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ON THE STRONG MAXIMUM PRINCIPLE FOR SECOND ORDER
NONLINEAR PARABOLIC INTEGRO-DIFFERENTIAL EQUATIONS

ADINA CIOMAGA
CMLA, ENS Cachan, CNRS, UniverSud,
61 Avenue du Président Wilson, F-94230 Cachan

ABSTRACT. This paper is concerned with the study of the Strong Maximum Principle for semi-
continuous viscosity solutions of fully nonlinear, second-order parabolic integro-differential equa-
tions. We study separately the propagation of maxima in the horizontal component of the
domain and the local vertical propagation in simply connected sets of the domain. We give
two types of results for horizontal propagation of maxima: one is the natural extension of the
classical results of local propagation of maxima and the other comes from the structure of the
nonlocal operator. As an application, we use the Strong Maximum Principle to prove a Strong
Comparison Result of viscosity sub and supersolution for integro-differential equations.

Keywords: nonlinear parabolic integro-differential equations, strong maximum principle,
viscosity solutions
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1. INTRODUCTION

We investigate the Strong Maximum Principle for viscosity solutions of second-order non-
linear parabolic integro-differential equations of the form

ug 4+ F(x,t, Du, D*u, Tz, t,u]) = 0 in Q x (0,7) (1.1)
where Q ¢ RY is an open bounded set, T' > 0 and u is a real-valued function defined on RY x
[0,T]. The symbols u;, Du, D?u stand for the derivative with respect to time, respectively the
gradient and the Hessian matrix with respect to z. Z[z,t,u] is an integro-differential operator,
taken on the whole space RY. Although the nonlocal operator is defined on the whole space, we
consider equations on a bounded domain 2. Therefore, we assume that the function v = u(z,t)
is a priori defined outside the domain 2. The choice corresponds to prescribing the solution in
Q° x (0,T), as for example in the case of Dirichlet boundary conditions.
The nonlinearity F' is a real-valued, continuous function in Q x [0,7] x RY x SV x R, (S
being the set of real symmetric N x N matrices) and degenerate elliptic, i.e.

F(x’taan,ll) < F(Cﬂ,t,p, Y, l2) if X > Yy ll > l2, (12)
for all (z,t) € A x [0,T], pe RN\ {0}, X,Y € SV and I1,1, € R.
Throughout this work, we consider integro-differential operators of the type

Iz, t,u] = /RN (u(x + z,t) —u(z,t) — Du(x,t) - 21p(2))ug(dz) (1.3)

where 15(z) denotes the indicator function of the unit ball B and {u, }rcq is a family of Lévy
measures, i.e. non-negative, possibly singular, Borel measures on €2 such that

N

sup min(|z|?, 1)z (dz) < oo.
zeQ JRN
1



2 ON THE STRONG MAXIMUM PRINCIPLE FOR PIDES

In particular, Lévy-It0 operators are important special cases of nonlocal operators and are
defined as follows

T, t,u] = / (u(z +j(z,2),t) —u(x,t) — Du(z, t) - j(z, 2)1p(2))pu(dz) (1.4)
RN
where p is a Lévy measure and j(z, z) is the size of the jumps at x satisfying
§(x,2)] < Colzl, Vo € Q,¥z e RY
with C{ a positive constant.

We denote by USC(RY x [0,T]) and LSC(RY x [0,7]) the set of respectively upper and
lower semi-continuous functions in RY x [0,7]. By Strong Maximum and Minimum Principle
for equation (I.T]) in an open set 2 x (0,7") we mean the following.

SMaxP: any u € USC(RYN x [0,T)) wviscosity subsolution of (I1) that attains a mazimum at
(zo,t0) € Q@ x (0,T) is constant in £ x [0, to].

The Strong Maximum Principle follows from the horizontal and vertical propagation of max-
ima, that we study separately. By horizontal propagation of maxima we mean the following;
if the maximum is attained at some point (zg,t) then the function becomes constant in the
connected component of the domain € x {¢y} which contains the point (z¢,to). By local vertical
propagation we understand that if the maximum is attained at some point (zg,to) then at any
time ¢ < tp one can find another point (x,t) where the maximum is attained. This will further
imply the propagation of maxima in the region Q x (0, ).

We set Qr = Q x (0,7] and for any point Py = (zg,ty) € Qr, we denote by S(Py) the set
of all points @) € Q7 which can be connected to Py by a simple continuous curve in Q7 and by
C(Py) we denote the connected component of ) x {to} which contains Fp.

The horizontal propagation of maxima in C'(Py) requires two different perspectives. An almost
immediate result follows from the structure of the nonlocal operator. More precisely, we show
that Strong Mazximum Principle holds for PIDEs involving nonlocal operators in the form (I.3)
whenever the whole domain (not necessarily connected) can be covered by translations of measure
supports, starting from a mazimum point. This is the case for example of a pure nonlocal
diffusion

us — T[z,t,u] = 0 in RY x (0,7) (1.5)

where 7 is an isotropic Lévy operator of form (L3]), integrated against the Lévy measure asso-
ciated with the fractional Laplacian (—A)%/2:

dz
‘z’]\H*ﬁ'

p(dz) =

The result is the natural extension to PIDEs of the maximum principle for nonlocal operators
generated by nonnegative kernels obtained by Coville in [12].

Nevertheless, there are equations for which maxima do not propagate just by translating
measure supports, such as pure nonlocal equations with nonlocal terms associated with the
fractional Laplacian, but whose measure supports are defined only on half space. Mized integro-
differential equations, i.e. equations for which local diffusions occur only in certain directions
and nonlocal diffusions on the orthogonal ones cannot be handled by simple techniques, as they
might be degenerate in both local or nonlocal terms but the overall behavior might be driven by
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their interaction (the two diffusions cannot cancel simultaneously). We have in mind equations
of the type

0u B
8—3:% =
for z = (21, 72) € R%. The diffusion term gives the ellipticity in the direction of xo, while the
nonlocal term gives it in the direction of x

up — Ly, [u] — 0 in R? x (0,7) (1.6)

Loy [u] = /R(U(m + 21, 22) — u(x) — g—;(ﬁﬂ) 211 1,1)(21)) iy (d21)

where {fiz, }, is a family of Lévy measures. However, we manage to show that under some
nondegeneracy and scaling assumptions on the nonlinearity F, if a viscosity subsolution attains
a mazimum at Py = (xo,t0) € Qr, then u is constant (equal to the maximum value) in the
horizontal component C'(Py). We then prove the local propagation of maxima in the cylindrical
region © x (0,77 and thus extend to parabolic integro-differential equations the results obtained
by Da Lio in [15] and Bardi and Da Lio in [5] and [6] for fully nonlinear degenerate elliptic convex
and concave Hamilton Jacobi operators. For helpful details of Strong Maximum Principle results
for Hamilton Jacobi equations we refer to [§]. Yet, it is worth mentioning that Strong Maximum
Principle for linear elliptic equations goes back to Hopf in the 20s and to Nirenberg, for parabolic
equations [22].

In the last part we use Strong Maximum Principle to prove a Strong Comparison Result
of viscosity sub and supersolution for integro-differential equations of the form (LI]) with the
Dirichlet boundary condition

u = on Q°x[0,T] (1.7)
where ¢ is a continuous function.

Nonlocal equations find many applications in mathematical finance and occur in the theory of
Lévy jump-diffusion processes. The theory of viscosity solutions has been extended for a rather
long time to Partial Integro-Differential Equations (PIDEs). Some of the first papers are due
to Soner [26], [27], in the context of stochastic control jump diffusion processes. Following his
work, existence and comparison results of solutions for first order PIDEs were given by Sayah
in [24] and [25].

Second-order degenerate PIDEs are more complex and required careful studies, according
to the nature of the integral operator (often reflected in the singularity of the Lévy measure
against which they are integrated). When these equations involve bounded integral operators,
general existence and comparison results for semi-continuous and unbounded viscosity solutions
were found by Alvarez and Tourin [I]. Amadori extended the existence and uniqueness results
for a class of Cauchy problems for integro-differential equations, starting with initial data with
exponential growth at infinity [2] and proved a local Lipschitz regularity result.

Systems of parabolic integro-differential equations dealing with second order nonlocal oper-
ators were connected to backwards stochastic differential equations in [9] and existence and
comparison results were established. Pham connected the optimal stopping time problem in a
finite horizon of a controlled jump diffusion process with a parabolic PIDE in [23] and proved ex-
istence and comparison principles of uniformly continuous solutions. Existence and comparison
results were also provided by Benth, Karlsen and Reikvam in [I1] where a singular stochastic
control problem is associated to a nonlinear second-order degenerate elliptic integro-differential
equation subject to gradient and state constraints, as its corresponding Hamilton-Jacobi-Bellman
equation.
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Jakobsen and Karlsen in [20] used the original approach due to Jensen [21], Ishii [18], Ishii
and Lions [I7], Crandall and Ishii [I3] and Crandall, Ishii and Lions [14] for proving comparison
results for viscosity solutions of nonlinear degenerate elliptic integro-partial differential equations
with second order nonlocal operators. Parabolic versions of their main results were given in [19].
They give an analogous of Jensen-Ishii’s Lemma, a keystone for many comparison principles,
but they are restricted to subquadratic solutions. The viscosity theory for general PIDEs has
been recently revisited and extended to solutions with arbitrary growth at infinity by Barles
and Imbert [I0]. The authors provided as well a variant of Jensen Ishii’s Lemma for general
integro-differential equations. The notion of viscosity solution generalizes the one introduced by
Imbert in [16] for first-order Hamilton Jacobi equations in the whole space and Arisawa in [3],
[] for degenerate integro-differential equations on bounded domains.

The paper is organized as follows. In section §2] we study separately the propagation of
maxima in C(Fp) and in the region 2 x (0,%p). In section 3] similar results are given for Lévy
1t6 operators. Examples are provided in section §l In section §5lwe prove a Strong Comparison
Result for the Dirichlet Problem, based on the Strong Maximum Principle for the linearized
equation.

2. STRONG MAXIMUM PRINCIPLE FOR GENERAL NONLOCAL OPERATORS

The aim of this section is to prove the local propagation of maxima of viscosity solutions of
(L) in the cylindrical region Q7. As announced, we study separately the propagation of maxima
in the horizontal domains 2 x {to} and the local vertical propagation in regions €2 x (0,¢y). Each
case requires different sets of assumptions.

In the sequel, we refer to integro-differential equations of the form (LLI]) where the function u
is a priori given outside €. Assume that I satisfies

(E) F is continuous in Q x [0,T] x RN x S x R and degenerate elliptic.
Results are presented for general nonlocal operators
[z, t,u] = /]RN (u(z + z,t) —u(x, t) — Du(z,t) - 215(2))ps(dz)
where {j;}2co is a family of Lévy measures. We assume it satisfies assumption

M) there exists a constant C,, > 0 such that, for any z € Q,
I
[t + [ () <G,
B RN\ B

To overcome the difficulties imposed by the behavior at infinity of the measures ()., we
often need to split the nonlocals term into

TiHax, t,u] = /||<5(u(ac + z,t) — u(x,t) — Du(z,t) - z1p(z))u(dz)

T3z, t,p,u] = /| |>5(u(x +2,t) —u(x,t) —p-2z1p(2))u(dz)

with 0 < § < 1 and p € RV.

There are several equivalent definitions of viscosity solutions, but we will mainly refer to the
following one.
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Definition 2.1 (Viscosity solutions). An usc function u : RY x [0,T] — R is a subsolution of
(@3) if for any ¢ € C*(RN x[0,T)) such that u—¢ attains a global mazimum at (x,t) € Qx(0,T)
$i(x,t) + F(x,t,¢(x,t), Do(x, ), D*¢(x,1), I [2, 1, ¢] + I§ [z, t, D(x, 1), u]) < 0.

A Isc function u : RN x [0,T] — R is a supersolution of (I1) if for any test function ¢ €

C?*(RN x [0,T]) such that u — ¢ attains a global minimum at (z,t) € Q x (0,T)

2.1. Horizontal propagation of maxima coming from translations of measure sup-
ports. Maximum principle results for nonlocal operators generated by nonnegative kernels de-
fined on topological groups acting continuously on a Hausdorff space were settled out by Coville
in [12]. In the following, we present similar results for integro-differential operators in the setting
of viscosity solutions. It can be shown that Maximum Principle holds for nonlocal operators
given by (3)) whenever the whole domain can be covered by translations of measure supports,
starting from a maximum point.

An additional assumption is required with respect to the nonlinearity F'. More precisely we
require that

(E') F is continuous, degenerate elliptic and for z,p € R and I € R
F(x,t,0,0,1) <0=1>0.

For the sake of precision, the following result is given for integro-differential equations defined
in RY. We explain in Remark what happens when we restrict to some open set ().

Theorem 2.1. Assume the family of measures {ji, }zcq satisfies assumption (M). Let F' satisfy
(E") in RN x [0,T] and u € USC(RN x [0,T]) be a viscosity solution of (I1) in RN x (0,T). If
u attains a global mazimum at (xo,to) € RY x (0,T), then u is constant on Unso An, with

Ag = {zo}, Ani1= | (& + supp(ps)). (2.8)

{L’GAn
Proof. Assume that u is a viscosity subsolution for the given equation. Consider the test-function
1 = 0 and write the viscosity inequality at point (xg, o)
F(x0,t0,0,0, I [x0, to, ¥] + L [0, to, Dy(o, to), u]) < 0.

This implies according to assumption (E’), that
T2{wo, to, u] = /| 0+ 2, 10) — e ) (82) 2 0.
z|>

But w attains its maximum at (xg,%g) and thus u(xg + z,t9) — u(xo,tp)) < 0. Letting ¢ go to
zero we have

u(z,to) = u(xo, to), for all z € o + supp(pg,)-
Arguing by induction, we obtain

u(z,tg) = u(xo, to),Vz € U A,.

n>0

Take now 2o € |J,>¢ An. Then, there exists a sequence of points (zn)n C U0 An converging
to zg. Since w is upper semicontinuous, we have

u(z0,t0) > limsup u(zy, to) = u(wo, to)-
Zn—"20
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But (zg,t0) is a maximum point and the converse inequality holds. Therefore
u(z,tg) = u(zg, ty),Vz € U A,.
n>0

O

Remark 2.1. In particular when supp(u,) = supp(n) = B, with u being a Lévy measure and B
the unit ball, RN can be covered by translations of supp(u) starting at xq

RY = a0 + | (supp(p) + ... + supp(p) ).
n>0

n

and thus u(-,ty) is constant in RV,

Remark 2.2. Whenever the equation is restricted to €2, with the corresponding Dirichlet con-
dition outside the domain, then iterations must be taken for all the points in €2, i.e.

A= U @+ supp(pa))
z€OQNA,

In particular, if Q@ C U,>q An, then u(-,tg) is constant in ).

Remark 2.3. The domain 2 may not necessarily be connected and still maxima might propa-
gate, since jumps from one connected component to another might occur when measure supports
overlap two or more connected components.

The previous result has an immediate corollary. If all measure supports have nonempty
(topological) interior and contain the origin, strong maximum principle holds.

Corollary 2.1. Let Q be connected, F be as before and u € USC(RYN x [0,T]) be a viscosity
subsolution of (L)) in Q x (0,T). Assume that {uy}zeq satisfies (M) and in addition that the
origin belongs to the topological interiors of all measure supports

0¢€ sumx),Vx €. (2.9)
If w attains a global maximum at (zg,to) € Q x (0,T"), then u(-,tg) is constant in .
Proof. Consider the iso-level
Ty = {z € Qyu(x, tg) = u(zo,to)}

Then the set is simultaneously open since 0 € supp(u,) implies, by Theorem 2.1 together with
Remark 2.2 that for any = € I';,, we have

o
—

(ac + Supp(ux)) NQ cC 'y,
and closed because for any x € T';, we have by the upper-semicontinuity of u

U(x,to) > lim sup u(yat()) = maxu(y,to)
y—x, yGFxO yeQ

thus u(zx,ty) = u(xg,to). Therefore, I';, = Q since 2 is connected. O
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2.2. Horizontal propagation of maxima under nondegeneracy conditions. There are
cases when conditions (2.8]) and (29]) fail, such as measures whose supports are contained in
half space or nonlocal terms acting in one direction, as we shall see in section §4. However,
we manage to show that, if a viscosity subsolution attains a maximum at Py = (zg,t9) € Qr,
then the maximum propagates in the horizontal component C(Fp). This result is based on
nondegeneracy and scaling properties on the nonlinearity F:

(N) For any & € Q and 0 < tg < T there exist Ry > 0 small enough and 0 <7 < 1 such that
for any 0 < R < Ry and ¢ > 0

F(z,t,p,I —vyp®p,C, — c*y/ ‘p . z‘2,um(dz)) — 400 as v — +oo
Cn,~(p)

uniformly for |z — Z| < R and |t — to| < R, R/2 < |p| < R, where
Con(p) = {2 (L=m)lzllp| < p- 2] <1/}

and C), appears in (M).
(S) There exist some constants Ry > 0, g9 > 0 and 79 > 0s.t. forall 0 < R < Ry, € < g9 and
7 > v the following condition holds for all |x —Z| < R and |t —tg| < R, R/2 < |p| < R,

F(z,t,ep,e(l —yp@p),el) = eF(x,t,p, I —yp @ p, ).
As we shall see in §4] the assumption (M) which states that the measure p, is bounded at
infinity, uniformly with respect to = and the possible singularity at the origin is of order |2|? is

not sufficient to ensure condition (N). The following assumption is in general needed, provided
that the nonlinearity F'is nondegenerate in the nonlocal term.

(M¢€) For any = € €2 there exist 1 < < 2,0 <7 <1 and a constant C,,(n) > 0 such that the
following holds

/ 2 2pa(dz) > Co(y® 20y > 1
Cn,'v(l’)

with C, ,(p) as before.

As pointed out in section §l, (M€) holds for a wide class of Lévy measures as well as (V) — (5)
for a class of nonlinearities F'.

Theorem 2.2. Assume the family of measures {j,}rcq satisfies assumptions (M). Let u €
USC(RYN x [0,T]) be a viscosity subsolution of (I1) that attains a global maximum at Py =
(zo,to) € Qr. If F satisfies (E),(N), and (S) then u is constant in C(Pp).

Proof. We proceed as for locally uniformly parabolic equations and argue by contradiction.

1. Suppose there exists a point P; = (x1,%y) such that u(P;) < u(Pp). The solution u being
upper semi-continuous, by classical arguments we can construct for fixed to a ball B(z, R) where

u(z,to) < M = rﬁ%x(u(-,to)),Vx € B(z,R).
In addition there exists * € 0B(z, R) such that u(x*,ty) = M. Translating if necessary the
center Z in the direction z* — Z, we can choose R < Ry, with Ry given by condition (N).
Moreover we can extend the ball to an ellipsoid
Er(T,t0) == {(z,1); |z — 2| + At — to|* < R?*}
with A large enough the function u satisfies

u(z,t) < M, for (z,t) € Er(T,to) s.t. |z — x| < R/2.
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Remark that (z*,tg) € 0ER(Z,ty) with u(z*,tg) = M.
2. Introduce the auxiliary function
v(z,t) = e VR — e (2P HAl—to]?)
where v > 0 is a large positive constant, yet to be determined. Note that v = 0 on 9ER(Z, o)
and —1 < v < 0, in Eg(T,to). Denote d(z,t) = |v — Z|? + At — to|?. Direct computations give
vi(z,t) = 2ye V@D (t — )
Du(z,t) = 2ye 4@ (z — 7)
D2v(z,t) = 2ve @D ([ — 2v(x — Z) @ (x — Z)).

In upcoming Proposition 2] we show there exist two positive constants ¢ = ¢(n, R) and vy > 0
such that for v > =g, the following estimate of the nonlocal term holds

Ilz,t,v] < 2ye 4@t {C, - c*y/ ((z—z)- z{qu(dz)}
Cnny(z—2)

in the subdomain
Dr(z,t0) = {(z,t) € Er(Z,t0); |z — 2| > R/2}.

3. From the nondegeneracy condition (V) and scaling assumption (S) we get that v is a strict
supersolution at points (x,t) in Dgr(Z,tp). Indeed, for v large enough

F(z,t,o — 2,1 —2y(z —2) @ (x — z),C, — cy/ |(z—z)- Z{Q,ux(dz))) >0
Cnny(z—2)
which implies
vi(z,t) + F(z,t, Dv(z,t), D2U($, t), Iz, t,v])
= 2ve VBNt — tg) + F(,t, 27 Y4E) (1 — 7), 291D (T — 2y(2x — &) @ (z — z)),
...,276776[(:”’25){6’# —07/ |(x—:i) -z|2,ux(dz)})
Ciyny (2—1)
> 2ye~ 4@ (At —to) + F(z,t,z — 2,1 — 2v(z — Z) ® (z — T),

...,Cﬂ—cy/c mx)|(x—j)-z|2’ux(dz))) > 0.

Furthermore, the scaling assumption (S) ensures the existence of a constant £y > 0 such that
for all € < ¢, ev is a strict supersolution of (L)) in Dr(z,tp). Indeed we have

cv(z,t) + F(x,t,eDv(x,t),eD?v(x, t), e[z, t,v])
> e(vi(w,t) + kF(2,t, Dv(z,t), D*v(z,t), L[z, t,v])) > 0.

4. Remark that
v>0 in Ex(z,to)
u<M in Er(Z,to) \ Dr(ZT,to).
Therefore, there exists some gy > 0 such that for all ¢ < gy outside the domain Dr(z, t()
u(z,t) < wu(z*,ty) + ev(z, t).
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Then we claim that the inequality holds inside Dg(Z,to). Indeed, if u < u(z*,ty) + v does not
hold, then maxgn (u — M — ev) > 0 would be attained in Dg(ZT,ty) at say, (2/,t'). Since u is a
viscosity subsolution the following would hold

cvg(’ V) + F(2',t',eDv(a/,t'),eD?v(2’,t), [z’ , ¥, ev]) <0
arriving thus to a contradiction with the fact that M + ev is a strict supersolution of (L.TJ).

5. The function u(x,t) — ev(x,t) has therefore a global maximum at (z*,%y). Since u is a
viscosity subsolution of (ILI]), we have
evi(z*,to) + F(z*, to, e Dv(x*, tg), e D*v(2*, to), Z[2*, to, ev]) < 0.

As before, we arrived at a contradiction because v is a strict supersolution and thus the converse
inequality holds at (z*,ty). Consequently, the assumption made is false and u is constant in the
horizontal component of Fj. O

In the following we give the estimate for the nonlocal operator acting on the auxiliary function.
We use the same notations as before.

Proposition 2.1. Let R > 0, A > 0,7 > 0 and consider the smooth function
v(x,t) = e VR _ omyd(@t)
d(z,t) = |z — > + At — to|?

Then there exist two constants ¢ = c¢(n, R) and 79 > 0 such that for v > -y the nonlocal operator
satisfies

[z, t,v] < QVe_Vd(x’t){C'u — c*y/ ((z—z)- z‘2,u$(dz)}
{(=n)lzlle—z|<|(z—2)-2|<1/7}

for all R/2 < |z — Z| < R.
Proof. In order to estimate the nonlocal term Z[x, ¢, v], we split the domain of integration into

three pieces and take the integrals on each of these domains. Namely we part the unit ball into
the subset

Coy(r =) = {z (1 =n)lzllz = 2] < [(x = 7) - 2| <1/}
and its complementary. Indeed C, (x — Z) lies inside the unit ball, as for |z — z| > R/2 and for
~ large enough

1
< < < 1. 2.10
s e —a S -k = (2.10)

Thus we write the nonlocal term as the sum

Tlz,t,v] = T e, t,0] + Tz, t,0] + T3z, t, 0]

with
THa, t,v] = / \>1(U(x + z,t) —v(z,t))ps(dz)
Tz, t,v] = / (vl +2,t) —v(z,t) — Du(z,1) - 2)pa(dz)
B\Cy,(z—1)
T3z, t, 0] = /c ( _7)(2}(3: + z,t) —v(z,t) — Du(x,t) - 2) e (dz).
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In the sequel, we show that each integral term is controlled from above by an exponential term
of the form ve =741 In addition, the last integral is driven by a nonpositive quadratic nonlocal
term.

Lemma 2.1. We have

Tz, t,v] < e @D /||>1ux(dz),V(x,t) € Qx[0,7T].

Proof. The estimate is due to the uniform bound of the measures p, away from the origin.
Namely

ot = [ (e y ey, @)
|z|>1
< / ef'yd(:v,t)lulw(dz) _ e'yd(:v,t)/ ,U'J:(dz) < ef'yd(:v,t)éui
|21>1 |2]>1
]
Lemma 2.2. We have
T2z, t, 0] < ye74@D / |22 e (d2), V(2 1) € Q x [0, 7).
B
Proof. Note that T2[z,t,v] = —T2[x,t,e”7%]. From Lemma 6.1l in Appendix
T2[a,t, e > e @ T2 [t —yd] = —ye @D T2 (2 8, d].
Taking into account the expression for d(z,t), we get that
T2 [.%', t, U] < Veifyd(m’t) / (d(.%' + 2, t) - d(.%'7 t) - Dd(l’, t) ’ Z),U,x(dZ)
B\Cy,~(z—7)
= qerien | Pua(d) <9600 [ [aPpo(dz) < qe 100G,
B\Cy, (z—1) B
]

Lemma 2.3. There exist two positive constants ¢ = c¢(n, R) and vy > 0 such that for v >
Tolotoo) < e 00(y [ sPpodn) 207 [ (@ =2) 2P pelds). Yo, € D
B Ciny (=)
Proof. Rewrite equivalently the integral as
T3z, t,v] = T3x, t,v — e_VRQ] = T3z, t,e .

We apply then Lemma in Appendix to the function e~ 7% and get that for all § > 0 there
exists ¢ = ¢(n, R) > 0 such that

Tila t,e Y > evd@d (T3, t, —yd] + 2072/ (d(z + 2,t) — d(z, t))QMx(dz))
Ciyny (2—1)
= —mye =) (T3[x,t,d] — 207/ (d(z + z,t) — d(z, t))Q,uw(dz)).
Cny (z—7)
Remark that C, ,(x — ) C Ds for § =2+ ﬁ, with

Ds = {z; y(d(az +2,t) — d(x,t)) <0} =1z v2x—Z)- 2+ |z|2) < 6}



ON THE STRONG MAXIMUM PRINCIPLE FOR PIDES 11

We have thus

T, t,v] < e 4@t (T3[x,t,d] — 207/ (d(z + z,t) — d(x,t))2ux(dz)).

Cnny(z—2)

Taking into account the expression of d(z,t), direct computations give

T3z, t,d] = / . (d(z + 2,t) — d(x,t) — Dd(z,t) - 2) py(dz)
Cny(2—7)

- / |22 paldz) < / 12 pa(d2),
Cnny(z—2) B

while the quadratic term is bounded from below by

/ ) (d(z + z,t) — d(w,t))2ux(dz) = / i 12(x —2) -2+ \z[2{2,u$(dz)
Cnny(z—2) Cnny(z—2)

> / ‘(x—i)-z‘z,uz(dz).
Cnny(z—2)

Indeed, recall that | — z| > R/2 and see that for all z € C, (x — )

B 2
(==l <17 = |2l < prs
) ] 2|(x — 1) 2]
A=mlz—allz <l@-2)-2| = | <Zpa=

Then for 7o = 4/R?(1 —7)? and v > 4o we have the estimate

_ _ _ 4|(x — ) - 2|
2(r —T) - 21 > 2 —%) 2| =]z > 2z —7) - 2| - L 2
2z —2) -2+ 2] > 2/ —2) 2~ |2 > 2(z — 7) - 2] SR =)
4
= -7)-zl(2— ———) > —T) -zl
|(z — ) - 2|( TR _n)g) > |(x—7) 2|
Therefore, we obtain the upper bound for the integral term
T, t,0] < ye 1@ / 1221a(d2) — 207 / (2 — 7) - 2 pa(d2)).
Cyy(z—2) Cyy(z—2)

From the three lemmas estimating the integral terms we deduce that

I[x,t,v] < eﬂ/d(x,t){/ Mz(d'z) + 2’7/ ’Z‘2M$(dz) - 20’72/ |(.%' - j) ’ 2‘2/1,35(612)}
|z|>1 B Cn,y(z—2T)

< 276_7‘1(”5"5){6’“ - C")// |(z—z)- z‘2,u$(dz)}.

0,y (T—T)
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2.3. Local vertical propagation of maxima. We show that if u € USC(RY x [0,T]) is a
viscosity subsolution of (ILT]) which attains a maximum at Py = (zg,t9) € Qr, then the maximum
propagates locally in rectangles, say,

R(zo,to) = {(x,t)||z" — | < a',tg —ag <t < to}

where we have denoted x = (x',22,...,2"). Denote by Ro(xo,to) the rectangle R(xo,to) less
the top face {t = to}.

Local vertical propagation of maxima occurs under softer assumptions on the nondegeneracy
and scaling conditions. More precisely, we suppose the following holds:

(N") For any (z0,t9) € Qr there exists A > 0 such that
A+ F(x9,1,0,1,C,) > 0

where éu is given by assumption (M).
(S’) There exist two constants rg > 0, eg > 0 such that for all € < €0~and 0 <r <rgthe
following condition holds for all (x,t) € B((xo,%0),7), [p| <7, 1 < Cy

F(x,t,ep,el,el) > eF(z,t,p,I,1).

Theorem 2.3. Let u € USC(RY x [0,T]) be a viscosity subsolution of (I1) that attains a
mazimum at Py = (xo,tg) € Qr. If F satisfies (E),(N') and (S") then for any rectangle
R(zo,t0), Ro(zo,to) contains a point P # Py such that uw(P) = u(Fp).

Proof. Similarly to the horizontal propagation of maxima, we argue by contradiction.
1. Suppose there exists a rectangle R(zo,t9) on which u(z,t) < M = wu(xg,ty), with
Ro(xo,tg) € Q x [0,tp). Denote
(e, ) = gla — 2o’ + A(t ~ to)
with A > 0 a constant yet to be determined. Consider the auxiliary function
v(z,t) =1 —e @b,
Direct calculations give
ve(z,t) = e M@D)
Du(z,t) = e M@0 (2 — 20)
D?v(x,t) = e M™(I - (z — x0) ® (x — x0)),
Note that
v(xo,t0) =0 v(xo,tg) = A
Duv(zo,t9) =0 D?v(wg,to) = 1.
The nonlocal term is written as the sum of two integral operators:
Iz, t,v] = Tz, t,v] + T?[z,t, 0],

where

T, t, 0] = v(z + 2,t) —v(x,t))ps(dz
[, t,0] /|z|21<(+ ) — (e £))ua (d2)

T2z, t,v] = / (v(z + z,t) —v(z,t) — Dv(x,t) - 2) s (dz).
B
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Similarly to Lemma 2] we obtain the estimate:

Lemma 2.4. We have

T, t,v] < e_h(”)/l|>1 o (dz),¥(x,t) € Q x [0,T].

On the other hand, the estimate obtained for the second integral term is softer than the
estimate obtained in the case of the horizontal propagation of maxima.

Lemma 2.5. We have
T2z, t,v] < e—h@vﬂ/ |22 1z (d2), ¥ (z,t) € Q x [0,T].
B

Proof. From Lemma [6.1] we have
T2[x,t, 0] = =T?[x,t,e™ ") < e P@DT2 (2 ¢ h).

We then use a second-order Taylor expansion for h and get

1
T?[z,t,h] = = / sup (D*h(z + 0z,t)z - 2) pa (d2)
2 JBoe(-1,1)
1 2 1 2
= 5 ’Z‘ ,U'aﬁ(dz) < 5 ‘Z’ :u$(dz)7
B B
from where the conclusion. O

We now go back to the proof of the theorem and see that
Iz, t,v] < e_h(”“t)éu.
In particular Z[xzg, t, v] < C’H.
2. From the nondegeneracy assumption (N') we have that there exists A > 0 such that
vi(zo, to) + F(x0, to, Dv(zo, to), D*v(x0, tg), L]z, to, v])
> vz, to) + F(xo, to, Dv(zg, to), DQU(xo,to), éu)
= X+ F(x0,10,0,1,C,,) > 0.

Hence v is a strict supersolution of (1)) at (xo,%p). By the continuity of F', there exists r < r
such that V(z,t) € B((zo,t0),7) € Qr

vi(z,t) + F(x,t, Dv(x,t), D*v(x,t), I[z, t,v]) > C > 0.

Consider then the set S = B((xo,to),r) N {(z,t)|v(z,t) < 0}. By (S’) there exists 9 > 0 such
that Ve < 9, ev is a strict supersolution of (L)) in S. Indeed

evy(z,t) + F(x,t,eDv(x, t),eD?v(x, ), e[z, t,v]) >
e(ve(z,t) + F(z,t, Dv(z,t), D*v(z,t), [z, t,v])) >0

3. Let g9 be sufficiently small such that
u(z,t) —u(zo, to) < ev(z,t), Y(x,t) € 0S.
Then, arguing as in the case of horizontal propagation of maxima we get

u(z,t) — u(zo,to) < ev(z,t), V(z,t) € S.
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Thus (z9, tp) is @ maximum of u — ev with Duv(zg,ty) = A > 0. Since u is a subsolution, we have
evi(wg, to) + F(zo, to, cv(zo, to), eDv(xo, to), e D*v (0, to), Z[zo, to, ev]) < 0.

We arrived at a contradiction with the fact that ev is a strict supersolution. Thus, the supposition
is false and the rectangle contains a point P # Py such that u(P) = u(Fp). O

Example 2.1. Non-local first order Hamilton Jacobi equations describing the dislocation dy-
namics

w, = (c(z) + Muft, )])| Dul (2.11)

where M is a zero order monlocal operator defined by
Mlu(t,)](z) = /RN (u(z + 2) — u(z))p(dz)

with p(dz) = g(‘—;)‘z‘dTZ+1 have vertical propagation of mazima.

Indeed, they do not satisfy any of the sets of assumptions required by Theorems 2.1l and
Particularly nondegeneracy condition (V)

_(C(x) + éﬂ)|p| <0
S 6

fails if ¢(x) > 0 and holds whenever ¢(x)
propagation of maxima.

On the other hand we have local vertical propagation of maxima, since (N') is immediate and
(8) is satisfied by F' = —¢(z)|p|, the linear approximation of the nonlinearity F:

—(c(a) + £l)|ep| = —ec(@)lp| + o(2).

—C,. Hence, one cannot conclude on horizontal

2.4. Strong Maximum Principle. When both horizontal and local vertical propagation of
maxima occur for a viscosity subsolution of (LLI]) which attains a global maximum at an interior
point, the function is constant in any rectangle contained in the domain Q x [0,%g] passing
through the maximum point.

Proposition 2.2. Let u € USC(RY x [0,T]) be a viscosity subsolution of (I1) that attains a
global mazimum at Py = (z0,t0) € Qr. If I satisfies (E), (N) — (N'), and (S) — (5"), then u is
constant in any rectangle R(xq,to) C Q x [0, o).

From the horizontal and local vertical propagation of maxima one can derive the Strong
Maximum Principle. The proof is based on geometric arguments and is identical to that for
fully nonlinear second order partial differential equations.

Theorem 2.4 (Strong Maximum Principle). Assume the family of measures {j, }.cq satisfies
assumption (M). Let u € USC(RYN x [0,T]) be a viscosity subsolution of (I1) that attains a
global maximum at Py = (xo,to) € Qr. If F satisfies (E), (S) —(5), and (N) — (N'), then u is
constant in S(Fp).

Similarly the following holds.

Theorem 2.5 (Strong Maximum Principle). Let u € USC(RN x[0,T)) be a viscosity subsolution
of (L) in RN x (0,T) that attains a global mazimum at (zq,to) € RY x (0,T]. Assume the
family of measures { iz }rcq satisfies assumption (M) and F satisfies (E'), (S") and (N'). Then
u is constant in U, > An x [0,t0] with {An}, given by (Z8).
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3. STRONG MAXIMUM PRINCIPLE FOR LEVY-ITO OPERATORS

The results established for general nonlocal operators remain true for Lévy-Ito6 operators. We
translate herein the corresponding assumptions and theorems on the Strong Maximum Principle
for second order integro-differential equations associated to Lévy-Ito6 operators

Jlx,t,u] = /]RN (u(z + j(z,2),t) —u(x,t) — Du(z,t) - j(z,z)1p(2))u(dz),

where p is a Lévy measure. In the sequel we assume that F respects the scaling assumption (.5)

and the nondegeneracy condition

(Nrr) For any z € Q and 0 < tg < T there exist Ry > 0 small enough and 0 < 7 < 1 such that
for any 0 < R < Ry and ¢ >0

. 2
F(CE,t,p,I—’}/p@p,Cﬂ—C’}// )‘p](:c,z)‘ ,u(dz))—)ooasv—>oo
n,v (P

uniformly for |z — Z| < R and |t — ty| < R, R/2 < |p| < R, where
Cony(p) = {z (L=n)li(z,2)llp| < lp-j(z,2)] <1/7}

and that the Lévy measure p satisfies assumptions

(Mpr) there exists a constant éu > 0 such that for any = € (),

[litwaPutdn) + [ ptde) < G
B RN\B

(M7 ;) For any x € € there exist 1 < < 2,0 <7 <1 and a constant C,(n) > 0 such that the
following holds

/ (@, 2)Pu(dz) > Cu(mn® 2y > 1.
Cn~(p

Theorem 1] holds for Lévy-Itd operators, since Lévy Itd measures can be written as push-

forwards of some Lévy measure [
pa = (G (2, )+ (1))
defined for measurable functions ¢ as
O(@)u(dz) = | ¢(j(x, 2))i(dz).
RN RN

Hence it is sufficient to replace supp(u,) = j(x,supp(ji)) in order to get the corresponding result.
Theorem 3.1. Assume the family of measures {jig},crn satisfies assumptions (Mpy). Let

u € USC(RY x [0,T]) be a viscosity subsolution of {I1) that attains a mazimum at Py =
(zo,t0) € Qr. If F satisfies (E),(S), and (Nrr) then u is constant in C(Fp).

Proof. Since the proof is technically the same, we just point out the main differences, namely
the estimate of the nonlocal term. Consider as before the smooth function

v(z,t) = e~ TR _ gvd(t)

where d(x,t) = |z — Z|?> + At — to|?, for large v > ~y. Write similarly the nonlocal term as the
sum

Tz, t,v] = 7! [x,t,v] + T2 [x,t,v] + T?’[x,t,v]
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where

Tt = [ (oo +i(e2)00) = ol O)p(d:)
T2[a:,t,v] = / i (v(z+ j(x, 2),t) —v(x,t) — Dv(x,t) - j(x, 2))pu(dz)
B\Cp 5 (z—2)

T3, t,v] = / (v(@+ j(x, 2),t) —v(x,t) = Do(z,t) - j(z, 2))u(dz)
Cnny(x—2)

with €y (z — ) = {(1 =n)]j(z, 2)|lz — 2| < [(z — ) - j(2, 2)| < 1/}
Then the nonlocal operator satisfies for all (z,t) € Dg

THa,t, 0] < e“’d(x’t)/ p(dz).

|z[>1

Tlnstio] < 9e7%0 [ JjGo2)Puda)

By, t,v] < e @) i(x,2) 2 (dz) — 2ev? z—F) - gz, 2)|? 2)].
Tt <y [ i@ oPuas) —209% [ @) i 2)Puslaz)]

57y (‘T*j)

from where we get the global estimation

Tl < I [ wa) 427 [ lite,2)Paiaz)

Vertical propagation of maxima holds under the same conditions. Strong Maximum Principle
can thus be formulated for Lévy-Ito6 operators.

Theorem 3.2 (Strong Maximum Principle - Lévy Itd). Assume the measure p satisfies assump-
tion (Mgy). Let u € USC(RN x [0,T)) be a viscosity subsolution of ({I1]) that attains a global
mazimum at Py = (zo,t0) € Qr. If F satisfies (E), (S) — (S'), and (Npr) — (N'), then u is
constant in S(Pp).

Theorem 3.3 (Strong Maximum Principle - Lévy 1t6). Let u € USC(RY x [0,T]) be a viscosity
subsolution of (1) in RN x (0,T) that attains a global mazimum at (zo,tp) € RY x (0,T].
Assume the family of measures {fiz},crn satisfies assumption (Mpr) and F satisfies (Ep), (S')
and (N'). Then u is constant in |J,~q An % [0,t0] with {An}, given by (2.8).
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4. EXAMPLES

In this section we discuss the validity of the Strong Maximum Principle on several examples.

4.1. Horizontal propagation of maxima coming from translations of measure sup-
ports. As pointed out in section [ translations of measure supports starting at any maximum
point zg lead to horizontal propagation of maxima. In particular, Theorem 2.1 holds for nonlocal
terms integrated against Lévy measures whose supports are the whole space RY.

Example 4.1. Consider a pure nonlocal diffusion
up — Tz, t,u] = 0 in RY x (0,7) (4.12)

where I is the Lévy operator integrated against the Lévy measure associated with the fractional
Laplacian (—A)P/2:
dz
p(dz) = ZINTE"

Then the support of the measure is the whole space and thus horizontal propagation of mazxima
holds for equation {{-13) by Theorem 2.

Example 4.2. Let N = 2 and consider equation ({{.13) with {us}s a family of Lévy measures
charging two axis meeting at the origin

Mx(dz) = 1{21::|:a22}yll3(dz)’

with o > 0 and supp(vy) = R2, for all x € R2. Even though zero is not an interior point of
the support, translations of measure supports starting at any point xo cover the whole space,
propagating thus mazima all over R2.

Similarly, horizontal propagation of maxima holds if measures charge a cone

Mx(dz) - 1{|21|>a|z2\}yx(dz)7
with o > 0 and supp(v,) = R2.

4.2. Strong Maximum Principle driven by the nonlocal term under nondegeneracy
conditions. There are equations for which propagation of maxima does not propagate just
by translating measure supports, but cases when it requires a different set of assumptions.
Nondegeneracy and scaling conditions of the nonlinearity F' need to be satisfied in order to have
a Strong Maximum Principle. But to ensure condition (N), one has to assume (M¢€).

Example 4.3. Consider as before equation ({.12) and let j be the Lévy measure associated to
the fractional Laplacian and but restricted to half space

dz
p(dz) = 1{z120}(2)|Z|T+575 € (1,2).

where z = (21,2') € R x RV~ Then RN can not be covered by translations of the measure
support and therefore one cannot conclude the function u is constant on the whole domain,
except for particular cases like the periodic case. However, C%* regularity results hold (cf. [1])
and we expect to have Strong Maximum Principle.

We show that the nondegeneracy and scaling assumptions are satisfied in the case of Example
Before proceeding to the computations, remark that

Crn() ={z:(L=n)pllz] <lp- 2| < 1/7} ={z 1 =n)pllvzl < [p-vzl <1} =v"'Cpa(p)
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dz 1 3 5 dz
7/ p- 2 = v / Vo 2 x5
G (D)1 20} |2V G (P)N {2120} |2 [N+
dz
S | 4P
Conpinfzaz0y |2V

= Cn)y" p/?

where C(n) = (1 — n)? an @) {120} |z|2dz/|z|N 18 is a positive constant.

This further implies nondegeneracy condition (N). Indeed, there exist Ry > 0 small enough
and 0 <7 < 1 such that for any 0 < R < Ry and for all R/2 < |p| < R

_ d _
—Cu+cv/ p- 2P =555 = —Cu+ Cy” Hpf* = o0 as v = o0
Cor (P)N{21 20} 2|

as long as > 1. The rest of assumptions follow immediately.
Similar results hold for the following PIDE arising in the context of growing interfaces [28]:
1
ug + §|Du|2 —I[z,t,u] = 0, in RN x (0,7) (4.13)

with Z is a general nonlocal operator of form (L3]). Scaling conditions (S) and (S’) are satisfied
by the nonlinearity F

2 2
lep” — el :e(%—l) +o(1).

2
Remark 4.1. For integro-differential equations of the type
ug + b(x, t)|Du|™ — Z[x,t,u] = 0 in RY x (0,T) (4.14)

with b a continuous function and p as in Example[].3. Strong Mazimum Principle holds provided

that b(-)(1 —m) > 0.

4.3. Strong Maximum Principle coming from local diffusion terms. Theorem 24 ap-
plies to integro-differential equations uniformly elliptic with respect to the diffusion term and
linear in the nonlocal operator.

Example 4.4. Quasilinear parabolic integro-differential equations of the form

ug + trace(A(x,t)D*u) — I[x,t,u] = 0 in RY x (0,T) (4.15)
with A(z,t) satisfying

ag(z,t)I < A(z,t) < ay(z,t)I, ai(x,t) > ag(x,t) >0
satisfy Strong Maximum Principle.

We check the nondegeneracy and scaling conditions for this equation.

(V) —trace(A(w )0 =@ ) = Cut ey [ Ip-2Piun(d) =

—trace(A(x, t)) + ytrace(A(z, t)p @ p)) — C,, + c*y/ p - 2P (dz) >
C'Y

—ar(. O + aoa ilpl? = Gty [ o Pslde).
Y

>0, for v large

>0
(N') X —trace(A(z,t)) — Cy > X —ay(2,t)N — C,, > 0.

The scaling properties are immediate since the nonlinearity is 1-homogeneous.
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Remark 4.2. More generally, one can consider equations of the form
ug + F(z,t, Du, D*u) — Z|x,t,u] = 0 (4.16)

for which the corresponding differential operator F satisfies the nondegeneracy and scaling as-
sumptions. The nonlocal term is driven by the second order derivatives and thus Strong Maxi-
mum Principle holds.

4.4. Strong Maximum Principle for mixed differential-nonlocal terms. We consider
mixed integro-differential equations, i.e. equations for which local diffusions occur only in certain
directions and nonlocal diffusions on the orthogonal ones, and show they satisfy Strong Maximum
Principle. This is quite interesting, as the equations might be degenerate in both local or nonlocal
terms, but the overall behavior is driven by their interaction (the two diffusions cannot cancel
simultaneously).

Example 4.5. Consider the following equation where local and nonlocal diffusions are mized up
up — Agyu — Ty, [u] = 0 in RY x (0,7) (4.17)
for x = (x1,29) € R x RN=4. The diffusion term gives the ellipticity in the direction of x,

while the nonlocal term gives it in the direction of x1

ou
Lo, [u] = / (u(z1 + 21,22) — u(@) = 5—(2) - 2115(21)) iz, (d21)
Rd x1
where p,, is a Lévy measure satisfying (M) with Cﬁ The payoff for the Strong Mazimum
Principle to hold is assumption (M€), with > 1; then Theorem [2.4) applies.

Indeed the nondegeneracy conditions (N) and (N) hold, because when ~ is large enough and
£ > 1 the following holds

(N) —IN—q+ P2 @p2 — éﬁ + C’Y/ p1 - 21 e, (d21) >
C'}],w(pl)
(V=) P = G =P [ P (da) 2
C'}],w(pl)

—(N—d+ Cﬁ) +9p? + C )y Hp)? = —co + Cl’Yﬁ_l(’pﬂQ + [p2]?)

where C(1), ¢y and ¢; are positive constants and Ch(p1) ={z € R%; (1—n)|p1||z1] < |p1-21] <
1/~}. As far as the scaling assumptions are concerned it is sufficient to see that the nonlinearity

is 1-homogeneous.

Remark 4.3. In general, linear integro-differential equations of the form

0*u

up — a(x) Ly, [u] — c(x)w =0 in RN x (0,7) (4.18)
2

up — a(z) Ly, [u] — c(@)Lp,[u] = 0 in RY x (0,T) (4.19)

satisfy Strong Mazimum Principle if the corresponding Lévy measure(s) verify (M) and (M€),
with B> 1 and if a,c > ¢ >0 in RV,

Indeed, F' is 1-homogeneous and (N) holds:

c(@)(—In—qa+vp2®@p2) +a(z)( — éﬁ + 07/ o Ip1 - z1|2,uxl(dz1)) >
Cny (P2

> —co(a(z) + e(@) + ey’ a(@)|pa]? + c(@)|p2]?)
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respectively

a(x)(—é’;—i-cy/

p1 - 21 Py (d21)) + (@) (= Ch + C’Y/ D2 - 22| pry (d22)) >
Cnm/(pl)

Cn,y(p2)
> —co(alz) + e(2)) + e1r” (a(@)p1 | + e(@)[pa/?).
where C,, . (p;) = {2i; [pi - 2| < 1/v}, for i =1,2.

5. STRONG COMPARISON PRINCIPLE

Let © ¢ RY be a bounded, connected domain. In this section, we use Strong Maximum
Principle to prove a Strong Comparison Result of viscosity sub and supersolution for integro-
differential equations of the form (I.I))

ug + F(x,t, Du, D*u, J|x,t,u]) = 0, in Q x (0,T) (5.20)
with the Dirichlet boundary condition
u = on Q°x[0,7T) (5.21)

where ¢ is a continuous function.

Let p be a Lévy measure satisfying (Mpry). Assume that the function j appearing in the
definition of J has the following property: there exists Cy > 0 such that for all x,y € Q and
|z| <&

i(@,2)| < Colz]
i(z, 2) = j(y, 2)| < Colzllz —yl.

We will need some additional assumptions on the equation, that we state in the following.

Suppose the nonlinearity F'is Lipschitz continuous with respect to the variables p, X and [ and

for each 0 < R < oo there exist a function wr(r) — 0, as r — 0, cg a positive constant and
0 < Ar < Ag such that

(H) F(y’SaQaKZQ)_F('Iat’p’Xall)S
wr(|(z,t) = (y,5)]) + crlp — gl + ME(X =Y) + cr(l — L),
for all z,y € Q, t,s € [0,T], X,Y € SN(Q) satisfying for some € > 0
X 0 111 —I zZ 0 . N
[O —Y] SE [—I I]—i— [O O}’ with Z € S™(Q).
and |p|,|¢| < R and ly,l € R, where M, is Pucci’s minimal operator:
M7 (X)=Ag Z Aj+Ar Z Aj
)\j>0 )\j<0

with A; being the eigenvalues of X.

Theorem 5.1 (Strong Comparison Principle). Assume the Lévy measure p satisfies assumption
(M.) with B> 1. Letu € USC(RY x[0,T]) be a viscosity subsolution and v € LSC(RY x [0,T7)
a viscosity supersolution of (I1]), with the Dirichlet boundary condition (ZZ1]). Suppose one of
the following conditions holds:

(a) F satisfies (H) with wr and cgr independent of R or

(b) u(-,t),v(-,t) € Lip(Q), Vt € [0,T) and F satisfies (H).
If u — v attains a mazimum at Py = (zg,tg) € Q x (0,T), then u — v is constant in C(FPp).
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Proof. The proof relies on finding the equation for which w = v — v € USC(RY x [0,T]) is a
viscosity subsolution and applying strong maximum principle results for the latter. However, the
conclusion is not immediate as linearizion does not go hand in hand with the viscosity solution
theory approach and difficulties imposed by the behavior of the measure near the singularity
might appear.

1. Let w = u — v and consider ¢ a smooth test-function such that w — ¢ has a strict global
maximum at (xg,%y). We penalize the test function around the maximum point, by doubling
the variables, i.e. we consider the auxiliary function
z—y[*  (t—s)?

22 72

U, n(x,y,t,s) = u(x, t) —v(y,s) — — ¢(z,t).

Then there exist a sequence of global maximum points (¢, ye, t,, s,) of function ¥, , with the

properties

(e, tn), (Ye, sn) = (z0,t0) as n,e = 0
2
M —case—0

—0asn—0

and the test-function ¢ being continuous

lirgo(u(me, tn) — v(Ye, 5p)) = u(zo,to) — v(xo, to). (5.22)

)

In addition, there exist X.,Y. € SV such that

(an + (bt(xm tn)7pa + D¢(x5, ) Xe + D2¢(x67 )) 5 ( tn)
(anapsa ) D U(ye 77)
X€+D¢(x67tn) 0 <i D(b 1’5,
0 Y I
and p,, a, are defined by
Te — Ye ly — sy
=2 da,:=2——5—.
De -2 and an 2

Consider the test function

2 2
-y t—s

Q%m(,l?, t) = /U(yEa 577) +
Then u — (;55 has a global maximum at (x,t,). But u is a subsolution of (ILI)) and thus for
0 > 0 the follovvlng holds
¢t(x€7 7]) + an + F(I’E, tn7 D(ﬁ(l’g, tn) + p67

'7D2¢(x87t77) + X&‘ajél[x&‘atn7¢ + €7y€|] + \-75 [x€7t7]7D¢(x67 ) +p€7u]) S 0

Similarly, consider the test function

ee—y2  (ty—9)?
- 62 - - ,’72 - qb(ﬁﬂe, tn)

Then v — qﬁgm has a global minimum at (y., s,). But v is a supersolution of (ILI)) and thus:

gbgm(y, S) = U(JTE, tn) -

|2 y!2

a7] +F(y6787]7p€7}/€7\-751[y6787]7 ]+\-75 [y678n7p€7 ]) Z 0



22 ON THE STRONG MAXIMUM PRINCIPLE FOR PIDES

Subtracting the two inequalities and taking into account (H) we get that for all 6 > 0

¢t($s,tn) - W(szatn) — (e, 5n)|) - C|D¢(xe,tn)| - Mi(D2¢($e,tn) +X.-Y,)

2
1’ —
B c(j(;l[acg,tn, o+ ’572%’] + jJQ[xeatn7D¢(%7tn) + pe, ul)

1 |z — y|2 2
- C(j(; [?/e,Sn, _T] - j& [yE’SWaPE,U]) S 0.

Taking into account the matrix inequality and the sublinearity of Pucci’s operator, we deduce
that

M (D?*¢(ze,ty) + X — Y2) < M (D*¢(a2,ty)).
On the other hand, we seek to estimate the integral terms. For this purpose denote
lu(2) == u(ze + j (e, 2), tn) — u(xe, tn) — (pe + Do(-, tn)) j(we, 2)
Ly(2) == v(ye + J(Ye, 2), 577) — (Y, 377) — Pe - §(Ye, 2)
l(b(z) = ¢(we + j(2e, 2), tn) — (e, tn) — Doz, tn) j(ze, 2).
Fix ¢ > 0 and split the integrals into:

j52[$57tnape +D¢(x87t7])7u] = ‘-752’[1.67t7]7p6 +D¢(1’57tn),u] +A | | 5 ZU(Z)M(dZ)
<|z|<d’

\752[y678n7p87v] = \-752’[y6787]7pé‘7v] +/ ZU(Z)M(dZ)
5<|z|<s"

Since (xz, ye, ty, sy) is a maximum of W, , we have

_ e 4 5(2e, 2) — Y — §(Ye, 2)[? _

u(xe + j(ze, Z)atn) —v(Ye + J(¥e, 2), 577)

—¢($5 + j(.%';._-, Z)a tn) S u(xm tT]) - ’U(y&-, 87]) -
from where we get

|j($€,Z) _j(yEaZ)|2
62

(z) () < 1y(2) +

2
< b2+ g

This leads us to

_ z > 2 > |$5—y5|2
/ g ) / Ly ) < / g et + Oy

Letting first  go to zero, we get
hmsup (‘-752['%'67 t7]7p€ + D(ﬁ(xtﬁ tn)7 u] - \-752[y67 87]7p€7 ’U]) S

6—0
2 2 1 |ze — y€|2
S j(S/ [xe,tnape + Dqs(xeatn)au] - j(S/ [yz—:a STMpE?v] + j& ['I€7t77’ ¢] + O(T)
whereas close to the origin
|z — el e —yl?, _ 2 ‘
jél[xeatn7 726] - jél[y67s7]7 _672] - 3 ‘](I'E,Z)IQIU,(dZ) —0
9 9 9 |z]<6

j§1[x67t7]7¢] S /Z<5 (‘Sg?<pl D2¢(£6 + Hj(l'g,Z),tn)j(l'g,Z) ](I'E,Z))/j/(dZ) — 0
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Furthermore, employing (5.22]) and the regularity of the test function ¢, as well as the upper
semicontinuity of © — v and the continuity of the jump function j, we have

hmsup (\-752’ [x€7t7]7p€ + D¢(£E7tn)7u] - \752/[y67 Sn,p,g,?)])

n,e—0

< /||>5/ limsup ((w(ze + j(z, 2), ty) — v(Ye + 5 (Ye, 2), 55)) — (w(ze, ty) — v(ye, sp))

n,e—0

—(D¢(x€,tn) cj(we, 2) 4 pe - (G, 2) — 5(¥e, Z)))lB(Z))N(dZ)

< / (limsup(u(z: + j(ze, 2), ty) — v(ye + j(ye, 2), $n))
|2|>&

1,e—0
- ngglo(u(%’ tn) — v(Yes Sp)) — n}ggo Do(xe, ty) - j(@e, Z)lB(Z))M(dZ)

< /||>5' ((u(zo + j (20, 2),ty) — v(z0 + j(20,2),t0)) — (w(zo,t0) — v(z0,t0))

—D¢(zg, to) - j(xo, z))u(dz) = J(?/ [z0, to, De(x0,to), w].
Passing to the limits in the viscosity inequality we get, for all & > 0 that
b¢(20,t0) — c|Dd(x0,t0)| — M (D3¢0, t0)) — c(Ty [x0, to, #] + J& [x0, to, Do(x0, to), w]) < 0.
Hence, w is a viscosity subsolution of the equation
wy — ¢|Dw| — M~ (D*w) — eJ[x,t,w] = 0in Q x (0,T).

In case the sub and super-solutions are Lipschitz continuous we take R* = max{||Du||so, || Dv||oc }
and denote by ¢ = cgr+ and w = wg+.

2. The equation satisfies the strong maximum principle since the nonlinearity is positively
1-homogeneous and the nondegeneracy conditions (N) and (N') are satisfied.

V) el =M —pep) = Cuter [ oo 2)Puldz) >

C%’Y

—clpl = A tr(I —p@p) = (A= X) Y NI —yp@p) — cCp+ C)y" ' |p|* >
>\j<0

—clp| = AN + My|p* — cC\, + Cn)y*p|?> > 0, for v large.

Therefore, SMaxP applies and we conclude that if © — v attains a maximum inside the domain
Q x (0,T) at some point (zg,to) then u — v is constant in Q x [0, to]. O

Remark 5.1. If Pucci’s operator M~ appearing in hypothesis (H) is nondegenerate, i.e. A >
0, then one can consider any Lévy measure i, not necessarily satisfying (M.).

Example 5.1. The linear PIDE
up — Au — Z[u] = f(x) in Q
satisfies Strong Comparison, as (H) holds for the corresponding nonlinearity.
Example 5.2. On the other hand, for the equation
up + |[Du|™ — Zu| = f(z) in Q

condition (H) holds if the sub and super-solutions are Lipschitz continuous in space.
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Indeed, for u subsolution and v supersolution
(w —v); + |[Du|™ — |Dv|™ = Z[u —v] > (u—v); +m|Dv|™ ?(Du— Dv) — I[u — v
> (u—v)—cD(u—v)—Zu—v].

6. APPENDIX

We present in the following some useful properties of the nonlocal terms. For a given function
v defined on RY x [0, 7], consider the integral operators

[z, t,v] = /D(v(m + z,t) —v(z,t) — Dv(z,t) - 215(2))pe (dz),
and
Tt 0] = /D(v(x +J(x,2),t) —o(z,t) = Do(z,t) - j(x, 2)15(2)) n(d2),

where the integral is taken over a domain D C RY.

1’7t)

Lemma 6.1. Any smooth function v(x,t) = e? W) satisfies the integral inequality

Tlz,t,v] > v- L[z, t,¢],¥(z,t) € RN x [0,T]
Proof. The inequality is immediate from e¥ — 1 > y, Vy € R. More precisely

L[z, t,v] = / (e“"(“'z’t) — @t _ P@) Doo(, 1) - 215(2)) e (d2)
D
= e?@dt) / (e“"(mjLZ’t)*“’(x’t) —1— Dp(x,t) - le(z)),ux(dz)
D

> @) /D (Pl +2,t) — (@, t) = Dp(a, 1) - 21(2)) pa(d2).

We straighten the convex inequality to the following:

Lemma 6.2. Let v be a smooth function of the form v(x,t) = e?@  Then for any 6 > 0 there

exists a constant ¢ = %6_6 such that v satisfies

Iz, t,v] > e?@V [ T]z,t, 0] + ¢ /D (o(z + 2,t) — p(2, 1))z (d2)], ¥(z, t) € RN x [0,T],

where the integral is taken over the domain D = {p(z + z) — ¢(x) > —0}.

Proof. The proof is direct application of the exponential inequality
eV —1>y+cy? Yy > 0.

We now insert the previous inequality with y = ¢(z + z,t) — ¢(x,t) in the nonlocal term and
obtain

Iz, t,e?] = @b / (e“’(ﬁz’t)**"(m’t) — 1= Dy(z,t) - 21p(2)) pz(dz)
D
> [ (oo +2,1) - plat) ~ Dpla.t) - 21a(2)) a(d2)
D

+c/ ((p(x + 2,1) — o2, 1)) 1 (d2)].
D
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Similar results hold for Lévy-It6 operators.

Lemma 6.3. The function v(zx,t) = e satisfies the integral inequality

Lemma 6.4. For any § > 0 there exists a constant ¢ = %e_

j[x7 t? U:I 2 v - j[x7 t? @]7v(x7 t) e RN X [07 T]'

% such that v = e¥ satisfies

Tlx,t,0] 2 0 - (Tl t, ] + C/ (plx +j(x, 2),t) = p(x,1)*u(d2)], Y(z, 1) € RN x [0,T],

D

where the integral is taken over the domain D = {p(z + j(z,2)) — p(z) > —4d}.
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