2.2 Notation. Let X, ;, be the rank 2¢g+ (b— 1) +p free group with generating
set {24, yihi<i<g U {zhi<i<p-1) U {tkh1<k<p. We view X4, as a presentation
of m(Sgpp,*), the fundamental group of S,;, based at a point * in the b-th
boundary component. In addition, for every 1 < [ < (b — 1), 2 represents a
loop around the [-th boundary component; for every 1 < k < p, tr represents
a loop around the k-th puncture, and (IT9_, [z;, | T1o=; 21T _ ;) ™" represents a
loop around the b-th boundary component. Note that, if p = 0, there is no
puncture in Sy p, = Syp0, and IIj_ tx = 1.

Let f be a homeomorphim of Sy;, which fixes the boundary components
pointwise. Then f induces an automorphism f, of X, , which fixes the set of
conjugacy classes of ¢y, 9, ...,1,. Since f fixes the boundary components of Sy ),
pointwise, we see that f, fixes (IT%_,[2;, y;]TIiZl 4 I12_ ;)" and the conjugacy
class of z;, for all 1 <1 < b— 1. Two isotopic homeomorphisms of Sy, induce
the same automorphism of »,;,. Recall we consider isotopies relative to the
boundary components. Notice the Dehn twist with respect a loop around a
boundary component is isotopic to the identity, but it is not isotopic to the



identity relative to the boundary. To capture this fact, we associate to f an
automorphism of g4, * (e1,e2,...,ep_1) |) which maps 3g;, to itself and
respects the following sets

(1) AL, [, yi]H?;lllegzltk}a
(2.2.1) i) {zi'}{z"} Zpo) H
(i) {[%x]fr<r<p-

Recall z represents a loop around the [-th boundary component which is
based at a point in the b-boundary component. For every 1 < [ < (b — 1),
we wiew ¢; as an arc from the base point in the b-th boundary component to
a chosen point in the I-th boundary component. We view €z, = 2" as a
loop around the [-boundary component and based at the chosen point in the
[-boundary component. Since the homeomorphism f fixes the [-boundary com-
ponent pointwise, the automorphism f, fixes Z;*. For example, the Dehn twist
with respect to the loop represented by z;" gives the following automorphism of

Ygbp * (€1,€2, - ep-1) |)

e = zeg,
a — a, a€{r,yit1<i<g U{tk <<y U{zti<i<o U{er hi<v<ora-

2.3 Definition. We denote by AM,;, the subgroup of

Aut(X, 4, * (€1,€2,...,6,—1 |)) consisting of all the automorphisms of X, *

(e1,€2,...,ep—1) | ) which map X, to itself and respect the sets of (.2.1]).
We call AM,,, the algebraic mapping-class group of a surface of genus g

with b boundary components and p punctures, Sy .

The mapping-class group of Sy, denoted My, is defined as the group of
homeomorphisms of S, modulo isotopy relative to the boundary components.
The above discution shows that there exists a map Mgy, — AMg, ,. We sketch
the proof that this map is an isomorphism.

Since S, 0, has empty boundary, we cannot suppose that the basepoint of
I1,(S,0,) is fixed by homeomorphisms of Sy, A discution as above shows
that there exists a map M, — Out(Il;1(Sy0,)). The Dehn-Nielsen-Baer theo-
rem says that this map is an isomorphism onto the subgroup of Out(II1(S,,))
consisting of classes of automorphisms which respect the set {[tx]}1<k<p. See,
for example, [}, Theorem 3.6, [[3, Theorem 2.9.A]. In particular, M,o, <
Out (IL1 (Sg,0,))-

We say that Sy 141 is obtained from S, be converting a boundary com-
ponent into a puncture if Sgp_1 11 C Sgpp and Sgpp—Sgp—1,p+1 is homeomorphic
to a circle. If b > 1, by converting all the boundary components of S, , into
punctures, from the Dehn-Nielsen-Baer theorem we can deduce Mg, ~ AMg; p,
[[0, Theorem 9.6]. See [[J] for a background on algebraic mapping-class groups,
with some changes of notation.



For (¢,b) = (0,1) and p > 1, AMy;, is isomorphic to the p-string braid
group. We have AMy;, = (01,09,...,0,-1), where for all 1 < i < (p —1),
o; € Aut(Xg ) is defined by

ti = Ty,
(2.3.1) o= 1R tigg =
e —  tg, forall 1 <k <p, k#ii+ 1.

Let d€ Z, d> 2.

2.4 Notation. Let N; be the normal closure of ¢, %, ...,t,1n 3,1 ,. We denote
by ¥, 1 p@ the group X, ,/Ny. For every 1 < k < p, we denote by 7, the image
of ¢ by the natural homomorphism ¥, — %, .

Notice that if p =0, then Ny =1 and X ; ;@ = Yg1,-

2.5 Definition. Let AM
that respect the sets

5.1 pt denote the group of all automorphisms of ¥ ; )

{0 [,y TG i}, {7 hi<h<p-

Since the elements of AM, 1, respect the set {[#x]}1<k<p, the natural homo-

morphism ¥, — 3 @ induces a natural homomorphism

lp : .AMg,Lp — .AM%Lp(d).

If p=0, then ¥,,, =3, ;@ and 9 is the identity.

g,1,p

2.6 Theorem. The homomorphism v : AMy 1, — AM ;| @) is injective.
We proof Theorem P.§ in Section [l

Let & : Sy p0 — Sg.1,0 be an index m regular cover with p branching points in
Sg.1,0 which lift to ¢ points in Sy 5. Suppose every branching point of S o lift
to the same number of points in Sy ;9. Notice that ¢ = 0 if and only if p = 0.
Let & : Sy pq — Sg1p be the corresponding unbranched cover. We identify
g g With &, (X4 44). Hence, ¥y, , is a normal subgroup of £, , of index m.
We set G:= 3,1 ,/Xy 5, the group of deck transformations.

We put ¢ = II7_, [z, ]I, _1tx Xy by € G. Let ¢ be the order of ¢ in G.
Since ¢¢ = 1 in G, we see that (II7_,[@;, y;]I,_1tx)¢ € g4 Notice that
(IL7_ [;, v 1T, tx)~° represents a loop around the b-th boundary component.
We take a basis {.f?z, Qi}lgigg/ U {21}1§l§(b—1) U {tk}lgkgq of Eg/,b,q such that

T (&, GalT0)— Z00T gy, = (X0 [, el TT_ 4) .

Recall G has cardinality m. The subgroup (o) < G has index b = m/c. For
every 1 <1 <b—1, we take w; € X1, — Xy 4 such that

& =Wy (I [g, il ITG_ t,) .
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We put p; = wiXg 54 € G. Then G = (0)p1 U (0)p2--- U (0)pp—1) U (0). That
is, the boundary components of Sy ; ,, are image by deck transformations of the
b-th boundary component.

For every 1 < k < p, we put g, = 1,2y 54 € G. Let dj, be the order of g in G.
Since ¢, corresponds to a branching point, t; ¢ X, and d; > 2. Since QZ’“ =
in GG, we see that tzk € Xy pq- Notice that ti’“ represents a loop around a lift of
the k-th puncture of S, ; ,. The subgroup (o) has index m/dj, in G. Since all the
branching point of S, 1 ¢ lift to the same numer of points in Sy 0, m/dy = m/dy
for all 2 < k < p. Hence, d; = dj for all 2 < k < p. Let d = d;. We have
G = (or)p1k U (0k) P2k U -+ U (0k)Pm/d k. Where pjp = ujpXy 4 € G for all
1 < j <m/d. Notice that (td)ur (td)uzr . . (td)4m/ak represent loops around
the m/d lifts of the k-th puncture. We choose uy i, Us g, .. ., Um/ar € Xg,1,p such
that {(td)ue, (¢d)uzn ... (td)uman} C {t),4y,...,1,}. Then

P

(261) {tAh 527 tet 7tAq} = U{(ti)“l,k’ (ti)UZk’ cee (tg)u’”/d”“}.
k=1
Recall Ny is the normal closure of 4,4, ... ,tg in g1,

2.7 Lemma. With the above notation, Ny is equal to the mormal closure of
1?1, 7?2, cet ,fq m 29171)7(1.

Proof. By (E56.0), the normal closure of ¢1,%y,--- ,1, in L4, is a subgroup of
Ny.

Let 1 <k < pand w € X,;,. By (EB.), it is enough to proof (t{)* =
(td)uxv for some 1 < j < (m/d) and v € By p,. Recall G =%, ,/S b4 0k =
Xy pg € G and G = (o) p1,6U{0k) p2,kU" - \U{0k) Py ke, Where pj g = 11Xy b4 €
G forall 1 <j < (m/d). Let 1 < j < (m/d) such that w¥, ;, € (ok)pjx. Let
1 <r <dsuch that w¥y 4, = 01.pjr = tpUj k3¢ bq- Then w = thu; v, for some
v E By and (10 = (td)kwrr = (£lk)wire, O

Recall ¥,;,/N; = Y, 1p@, and for every 1 < k < p, we denote by 7, the
image of ¢, by the natural homomorphism ¥, — ¥, .

2.8 Notation. Let H < Y ,, be a normal subgroup of finite index such that
Nq < H. Notice H/Ng <X, 1 . We set

‘AMgvl,p(H) = {QZ) € ‘AMgJ,p | H? = H}7

and

AM, 1 o (H/Ng) = {6 € AM, 1 o | (H/N)® = H/Ny}.

2.9 Proposition. Suppose (g,p,d) # (0,2,2). Let H < ¥, be a normal
subgroup of finite index such that Ny < H. Let ¢ € AMy1,(H). Then (¢) €

AMy 1y (H/Na). If ()N, =1, then ¢ = 1.



Proof. Since Ny and H are ¢-invariant, we see H/Ny is 1(¢)-invariant. Since
U(p) € AM, | @, we have ¥(¢) € AMy 1 ,(H/Ny)

Since H has finite index in X, ; ,, there exists r € Z, r > 1, such that
(I, [y, yi) I _ )" € H.
Fix 1 <k <p. Since H is normal in ¥, ,, we see
(X1 [, ) Ty i)ty € H.
If (o) |ayn, = 1, In B, @),

T (T2 [, y@-]Hilem)”m
(Tk(Hz 1[%7?/z]HZ'lek’)er)w((b)
=Tk @ )(Hfﬂ |4, yi]HZfzﬁk’)rTif((b)-

Then, in %, @, e (@)%, commutes with (T, [s, il 1TF,_y7ir)". Recall
Yo1p@ = Sg1p/Na. Hence, B, ~ Sg10% (1, 72,...,7, | 7{,74,....79).
Hence, ¢(¢)7_k € (T_, [z, yi) 1T, _ %), and,

(2.9.1) T = (T [y, 9Ty ) i,

for some 1’ € Z. Recall [r, w(qb)] [75], for some 1 < j < p. If (g,p) # (0,1), and
if <g7p7 d) 7é (07 27 2)7 then () lmplles r = =0and T w(d)) = Tk-

Fix a € {x;,yi}1<i<g- Since H has finite index in X,;,, there exists s €
Z,s > 1, such that a® € H. If ¥(¢)|u/n, = 1, then (a*)¥?) = a*, and, a¥?) = a.

Since X1 @ ~ Bg10 % (11,72, ... 7 | T 78,7, a¥®) = a for all a €
{4, yi}1<i<g, and, 7_¢(¢) =7, forall 1 <k < p; wesee ¢(¢) = 1. By Theorem P.§,
b =1. 0

Let ¢ € AMy1,. Suppose X 34 is ¢-invariant. Then ¢ induces an automor-
phisms of X ; , by restriction. In ¥, ; , we have

/

() T g, GO 2T B = (T [, gl T )
ii) % is conjugate to (IT7_, [z, y IV _ 1) "¢ forall 1 <1 < (b—1);
i=1 k=1
(iii) tx is conjugate to t?, 1<j<pforalll <k<gq.

If we identify Yy 4, with Xy 1 3—1)4¢ by identifying 2; with t, forall 1 <1<
(b — 1), and £ with t(b Dtk for all 1 < k < g¢; then the restriction of ¢ to
Yig/,1,(b—1)+¢ lies inside AM g1, (b—1)+q-

Let h be the homeomorphism of S ; , which fixes the boundary component
pointwise and h, = ¢. Since Xy ;4 is ¢-invariant, h lifts to a homeomorphism

7



h of Sg b,q Which fixes the b-th boundary component pointwise. Since h may
not fix the first (b — 1) boundary components pointwise, h does not represent
an element of My 4, but it represents an element of My 1 ,—1)44, that is, we
have to convert the first (b — 1) boundary components into punctures. If h fixes
the boundary components pointwise, we can conserve the first (b — 1) boundary
components. Algebraically, if we want to have an element of AMy 4 ,, we have to
define the image of é;, €z, ..., €p—1). Since My, is ¢-invariant, we see ¢ induces
an automorphism of G = X, ,/3, 4. If ¢ induces the identity of G, we can
define an element of AMy 4, , from ¢.

Recall Ny is the normal closure in X, , of tdtd .. ,tg. By Lemma .7, Ny
is the normal closure in ¥4, , of ty,to, - ,fq. Hence, ¥y 0 = Xy 4/ Na. We
identify X 50 with Sy 1 1) by identifying 2 with #; for all 1 <1 < (b— 1).
Hence, Xy 1,-1) = Xy p,q/Na. Since Xy 34 is ¢-invariant, by Proposition B.9,

there exists the restriction w(gb)|gg, ) D By 1,—1) — Mg 1,—1)- Recall his a

(b-1)
homeomorphism of Sy 4 ,. Since h, = ¢, we have h, = ¢|2g, »..- Notice h extends
to a homeomorphism f of Sy 0. Notice f restricts to a homeomorphism of
Sg'1,(6-1) € Sy p0. Since h, = ¢|gq, o and Xy 1,b-1) = Lgp,¢/ Na, the restriction

of f to Sy 1,6-1) € Sy po induces the automorphism ¢(¢)[s, , b-1)"

We, now, can proof the algebraic analog of Theorem [L1].

2.10 Theorem. Suppose (g,p) # (0,2). Let k : Sypo — Sg10 be a finite
index regular cover with p branching points in Sg10 which lift to q points in
Sy p,0- Suppose every branching point of Sq 1 lift to the same number of points
in Sy po. Let k' 2 Sy pq — Sy, be the corresponding unbranched cover. Let ¢
be an element of AMy 1. Suppose Xy 4.4 is ¢-invariant. If (o) =1
then ¢ = 1.

)

‘29/,1,@—1)

Proof. Since X, | @) = Yg1p/Na, the natural homomorphism >,;, — Y1 ,p@
restricts to the natural homomorphism Yy 4, — Xy 1 (b-1)-

Since ¥ : AMy;, — AM, ;@ is given by the natural homomorphism
Yg1p = Dgip@, we see ¥(@) 1 X, @ — X, completes the following
commutative square

9,1,p

¢
2g,l,p — 2g,l,p
1 l
Y(o
2g1,p@ o g, 1,p

where the vertical arrows are the natural homomorphisms. Notice
w(gb)|gg/’l’(b_l) D Yga,0-1) — Zga,-1) completes the following commutative
square

¢>\2g,’b’q
Zg’JLq ’ Zg’JLq
P(d)ls ,
g’,1,(b—1)
2g1,(b-1) — 2g1,(b-1)



where the vertical arrows are the natural homomorphisms. By Proposition .9,

if ¢(¢)|Zg,71’(b71) =1, then ¢ = 1. I

We state the algebraic analog of Corollary [2.

2.11 Corollary. Suppose (g,p) # (0,2). Let K : Sypo — Sg10 be a finite
index reqular cover with p branching points in Sy which lift to q points in
Sg b0- Suppose every branching point of Sq 10 lift to the same number of points
in Sy po. Let &'+ Sy pq — Sy1p be the corresponding unbranched cover. If Xy p .
is AMy 1 p-invariant, then My, embeds in My 1 ,—1y. In fact, the embedding is
given by ¢ = P(P)ls,, | ,_,-

3 Examples

We fix g, p such that (g,p) # (0,2). Let S be the universal cover of Sg1p- The
fundamental group of S, ;,, denoted ¥, ,, acts on S. Let H be a subgroup of
Y4.1,p of index m. Suppose H is AMy  ,-invariant. The quotient space S /H is an
orientable surface, denoted Sy ;,. We identify the fundamental group of Sy 44,
denoted ¥y 4,4, with H. The cover S — Sg.1,p induces a cover Sy, — Sg1p
with group of deck transformation G:= X,1,/Sy 4, If tpx ¢ Xy, for all
1 <k < p, then the corresponding cover Sy ;o — Sg.1,0 has p branching points
in Sy 10 which lift to ¢ points in Sy . Since H is AM, ; p-invariant, it can be
seen that every branching point of S, lifts to the same number of points in
Sy 0. By Corollary .11, we have an embedding AMg 1, — AMy 1 -1). By
choosing an appropriated basis of H, we can compute elements in the image of
this embedding from elements of AMj ; .

The first example is well-known. In the second example, we give a basis of
H and compute elements in the image of the embedding.

Example 1. Let H be the kernel of the homomorphism Y, — (7 | 7%)
such that ¢ty — 7 for all 1 < k£ < p. It is standard to see that H is a free group
of rank 2p — 1 with basis 2, t1ta, t1t3, . . ., tit,, tite, tils, . . ., t1t,. It is easy to see
that H is invariant by the generators of AMg 1, given in (B.3.])). For 1 < k <p,
notice that g, = txH has order 2 in G:= %o, ,/H ~ (7 | 7°). Hence, (o) has
index 1 in G' and the k-th puncture in Sy ; , lifts to one puncture in Sy 3 4. Thus,

q=p.

(a). If p is odd, then II}_,t, ¢ H and ¢ = II}_,t,H has order 2 in G. Hence,
(o) has index 1 in G and b = 1. Since X, ;, has rank 2¢' + b — 1 + ¢ and
H hasrank 2p — 1, we have 2g' + 1 —1+p=2p—1and ¢ = (p—1)/2.
Hence, AMo 1, — AM(p_1y/2,1,0, if p is odd.

b). If p is even, then ITY_ ¢, € H and o = IIY_,t, H has order 1 in GG. Hence,
k=1 k=1
(o) has index 2 in G and we have b = 2. Since ¥, ;, has rank 2¢'+b—14¢



and H has rank 2p—1, we have 2¢'+2—1+p=2p—1and ¢’ = (p—2)/2.
Hence, AMq 1, <= AMp_2y/2,1.1, if p is even.

Example 2. Let X110 = (z,y | ). Let H be the kernel of the homomorphism
Y110 = (11 | 77) X (12 | 74) such that 2 — 71, y — 7. It is standard to see that
H is a free group of rank 5. It can be shown that H is a characteristic subgroup of
Y1.1,0- Notice that ¢ = [z,y]H has order 1 in G:= %1 0/H ~ (1 | %) x (12 | 73).
Hence, (o) has index 4 in G and b = 4. We have p = 0 and ¢ = 0. Since Xy,
has rank 2¢' + b — 1 + ¢ and H has rank 5, we have 2¢’ +4 — 1+ 0 = 5 and
g" = 1. Hence, AM; 19 — AM; ;1 3. We take the following basis of ¥;13: & =
22, g =12 b = (J Tyx)" V0 by = (7 Tyx)?, {5 = (7 Tyx)™. Tt is well-known
that AMy 10 = (o, 5 | afa = Baf), where

a::{xny’ 5::{x>—>x,

y — v y = 2y

A straightforward computation shows that the image of a and 8 in AM, 43,
denoted & and [, are

( 1 ( 7

A S N 2 2 2 T o= 7,
o=y, g o agly,
e A O A e R T S A A
tAQ — tAQ, £2 —> 1?3,
L tAg —> 515253, L £3 — Iggiligmts.

Example 3. Let Fs:= (ay,a2,a3 |). Let H be the kernel of the homomor-
phism F3 — (1y | 72) X (12 | 74) X (73 | 72) such that a; — 74 for all 1 < k < 3.
It is standard to see that H is a free group of rank 17. It can be shown that H
is a characteristic subgroup of Fj.

(a). We identify X 3 with F3 by putting t; <> a for all 1 < k < 3. Notice that
0 = titatsH has order 2 in G:=Xg13/H ~ (11 | 77) X (12 | 73) X (73 | 73).
Hence, (p) has index 4 in G and b = 4. On the other hand, for all 1 < k < 3,
or = tH has order 2 in G. Hence, for all 1 < k < 3, (g;) has index 4 in
G and the k-th puncture in Sy 3 lifts to 4 punctures in Sy, Thus,
q = 12. Since ¥, , has rank 2¢' + b — 1 + ¢ and H has rank 17, we have
2 +4—-1+12=17 and ¢’ = 1. Hence, AMy 135 — AMy 1 3.

(b). We identify 3 ;, with F5 by putting <+ a1,y <> as and ¢ <> a3. Notice
that o = [z, y]tH has order 2 in G:= %11 1/H ~ (1 | 77) X (12 | 73) X (73 |
73). Hence, (p) has index 4 in G and b = 4. On the other hand, ¢; = tH has
order 2 in G. Hence, (0;) has index 4 in G and the puncture in S 1 lifts
to 4 punctures in Sy p,. Thus, ¢ =4. Since Xy 4, has rank 2¢' +b—1+¢
and H has rank 17, we have 2¢' + 4 — 1+ 4 = 17 and ¢’ = 5. Hence,
AM1,1,1 — AM5,1,3-
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4 Proof of Theorem

4.1 Definition. An element of 3, ,, is said to be t-squarefree if, in its reduced
expression, no two consecutive terms in {tk,fk}lgkgp are equal; for example:
r121tots3 is t-squarefree; xqtatoy, is non-t-squarefree.

To proof Theorem P.§ we need the following theorem.

4.2 Theorem. For every ¢ € AM,.1,, the elements of {x7,y? }1<icg U{t) V1<r<p
are t-squarefree.

Proof. (of Theorem [2.4) If p = 0, then 1) is the identity and nothing needs to
be said.

Suppose p > 1. Recall ¥, @) =~ Bg10* (11, 72,...,7p | ¢ rd, .. .,T;l>. Let
a € {z;,Yi}1<i<g U {tk }1<k<p- If ¢ is an element of the kernel of ¢ : AM,;, —
.AMg,Lp(d), then a® and a have the same image in Eg,Lp(d). On the other hand,
by Theorem [, a? is t-squarefree. Hence, a® has the same normal form in ¥, 1,
asin X, . Thus, a® = a. OJ

The rest of the paper is dedicated to proof Theorem [.2. The proof is similar
to [B, 7.6 Corollary|. Notice Theorem [ is trivial if p = 0.

5 McCool’s Groupoid

For the rest of the paper we suppose p > 1.

Let n:=2g + p, and, let F,, be the free group on X, where X is a set with n
elements.

5.1 Notation. Let w € F,,. In this section we will denote by [w] the cyclic word
of w.

5.2 Definitions. Let T" be a set of words and cyclic words of F},. Suppose the
elements of T' are reduced and cyclically reduced, respectively. We define the
Whitehead graph of T as the graph with vertex set X U X, and, one edge from
a€ XUX tob€ XUX for every subword ab which appears in w or [u], where
w and [u] are elemets of T. We say that a is the initial vertex and b is the
terminal vertex of the edges corresponding to the subword ab. Repetitions have
to be considered. For example, since the subword ab appears twice in abab, the
Whitehead graph of {@bab} has 2 edges from a to b (and one edge from b to @).
Notice that the cyclic word [a] produces an edge from @ to a in the Whitehead
graph.

We say that T is a surface word set if the Whitehead graph of T is an oriented
segment, that is, the Whitehead graph of T is connected with exactly 2n — 1
edges, every vertex but one is the initial vertex of exactly one edge, and, every
vertex but one is the terminal vertex of exactly one edge.
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5.3 Example. Let F,:= (a,b,¢,d |).

().

(ii).

Let T:= {adcb, [db], [ca]}. The Whitehead graph of T is
a—c—b—sd—c—a—d—b

Hence, T is a surface word set.

. Let T:= {@dcb, db, [¢a]}. The Whitehead graph of T is

a—>¢—b d—>c—a—d—b

Hence, T is not a surface word set.

Let T:= {adcb, dc, [ db], [ca]}. The Whitehead graph of T is
a—sc—>b—d=c—a—>d—b

Hence, T' is not a surface word set.

We illustrate the following remarks with examples in Fy = (a,b, ¢, d | ).

5.4 Remarks. Let T be a surface word set.

(1)

(i)

(i)

The Whitehead graph of T defines a sequence (ay)i<k<2, Which lists the
element of X UX such that for all 1 < k < (2n— 1), the Whitehead graph
of T has exactly one edge with initial vertex a; and terminal vertex a1,
equivalently, arag,1 is a subword of exactly one element of T'. We say that
(ax)1<g<on is the associated sequence of T.

In Example FJ(fl), the associated sequence of T is (a,¢,b,d, c,a,d,b).

We can recover T from the associated sequence of 1. The process to
recover T from its associated sequence is the invers process to construct
the Whitehead graph. We give two examples below. From this process, it
is easy to see that T has exactly one word, and, all other elements of T’
are cyclic words.

ve the surface word set

In F}, from the sequence (a,b,c,d,a, b,c ave
b, a) we have the surface

{abed abed}, and, from the sequence (a, b,
word set {a, [ba], [cb], [de], [d]}.

d) we h
¢, d,d,zc,
Let p be the cardinality of 7' minus one. We say that T" is a (g, p)-surface

word set, where g = (n — p)/2. By induction on n, it can be seen that
n > p and n — p is even. Hence, ¢ is a non-negative integer.

12



5.5 Definition. Let ¢ € Aut(F},).

We say that ¢ is a type-1 Nielsen automorphism if ¢ restricts to a permutation
of X UX.

We say that ¢ is a type-2 Nielsen automorphism if there exists a,b € X U X
such that a # b, b and

¢.:{a — ab,

c — c¢ forallce X, c#a*l.

We denote ¢ by (a +— ab) or (@ + ba).

5.6 Definition. Let G, , be the groupoid with objects (g, p)-surface word sets,
and, given Ty, T two (g, p)-surface word sets

Hom(T}, Tb):= {¢ € Aut(F,) | T¢ = Tb},

where T := {w?, [u?] | w, [u] € T\}. Here, w? is reduced and [u?] is cyclically
reduced. Hence, [v] = [u®] means that v and u? are conjugated.

We say that (74,75, ¢) € Hom(11,T3) is a type-1 Nielsen of G, , if ¢ is a
type-1 Nielsen automorphism. Similarly, for type-2 Nielsen automorphisms. We

say that (11,73, ¢) € Hom(T},T3) is a Nielsen if it is either a type-1 Nielsen or
a type-2 Nielsen.

We illustrate the following remarks with examples in Fy = (a,b, ¢, d | ).

5.7 Remark. Let (71,75, ¢) be a Nielsen of G ,,.

(i)

(i)

If (T},T5,¢) is a type-1 Nielsen, then the associated sequence of T is
obtained from the associated sequence of T} by applying the permutation
¢ to every element of the sequence.

In Fjy, let Ty = {ad be, [ab], [cd]}. Notice the associated sequence of Ty
is (a,b,¢,d,b,@,d,c). If gp:= (a = b,b + c,c = @,d + d), then the
associated sequence of Ty is (b, c,a, d, ¢, b,d, a).

Suppose (T, Ts,¢) is a type-2 Nielsen. Then ¢ = (a; — ba;) for some
1<i<2n,be X UX such that a; # b,b. Since in the Whitehead graph
of T there are exactly 2n—1 edges, there exists w € Ty or [u] € T} such that
applying ¢ to w or [u] produces a cancellation. If the cancellation appears
from the subword @;_ia;, then b = a;,_;. If the cancellation appears from
the subword @;a;, 1, then b = a;;1. Hence, either ¢ = (a; — a;_1a;) for
some 2 < i < 2n,a; # G;_1; or ¢ = (@; — @;a;41) for some 1 < i <
(2n — 1), a; # @;+1. In the former case the associated sequence of T is
obtained from the associated sequence of 77 by moving a; from immediately
after a;_; to immediately before @; ;. In the later case the associated
sequence of T; is obtained from the associated sequence of 77 by moving
a; from immediately before a;,; to immediately after a;;.
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In Fy, let 77 = {abcdabed}. Notice the associated sequence of T} is
(a,b,c,d,a,b,c,d). If ¢: = (b ~ ab), then the associated sequence
of Ty is (a,c,d,b,@,b,¢d). In fact (abedabed)®® = abacdbed. If
¢:= (@ + ab), then the associated sequence of Ty is (b, ¢,d,@,b,a,¢,d).
In fact (abed abed) @) = babeda ed.

5.8 Remark. It is easy to see that {II_,[w;, vi|II8_ tx, [t1], [T2], ..., [E,]} is a
(g, p)-surface word set of ¥4 ,. Its associated sequence is

(flayluxhyhf?uy?ax%y% cee 7Tg7yg7xgayg7t17t17t27t27 s 7tp7tp)'

We say that {II7_, [z, y:) IT,_itk, [t1], [E2], - - -, [p]} is the standard (g, p)- surface
word set of Mg 1 .

5.9 Remark. AM,;, = Hom(7,T), where T is the standard (g, p)-surface

word set of X 1 ;.

5.10 Theorem (McCool [[3],H]). G, is generated by Nielsen elements.

6 Ends of free group

Let n:=2g + p and let F,, be the free group on X, where | X| = n.

6.1 Notation. Let Hf“‘:lai be the normal form for w € F,,. Then we say that w
has length k, denoted |w| = k . The set of elements of F,, whose normal forms
have I1¥_,a; as an initial subword is denoted (w=); and, the set of elements of F,
whose normal forms have I1¥_ a; as a terminal subword is denoted (xw). The
elements of (wx) are said to begin with w, and the elements of (xw) are said to
end with w.

6.2 Review. An end of F, is a sequence (ag)g>; in X U X such that, for each
k > 1, agr1 # ar. We represent (ag)r>1 as a formal right-infinite reduced
product, Iy>ia, = ajas - - -.

We denote the set of ends of F,, by OF,.

For each w € F,,, we define the shadow of w in OF,, to be

(wa):= {(ar)iz1 € OF, | T = w}.

Thus, for example, (14) = OF,,.

6.3 Definition. Let T be a surface word set. We now give 0F,, an ordering,
<r, with respect to T as follows. Let (ax)1<r<2, be the associated sequence of
T. Recall (ay,)1<p<an is a listing of the elements of X U X . For each w € F,,
we assign an ordering, <r, to a partition of (w<) into 2n or 2n — 1 subsets,
depending as w =1 or w # 1, as follows. We set

(044) <r (GJ2<) <r (a3<) <7 ---<r (agn_1<) <r (a2n<).
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If 1 <i<nandw € (xa,), then we set

(wai+1<) <T (’UJGJH_Q{) <T (wai+3<) <7 -
e <7 (wagn_1<) <r (wagnd) <r (wa1<) <r (wa2<) <r (wagd) <7 -
s <7 (U)CLZ;Q‘) <T (wai,1<).

Hence, for each w € F),, we have an ordering <r of a partition of (w<t) into 2n
or 2n — 1 subsets.

If (bx)r>1 and (cx)r>1 are two different ends, then there exists j € Z, j > 0,
such that (bk)lgkgj = (Ck)lgkgj and bj-i-l 7é Cjt1- Let w = Hi:lbk = Hi:lck in
F,. Then (bg)k>1 and (cg)k>1 lie in (w<), but lie in different elements of the
partition of (w<) into 2n or 2n — 1 subsets. We then order (b;)r>1 and (cx)r>1
using the order of the elements of the partition of (w<) that they belong to.
This completes the definition of the ordering <7 of OF,.

6.4 Remark. Let w be the non-cyclic element of T'. In (9F,,, <r), the smallest
element is w™ and the largest element is w.

For example, in Fy = (a,b,c,d |) we take the surface word set T =
{ad be,[ab], [ed]}. The associated sequence of T is (a,b,c,d,b,a,d,¢). In
(OFy, <7), the smallest element is (ad bc)>, and, the largest element is (¢bda)>.

6.5 Notation. We denote by < the order on 0%, ; , with respect to the standard
(g, p)-surface word set of X1 .

6.6 Review. Let S be the universal cover of Sg.1,p. Suppose S, 1, has negative
Euler characteristic, that is, 2g +p > 2. Then S can be identified with a region
of the hyperbolic plane. Let S be the boundary of S. It is well-known that 9.5
can be identified with RU{oo}. Let % be the point in a8 corresponding to co by
this identification. The identification between 95 and R U {o0} restricts to an
identification between 85 — {*} and R. By work of Nielsen-Thurston [f], [,
there is an action of My, on 05 with a fixed point, which we can suppose to
be * € 9S. Hence, there exists an action of My, on R. By [T, this action
preserves the usual order of R. Remark p.9 and Proposition .1 give the analog
statement for AM,; , and 0%, 1 .

Let ¢ € Aut(F,). It is proved in [f] that (Ij>1ax)? = limy_ oo (115 a;)?
defines a map OF,, — OF},, which we still denote by ¢.

6.7 Proposition. Let Ty,T; be surface word sets of F, and (Ty,T2,¢) €
Hom(71,T3). Then ¢ : (OF,, <r,) — (OF,, <r,) respects the orderings.

Proof. By Theorem [.10, we can restrict ourselves to the case where (71, T3, @)
is a Nielsen.

By Remark p. 1), the result is clear if (71, T3, ¢) is a type-1 Nielsen. Hence,
we suppose (11, Ts, ¢) is a type-2 Nielsen.
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Let (ag)i1<k<on be the associated sequence of T7.
a;_1a;) for some 2 < i < 2n, a; # @;_1; or, ¢ =

(277, — 1), a; 7£ Eiﬂ.
Suppose ¢ =

The following correspondence by the action of (a; — a;_1a;) is clear.

The following correspondence by the action of (a; — a;_1a;) is clear.

(ai —> ai_lai)

Lhrrtl

(CLZ' — ai,lai)

LEETT

(a; = a;_1a;) for some 2 <1i < 2n, a; # G;_1.

- (*aia'i—l)a

(a;i_1 €) — (a;_1a; ),
(ai—1a; <),

(ak ‘)7 ak#azillv ;tlv
(a; «0),

(@1 ),

(a; ).

Then either ¢ = (a
(@; — @;a;11) for some 1 < i <

+1
ak?’éaz 1 a;

i

From the first row of the first table and the second table we deduce the

following table.

Notice the cases (xa;a;—1)(@;i—10; €) and (xa;a;—1)[(a;—1 <) —

a;)[(ai-1 4) = (a;—1a; <)),
@;)(a;-1a; <),

ai)(ak 4)7 Qy 7é a’z:tllv a;
a;)(a; 4).

not have to be considered since they are not in reduced form.

Let ¢,f € OF,, such that ¢ = (wa;a;_1)¢,

(Ei_lai 4)] do

f = (wa;a;—1)f and the first letter

of ¢’ is different from the first letter of f. Let 1 < j < 2n such that a; = @;_;.
By the third table, ¢(@=%-18) = (yg;)e”, §@i~%-19) = (yg;)§” in reduced form.

Let (br)1<k<2n be the associated sequence of Tb.

Recall (bg)1<k<on is obtained

from (ax)1<kg<on by moving a; from immediately after a;_; to immediately before
a; = @;—1. There are two cases according to j <i—1or¢—1<j.
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If  <i—1, then

(Okhi<k<-1) = (@r)i1<k<i-1)s

b = @i,

(k) Gan<k<i = (ar)j<r<(i-1),

(bk)(z’+1)§k§2n = (ak>(i+1)§k§2n-

The partition with respect to (ag)i<k<on of (@; €4) = (a,_1 «) is (@41 <€),
(aj+2 4),...,(012‘_1 4),((% <),(ai+1 4),...,(a2n 4),(&1 4),((12 4),...,
(aj—; <«). The partition with respect to (by)i<k<on of (@, <€) is (a; <€),
(aj+1 4),..., (ai_l 4), (ai+1 <),(ai+2 4),...,(a2n 4),((11 4),(&2 4),...,
(a;j_; «). By the third table,

(ai — ai,lai)

(wa;a;i—1)(aj+1 ) — (va;)(aj+1 ),
(waa;—1)(aj12 € — (u@;)(aj+2 ),
(waza;_1)(a;_o «) —> (ua;)(a;_o <),
(wa;a;—1)(ai—1 <€) — (ua;)[(a;1 €)= (a;—1a; @)},
(wﬁiaz,l)(ai ‘) — (u&i)(ai,lai 4),
(waa;-1)(ai+1 <) — (ua@;)(ait1 ),

(wa;a;—1)(ag, <€) — (ua;)(as, <),

(wa;a;_1)(a; <) — (ua;)(a; ),

(waza;—1)(ay ) — (ua;)(ay ),

(wﬁiai,l)(aj,l 4) — (u&i)(aj,l ‘)

Since a; = @;_1, the first column is ordered with respect to 77. On the other
hand, a; = @;_; implies that the partition of (u@;)(a;—1 <) with respect to T
ends with (u@;)(a;_1a; «€). Then, the second column of this table is ordered with
respect to 1. Hence, if (wa;a;—1)¢" <7, (wa;a;—1)f" then (ua;)e” <, (ua;)f”.

If:—1 <7, then

(br)1<k<@i-1) = (ar)1<w<@-1)
(br)i<k<(i—2) = (ar)@+1)<k<(i-1)
b]—l = a,

(Ok)j<k<on = (ak)j<k<on

The partition with respect to (a;)i<k<on of (@; €4) = (a,_1 «) is (@41 <€),
(aj+2 4), ceey (agn 4),((11 4), ((ZQ 4), ceey (ai_l 4), (ai ), (ai+1 4), Ceey (aj_l 4).
The partition with respect to (by)1<k<on of (@; <) is (a; <€), (aj+1 <), ..., (a2, <€),
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(a1 4), (CLQ 4), RN (ai_l 4), (ai+1 4), (ai+2 4), RN (aj_l 4). By the third table,

(CLZ' —> CLZ',16LZ'>

(wa;a;—1)(aj+1 <) — (va;)(aj+1 ),
(waiai-1)(a;:2 <) — (u@;) (a2 <),

(wa;a;—1)(ag, <€) — (ua;)(as, <),

(wﬁiai,l)(al ‘) — (u&i)(al 4),

(w&iai_l)(ag 4) — (u&i)(ag 4),

(w&iai_l)(ai_g 4) — (u&i)(ai_g 4),
(wa;a;—1)(a;i—1 <) — (ua;)[(ai-1 <) — (ai-1a; Q)]
(wﬁiai,l)(ai 4) — (uai)(ai,laz 4),
(waiai—1)(aiy1 <) — (ua;)(ai+1 <),
(walai,l)(aj,l 4) — (Ua»(aj,l ‘)

Since a; = @;_1, the first column is ordered with respect to 77. On the other
hand, a; = @;_; implies that the partition of (u@;)(a;—; <) with respect to T
ends with (u@;)(a;_1a; «€). Then, the second column of this table is ordered with
respect to Ty. Hence, if (wa;a;,_1)¢ <7, (wa;a;—1)f then (ua;)e” <, (ua;)f”.

For every row of the first table, there is a case which needs to be considered.

Similarly, in all these cases, it can be shown that if ¢ <7, f, then e(®™%-19%) <,
f(ap—)ai,lai).

The case ¢ = (a; — @;a;41) for some 1 < i < (2n — 1), a; # Gipq, 1S
similar. O

7 t-squarefreeness

Recall 2g 4+ p =n and X, , is the free group on {z;, ¥i }1<i<g U {tk }1<i<p-
The following definition extends Definition [I.1] to 3, , U 0%, 1 .

7.1 Definition. An element of 3, , U0%,, is said to be t-squarefree if, in its
reduced expression, no two consecutive terms in {t, t; }1<x<, are equal.

7.2 Notation. Recall that if G is a group and g1, ¢s,...,gx € G, then II¥_ g, =
G192 - - - gx. We introduce the notation IIi=*g; = grgp_1 -+ - g1.
In the standard surface word set, we denote

Z1 = 7 [, vl Iyt = [0, va][@2, o] - - - [, ygltata - - - 1y,

1= Hllg:pfkl_‘[il:g[yiv {L'Z] = fpgp—l o 'fl [y97 xg] [yg—lv xg—l] T [yla xl]-
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From Remark [f.4, the smallest element of (0%, ; 5, <) is Z;° and the largest el-
ement of (0%, 1 ,, <) is 27°. We denote by min(0%, 1 ,) = Z{° and max (0%, ,) =
27° these facts.

Given two ends e, f € 02,1 ,, we write

e,fl={g € %g1p[e<g <Tf}

7.3 Lemma. Let 1 <k <p, we 3, — (xtg,) — (¥tx,) and 1 < iy < g. Then,
in (0X41p, <), the following hold:

(i). wtg, () < wty, (M, I [y, i 1127 " 4,)>°) = min(wty,ty, «0);
(ii). max(wiyyty, €4) < min(wty,ty, €);
(idi). max(wiy,ty, 4) = Wi, (0 [y, w7 1)%°) < why,W(2°);
(v). (Wigyty, €) U (wigty, €) C [wig,W(Z5°), wiy,w(z5°)];
(v). If 2g + p > 3, then one of the following holds:
(a) 1,(Z5°) > whe,W(2°);
(b) tp(Z7°) < wikw(Z5°);
and, hence, t,(Z5°) ¢ [wtg,W(Z5°), Wik, W(25°)];
(vi). If a € {4y, Tiy, Yio, Ui, }» then one of the following holds:

(a). a(z°) > wiy,w(2°);
(b). a(25°) < wtp,w(z7°);

and, hence, a(25°) & [wiy,W(Z5°), wig,w(25°)].
Proof. Recall < is the ordering with respect to sequence the
(T1, Y1, 01, U1, Tay Y2, X2, Uas -+ » Tgs Ygs Tgs Uy T, T by By - ooy, ).
(i). It is straightforward to see that
Wty (I te 112 [, waT125 1)) = min(wiy, ty, ).

Let a € X UX be such that w((IT_, [z;, 4] ITE_,tx)>°) € (a «). Note a # .
If a # ty,, then (wty,a €) < (wiy,ty, <), and we have

Wiy, W(Z7°) = Wi, W( (T [z, yi] I _1 %)) < min(wi,ty, )
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If a = ty,, then w is completely canceled in w((II{_, [x;, v;|IT;_,tx)>°), and, more-
over,

wtp,W(Z7°) = wip W [, yil 1Ty £:)™)
= Wiy, (1], e TLy [, il T2 1))

= min(wtg,ty, ).

(ii). It is clear.

(iii). It is straightforward to see that
rnaX<w%ko%k‘0 ‘) = wfko(<H]1€:kofk‘H§:g [yiv xZ]Hllzozflfk‘)OO)

Let a € X UX be such that w((IIFPT, 19 [y;, ;1)) € (a «). Note a # ty,.
If a # tx,, then (wiy,ly, €) < (wiga <), and we have

max (why, Ly, €) < wh,W((IFPHITy;, 2,])) = why, W(25°).

If a = Ty, then @ is completely canceled in wW((TIF=7E, 19 y;, 2;])>), and, more-
over,

Wiy, W(27°) = Wil W((I I [ys, 3]))
= Wiy, (I ™8I [y, a1, =07 1) )

= max(wig,ly, «).

(iv). Follows from (i)-(iii).
(v). By (i)-(iid),
Wy g, i T 1)) < wi, W((I BT [yi, :3])>).
Case 1. w = 1. Since (¢,7; <€) U ({yt; €4) > ({x,t, ), we see
£(25°) = B (I [, il T 1)) > Ty (I VTR [y, a])™) = i (27°)-
Thus, (a) holds.
Case 2. w ¢ (t,x) U{1}. Since ({, €) > (wiy, «), we see
tp(Z1°) = (T [, il TH_ )
> why, W BRIy, 2.])™) = why, (=)
Thus, (a) holds.
Case 3. w € (t,l,*). Since (1,71 €) U (t,t1 €) > (wiy, «), we see
tp(Z1°) = B (I [, wil Iy 1))

> wh, WM HI [y, 2.])™) = why, ().
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Thus, (a) holds.
Case 4. w € (tyx) — (fplp%).
Here,
wir,W(Z7°) = wigg W 23, yillli_ 8:)™) € (win, €) C (t, 4) = (tpp ).
Hence,
tp (T2 [, il Ty 84)™) = min((7, <) — (pf, <))
< wiy W (- [, yil I 1) ™).
To prove (b) holds, it remains to show that
(L [,y 1T 80) ™) # wti (T [, il T £0)™),

that is, (II7_, [x;, v I _ tx)>° # tywte, W (T, [z4, ys] I, _1tk)°°), that is,
tywty,w ¢ (I, [, v IIE_ tx). We can write w = t,u where u ¢ (t,x). Then
tywty, W = uty,uty, in normal form. Thus it suffices to show

uty ity & (I, [2s, ys T tr)-

If w=1, then utg,ut, ¢ (I1Y_,[z;, y;] I _ tx), since 29 +p > 3.

If w# 1, then uty,ut, ¢ (II_, [z, y;)JII}_,t), since uty,ut, does not lie in
the submonoid of ¥, , generated by II7_, [x;, y;]II,_;tx, nor in the submonoid
generated by TTF=PL, 117y, , ;).

In all four cases (v) holds.
(Vl) Let a € {SL’Z'O, TZ‘O, Yig» yio}.
Case 1. w = 1. Since (a €) < (tx, «), we see
a(27°) = a((IP BRI Ty, 7)) < g (W [, ] T 1)) = 1o (377).
Thus, (b) holds.
Case 2. w ¢ (ax) U {1}.
If (¢« €4) > (w <€), then (o €) > (w <€) D (wity, «€) and
a(z°) = a( ("I [y, 2])™)
> wh, W By, 2.])™) = why, W(=°).
Thus, (a) holds.
If (o« €) < (w <€), then (a «) < (w <€) D (wty, <) and
a(25°) = a((Ty " 8I1, 7 [ys, 7)) ™)
< wheoW((Iy 23, yil 1)) = wie,W(ZT).
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Thus, (b) holds.

Case 3. w € (at,*).
Since a( (I}, [y;, 2;])>°) = max(at, <), we see

a(27°) = a( (LI [y, 2])™)
> wiy, (I G [y, 2:])™) = wii, W(=7).
To prove (a) holds, it remains to show that
a((I 5T [y, 2:])™) # wiiW((I BT [yi, :])>),
that is, (PRI [y, 2,)) # Gk, BRIy, 2,])%), that is
awty,w ¢ (LI [y, x,]). We can write w = af,u where u ¢ (t,%). Then
awty,w = tyuly,ut,a, in normal form. Thus it suffices to show that
Gyuli,utya ¢ (I TIL " [yi, @),
which is clear since t,uty,ut,a does not lie in the submonoid of ¥, ,, generated
by TIF="%,I179(y;, ;], nor in the submonoid generated by TI7_, [z;, %] T2 _, t..
Case 4. w € (ax) — (aty*), |w| > 2.
If (at, €) > (w <), then (at, €) > (w <€) D (wity, <€) and
00 k=p7 7i= oo
a(z7°) = a((T 86 I [y, 2]) )
> why, (I LI [y, 21])™) = wii, W(=7).
Thus, (a) holds.
If (at, 4) < (w <), then (at, €) < (w €) D (wity, 4) and
a(2°) = a((I LIy, 2,]))
< wi WLy [z, il 1)) = wi, W(ZT).
Thus, (b) holds.

Case 5. w =a.
Since a(2{°) = max(af, <), (al, <€) D (al,y,T, <) and (at,y,7, <€) >
(aty,at, 4), we see

a(27°) = a((I Tl [y, 2.)))
> al @ (8T [y, 2])™) = abyya(z)-
Thus, (a) holds.
In all five cases (vi) holds. O

7.4 Theorem. If2g+p > 3 then, for each ¢ € AM, 1 ,, the following hold:
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(i). Zﬁ(?f") is a t-squarefree end,

(). for every 1 < iy < g and every a € {Tiy, Tig, Yio, Uiy }» a°(27°) is a t-
squarefree end.

Proof. (i). Recall 7, = TI%_ [z;, y|TIP_it), and 2z, = I PHI0 %y, x,]. By
Lemma [[J(H), ¢,(Z3°) does not lie in

U [wE)aE)= U (Wt (2, wh@ ().
fe=

ue{[tk]1<k<p LweSg 1,p—(xtg)— (i)

Notice that ¢ respects each of the following sets:

{telhersps {20 {&°h and U @) aE).

ue{[te]h1<n<p

Hence, (£,(z3°))? does not lie in Une e }1<k<p[u(§‘f°),ﬂ(zf°)]. By Lemma

()
U [k@E®),a¢0)] 2 U g (wtyty, <€) U (w7, <0).

ue{[te]}1<k<p WES g, 1,p— (xtp)—(*Lg)

Hence, (£,(z5°))? does not lie in the right-hand side set either, and, hence,
(£,(25°))? is a t-squarefree end. Since (£,(z7°))? = f:f(?fo), the desired result
holds.

(ii). The same proof as (i) using Lemma [.3(f1) instead of Lemma [.3(M). O
Proof. (of Theorem[{.3) Recall (£.3.1)). AMq 12 = (01), and

gore — gt 0" e Zy = (0" E0 | e 7)

AMon2
Thus, every element of ¢, ""? is t-squarefree.

Suppose, now, 2g +p > 3. Let 1 < iy < g and a € {z;,¥i,}- By The-
orem [A[), a®(2°) = a®(IF LI y;, 2,])®) is a t-squarefree end. Hence,
either a? is t-squarefree or a® = utt,v in normal form, and t;v is canceled in
a®(2%°) = utytrv(25°); moreover uty, tpv are t-squarefree. By Theorem T4(H),

@ (%) = @ (I RIT [y, 2.)™)

is a t-squarefree end. Hence, a® # vt,1,1.
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Since ¢ permutes the set {[tx]}1<k<p, We can write fﬁ = 7, where 7 is a
permutation of {1,2,...,p} and w, € ¥,1, — (tp=x) — (tp=*). It is not difficult
to see that

79 (—c0 — 7 o0 —
ty (27°) = Wytyrwy (I [, y: Ty ) ™) € (W), «0).

By Theorem [TA4(f), fﬁ (Z9°) is a t-squarefree end. Hence, w, is t-squarefree.

. — . ¢ — 7 . b
Since w, is t-squarefree, ¢, = Wyl,w, is also t-squarefree. Hence, &7 is ¢-
squarefree.

Suppose, now, 2g +p > 2. Let 1 < k < p. Since ¢, is in the AM, ; ,-orbit of
t,, we see tﬁ is t-squarefree for all ¢ € AM, 1. O
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