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Constitutive law gap functionals to solve Cauchy
problem for a linear elliptic PDE: a review

Thouraya N. Baranger'and Stéphane Andrieux?

! Universit de Lyon, CNRS, Universit Lyon 1, LaMCoS UMR5259, INSA-Lyon,
F-69621, Villeurbanne, France.
2 LaMSID, UMR CNRS-EDF 2832, Clamart, France.

Abstract. This paper describes a general method based on minimizing constitutive
law gap functional in order to solve the Cauchy problem for a linear elliptic PDE.
This functional measures the gap between the solutions of two well-posed problems.
Each of these problems has one of the Cauchy data as known boundary condition:
Dirichlet or Neumann, and on the boundary where the data is lacking, unknown
Robin boundary conditions 1 + a1 and 71 4+ B7 are imposed, respectively. The data n
and 7 have to be identified and («, §) are positives scalars parameters controlling the
functional behavior. This approach generalizes that presented in Andrieux et al [2]
and encompasses various methods proposed in the literature. According to the values
of a and  when they tend toward 0 or oo, there are two groups of methods: the
first group includes those which depends on only one unknown data (n, 7 or n + ar).
The second group includes those which depend on two unknown data n and 7. Then,
the equivalence between Euler-Lagrange conditions for the constitutive law functionals
and interfacial operators usually used in the Domain Decomposition field is shown.
Using the Hadamard example we analyse analytically the behavior of these operators
as functions of the parameters («, 3). Then, the derivatives of the functional are given
using adjoint fields which are parametrized by the same parameters. Finally, numerical
examples are given to illustrate the behavior of these methods, which are not function
of the parameters (a, 3) but also of the regularity of the Cauchy data and the overall
geometry of the domain.



Constitutive law gap functionals to solve Cauchy problem for a linear elliptic PDE: a review?

1. Introduction

Consider a solid body (2, given a flux ® and the corresponding temperature 7" on I',,
one wants to recover the corresponding flux and temperature on the remaining part of
the boundary I'y, where I',,, and I', constitute a partition of the whole boundary 0.
The problem is therefore set as follows:

Find (¢,7) on I, such that there exists a field u satisfying:

Vk(@)Vu=0 in Q
k(x)Vun=® on T, (1)
u="T on I,

where the conductivity field k(z) is real positive analytic in L°°(€2). This problem is
known since Hadamard [16] to be ill-posed in the sense that the dependence of u and
consequently of (¢, 7) on the data (®,7) is known to be not continuous.

We propose, in this paper, to identify the lacking data (p,7) by minimizing a
constitutive law gap function which generalizes the one introduced in [2|. Then, Robin
(or Fourier) boundary conditions are defined on the T, part of the boundary. The aim
is to study if better numerical behavior can be observed with special values of the Robin
parameters. We restrict ourselves here to elliptic operators although a similar approach
can be applied to parabolic of hyperbolic ones [1]. Other elliptic operators describing
various physical phenomena has been addressed in |5, 6, 7, 13, 14, 17|.

This paper is organized as follows: In section 2, after a background on the literature
dealing with Cauchy problem, two mixed well-posed problems are defined by splitting
the overspecified data on I',, and Robin boundary conditions are introduced on the
boundary I',. The latter are parametrized by two positive real constants « and [.
Then, the boundary condition identification problem is defined as an optimization one
with constraints, where the objective functional is a constitutive law gap function.
This function quantifies the energy gap between two fields solution of the well-posed
problems defined above, which constitute the constraints of the optimization problem.
Hence, particular cases are outlined when « and ( tend toward limit values 0 and
oo. In section 3, we present an equivalent formulation based on domain decomposition
strategy. Then, we show for all the cases outlined in section 3, that the Euler-Lagrange
conditions for the constitutive law functionals and interfacial operators are equivalent.
Hadamard example is presented in section 4, in order to illustrate the behavior of the
operators introduced above as functions of the Robin parameters o and . In section
5, the evaluation of the derivatives of the constitutive law gap is given by using adjoint
methods. Numerical examples are presented in section 6, to illustrate the behavior
of the methods when the geometry or/and the boundary data on I',, and T', present
singularities or discontinuities. Finally a conclusion is given.
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2. Boundary conditions identification

Consider the above Cauchy problem (1). Assuming that the data (®,7") are compatible,
which means that this pair is indeed the trace and normal trace of a unique harmonic
function u, extending the data means finding (¢, 7") such as:

V.k(z)Vu=0 in  Q,
u="T, k(zr)Vun=® on T, (2)
u=7, k(r)Vun=¢ on [,

The question now is how to reconstruct numerically the pair (¢,7). In practical
problems, data is not expected to be compatible, since data errors can occur from errors
in measurements. The ill-posedness in Hadamard’s sense shows up - dramatically - when
one tries to approximate a given data (®,7T): it is possible to approach it as closely as
desired on I'),, by traces of a single harmonic function, the "surprise'" being a hectic
behavior of this function on the remaining part of the boundary. This behavior can be
understood by the fact that the compatible data are dense in the space of incompatible
ones, which makes hopeless the natural idea of least square fitting of the incompatible
data by the compatible ones. Regularization procedures are therefore required to treat
the data completion problem [22; 12, 11|. There are several approaches to regularize
such ill-posedness. Some of them transform the ill-posed problem into a well-posed one
by adding a penalty term or by mollifying the data in order to avoid data oscillations.
Tikhonov like methods use the penalty approach. Another class of rough but usually
efficient regularizing techniques try to solve the ill-posed problem iteratively and choose a
suitable stopping criteria, for instance L-curve based criteria. In the approach proposed
here, the introduction of two distinct fields, each of them meeting only one of the
over-specified data, turns out to avoid the need of a regularization procedure for the
resolution of the data completion problem, when the noise rate remains reasonable, see
[5, 6, 7]. Using separately the two boundary conditions on I',, has also been used in
the algorithm proposed by Kozlov et al [18] and analysed by Baumeister et al [8] in a
general framework, where again no regularization procedure is cast into the resolution
method.

We will restrict ourselves, throughout the paper for the setting to the case where
the boundary 99 consists of two closed manifolds of class C? such that 9Q =T, |JT,.
The following results remain true for less smooth boundaries and when I',,, I';, have
contact points. However, for sake of simplicity, we have chosen the above framework.
As already mentioned, the pairs of compatible data are dense in the set of all possible
data pairs. For this known result we refer to Fursikov [15] and to a preceding paper [3],
where the mentioned proofs are adapted to our settings.

Lemma 2.1. (i) For a fived T in H'/*(T,,), the set of data ® for which there erists
a function u in HY(Q), satisfying the Cauchy problem (1) is everywhere dense in
H=Y2(T,).
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(ii) For a fived ® in H=Y/%(T,,), the set of data T for which there exists a function u
in H'(Y), satisfying the Cauchy problem (1) is everywhere dense in H'?(T,,).

Observe that, when the complete data are available on I', we have an overspecified
boundary value problem

V.k(x)Vu=0 in  Q,
u=T, k(x)Vun=® on [, (3)
u=7, k(z)Vun=¢ on T,
The approach followed here generalizes the one given in [3]. It follows two steps: consider
for a given pair (n,7) € H~2(I',)x Hz(T,) the following two families of mixed well posed

problems
( V.k(2)Vu, =0 in Q
w =T on T, (4)
k(x)Vui.n+auy =n+ar on T,
( V.k(2)Vuy = o in Q
k(x)Vug.n = on I\, (5)

k(x )Vu2n+ﬂu2—17+ﬂ7 on [,

We denote by o and 3 two non-negative real coefficients. This condition ensures that
problems (3) and (4) are well-posed. Using a H' semi-norm the constitutive law gap
functional is defined as a measure of the pseudo-energy gap between the two above fields
uy and uy as follows:

Euos(n,7) = %/Qk(a:)(Vul — Vug).(Vuy — Vuy) (6)

This functional is positive and quadratic. Indeed, u; and wus are obviously equal
when the pair (n,7) on the boundary I', meets the actual compatible data pair
(p,T) € H'/2 x H'? on the boundary I',,, then:

E.p(n,7) =0=min E,3(n, 7)
0T

Thanks to the uniqueness of the Cauchy problem solution we can state that the data
completion problem can be achieved through the minimization one:

(¢, T) = argmin Eop(, 7) (7)
Using Green theorem this functional can be expressed as a boundary control:
1
Eusln.7) =5 [ (@) Vi — 8)(T — ) ©)
1
+ 5/ k(x)(Vuy — Vug).n (ug — ug)

Note that the boundary conditions defined on I, in the problems (4) and (5) degenerate
when the coefficients a and 8 are equal to particulars values as shown on the table 1. So
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we can define two approaches differing by the number of unknown field on I',,. In the first
approach there is only one unknown boundary field, and, happens when o« = (3. Three
different single field methods can be outlined: in the first one, when @ = 3 = 0, the
unknown boundary data is the Neumann boundary condition 7, in the second approach,
when o = [ = 0o, the unknown data is the Dirichlet boundary condition 7 and in the
last one, when 0 < a = 3 < oo, the unknown data is the Robin boundary condition
v =1+ ar. The second approach is based on two unknown fields (7, 7) and includes
the other cases where o #£ (3.

Table 1. Boundary conditions on I',, as function of the parameters o and 3

| [ a=0 o =00 0<a<oo
f=0 Vur.n =1 U =T Vui.n+aou, =n+ar
Vug.n =n Vug.n=n Vug.n =1
B = o0 Vur.n=mn Uy =T Vui.n+ou; =n+ar
Uy =T Uy =T Uy =T
0<fB <0 Vuin=n U =T Vuip.n+au, =n+ar
Vug.n+ Bus =n+ PB1 | Vug.n+ Pus =n+ 67 | Vug.n+ Pus =n+ B
if & = 3 then:
Vui.n+ au; = v
Vus.n + aus = v

2.1. A review

This general setting leads to an interesting interpretation for different values of o and
B. In [3], we deal with the case where & = 0 and $ = 4oo. This two fields (i.e.
(n,7) € H-Y*(I',) x H'?(T,))) approach has been numerically explored and turned out
to be efficient and robust. Other authors, [4, 9, 10| have explored mathematically and
numerically the cases with one single field when o = 3 = 400 and its dual form when
a = [ = 0. One may, however, wants to know which approach is more efficient. Notice
that when o = 3 = 400, the first optimality condition of our optimization process
lead to the variational form of the well-known Steklov-Poincar method borrowed to the
Domain Decomposition field, see [19, 21|. This fact has been already pointed out in
[3, 9]. Moreover, when a@ = 3 = 0 we find the so-called dual Steklov-Poincar operator
method. An other alternative form with single field formulation is the Alternating
Direction Iterative method, which consists of solving two minimization problem where
each problem depends on only one field, such that:

e = argmin Fas(y, 7 1) )
and

Tk = argmin E,5(nx, 7)) (10)
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As it will be shown later, this last formulation turns out to be the KMF’s (Kozlov,
Maz’ya and Fomin) process described in [3|. Let us outline that, from the continuous
point of view, all these methods are equivalent. In fact, they are all based on the
introduction of two fields u; and us dealing separately with the over-specified data, and
the search for missing data by equalizing the two fields. At the discrete level, all these
problems are of course ill-posed but some of them are expected to be better conditioned
than others.

2.2. Two fields approaches

Two fields approach can be set up if 0 < o # < 0o the constitutive law gap functional
can be expressed as follows.

Fas(n,7) = % /m(k(x)Vul.n —O)(T — up) (11)
+ %/ (T —u1) = B(T — uz)) (w1 — uz)

with, u; and us are the solution of (4) and (5). Let us observe that, for compatible data,
the following lemma is straightforward.

Lemma 2.2. (Characterization of the uy and uy fields at the minimum)
If (9,T) is a compatible pair, there exists a pair (p,T) solution of the Cauchy
problem such that:

(p,T) = arg rgliTnEaﬁ(n, 7) and Eu5(0,T) =0

Hence, when the functional reaches its minimum, the fields u; and us verify: Vu; = Vug
in ), which is equivalent to:
up =uy+ K onl', (12)
k(x)Vuy.n = k(x)Vug.n on T,
Where K is a real constant. From (12) and the boundary conditions defined in (4) and
(5),we can deduce :

g
a—f

K (13)

U=uU =T+

of
a—pf
The general approach built with the energy and the Robin ’s boundary conditions

Vun=n+a(r—u)=n+ K (14)

can lead to many two fields methods by setting extreme values for o and (. These
methods are outlined hereafter:

(i) if @« = 0 and § = oo, the boundary conditions defined on I', becomes Neumann
boundary condition in (4), whereas, it becomes a Dirichlet one in (5) and we have
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two well-posed mixed problems. Then, we denote the functional Fy., by Fnp which
reduces to:

Enxp(n,7) = / (n — k(z)Vug.n)(uy — 1) + / (k(z)Vur.n — @) (T — uy) (15)

u m

When Eyp reaches its minimum we have ©v = uy =7 — K and Vu.n = 7. This case
has been widely studied in [2].

(ii) if @ = 0 and [ is finite and non zero, the boundary condition on I, in (4) becomes
a Neumann one. Then we denote the functional Fyg by Eng which reduces to:

Ens(mm) = [ Blus — 7)(ur — us) + / (b(2)Vuyn — O)(T — up) (16)

Iy m
When the functional Eyg reaches its minimum we have v = u; = 7 — K and
Vu.n =n.
(iii) if @ = oo and f is finite and non zero, the boundary condition on I';, in (4) becomes
a Dirichlet one. Then we denote the functional F.g by Epg which reduces to:
1
Eps(n, ) = B(k(x)VUQ.n—n)k(a:)V(ul—uQ).n—i—/ (k(z)Vuy.n—)(T—uz)(17)
Iy m

When the functional Epg reaches its minimum we have © = u; = 7 and Vu.n =n.

Similar results can be achieved by switching o and ( in the above cases. The only
difference lies in the additional conditions required on us and the compatibility condition
on the flux in the case where (4) is a Neumann problem. In conclusion, to avoid
supplementary constraints on the fields u,, the cases where 3 = 0 should be avoided.

2.3. Single field approaches: o = (3

The single field approach can be set up when a = 3. Three different cases can be
distinguished:

(i) The Neumann approach is obtained for & = § = 0. The unknown boundary data
is the Neumann boundary condition 7. We denote the functional Fyy by En which
can be expressed as boundary control on I',:

En(n) = /F (b(z)Vurn — ®)(T — up) (18)

(ii) The Dirichlet approach is obtained for = # = co. The unknown boundary data
is the Dirichlet boundary condition 7. We denote the functional F.. ., by Ep which
can be expressed as boundary control on I',,:

En(n) = / (k(2)Vaurn — B)(T — u) (19)

m

(iii) The Robin approach is obtained for 0 < o = § < oo. The auxiliary unknown
boundary data is the Robin boundary condition v = n + ar. We denote the
functional F,, by E, which can be expressed as follows:

Ea(v) = / (b()Varn — ®)(T — ) — / M) Gy — Vuym? (20)

«

u
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or equivalently:

Ea(v) = / (b(2)Varn — B)(T — up) — / a1 — us)? (21)

u

Here too, we observe that, for compatible data, the following lemma is
straightforward.

Lemma 2.3. (Characterization of uy and us fields at the minimum,)
If (9,T) is a compatible pair, there exists a pair (p,T) solution of the Cauchy
problem such that:
p = arg rr%inEN(n) and Enx(p) =0

7 = argminFEp(7) and Ep(T) =0
(p+aT)=argminE,(v) and E,(¢+a7T) =0

Hence, when these functionals reach their minimum, the fields uy and us verify:
Vuy, = Vuy in Q, which is equivalent to:

{u1:u2+K on I,

22
k(z)Vui.n = k(z)Vug.n on T, (22)

Where K is a constant. This constant is undetermined for the first case (i), because the
second problem (5) is Neumann problem. For the second and third cases K = 0.

To highlight the properties of the different parametrization of the constitutive law
functionals, we will now derive the first optimality or Euler-Lagrange conditions as an
interfacial equation on the boundary I', where the data is unknown.

3. Euler-Lagrange conditions and interfacial operators.

In the literature there are methods to equalize the two fields u; and us on I', using
constraints conditions known as interface conditions. These methods are issued from
the domain decomposition field, see Quarteroni et al [21|. However, it should be noted
that, here there is only one domain and a boundary while in the domain decomposition
methods, the interfaces are located between subdomains. Nevertheless, in our problem,
I',, plays the role of the interface.

We will prove hereafter that these pseudo interface conditions are equivalent to
the first optimality condition (12) of the minimization problem (6). First different
interface operators are defined on I',, then for each case previously emphasized a proof
is developed. To begin with, we consider the following mixed boundary value problems:

V.k(z)Vw) =0 in Q V.k(x)Vw; =0 in Q
wy =0 on Iy, and { wj=T on I, (23)
k(x)Vwin+aow)=v on T, k(x)Vwin+ow; =0 on T,
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V.k(x)Vwd =0 in Q V.k(x)Vws =0 in Q
k(x)Vw§.n =0 on I, and { k(z)Vwin=> on T, (24)
k(x)Vw§.n + pwy=v on T, k(x)Vwin+ fwy =0 on T,

Given v, for each i = 1,2, w? will be denoted by H;(v). We denoted also Ry (T)
and Ry (P) instead of w; and wj. Thanks to the linearity of the problems we can state
that:

up = Hyi(v) + Ri(T) and uy = Ha(v) + Ra(P)

Now, for each ¢ = 1,2 we define the Robin to Neumann operators S; and the Robin

to Dirichlet operators S’; as follows:
S;: H7V*(T,) — HY3(T,) (25)
v —  k(z)V(H;(v)).n

S;: H-YX(T,) — HY*(T,)

v —  H;(v) (26)

The operators (57, §1) and (Ss, §2) depend on the parameters o and (§ respectively. In
the following these operators will be applied to v fields expressed as 1 + a7 or n + 87
to deal with the problems (4) and (5) respectively, with (n,7) € H(I',)"/? x H(I',)~'/2.
Remark now, that for « = 0 and 3 = 0, the Robin boundary conditions on I', become
Neumann ones. Then, the operators S; and S, are the identity operator I and the
operators §1 and §2 are the well-known Poincar-Steklov operators. However, for a = oo
and 3 = oo the Robin boundary conditions on I', becomes Dirichlet ones. The operators
S1 and Sy are redefined as follows and are the classical Steklov-Poincar operators:

S,: HY*(T,) — HY*T),)

27
T —  k(2)V(Hi(7)).n (27)
Sy: HY*(T,) — H7YX(T,) (28)
T —  k(x)V(Ha(T)).n
while the operators §1 and §2 are the identity operator I.
Lemma 3.1. If 0 < a # 8 < o0, the interface conditions on I', are:
Uy = U + K (29)
k(x)Vuy.n = k(x)Vug.n (30)
Using the operators defined above, the interface conditions can be expressed as follows:
§2 - §1 5§2 - 0451 m{_ X (31)
Sl — SQ OéSl — ﬂSQ T XQ
. S:ﬁ
where
Xo = —k(x)VRy(T).n+ k(x)VRy(P).n (33)
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The interface conditions stated in the above Lemma become for the different cases
outlined in the table 1:

(i) if « =0 and = oo then u =7 — K, Vu.n = n and:

7 s

-~

SND

(ii) if « = 8 =0 then u = u; = uy + K, Vu.n = n and:
Sni = (S2 = S =X
(iii) if « = f =00 then K =0, u = u; = uy = 7, Vu.n = Vuy.n and:
SpT = (51— So)T = A4
(iv) if0<a=0<oothenv=n+ar, K=0,u=u; =uy =7, Vu.n =n and:
S, v = <§2—§1)v:2\,’1
(v) ifa=0and 0 < < oo then k(x)Vun =n, u=u =7 — K and:
EEERH
I—5, —pB5; T Xy

~~

(vi) if a =00 and 0 < § < oo then K =0, k(z)Vu.n =1, u = uy = us = 7 and:

So—1 S, nl|l_J &
S1— 5 —BS; T B Xy

-
~~
SD,@

Remark. Notice that the operator S.s is symetric.

3.1. Case 0 < o # 8 < 400

In this section we show that the optimality conditions stated in the Lemma 2.2 are
equivalent to the interface conditions stated in the Lemma 3.1. We consider the
functional defined by (6) and the fields H; and Hs which are the solutions of the two
first well posed problems defined by (23) and (24). These fields depend linearly on 7
and 7.

Lemma 3.2. The first optimality condition of the functional E.3 reads:

(%=5)n+ (8% —aS)r =2 (34)
(S1—So)n+ (aS1 — BS) T =X (35)
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Proof. Let us recall that u; and wus depend linearly on the variable n and 7, and
v =mn+ ar for Hy and v = n + (7 for H,, then:

%wﬁ” = /Q k(z) (Vur(n, 7) = Vua(n, 7)) (VH1(0n) — VHz(dn))
6]5%(77,7)‘57 = / k(x) (Vui(n,7) — Vus(n, 7)) (aVHL (7)) — BV HL(67))
T Q

Which can be written as follows:

Lg("’”.(sn = / k(@) (Vi (,7) = Vua(n, 7)) nHa (5n) = VHa(6n)n(u (0, 7) = uz(n, 7))

n o0

Lag(f”’.af / ok(x) (Vi (1, 7) — Vua(n, 7)) 1 (07) — BV H(07).n(ur (0, 7) — ua(n, 7))
o0

using the properties of the fields H; and Hy we obtain:

= /F k(x)V (ui(n, 7) — uz(n, 7)) nHi(6n) — VH2(0n).n(ui(n, 7) — uz(n, 7))

77).57 = / ak(x)V (uy(n, 7) — uz(n, 7)) mH1(67) — BV H2(0T).n(us(n, 7) — us(n, 7))

The stationarity condition leads to:

(VY on e H‘l/2
fr ) (Vuy(n, 7) — Vus(n, 7)) .nHi(dn) =0
T ) o D "
v §r € H'Y/?
fr ak(x (Vul(n, 7) — Vua(n, 7)) nH1(67) =0
\ fr (ur(n, 7) — ua(n, 7)) k() VHz(67).n =0

Here we introduce the following Lemma:

Lemma 3.3. Consider two functions: (¢, &) € HY?*(T,) x HY?(T,) with . €=0,
there exists a pair (wy, we) € H-Y2(T,) x H-Y2(T,).

V.k(z)Vw, =0 in V.k(z)Vwy =0 in
w; =0 on T, and{ k(x)Vwyn=0 on T, (37)
k(x)Vwi.n+awy =wy, on T, k(x)Vwan + fwy =we on T,

With wy = ¢ and k(x)Vwy.n = £.

The proof of this Lemma is detailed in the annexe. Using the above Lemma, we
denote by ¢ and & respectively H;(dn) and VHq(d7).n, then we can state that:

/ k(z) (Vs (0, 7) — Vua(n, 7))t = 0 ¥ € HY2(T,) (38)

u

[ (o 7) = sl )¢ —0¥Ee HOP(T) (39)
This leads to:
ur(n, 7) = ua(n,7) + K and Vk(z)ui(n,7).n = Vk(x)us(n,7).n
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Then, using the operators defined above, we obtain:
(52 — S1)n + (859 — aSy)T = Ry(T) — Ro(®) — K
and
(S1 — S9)n + (aSy — BS2)T = —k(2)VR(T).n + k(x)VR2(P).n
O

The first optimality conditions are exactly the interface condition stated in Lemma
3.1.

§2 - §1 ﬂgz - 0451 n _ X1 (40)
Sl — SQ 0651 — 652 T Xg
3.2. Case: =0 and 3 = 400

In this case, n and 7 denote the unknown values of k(z)Vu.n and the trace of u on T',,.
The mixed boundary value problems defined by (23) and (24) become:

( Vk(z)Vuw?=0 in Q ( Vk(@)Vwi=0 in Q
wy =0 on I, and wi =T on T, (41)
| k(@)Vwin=n on T, | k@)Vwin=0 on T,
([ VE(@)Vwi=0 in [ Vk(@)Vw;=0 in
k(x)Vw§n=0 on T, and < k(x)Vwin=7®& on I, (42)
wy =T on I, wy =0 on I,

\ \

The Cauchy problem (1) is solved, if and only if u; = uy + K and Vuy(n).n =
Vus(7).n on I'y, which are the interface conditions defined in (12).

Lemma 3.4. The first optimality condition of the functional Enp reads:

IR

Proof. The proof follows the same steps as that of Lemma 3.5 and 3.6. In this case the

function depends on the pair (n,7):

Boln) = 5 | ka) (V) = Vua(r)) (Vaa () = V(7))

Here, two optimality conditions have to be satisfied:

%ﬁ-én B /Qk(fﬂ) (Vus(n) = Vua(7)) VH1(0n)

= / k(x) (Vui(n) — Vua(r)) .nHi(0n) because H1(dn) = 0on Ty,

u
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%ﬁm.an 0 Yoy — /F k(z) (Vs (n) — Vas(7)) . = 0
— le (n).n = Vuy(1).n

= In — S = —k(x)VR(T).n + k(x)VR2(P).n

al?ND (777 T)

5 OT = — /Q k(x) (Vui(n) — Vus(T)) VHa(67)

= — / (ur(n) — ua(7)) .k(x)VH2(d7).n because VHo(0T).n = 0on T,

u

al?ND (777 7_)

3 OT =0 Vo1 = w1 (n) —ug(7) = K because/ k(z)VH2(07)n =0
—

Fu

— (S19— I7) = —Ry(T) + Ra(®) + K
O

Therefore the optimality condition is equivalent to the interfacial equation defined
in the case 1 of the Lemma 3.1:

U

3.8. The case a« = 3 = 400

This case correspond to the so-called Cauchy-Poincar-Steklov method, see Quarteroni
et al [21] and Ben Belgacem et al [9]. The unknown boundary condition on I'; is the
Dirichlet one denoted by 7. The mixed boundary value problems defined by (23) and
(24) become:

( Vk(z)Vw®=0 in Q ( V.k(z)Vwi=0 in
wy =0 on I, and wy =T on T, (43)
| Wi =T on I, | wi =0 on I,
( Vk(@)Vws=0 in Q ( Vk(@)Vw;=0 in 9
k(x)Vwn=0 on T, and k(x)Vwin=® on T, (44)
wy =T on I, wy =0 on I,

\

Then H; for i = 1,2 are function of 7 only. The Cauchy problem (1) is solved, if and
only if Vuy;.n = Vus.n on I', which is the second optimality condition defined in 2.2,
the first one is satisfied by the definition of 7.

Lemma 3.5. The first optimality condition of the functional Ep reads:
S(r) = (51 = 82)7 = X = —k(x)VRi(T).n + k() VRo(P).n
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Proof. Let us recall that Ep depends only on the variable 7:

En(r) = 3 | K@) (Vus(r) = V() (Vaa(7) = Vua(r)
o@D 5 = | (Vus(r) = V() (V1 (67) - Ta(or) (45)
0
- /Q (Vs () — Vua(r)) .V H, (67) — /Q (Vur(A) — Vus(N) . THa(57)
= / (Vuy (1) — V(7)) nHi(01) — / (u1(1) — us(7)) .-VHa(07).n
B o9
one has:
/ (ur(7) — ua(7)) .VH2(07).n = 0 because u; —ug =0
/ (ur (1) — ua(7)) .VHa(01).n = 0 because VHy(0T).m =0
/F (Vuy (1) — Vua(r)) nHy(67) = 0 because Hy(d1) =0
Then:
3ED (T) .
5 0T = /Fu (Vuy (1) — Vue(7)) .nHy (67)
8ED (7’)

OT =0 Vo1 = (Vuy (1) — Vue(r)) n =0
— Vu;.n = Vug.n
— (Sl — 52)7' =X = —k(l')VRl (T)n + k([L‘)VRQ(q))TL

or

O

Therefore the optimality condition is equivalent to the interfacial equation defined
in the case 3 of the Lemma 3.1:

(51 — SQ)T = Xg.

3.4. The case a =3 =0

This case corresponds to the so-called Neumann to Neumann Steklov-Poincar method.
The unknown boundary condition on I';, is the Neumann one denoted by 7. The mixed

boundary value problems defined by (23) and (24) become:
V.k(x)Vw)=0 in Q V.k(z)Vw in Q
w) =0 on I, and f = T on Iy, (46)
k(x)Vw¢n =7 on T, k(x)Vw |F_1u\ Jr, ® on T,
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V.ik(z)Vwd=0 in V.k(z)Vwl =0 in  Q,
k(x)Vw§n=0 on T, and k(x)Vws;n =@ on I, (47)
k(z)Vwn =17 on T, k(z)Vws.n = _|F_1u\ Jp, ® on T,
with
- 1
n=n-— T, | . n

Here the fields 'H; for « = 1,2 are function of 7 only. The following supplementary
condition is necessary in this case:

/@—}-/7}20

The Cauchy problem (1) is solved, if and only if u; = uy + K on I', which is the first
optimality condition defined in 2.2, the second one is satisfied by the definition of 7.

Lemma 3.6. The first optimality condition of the functional Ey reads:
Sn = (S — S)n =X = Ry(T) — Ry(®) — K

Proof. In this case the function depends only on the variable 7

Bvln) = 5 | Ka) (Vua(n) = Vua(n)) (Vs () = Vra(n)
The optimality condition is then:
OB = [ ) (Vo) = Vo)) (VP (50) = V(o) (18)
n 9
- / k(@) (Vs () — Vua(n)) .V Ha (0n) / k() (Vur(n) — Vus(n)) . THa(0n)
— [ K@) (Fusl) = Faa)) nHa (50) | (slo) = ) () el m
o0 o0
Since H;(dn) = 0 on I';,, Vuy(n).n = Vuy(n).n on I'y and k(z)VHa(0n).n =0onl,,:
aEgn ) 5 - -/ (i (n) = () K Va3 m = - / i (n) = (o) b7
‘9%“”.&; 0o — [ ()~ uatn) 57~ 0 (49)
= u1(n) — uz(n) = K because /F om=0
— (S, — S =X =Ry (T) — Rao(®) — K (50)

O

Therefore the optimality condition is equivalent to the interfacial equation defined
in the case 2 of the Lemma 3.1:

(Sy — Si)n =X

Remark that the classical Neumann to Neumann preconditioner is recovered.
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3.5. The case: 0 < a= [ < 00

This case correspond to the Dirichlet to Robin operator used in the domain
decomposition field. Let v be the unknown data on I',. The mixed boundary value
problems defined by (23) and (24) become:

(V. k(z)Vw? =0 in 0 V.k(z)Vw! =0 in 0
wy =0 on I, and § wi =T on I,
\ k(x)Vwin+aow)=v on T, | k@)Vuwin+owi =0 on Iy
( V.k(x)Vwd =0 in Q V.k(x)Vws =0 in Q
k(z)Vwyn =0 on T, and { k(z)Vwin=7> on T,
| k(@)Vwgn+owi=v on T, | k@)Vwin+ow; =0 on Ty

The Cauchy problem (1) is solved, if and only if u; = uy + K on I';, which is the
first optimality condition defined in 2.2, the second one is satisfied by the definition of
v. Here K = 0.

Lemma 3.7. The first optimality condition of the functional E, reads::
<§2 - §1) v = Xl

Proof. The proof follows the same steps as that of above Lemma. In this case the
function depends on v = n + art:

Fuv) = / k(z) (Vi (v) — Vaa(0)) (Vs (0) — Vg (0)

a%p.év = / k(x) (Vuy(v) — Vus(v)) (VHi(dv) — VHa(v))
Q

= /89 k(x) (Vui(v) — Vug(v)) .n.Hi(dv) — (ur(v) — ug(v))k(x) VHa(dv).n
Since H;(dv) and VHz(dv).n =0 on I';, then:

/ k(x) (Vui(v) — Vug(v)) .nHi(0v) — (ui(v) — ug(v))VHa(dv).n =0

m

Then:
OFEq(v)
ov

Using the Robin boundary condition:
k(x) (Vui(v) — Vug(v)) .n = —a(uy(v) — us(v))

Ov = /F k(x) (Vuy(v) — Vug(v)) .nHi(0v) — (ur(v) — ue(v))k(z) VHz(dv).n

the above optimality condition becomes:
OFEq(v)
ov

0v = —/F (ur(v) — ua(v)) (aH1(dv) + VHy(v).n) Vv
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Using the Lemma 3.3 for « = (3, we denote by ¢ and £ respectively H;(dv) and
VHs(dv).n, then we can state that:
OFEq(v)

5 S0 =0V 6v = uy(v) —us(v) =0 on IV (¥,€) € HY*(T,) x HY*(T,)
v

— (52 - 51) v =R(T) — Ro(®)
O

Therefore the optimality condition is equivalent to the interfacial equation defined
in the case 4 of the Lemma 3.1:

<§2 — gl) v = Xl
Remark that the case a = 3 = 0 is found by setting in the above optimality condition
a=0.

3.6. Alternating Direction Iterative method

We consider the Alternating Direction Iterative (ADI) method, which generates two
sequences of traces v¥ and v§ build with the traces of uHF and u2|F respectively.

Consider an initial guess v3; then, for & > 0 we look for u¥™! and then u5*! such
that:
[ V.k(z)Vubt =0 in Q
ubtt =T on T, (51)
k( WVubtn +auf™ =of™ on T,
with v = k( YVub.n + aub.
[ V.k(z)Vubt =0 in
k(z)Vus™n = on T, (52)
| Kz WWubttn 4+ pubt™ =05t on T,

with vb™ = k(2)Vui™.n + 6uk+1.

Using the operators Sy, Sl, S, and 52 defined above, it is easy to show that it is
a fixed-point iteration: v+t = (51 + 351)v"*! then using the expression of v¥*! we
obtain vE*! = (S) + 351)(S2 + Ss)vk. Then:

vkt = gaﬁUQ, k>0
where the fixed point map is given as follows:

S.p: HYA(T,) — HY2(T,)

k ko k+l
Uy ? Oaply = Uy

with: gag — (S, 4 351)(Sy + «S,). The KMF iterative method outlined above happens
when o = 0 and = oo and then SND = 5152 We can then conclude that the KMF
method can be interpreted as fixed point resolution of an interface problem v = Sag’(}.

In this section, we showed that all the above methods are equivalent, from the
continuous point of view. However, we expect that their numerical behavior will be
different, which will be addressed in the next sections.
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4. Hadamard example

As pointed out previously, at the discrete level the interfacial operators outlined in
section 3 are expected to be differently conditioned. The aim of this section is to give
an analytical taste to what goes on for the condition numbers.

Let us consider an annular domain with an outer r,, = 1 and an inner r, =r < 1
radii, k() = 1 and the polar coordinates system. The overspecified data are available
on the external boundary I',,, whereas the lacking data are on the inner boundary I',,.
The analytical solution of the problems (4) and (5) take the general form of separate
variables functions:

Hi(v) =Y (" = ")gi(nf) and Ha(v) = Y (" +17")ga(nf)

respectively, which will be used to calculate the eigenvalues. The eigenvalues of ST, S%,
ST and S} are then given by the following sequence:

0 n(r* +1)
A= n(r?r +1) — ar(rm — 1) 53)
R TGt
Ar = n(r2n — 1) — Br(r?2» + 1) (34
“n —r(r* —1)
AT = n(r?m +1) — ar(r™ — 1) (55)
o —r(r+1) (56)

n(r2r —1) — pr(r +1)
corresponding to the eigenvectors g7 = cos(nf) and g3 = sin(nf), respectively. The
interfacial operator Sy defined in the Lemma 3.1 can be expressed as follows for the
n-rank:

I IO VIV OV

. AL — AT BAD — !
g = [ 2 1 2 1 ] (57)

For the special values of parameters o and 3 the above operator becomes:

S%D:[%(Izm) 1 )] (58)

n(r¥n—1
1 r ( r2n41
T 4717‘2n+,67’4n+1—ﬂ7‘ ,6(7’2n+1+7’)
Sr n (—nrin4Brantly28r2ntlint gr)y  —r2np4n4Br2nti4gr (59)
Np /8(,’,.2n+1+r) ﬁn(rQ”fl)
| —r2nn4n+pr2ntli4gr —r2tn4n+pr2ntlygr
[ P2ty n(ranl)
no_ —r2n4n+pGr2nti4gr —r2tn4n+pBr2ntlygr 60
Dp — n(r2"71) (fr4”n+4ﬁr2"+1+n) ( )
n
| 24 Br2nti4gr v (rdtn—2r2np—rintlg4n4-Gr)

n 4r2n
n_ T 1
SD r (7’4”‘ - 1) (6 )
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T 4p2n
sn—_T 62
v =2 (o) 62)

2n+1
St =4 — (63)

—n2pin 4 2pintlon 4 n2 + 2nar — a2rint2 4 o2p2

Consider the one field operators: S}, S}, and S7, their asymptotic development
when n — oo shows that S} ~ —2r?"t | S7 ~ —dnr?~! and S ~ 2r2"t!. Then,

one can deduces that S}, and S7

"', which have the same behavior, decrease faster than

ST. The operators which depend on two unknown fields, tend toward the following
expressions when n — oo:

_r 1 1 LR
S%D%[ /! o | 3%%[_1 %]; 31%%[% _1] (64)

From these expressions one can deduces that the first eigenvalue of each operator
vanishes quickly. The second eigenvalues of Sy, and Sp; tend toward - and =*,
respectively. However, the second eigenvalues of S§; tend toward —f. the operators
Sip and Sps have the same behavior when n — oo. Then the operator S§; has
the best behavior. The same results are obtained for the Hadamard example on the
square. The figures 1 and 2 show the evolution of the condition number of the single
field operators and the two fields operators, respectively. They show the same behavior
for high frequencies for all these methods. These analysis give an idea on the behavior
of each operator, but it is not sufficient to decide which method is better in an absolute
way. In fact, others parameters such geometric and Cauchy data singularities, or the
unknown data etc... control the behavior of each operator.

5. The constitutive law gap functionals: adjoint fields and derivatives
evaluation

The aim of this section is the evaluation of the derivatives of the functional with respect
to (n, 7). Let us consider u; and uy as defined in the subsection 3.3. Without forgetting
their dependence on the fields (n,7) € H~'/*(T,) x HY?(I,), the energy error can be
simply expressed as follows:

Fag(n,7) = % /Q k(z) (Vi — V) - (Vur — V) (65)

We consider the following spaces and fields:
Vi ={ve HY(Q)/v|p, =T}
V' ={ve ' (Q)/v|r, =0}

with (ug, ug, v, v9) € Vi x HY(Q) x V() x H'(Q)). Then, we denote by J; and J, the
weak formulations of the problems defined by (4) and (5).

jl(n,T):/Qk:(x)Vulel—/ vik(x)Vuy.n (66)

u
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Figure 1. Condition number of single field methods
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Figure 2. Condition number of two field methods

To(n, 1) = / k(x)VuaVuy — / by — / vok(x)Vug.n (67)
Q m u
To evaluate the derivative we consider the following Lagrangian:

La,ﬁ(ula Uz, U1, U2; 7]77') = Ea,ﬁ(ﬁﬂ') - jl(ﬁﬂ') - jQ(Tla 7') (68)
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For any (n,7) € H~?(I', x H'/?(',)) and the above defined field v; and v, it follows:
Ea,ﬁ(ﬁ? T) - La,ﬁ(ula Uz, U1, V2,1, 7—) (69)

The gradient of E, 5 can be obtained from the partial derivative of L, s with respect to
7 and T.

OE, 5(n, T
LSRR SR -
77 u
Eap(n,
w.&' = — / (avy + Bug) 0T (71)
or }
where v; and vy are solution of :
( Vk(z)Vu, =0 in Q
vy =0 on Ty, (72)
\ k(x)Vun+avy, = —k(z)(Vu; — Vuy)m on T,
( Vk(x)Vuy =0 in Q
k(x)Vug.n = k(x)Vur.n—o on Ty, (73)
\ k(x)Vuven+ vy = k(z)(Vu; —Vuy)m on T,

Remark that, as shown for the direct problem (4) and (5), the boundary conditions
defined on I', of the adjoint problems degenerate when the parameters o and 3 tend
toward to 0 and oo as shown in the following table:



Table 2. Adjoint field boundary conditions on I';, as function of the parameters o and (3

H «a and Variables ‘ BCon I, Derivatives
Single field approaches
a=0 n k(z)Vvyn =0 VyEop.0n=— fl“u V201
=0 k(x)Vvyn =0
o= o0 T v1 =0 VEQB5T—fF x)Vve.ndr
B =00 vy =0
0<a=p83<ox v=n+ar | k(x)Vvin+avy = =k(@)V(u —ug)n | VyEap.0v = — [1 (v1 4 v2)dv
k(x)Vvg.n + ave = k(z)V(u; — ug).n
Two fields approaches
a=0 n k(x)V = —k(z)V(u; —ug).n VyEop.0n = — fl“u v10M
B =00 T Vg = O VB, p5.0T = fl“u k(z)V (v + v9).ndT
a=0 n k(z)Vuin = —k(z)V(u; — ug).n VyEap.0n = — [ (01 +v)dn
0< (<00 T k(x)sz n+ fuy = k(2)V(uy —ug)n | Vo Eq .01 = [ k(2)V(01 + vg).ndT
a =00 n v = VoEap0n=— [ 0207
0<f<oo T k:(x)VvQ n+ fue = k(z)V(ug —uz).n | Vo E, 3.0 = fl“u k(x)V (v — ug + ug).noT
0<a#f <o n k(z)Vui.n+ avy = —k(z)V(uw —ug).n | V,E,5.0n = — fr vy + v2)07
T k(x)Vvan + Bvg = k(x)V(ug —us)n | VoEap.01 = [1 k(2)(Vor + Vug).ndr

2TMaNL D ([ J 21319 avoui) v 4of wajqoad fiyonv,) aajos 03 sppuoipounf dpb mv) 2019n195U0))
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6. Numerical examples

The implementation of the above methods was carried out using the finite element
method (FEM). Hence, the derivation of the adjoint state is preferably established on
the basis of the FEM-discretized problem. The advantage of this fully discrete approach
is that the exact gradient of the discrete objective function is obtained; moreover, it is
easily implemented in existing FEM-softwares. In references [6] and [7], the FEM-
discretized formulation is detailed for the case where o = 0 and 3 = oo.

In order to show the performance of the aforementioned methods, we choose two
examples for which the methods behave differently.

6.1. First example.

0.8

0.6

0.2r

| | | |
-1 -08 -06 -04 -02 0 02 04 06 08 1

Figure 3. Geometry and boundaries of the studied domain

We consider a two-dimensional domain {2 and assume that the boundary I' of this
domain is divided into two complementary parts I',, and I, as shown on the figure 3.
Note that because of the corner in the I', part of the boundary, the problem addressed
here is quite stiff as singularities appear near the point A. Furthermore at this point,
there is a jump of the outer normal to the domain and then a jump of the normal
derivatives of the solution fields.

Figures 4 and 5 show the identified Dirichlet and Neumann data. They are
compared with the exact data. These results are obtained by using the same stopping
criteria for the energy-like functional. All the methods converge with approximately
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Figure 5. Exact and identified Neumann boundary condition on T,

the same number of iterations during the minimization process. Unlike the example of
Hadamard, we observe here that the single field method with a = 8 = oo gives the
worst result, whereas other methods give approximately the same (satisfactory) result.
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6.2. Second example.

This example has been already addressed in [2]|, it deals with a practical case
corresponding to stratified inner fluid. We consider therefore the reconstruction of
temperature and flux in a pipeline of infinite length. We assume that the temperature
does not depend on the longitudinal coordinate. We deal, therefore with a two
dimensional problem as shown on figure 6. The overspecified boundary conditions used

-02 -04 -06 -08

Figure 6. Geometric data of the stratified inner fluid problem

in this example are generated by the finite element computation of a Robin problem
with the following data:

e a constant thermal conductivity k = 17W/m/°C,
e on I, T,y = 20°C with the Robin’s coefficient o, = 12W/m?/°C,

e on I'y, T, = 50°C on the lower half circle of I', and T;,; = 250°C' on the upper
half one with the Robin’s coefficient «,, = 1000 W/m?/°C.

The cross section €2 is an annular thick domain with radii 1 = 1 and r, = 0.5. To
recover the temperature and the flux with accuracy, a mesh with 64 nodes on T',
is used. Trust Region Method of Matlab Optimization Toolbox [20] is used here to
solve the optimization problem associated to each method. The same stopping criteria,
termination tolerance on the function value set to 107 W°C/m is imposed for all
methods. Each one converges when the function value variation is less than the stopping
criteria. Figures 7 and 8 show the reconstructed temperature and flux, and even in this
case where the data is singular (discontinuity), they are in agreement with the actual
ones, whatever the method. However, there are differences in the convergence process
of these methods, the number of iterations needed to reach the stopping criteria is very
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Figure 7. Exact and identified Neumann boundary condition on I',
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Figure 8. Exact and identified Neumann boundary condition on I,
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Table 3. Number of iterations of the optimization process for each method

Functional Enn E, Enp Epp E,.3
Functional value 18.24 1073 | 5.62 1072 | 8.81 1073 | 5.20 10~3 | 5.76 1073
Number of Iterations 233 215 375 1214 1460
Number of solved BVP 699 860 1500 3642 5840

different from one method to another, see table 3. Hence, computational cost, which
depends on the number of BVP to solve, may also be a criterion for choosing a method

7. Conclusion

In this paper we proposed a general method based on minimizing constitutive law
gap functional in order to solve the Cauchy problem for a linear elliptic PDE. This
functional measures the gap between the solutions of two well-posed problems. Each of
these problems has one of the Cauchy data as known boundary condition: Dirichlet or
Neumann, and on the boundary where the data are lacking, an unknown Robin boundary
conditions 17 + a7 and n + 7 are imposed, respectively. The data 1 and 7 have to be
identified and (a, 3) are positives scalars parameters controlling the functional behavior.

This approach generalizes that presented in Andrieux et al [2| and encompasses
various methods proposed in the literature. According to the values of o and 3 when
they tend toward 0 or co, there are two groups of methods: the first group gathers those
which depends on only one unknown data (7, 7 or 7 + a7). The second group gathers
those which depend on two unknown data n and 7. Then, the equivalence between
Euler-Lagrange conditions for the constitutive law functionals and interfacial operators
usually used in the Domain Decomposition field is shown. Using the Hadamard example
we analyze analytically the behavior of these operators as functions of the parameters
(cr, 3). Then, the derivatives of the functional are given using adjoint fields which are
parametrized by the same parameters.

Finally, numerical examples are given to illustrate the behavior of these methods
which are not the only function of the parameters («, (3) but also of the regularity of the
Cauchy data and the overall geometry of the domain. Although, they are all equivalent
from continuous point of view, we can not conclude definitely that one method, which
corresponds on a choice of the parameters pair («, [3), is numerically more efficient than
another. The choice between them depends mainly on the complexity of the problem
from a geometrical point of view and singularity data. The amount of data to identify
in comparison to that known, the number of variables in the minimization problem, are
also important criteria for selecting the method.
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9. Annexe

Lemma 9.1. Consider (¢,§) € HY*(T',) x HY*(',), then there ewvists a pair
(wy, we) € HY2(T,)? such that:

V.k(x)Vw) =0 in € V.k(z)Vw§ =0 in
w) =0 on T, and{ k(z)Vwd =0 on T,
k(z)Vwi.n+ aw) =w, on T, k(z)Vwsn+ fuwy =we on T,

with w) = and k(z)Vw).n =& on T,.
Proof. The fields w? for i = 1,2 are characterized by the following variational properties:

/ k() V). Vw +/ aviw = [ wyw, Yw € H'(Q),w=0onT,,
Q u

Iy
/k(x)ng.Vw—l—/ ﬂwgw:/ wew, Yw € H'(Q)
0 T Iy

We consider the fields W) and WY, which are solution of the following well-posed
problems:

/ k(x)VWY . Vw = / k(z)VW) nw, YVw € H'(Q) and w =0 on T,
0

u

with WP = on ', and W =0 on T',.
/ k(x)VW9 . Vw = / fw, Yw € H'(Q)
Q F'LL

with k(z)VIWyn = € on Ty, k(x)VW3n = 0 on T, and [ € = 0. Assume that
wy = (k(x)VW).n+ aW? and we) = k(z)VIVY.n + SIS, we obtain:

/ k(x)VWY.Vw = —/ aWw +/ wyw, Yw € H'(Q),w =0 on T,.
0 r, T

/ k(x)VWy Vw =~ | Wow+ | wew, Vwe H'(Q).
Q

Ty Ly

This shows that the fields W? and w! for ¢ = 1,2 are equal. Then, we have

determined the values of the pair (wg,we), which ensure that solutions to Robin
problems take the fixed values ¢ and & of the field and the flux respectively on the

boundary I',,. O



