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CROSSED PRODUCTS OF CALABI-YAU ALGEBRAS BY FINITE GROUPS

PATRICK LE MEUR

ABsTRACT. Let a finite group G act on a differential graded algebra A. This article presents
necessary conditions and sufficient conditions for the skew group algebra A x G to be Calabi-
Yau. In particular, when A is the Ginzburg dg algebra of a quiver with an invariant potential,
then A x G is Calabi-Yau and Morita equivalent to a Ginzburg dg algebra. Some applications
of these results are derived to compare the generalised cluster categories of A and A x G when
they are defined and to compare the higher Auslander-Reiten theories of A and A * G when
A is a finite dimensional algebra.
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INTRODUCTION

Calabi-Yau algebras occur in many parts of mathematics and play a special role in several
areas related to representation theory. In the non commutative algebraic geometry initiated
by Artin and Schelter ([4]), they appear naturally among the regular algebras used as non
commutative analogues of polynomial algebras. They also serve to define generalised cluster
categories ([2]), which are used to categorify the cluster algebras of Fomin and Zelevinsky. When
a cluster algebra is given by a marked surface, quivers with potentials are associated to the
triangulations of the surface (|5l [26]); recall that quivers with potentials are the base ingredients
in the definition of Ginzburg differential graded (dg) algebras, which are Calabi-Yau. Finally, in
the higher Auslander-Reiten theory developed by Iyama et al., the higher representation infinite
algebras ([19]) are defined using higher derived preprojective algebras, which are Calabi-Yau
completions of finite dimensional algebras of finite global dimension (|24]).

Recall that a dg algebra A over a field k is called d-Calabi-Yau, where d is an integer, when
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2 PATRICK LE MEUR

e A is homologically smooth, that is A € per(A°¢), and

e Y9RHom 4c (A, A°) ~ A in the derived category D(A®) of A®.
Here, ¥ denotes the suspension for all triangulated categories, A¢ denotes the enveloping dg
algebra A ®i A°P and per(A°) denotes the perfect derived category of A°.

This article investigates the Calabi-Yau duality of skew group algebras A x G of dg algebras
A under the action of a finite group G with a particular interest on the dg algebras which are
involved in the above mentioned theories. This is motivated by several developments some of
which being recent and others being older.

On one hand, some of the early developments of non commutative algebraic geometry focused
to the regularity properties of invariant subrings under actions of finite groups. And this has led
to the study of skew group algebras from the viewpoint of regularity. Recently, many articles
have studied when the skew group algebra of an ordinary (not dg) algebra is Calabi-Yau and
fairly complete answers are known when the original algebra is Koszul (|36]) connected graded
([35]), or is the universal enveloping algebra of a finite dimensional Lie algebra ([16]).

On the other hand, the recent works [3] and [33] use skew group algebras of Ginzburg dg
algebras and the associated generalised cluster categories for marked surfaces. While the former
uses actions of Z/2Z to relate punctured surfaces to unpunctured surfaces, the latter uses free
actions of finite groups for orbifolds. In both cases, the considered skew group algebra happens to
be a Ginzburg dg algebra up to a Morita equivalence. Recall that, in the context of a generalised
cluster category C, important information is provided by the cluster tilting objects and the cluster
tilting subcategories. A functorially finite subcategory 7 C C is called cluster tilting if

T = {XeC|(¥YMeT)CX,ZM) =0},

and an object T € C is called cluster tilting if its closure add(7") under direct sums and direct
summands is cluster tilting.

The present article therefore aims at giving general answers to the following questions for a
given dg algebra A acted upon by a finite group G by dg automorphismsﬂ

e Under which conditions (necessary and/or sufficient) is A x G Calabi-Yau?

e To what extent are constructions of Calabi-Yau algebras such as Ginzburg dg algebras
or deformed Calabi-Yau completions compatible with taking skew group algebras?

e Assuming that A and A % G are Calabi-Yau and such that their generalised cluster
categories are defined, what kind of relation is there between these categories, and what
kind of relation is there between their respective cluster tilting objects?

e When A is a finite dimensional algebra, is there a connection between A being d-
representation infinite and A * G being n-representation infinite?

Note that the dg algebras considered in this article do not satisfy particular conditions such as
being Koszul, connected graded or Artin-Schelter.

1. MAIN RESULTS AND STRUCTURE OF THE ARTICLE
The main results assume the following setting

Setting 1.1. Let d be an integer. Let k be a field. Let A be a dg algebra over k. Let G be
a finite group acting on A by dg automorphisms (g,a) — 9a. Denote by A the skew group dg
algebra A xG.

Recall that A is defined as follows. As a complex it is equal to A ® kG, where kG is a complex
concentrated in degree 0, and the product is such that (a*g) - (bxh) = a9 * gh for all a,b € A
and g, h € G, where a * g stands for a ® g.

1In the original version of this article, [29], only the first two of these questions are treated.
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The investigation of the Calabi-Yau duality for A makes use of an auxiliary dg subalgebra of
A€ denoted by A,

(1.1.1) A=PAxg)@(Axg™).
geG
It features the following properties.
e Aisadg A-module and A ®% A~ A in D(A®).
e The functor Hom ge (—, A%): Mod(A¢) — Mod(A®) induces a functor Mod(A) — Mod(A)
also denoted by Hom ge(—, A°) and whose total derived functor RHom 4e (—, A°) is such
that RHom e (—, A°) ®% A® ~ RHompe (— ®K A€, A°).

These are used to prove the first main result of this article.

Theorem 1.2 (Theorem [3.4.1). Assume setting[1.1, Assume that char(k) { Card(G), that A is
homologically smooth and that Y*RHom ac (A, A®) ~ A in D(A), then A and A are d-Calabi- Yau.

See Proposition for a necessary condition for A to be d-Calabi-Yau expressed in terms
of RHom 4¢ (A, A¢) when the Hochschild cohomology group HHO(A) is a local algebra.

Several constructions of Calabi-Yau dg algebras behave nicely with respect to taking skew
group algebras. This article concentrates on two constructions, namely, the Calabi-Yau com-
pletions (and their deformations) of [24] and the Ginzburg dg algebras of [I5, 24]. When A is
homologically smooth, its d-Calabi-Yau completion IT4(A) is defined as T4(3¢71© 4) where © 4
is any cofibrant replacement of RHom 4¢ (A, A¢) also called an inverse dualising complex of A.
It is d-Calabi-Yau. Any Hochschild homology class ¢ € HH;_2(A) yields a deformation of the
differential of T4 (29710 4), thus giving rise to the deformed Calabi-Yau completion I14(A, c). If
¢ lies in the image of the natural mapping HN4_2(A) — HH,,_2(A), where HN is the negative
cyclic homology, then IT4(A, ¢) is d-Calabi-Yau ([37]). Both constructions depend on the choice
of © 4 and on the choice of a representative of ¢, but they are independent of these choices up to
a quasi-isomorphism of dg algebras. Now, here is how these constructions are compatible with
taking skew group algebras.

Theorem 1.3 (Theorem [3.5.4). Assume setting . Assume that A is homologically smooth
and that char(k) f Card(G).

(1) Ax G is homologically smooth and, up to appropriate choices of inverse dualising com-
plexes of A and AxG, the group G acts on I14(A) by dg automorphisms and I1;(A)*G ~
I1;(A x G) as dg algebras. In particular, TI4(A) * G is d-Calabi- Yau.

(2) Letc€ HHy o(A)Y. Let € be the image of c under the mapping HHy_o(A) — HHy_o(Ax*
G) induced by A — Ax G, a — axe. Up to appropriate choices as in (1) and up to
appropriate choices of representatives of ¢ and ¢, the group G acts on I1z(A,c) by dg
automorphisms and I14(A,c) * G ~ I14(A x G,¢) as dg algebras. In particular, if ¢ lifts
to HNg_2(A) (so that I14(A,¢) is d-Calabi-Yau), then I (A, c) * G is d-Calabi- Yau.

Note that, if A is a finite dimensional algebra of global dimension d, then H?(ILzy1(A)) is
isomorphic to the (d + 1)-preprojective algebra of A in the sense of [2I], Definition 2.11]. Hence,
part (1) of Theorem entails that, in this case, G acts on the (d + 1)-preprojective algebra of
A and that the resulting skew group algebra is isomorphic to the (d + 1)-preprojective algebra
of A x G (see Proposition . In the more particular case where d = 1, these are classical
preprojective algebras of hereditary algebras and this result is proved in [9].

The Ginzburg dg algebras are particular instances of deformed Calabi-Yau completions. They
are Calabi-Yau. Here, they are considered using the following setting.

Setting 1.4. Let Q,G, W be as follows.
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e () is a finite graded k-quiver.

e G is a finite group with order not divisible by char(k) and acting on the path algebra
k@ by degree preserving automorphisms in such a way that both the set of (idempotents
associated with) vertices and the vector space generated by the arrows of @) are stabilised
by the action.

e W is a homogeneous potential of degree d — 3 on Q.

The Ginzburg dg algebra A(Q, W) is quasi-isomorphic to the deformed Calabi-Yau completion
I1;(kQ, c), where the graded path algebra k(@ has zero differential and ¢ is the image of W under
Connes’ boundary HHy_3(kQ) — HH;_2(kQ). Theorem applies as follows.

Corollary 1.5 (Corollary 4.4.3). Assume setting . Assume that W is G-invariant up to
cyclic permutation.

(1) The action of G on k@ extends to an action of G on A(Q, W) by dg automorphisms and
A(Q, W) x G is d-Calabi- Yau.

(2) For all graded k-quivers Q' and for all (non wunital) graded algebra homomorphisms
k@' — kQ x G whose restriction-of-scalars functor is an equivalence from Mod(kQ * G)
to Mod(kQ') (see [9]), there exists a homogeneous of degree d — 3 potential W' on Q'
such that kQ" — kQ * G extends to a (non unital) dg algebra homomorphism

AQ W) = AQ, W) G
whose restriction-of-scalars functor induces an equivalence
D(AQ, W) xG) = D(AQ", W)).

More precisely, k@' — k@ * G induces an isomorphism HH,; 3(k@’) — HHy_3(kQ * Q).
Using it as an identification, W’ may be taken equal to the image of W under the mapping
HH,;_3(kQ) — HH;_3(k@ * G) induced by the natural embedding k@Q — kQ * G, a — a x e.
When d = 3, Corollary is proved in [3, Theorem 2.6, Corollary 2.7| assuming that G = Z/27
and the action of G on k@ is induced by an action on () by quiver automorphisms.

As mentioned in the introduction, 3-Calabi-Yau algebras are base ingredients in the construc-
tion of generalised cluster categories. Theorem and Corollary raise the question of the
comparison of generalised cluster categories of A and A * G when they are defined. The setting
in which this article addresses this question is the following.

Setting 1.6. Let k be a field. Let G be a finite group. Let A be dg k-algebra acted upon by G
by dg automorphisms. Assume that

e A is concentrated in non positive degrees and HY(A) is finite dimensional,

e char(k) does not divide Card(G),

e and both A and A x G are 3-Calabi-Yau.

This ensures the existence of the generalised cluster categories C4 and Ca.g of A and A * G,
respectively. In particular, they have distinguished cluster tilting objects A and A * G, respec-
tively. In this setting, the group G acts (strictly) on C4 by (strict) automorphisms of triangulated
categories. Also, the extension-of-scalars functor D(A) — D(A*G) and the restriction-of-scalars
functor D(A * G) — D(A) induce triangle functors

F\:Cy ——=Cpuq: I

which form a biadjoint pair with split units (see Proposition [5.1.2)). These functors are the
basement of the comparison between the cluster tilting objects of C4 and those of Ca.g-

Theorem 1.7 (Corollary and Proposition [5.2.3)). Assume setting[1.6
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(1) The assignments T — add(FA\T) and T' — add(F.T') induce mutually inverse bijections
between the set of G-stable cluster tilting subcategories of Ca and the set of cluster tilting
subcategories of Carg which are stable under F)\F..

(2) For all G-stable cluster tilting subcategories T of Ca, there exists a cluster tilting object
T € Ca such that T = add(T) and T9 = T for all g € G. Then, (add(F\T) =
add(F\T)), the group G acts on End(T) by algebra automorphisms and End(T) * G is
Morita equivalent to End(F\T).

Part (1) of Theorem is similar to some of the results of [I0, Section 3] where a cor-
respondence is established between the G-stable cluster tilting objects of a given Hom-finite
Krull-Schmidt and stably 2-Calabi-Yau Frobenius category endowed with a suitable action of G
and the k[G]-stable cluster tilting objects of the associated G-equivariant category.

With additional assumptions, part (1) of T heorem has a more precise formulation. Indeed,
assume that the action of G on the isomorphism classes of indecomposable projective H°(A)-
modules is free. Then, Proposition [5.3.5] asserts that, for all cluster tilting objects T' € Cauc
in the mutation class of A x G, every indecomposable direct summand of T lies in the essential

image of F); moreover, T is isomorphic to F, \T for some cluster tilting object T € Cy4 such that
T9 =T for all g € G. When A is given by a quiver with potential like in Corollary the above
condition relative to H°(A) is equivalent to the action of G on the set of vertices of @ being free.

These results have particular implications in the acyclic case. A Hom-finite, Krull-Schmidt
and 2-Calabi-Yau category is called acyclic when it is equivalent as a triangulated category to
the cluster category, in the sense of [6], of a hereditary algebra. Following [25], this is the case if
and only if the category is algebraic and contains a cluster tilting object whose endomorphism
algebra is hereditary.

Corollary 1.8 (Corollary [5.4.2)). Assume setting[1.6

(1) The following assertions are equivalent.
(i) Ca is equivalent to the cluster category of a Dynkin quiver.
(i) Caxc is equivalent to the cluster category of a Dynkin quiver.
(2) If Ca is acyclic and has infinitely many isomorphism classes of indecomposable objects,
then
(a) there exists a cluster tilting object T € C4 such that End(T') is hereditary and T9 =T
for all g € G and
(b) for any such T, there exists a cluster tilting object T' € Ca.c such that the algebras
End(T) * G and End(T") are Morita equivalent.
Consequently, Cawq is acyclic.
(8) Assume that G acts freely on the set of isomorphism classes of indecomposable projective
HO(A)-modules. If Ca.q is acyclic, then so is C4.

Note that part (1) is proved in [33, Proposition 7.12] when A is given by a quiver with potential
(Q, W) and the action of G on A is induced by a free action on @ by quiver automorphisms in
such a way that W is G-invariant up to cyclic permutation.

The last main result of this article is an application of Theorem [I.3] to higher Auslander-
Reiten theory. Indeed, a finite dimensional algebra of global dimension d is d-representation
infinite, in the sense of [19], if and only if the cohomology of its derived (d + 1)-preprojective
algebra is concentrated in degree 0. Since the derived (d + 1)-preprojective algebra is equal to
the (d + 1)-Calabi-Yau completion, Theorem applies to prove the following.

Corollary 1.9 (Propositions and 6.2.1)). Let A be a finite dimensional algebra of global
dimension d. Let G be a finite group acting on A by algebra automorphisms. Assume that char(k)
does not divide Card(G).
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(1) A is d-representation finite if and only if so is A G.
(2) A is d-representation infinite if and only if so is A * G.

The article is organised as follows. Basic material is recalled in section [2] Section [3| develops
the needed properties of the dg algebra A and proves Theorems and Section [4]is devoted
to the application to Ginzburg dg algebras, it proves Corollary [[.5] The comparison between the
generalised cluster categories of A and A * G, when these are defined, is made in section [} this
includes proofs of Theorem and Corollary Finally, Corollary on higher representation
(in)finite algebras is proved in section 6]

2. DEFINITIONS AND NOTATION

Throughout the text, k denotes a field. The tensor product over k is denoted by ®. Let A be
a dg algebra over k. All dg algebras are over k and with differential of degree 1. Denote by A°P
the opposite dg algebra of A. Denote by A° the enveloping dg algebra A® A°P of A, with product
given by (a @b) - (¢ ® d) = (—1)dee®)(deg(e)+deg(d) g @ @b for all (homogeneous) a,b, ¢, d € A.

The dg category of dg (right) A-modules is denoted by Mod(A). See [23] for a background.
In all places, the suspension functor is denoted by . Given dg A-modules M, N the complex
of morphisms M — N in Mod(A) is denoted by Hom4 (M, N); in particular Z°Hom (M, N)
is the vector space of morphisms of dg A-modules, that is, with degree 0 and commuting with
the differentials, and H°Hom (M, N) is the vector space of morphisms of dg A-modules up to
homotopy. The derived category of A is denoted by D(A), this is the localisation of the graded
category H'Mod(A) at quasi-isomorphisms. It contains two full subcategories used here,

e the perfect derived category denoted by per(A), this is the thick triangulated subcategory
of D(A) generated by A and
e the full subcategory Diq(A) of objects X € D(A) such that dim(D;ezH! (X)) < oo.

In particular, A is a dg A°-module for the following structure map

A® A — A°
a®@((b@c) - (—1)desle)(deg(b)+deg(a)) cpg

and A is called homologically smooth if A € per(A€).

2.1. Calabi-Yau algebras. For all X € Mod(A), the complex Hom 4. (X, A°) is viewed as a
dg A°-module such that (f - (a @ b))(z) = (—1)dee(/)(deg(a)+deg(b))+deg(b)-deg(a)(}, @ g) - f() for
all f € Homye(X, A¢), z € X and a,b € A. When A is homologically smooth, RHom 4 (—, A¢)
induces a duality RHom e (—, A®): per(A¢)°P — per(A4°). Let d be an integer. Following [15]
3.2.3], the dg algebra A is called d-Calabi-Yau if the two following assertions hold true:

(1) A is homologically smooth,
(2) L9RHom e (A, A®) ~ A in D(A®).

2.2. Skew group algebras. Let G be a finite group and A be a dg algebra. In all places,
e denotes the neutral element of G. By an action of G on A by dg automorphism is meant
a morphism of complexes kG ® A — A, where kG is a complex in degree 0 and with zero
differential, such that, denoting by 9a the image of g ® a for all g € G and a € A, then

e 9(ab) = 9a9b for all a,b € A and g € G and

e ‘a=aand 9"a = 9("a) foralla € A and g,h € G.

This defines the skew group dg algebra A * G with underlying complex of vector spaces equal to
A®KkG, where any tensor a ® g with a € A and g € G is denoted by a * g and with product such
that (axg)- (bxh) =a9b*gh for all a,b € A and g,h € G.

For all g € G, denote by A * g the dg A°-module A% g={axg | a € A}. It is isomorphic to
A as a dg A-module. Besides, A x G = ©4eqgA * g as a dg A°-module.
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2.3. Adjunctions. Let G be a finite group acting on a dg algebra A by dg automorphism. For
all g € G denote the restriction of scalars along the dg automorphism A — A, a +— Ya as follows

Mod(4) — Mod(A)
(2.3.1) M — MY

f / f? ’
M—=M ~ M9I-— M?Y.

This defines a strict action of G on Mod(A) on the right by automorphisms of dg categories. It
preserves both projective and injective model structures of Mod(A), and hence defines a strict
action of G on D(A) by strict automorphisms of triangulated category.

Since A x g ~ A as dg A-modules for all g € G, the extension-of-scalars functor — ® 4 (A4 *
G): Mod(A4) — Mod(A x G) preserves quasi-isomorphisms and so does the restriction-of-scalars
functor res: Mod(A * G) — Mod(A). Consider the adjoint pair of triangle functors

- oLk (A% G): D(A) D(A * G): Rres

Lemma 2.3.1. The functors — ®h A x G and Rres have the following properties.
(1) The pairs (Rres, — ®% (A G)) and (— @Y% (A * G),Rres) are adjoint.
(2) The unit of the adjoint pair (— @Y (A x G),Rres) splits.
(3) If char(k) { Card(G), then the unit morphism N — (Rres N) ®@% (A * G) of the adjoint
pair (Rres, — @4 (A x G)) splits functorially for all N € D(A* G).
(4) For all M € D(A) there is a functorial isomorphism in D(A)

(2.3.2) Rres (M @Y (A G)) ~ @ M9
geG
(5) For all M, M' € D(A) there is a bifunctorial isomorphism
P D(A)(M, M) = D(AxG)(M @% (AxG), M' @5 (AxG)).
geG

(6) There exists an isomorphism of functors A\g: —9 @4 (A x G) = — @Y (A* G), for all
g € G, such that the following equalities hold true, for all M € D(A) and g,h € G,

{ M) = 1u
Mg o (An)ms = (Agn)m -
(7) Rres ~ (Rres)? for all g € G.
Proof. This is known for finitely generated modules over Artin algebras. Here are some details.

(1) See |34, Theorem 1.4]. Given X € Mod(A4 * G) and Y € Mod(A), the following is an
isomorphism of complexes

®: Homy(res X,Y) = Homawg(X,Y @4 (A% G)),
where ®(f) is defined as follows, for all f € Homa(res X,Y),

O(f): X — Yoi(AxG)
= Y fla-(Ixg™))@(1xg).

The inverse of ® maps any f € Homa.g(X,Y ®4 (A xQ)) to its composition with the mapping
Y ®4 A+ G — Y induced by the counit kG — k. Hence, the pair (res,— ®4 (4 * G)) of
functors between Mod(A) and Mod(A x G) is adjoint. This is a Quillen adjunction, which yields
the adjunction at the level of derived categories (note that both res and — ®4 (A4 * G) preserve
quasi-isomorphisms).



8 PATRICK LE MEUR

(2) See [34, Theorem 1.4]. The unit morphism M — Rres (M ®Y (A x G)) is induced by
m = m®(lxe).
A splitting in D(A) is induced by the counit kG — k.
(3) The unit morphism N — (Rres N) ®% (A * G) is induced by
no Ygean-(Ixg™h)) @ (Lxg).
A splitting in D(A x Q) is induced by n ® (a * g) — m ‘n-(axg).
(4) See [34] Proposition 1.8]. The isomorphism is induced by
DyeccM? — Mea(A*G)
dec mg deG mg R (1xg).
(5) follows from (1) and (4).
(6) There exists an isomorphism of dg A * G-modules, for all M € Mod(A) and g € G,
ég,M: M9®A(A*G) — M®A(A*G)
m®(axh) — me(Ja®h).
And L. ar = 1ap and €y pro 0 €g ar = Lgn, s for all M € Mod(A) and g, h € G. This proves (6).
(7) N = N9, n s n-(1xg~1) is an isomorphism of dg A-modules, for all N € Mod(A*G). O

3. THE MAIN THEOREMS
This section assumes setting This setting is restated below for convenience.

Setting 3.1. Let d be an integer. Let k be a field. Let A be a dg algebra over k. Let G be a
finite group acting on A by dg automorphisms (g,a) — 9a. Denote by A the dg algebra A x G.

The section aims at proving Theorem [I.2) which gives sufficient conditions for A to be d-Calabi-
Yau and Theorem which explains when G acts on the (deformed) Calabi-Yau-completions of
A so that the resulting skew group algebras are Calabi-Yau.

For this purpose, an auxiliary dg subalgebra A of A€ such that A ® A A¢ ~ A is introduced
in subsection [3:1} This allows to relate A being homologically smooth to A being homologically
smooth in subsection The proofs of these results are based on a relationship between the
inverse dualising complexes of A and A established in subsection [3.3] Theorem is proved in
subsection [3.4] and Theorem is proved in subsection [3.5

3.1. The dg algebra A and its dg modules. Recall that A is defined in (1.1.1)). The group
G acts on A€ by dg automorphisms as follows
Gx A — A°
(g:a®b) = Ia®b)=9a® b,
and the resulting skew group algebra is isomorphic to A wvia the following isomorphism
A — A°xG
(axg)@(bxg™l) = (a®9 b)xg.
To be given a dg A-module is equivalent to be given a dg A°-module M together with a com-

patible action of G on M by automorphisms of complexes of vector spaces Gx M — M , (g, m) —
9m. Here, by “compatible”, is meant that, for all g € G, a,b € A and m € M,

(3.1.2) Im-(a®b))=9m-9(a®b),
the structure of dg A-module is then such that m - ((a* g) ® (bxg=1)) = (9 m)- (9 'a®b).

(3.1.1)
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To any dg A-module M is associated a dg A°-module M G with underlying complex of vector
spaces M ® kG and with action of A such that (m*g)-(axh®bxk) = (*m-(*a®b))*kgh for
allm e M, a,b € A, and g, h, k € G. Note that A € Mod(A) by means of the following structure
mapping

ARA — A
a@(brg@cxg ) (—1)des)(esb)tdeg(@)e g™l o7 p,
Of course, in this case, the resulting dg A¢-module A x G is A. The following basic properties
are used throughout the section.

Lemma 3.1.1. Assume setting[3.1]

(1) A~ (A%)C>UE) g5 dg A°-modules.

(2) A ~ A€ g5 dg A-modules.

(8) Let M € Mod(A), then
e the following mapping is an isomorphism of dg A°-modules,

Mea AN — MxG
me(axg®bxh) — (m-(axh ' ®@bxh))*hg.
o M is a direct summand of M %@ A¢ in Z°Mod(A),
e if char(k) { Card(G) then M is a direct summand of M @ A in Z°Mod(A).
AE

(4) The restriction-of-scalars functor Mod(A) — Mod(A€) maps cofibrant objects to cofi-
brant objects. Moreover, for all cofibrant resolutions X — A in Mod(A), the composite

morphism X @ A¢ — A @A A€ A is a cofibrant resolution in Mod(A®).

(3.1.3)

Proof. (1) follows from the definition of A and the fact that A x g ~ A as dg A-modules.
(2) follows from the direct sum decompositions

(3.1.4) A =PEPAxg) @ (Axg™'t) = DED(Axg) @ (Axtg™))
teG geG teG geG
where each term @geq(A* g) @ (A* g7't) (or, Byea(A*g) ® (Axtg™')) is a dg A ® (A®)°P-
submodule (or, a dg A® ® A°P-submodule) of A freely generated by (1 xe) ® (1 xt) as a dg
A-module (or, as a dg A°P-module), and hence is isomorphic to A as a dg A-module (or, as a
dg A°P-module, respectively).
(3) The mapping is a well-defined morphism of dg A¢-modules, its inverse is

M+xG — M®aA°
mxg — me((1xg)®(lxe)).

In order to prove that M is a direct summand of M ®a A® in Z°Mod(A), denote by X; the dg
A ® (A°)°P-submodule Gye(A * g) @ (Ax g~'t) of A, for all t € G\{e}. In the decomposition
, both summands X, and ©icq\ e} Xt are dg A ® A°P-submodules. Accordingly, there is
a direct sum decomposition in Z°Mod(A)

M=(MosX)P | Mes @ x)

t#e

Since X, = A, the dg module M is a direct summand of M ®a A¢ in Z°Mod(A).

Finally, note that Lemma [2.3.1] may be applied here to the dg algebras A® and A ~ A° % G
instead of to A and A * G, respectively. Using part (3) of that lemma yields that M is a direct
summand of M ®4¢ A in Z°Mod(A).

(4) Let X — A be a cofibrant resolution in Mod(A).



10 PATRICK LE MEUR

In view of (1), the functor Hom 4 (A, —): Mod(A¢) — Mod(A) preserves quasi-isomorphisms
and component-wise surjective morphisms. Accordingly, its left adjoint, the restriction-of-scalars
functor Mod(A) — Mod(A€), preserves cofibrant objects. Thus, X — A is a cofibrant resolution
in Mod(A®).

The restriction-of-scalars functor Mod(A¢) — Mod(A) preserves quasi-isomorphisms and
component-wise surjective morphisms. Accordingly, its left adjoint, the extension-of-scalars func-
tor — ®a A°: Mod(A) — Mod(A®) preserves cofibrant objects. In view of (2), it also preserves
quasi-isomorphisms. Thus, X @ A¢® — A®a A€ is a cofibrant resolution in Mod(A¢) and remains
so after composing with the quasi-isomorphism . O

3.2. Homological smoothness of A and A.

Proposition 3.2.1. Assume setting[3.1]

(1) If A is homologically smooth, then so is A.
(2) The converse holds true when char(k) does not divide Card(G).

Proof. (1) Assume that A is homologically smooth. Consider the restriction-of-scalars functors,
D(A®) == D(A) == D(A°).

Since A¢ ~ AC21d(G) (see Lemma part (2)), the triangle functor res; maps per(A€)) into

per(A). Moreover, A € per(A€). Therefore,

(3.2.1) A € per(A).

Applying part (3) of Lemma to M = A and using the restriction-of-scalars functor D(A¢) —
D(A) yields that A ~ A®a A° in D(A) and that A is a direct summand of A ®a A® in D(A).
Therefore, it follows from (3.2.1)) that

(3.2.2) A € per(A).
Finally, A € per(A°) because A =~ (A°)®¥d(©) (see Lemma part (1)); accordingly,
ress(per(A)) C per(A€); therefore A € per(A°€) (see (3.2.2))), that is, A is homologically smooth.

(2) Assume that char(k) does not divide Card(G) and that A is homologically smooth. Con-
sider the extension-of-scalars functors,

—-@5%.A

D(A°) D(A) =252, praey.

First, A ®L. A € per(A) because A € per(A€). Besides, A ®4. A ~ A®4c A in D(A) because
A =~ (A°)Card(G) a5 dg (A°)°P-modules (see Lemma(3.1.1} part (1)). Now, A is a direct summand
of A®4- A in D(A) (see above or part (3) of Lemma [3.1.1)). Thus,

(3.2.3) A € per(A).

Finally, A ®a A® ~ A ®% A® because A® ~ AC1d(G) a5 dg A°P-modules, and A ~ A ®a A€ in
D(A®) (see Lemma parts (2) and (3)). Therefore A € per(A©) (see (3.2.3)), that is, A is
homologically smooth. O

3.3. Interaction between duality and extension of scalars. This subsection establishes
a relationship between RHom e (A, A¢) and RHompe(A, A®). For this purpose, the following
lemma makes of RHom 4(—, A¢) a triangle functor D(A) — D(A).

Lemma 3.3.1. Assume setting , Let M € Mod(A). For all f € Homae(M, A%) and g € G,
denote by 9 f the following mapping
M — A°

9f:
(3.3.1) m = 9(fm-(1xg)® (1xg~1)))).
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This construction defines an action of G on Hom ge (M, A®) compatible with the natural structure
of dg A°-module, and hence an additive functor

(3.3.2) Hom e (—, A%): Mod(A) — Mod(A)
such that the two following diagrams are commutative (the vertical arrows are the restriction-of-
scalars functors).

Hom e (—,A°)

(3.3.3) Mod(A) Mod(A)
Mod(A®) Homar (CA9) Mod(A®)
(3.3.4) p(A) —emac=AD | pip)
D(A°) D(A°)

RHom ye (—,A°)

Proof. The part of the statement before (3.3.3)) follows from a direct computation. In particular,
(3.3.3) is commutative. Following Lemma (part (4)), the vertical arrows in (3.3.3) preserve
cofibrant objects. The diagram (3.3.4]) therefore arises from (3.3.3)). O

Note that, given a quasi-isomorphism X — M in D(A) such that X is cofibrant in Mod(A®),
the image of M under RHom ge(—, A¢): D(A) — D(A) is isomorphic to Home(X, A¢). In-
deed, there exists a cofibrant resolution X’ — X in Mod(A). Therefore, the image of M
under RHom ge(—, A¢): D(A) — D(A) is isomorphic to Homye (X', A¢). Now, X’ is cofibrant
in Mod(A¢) because so it is in Mod(A); actually, it follows from [I7, Proposition 2.5] and from
the isomorphism that a dg A-module is homotopically projective if and only if it is so
as a dg A°module. The quasi-isomorphism X’ — X between cofibrant objects in Mod(A¢)
therefore induces a quasi-isomorphism Hom g¢ (X, A¢) — Hom e (X', A°) in Mod(A€), and hence
also in Mod(A). In particular, there is no risk of misunderstanding in using the same notation,
RHom ge(—, A°), for both functors D(A¢) — D(A°) and D(A) — D(A).

It is now possible to establish the relationship between RHom 4. (A, A°) and RHompe (A, A°)
announced at the beginning of the subsection.

Proposition 3.3.2. Assume setting[3.1l The following diagram, where the top horizontal arrow
is given by the top horizontal one of (3.3.4)), is commutative up to an isomorphism of functors.

RHom 4e (—,A°)

(3.3.5) D(A) D(A)
] o
D(A?) D(A°)

RHompe (—,A°)
Consequently, there are isomorphisms in D(A€),
(3.3.6) RHom 4. (A, A°) * G ~ RHom 4 (A, A°) @% A° ~ RHomy. (A, A®).

Proof. For the ease of reading, A and kG are identified with their respective canonical images
in A and so are A° and (kG)¢ in A°. Unless otherwise specified, “” denotes the product in A°.
For all M € Mod(A), there is an isomorphism of dg A°-modules,

(3.3.7) D Homye (M, A%) @A A® — Homa (M, A°)
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such that @5/ (f ® ((a*g) ® (bxh))) is given as follows, for all f € Hom e (M, A®), a,b € A and
g,h €G,
M — A
m o= £33 ((0xh)@(axg) f(m-(k@k™)) (k7' @k),
where the sign is (—1)de8(®)-(deg(a)tdeg(f))+deg(a)-dee(f)  Here is a description of ®,;'. Given
¢ € Homa (M, A®) and m € M, there is a unique decomposition o(m) = >__ o ¥s,t(m) - (s ®1)
in A®, where ¢, (m) € A; in particular, for all s,¢ € G,
o ooi(m-(a®b))=ps(m)-(*a® ' 'b), for all a,b € A, and
o poi(m-(k@Kk™)) = pg-1 1(m), for all k € G;
hence, the following well-defined mapping lies in Hom 4 (M, A€), for all g € G,
@ M - A°
mo—= (g7 @ 1) pge(m)-(g@1).
With this notation, ®;, is given by ¢ 2 _geG P9 @ (ga1).

This construction is natural. Since, moreover, Homa (—, A®) = Hompe(— ®a A€, A®), there is
a functorial isomorphism of functors from Mod(A¢) to Mod(A®),

(3.3.8) Hom g (—, A°) ®a A° =5 Hompe (— ®a A%, A°).

Now, recall that A ~ A€21d(&) hoth as dg A-modules and as dg A°P-modules. Hence, deriving

(13.3.8) yields that (3.3.5) commutes up to an isomorphism of functors, which entails (3.3.6), see
subsection [3.1] for the first isomorphism of (3.3.6)), and see the isomorphism (3.1.3) with M = A
for the second one. O

3.4. Main theorem. Now it is possible to prove Theorem [I.2] Here is a restatement of it.

Theorem 3.4.1. Assume setting[3.1 Assume that char(k) { Card(G), that A is homologically
smooth and that Y9 RHom ge (A, A®) ~ A in D(A), then A and A are d-Calabi- Yau.

Proof. By restriction of scalars, Y?RHom ¢ (A, A¢) is isomorphic to A in D(A®) because this is the
case in D(A). Hence, A is d-Calabi-Yau. By Proposition the dg algebra A is homologically
smooth. Finally, since X¢RHom 4 (4, A°) ~ A in D(A), it follows from the isomorphism
with M = A and from Proposition [3:3.2] that A is d-Calabi-Yau. O

Here is a necessary condition for A to be Calabi-Yau. No assumption on char(k) is made.

Proposition 3.4.2. Assume setting . Assume that HHO(A) s a local k-algebra. If A is
d-Calabi-Yau, then A is homologically smooth and there exists g € G such that, in D(A®),

Y'RHom . (A4, A%) =~ A, ,
where o, denotes the restriction-of-scalars functor along the dg automorphism A¢ — A°, a®b —

9a ®b.

Proof. The dg algebra A is homologically smooth by Proposition Since A is d-Calabi-Yau,
there is an isomorphism Y¢RHomye (A, A¢) =5 A in D(A¢). Using Proposition and the
isomorphism with M = A yields that S¢RHom 4. (A, A°) @K A® ~ A ®K A° in D(A®).
Using yields that there is an isomorphism in D(A°),

(3.4.1) P S RHom 4 (A4, A%), ~ P A, .
geG geG

Note that all the summands appearing in (3.4.1)) lie in per(A€) because they are direct summands
of A in D(A®).
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Now, since RHom ge(—, A¢) is a duality on per(A¢), the endomorphism algebras of A, and
YRHom 4« (A, A, for g, h € G, are isomorphic to D(A¢)(A, A) (~ HH(A)). Since HH"(A) is
local, it follows from (3.4.1)) that ?RHom ¢ (A, A°) ~ A, in D(A°) for some g € G. O

3.5. Skew group algebras of deformed Calabi-Yau completions. Assume setting 3.1 and
assume that char(k) does not divide Card(G) and that A is homologically smooth. Hence A
is homologically smooth. This subsection investigates when G acts on the deformed Calabi-
Yau completions of A, as introduced in [24], and when the associated skew group algebras are
deformed Calabi-Yau completions of A. For this subsection, consider a cofibrant replacement in
Mod(A)
ra: X — A,
and consider a quasi-isomorphism in Mod(A) which is a cofibrant replacement in Mod(A¢),
pa: ©4 — Homye (X, A%).

Recall that 74 is a cofibrant resolution in Mod(A¢) (see subsection and that dg A-modules
are also viewed as dg A°-modules with a compatible action of G.

The quasi-isomorphism p4 induces a quasi-isomorphism in Mod(k) because A is homologically
smooth,

yd-2x ®Qae A — Homge (Ed_leA, EA)
r@a = (0~ (pa(0))(x)-a),
where the “-” denotes the structure action of A° on the left dg A°-module A. The (deformed)
Calabi-Yau completions of A are defined as follows.
Definition 3.5.1 (|24]). Let A be a homologically smooth dg algebra. Let ©4 be a cofibrant
replacement of RHom 4 (A, A¢) in Mod(A*€).
(1) The d-Calabi-Yau completion T14(A) of A is the following tensor dg algebra,
(3.5.2) Hd(A) = TA(Zd_lC“)A) .

(2) Let D € Z°Hom 4¢ (29710 4, % A). Denote by 4 the differential of £¢~10 4. Define dp to
be the unique square-zero skew-derivation of degree 1 on the graded algebra T4 (X910 4)
whose restriction to A is equal to the differential of A and whose restriction to 34710 4
is given by

(3.5.3) [D,6]: 247104 - SAEP T,

(3) Let ¢ € HHy o(A). Let D € Z°Hom (297104, X A) represent ¢ via (3.5.1). The
deformed d-Calabi-Yau completion I14(A, c) is defined by
(3.5.4) I (A, c) = (TA(Z7104),0p).

Up to quasi-isomorphisms of dg algebras, neither I1;(A) nor IT1;(A4, ¢) depend on the cofibrant
replacement r4: X — A or on the cocycle D.

(3.5.1)

Theorem 3.5.2 (|24, [37]). Let A be a homologically smooth dg algebra. Let d be an integer.
The Calabi-Yau completion I14(A) is d-Calabi-Yau (|24, Theorem 4.8]). For all ¢ € HHy_2(A)
lying in the image of the canonical morphism HNy_o(A) — HHy_o(A) the deformed Calabi-Yau
completion I14(A, ¢) is d-Calabi- Yau (37, Theorem 3.17]).

In order to relate the (deformed) Calabi-Yau completions of A to those of A, it is necessary
to endow the former ones with suitable actions of G. For this purpose, note that the mapping
is G-equivariant provided that 2?~2X ® 4« A and Hom 4. (24710 4, ¥ A) are endowed with
the following actions of G,

e Y(x®a)=9r® Ya,forall g€ G, z € X and a € A,
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o (9D)(0) = 9(D(9 '0)), forall g € G, D € Homue (29710 4,5 A) and 0 € 910 4.

In particular, the former action induces the natural action on the Hochschild homology HH;_5(A)
which is computed by X ® s A.

Lemma 3.5.3. Assume setting [3.1 Assume that char(k) does not divide Card(G) and that
A is homologically smooth. Let ©4 be a dg A-module which is a cofibrant replacement of
RHom 4. (A, A%) in Mod(A®).

(1) The actions of G on A and on © 4 extend uniquely to an action by dg automorphisms on
TA(Ed*G)A) = Hd(A)

(2) Let c € HHy o(A)®. Then, there exists D € Z'Hom e (X910 4, X A) which represents c
via and such that D(90) = 9(D(0)) for all g € G and 0 € © 4. For any such D,
the action of G on the graded algebra Ta(X%"104) is an action by dg automorphisms on
(TA(X%104),6p) = Iy4(A,c) (see part (2) of Deﬁnitionfor the definition of 0p ).

Proof. (1) In view of (3.1.2), there is an action of G on (29710 4)®4", for all n € N\{0}, such
that 9(0; @ - - ®6,) = 90, @ --- ® 90, for all 0y,...,0, € ¥9710,4 and g € G. These actions
together with the one on A do form an action of G on T4 (2?7160 4) by dg automorphisms. The
uniqueness of this action follows from T4 (29710 4) being generated by © 4 over A as an algebra.

(2) Note that (H°Hom g (29710 4,2 A4))¢ =2 H(Hom 4¢ (4710 4, £ A)%) because the algebra
kG is semisimple. This explains the existence of D. In particular, both the differential of A and
the mapping are G-equivariant. Hence, so is dp. Accordingly, the action of G on the
graded algebra T4(X97104) is an action by dg automorphisms on IT4(A,c) when the latter is
taken equal to (T4 (X%"1(04),0p). O

Lemma sets the framework in which the dg algebras II;(A) x G and II;(A,c) x G are
defined. Using this, it is possible to prove Theorem [I.3] This theorem is restated below for
convenience.

Theorem 3.5.4. Assume setting . Assume that A is homologically smooth and that char(k) 1
Card(G).

(1) A x G is homologically smooth and, up to appropriate choices of inverse dualising com-
plexes of A and AxG, the group G acts on I1;(A) by dg automorphisms and IL;(A)*G ~
I1,(A x G) as dg algebras. In particular, I1;(A) x G is d-Calabi- Yau.

(2) Letc € HHy o(A)Y. Let € be the image of ¢ under the mapping HHy_o(A) — HHy_o(Ax
G) induced by A — Ax G, a — axe. Up to appropriate choices as in (1) and up to
appropriate choices of representatives of ¢ and ¢, the group G acts on II4(A,c) by dg
automorphisms and T4(A, c) * G ~ II4(A x G,¢) as dg algebras. In particular, if ¢ lifts
to HNg_2(A) (so that I14(A, ¢) is d-Calabi-Yau), then I14(A,c) * G is d-Calabi- Yau.

Proof. Tt follows from Proposition that A is homologically smooth.

(1) Here, I14(A) is taken equal to the dg algebra T4 (X910 ,4) endowed with the action of G
introduced in Lemma Note that © 4 * G is a cofibrant replacement of RHompe (A, A¢) in
Mod(A®) (see subsection [3.1] and Proposition [3.3.2). Hence, IT;(A * G) may be taken equal to
the tensor dg algebra T) (29710 4 * G). To avoid confusion, the piece of notation “x” is kept for
elementary tensors in A x G and © 4 * G but not for those in TA(Ed’l@A) *x (. The following
map is therefore a morphism of dg algebras,

(3.5.5) a®g — axg€AxG
(01 Rn)@g > (pr1%€) Q- @ (Pn-1%€) D (Pn*g) ,
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wherea € A, ¢1,...,¢, € 297104 and g € G. It is an isomorphism, its inverse maps axg € AxG
onto a® g, for all a € A and g € G, and it maps (¢1 xg1) @ - -+ ® (¢, * gp) ontO

(1@ V@ - Q@I 1 ®---@IVI2p, 1@ IVINIGNR gy gn

for all (¢1 % g1),...,(¢n *gn) € 7104 x G.

(2) In view of the functoriality of the Hochschild homology and of the negative cyclic homology,
if ¢ lifts to HNg_2(A) then ¢ lifts to HNg_2(A * G). It is hence sufficient to prove the first
statement of (2). Thanks to the remark following Lemma it is possible to choose p4
such that it is, in addition, a cofibrant resolution in Mod(A). Here I1;(A,c) is taken equal to
(Ta(24710,4),0p) where D is as in Lemma Thus, II4(A, ) is endowed with an action of
G by dg automorphisms.

It is necessary to first describe IT;(A, ¢) in the same way as IL4(A4, ¢). The following composite
mapping is a cofibrant resolution in Mod(A¢),

ra: X ®a A° —>TA®A€ ARa A —) A
The following composite mapping is a cofibrant resolution in Mod(A¢),

1
e Card(G) D

—_— Homa (X, A%) =5 Hompe (X ®a A, A°).
(3.3.7)

pa: 404 A 222 Hom e (X, A @4 A

Hence, I14(A,¢) may be taken equal to the graded algebra T) (24710 4®a A¢) with the differential
(§ ®a A°)pr, where D’ is any O-cocycle in Hompe (297104 ®a A¢, X A) which represents ¢ via
the following quasi-isomorphism

YI2(X @A A®) @pe A —  Hompe (297104 @4 A%, TA)

3.5.6

(3:58) @@ (0 (pal0)(a) - N

where the “” stands for the structure action of A€ on A. Recall that § is the differential of
Ed_leA.

In order to prove (2), it is hence sufficient to prove the following claim.

Claim 1 - D’ may be chosen such that, in addition, is an isomorphism of dg algebras
from (Ta(297104),0p) * G to (TA(X97104 @A A°), (§ @A A®)pr).

Note that, in view of the definition of py, and up to the two canonical identifications

(357) (X [N Ae) Rpe A2 X Ra A
and
(3.5.8) Hompe (297104 ®a A%, ZA) = Homa (97104, ZA),

the quasi-isomorphism (3.5.6)) identifies with the following one

Zd72X®AA — HomA(Zdﬂ@A,EA)

(3.5.9) sON (QHm.EkeG(pA(e))(wx).(k—1®k).A),

where, for simplicity, A° and (kG)¢ are viewed as subspaces of A€ in a natural way.
Denote by D the following cocycle

ﬁ:Ed—l@A — YA
0 — D) xe.
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Then, the following diagram where the rightmost vertical arrow is the pre-image of D under
(13.5.8) is commutative,
Y41, G -Ed 104 @A A°

” |

YA« G ——=—> %A
B55)

Hence, in order to prove claim 1, it is sufficient to prove the following claim.
Claim 2 - D' may be chosen such that its image under (3.5.8) is equal to D.
In order to prove this claim, consider the following diagram

(35.10) (392X @ac A)F — > T-2X @A A B30 (sa-2x ga A9) @pe A

3.5.1l \L (13.5.9) \LPA

HomA(Zd 1@A,ZA)HHOIHA(ECI 1®A,EA) omAe( dil@A XA AE,EA)

where

e the codomain of the G-invariant part of is indeed equal to Homa (29710 4, ¥ A)
as a subcomplex of Hom 4 (29710 4, ¥ A),

e the unlabelled top horizontal arrow is induced by the mapping  ® a — = ® (a * €), and

e the unlabelled bottom horizontal arrow is given by the composition with the embedding
A= YA a—axe.

Note that,

e the mapping HHy_5(A)¢ — HH;_»(A x G) which assigns € to c is induced by the com-
position of the top horizontal arrows of (3.5.10),

e D is the image of D under the unlabelled bottom horizontal arrow of ,

e c (or ¢) is represented by any cocycle in (242X ®4c A)Y (or, in (392X @a A®) @pc A)
whose image under the leftmost (or, rightmost) vertical arrow of is cohomologous
to D (or, to D', respectively), when viewing Homa (X?7104,¥A) as a subcomplex of
Hom 4 (Ed_l@A, EA).

Hence, in order to prove claim 2, it is sufficient to prove the following claim.
Claim 3 - The diagram (3 18 commutatz’ve

Here is a proof of this clalm leen that ( is obtained upon composing , ,
and - the rightmost square is commutatlve Let Z T; Qa; € Zd 2X ®Ae . Hence,

for all k € G,
(3.5.11) Z.’El X a; = Z ka?i ® kai .

On one hand, the image of ), z; ® a; under the leftmost vertical arrow of (3.5.10) is as follows
y»i-lg, — XA
0 = > i(pa(0)(xi)) - ai,
which has image under the unlabelled bottom horizontal arrow as follows

»i-lg, — TA
(3.5.12) 0 — >, ((pa(0)(z:) - a;)) xe
=(pa(8)(:))-(aixe) .
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On the other hand, the image of >, #; ® a; under the unlabelled top horizontal arrow of (3.5.10))
is equal to ). ; ® (a; * €), which has image under the middle vertical arrow as follows

Edil@A — XA

-1 _
(3.5.13) 0~ oy Tokea, i Pa@O(F 2) - (K7 @ k) (aixe) .

=k 1y e
In view of (3.5.11]), the mappings (3.5.12)) and (3.5.13) are equal. Thus (3.5.10) is commutative.
This finishes proving claim 3, claim 2, claim 1, and, finally, (2). O

4. APPLICATION TO GINZBURG DG ALGEBRAS
Assume setting [[.4] It is restated below for convenience.

Setting 4.1. Let @ be a finite graded k-quiver. Let G be a finite group such that char(k) {
Card(G), acting on k@ by degree preserving automorphisms in such a way that both the set of
(idempotents associated with) vertices and the vector space generated by the arrows of @ are
stabilised by the action. Let W be a homogeneous potential of degree d — 3 on Q.

The purpose of this section is to prove Corollary by applying section [3] to Ginzburg dg
algebras. Subsection gives a reminder on Ginzburg dg algebras. Subsection proves that
cyclic derivations are G-equivariant. This is used in subsection to prove that G acts on
A(Q, W) by dg automorphisms if W is G-invariant up to cyclic permutation. Subsection
proves Corollary [T.5]

4.1. Reminder on Ginzburg dg algebras. These were introduced in [I5, 4.2]. The more
general definition used here follows [24] 6.3].

Let @ be a finite graded k-quiver, that is, Q is a quiver (or, an oriented graph) with (finite)
set of vertices denoted by @y and (finite) set of arrows denoted by @1, and the kQq-bimodule
k@ spanned by @, has a Z-grading. Without loss of generality, assume that every arrow of @ is
homogeneous. The path algebra k() is hence Z-graded, idempotents e, of vertices x have degree
0. With this grading, k@ is also viewed as a dg algebra with zero differential.

The space of potentials on @ is the Z-graded vector space,

(4.1.1)
kQ ®kg,c kQo
(uwv @ €5 — (—1)dee(@)deeyy @ ¢, | u € e;kQey, v € ¢,kQe, homogeneous, z,y € Qo)

Hence, potentials are linear combinations of oriented cycles in @, each of which is considered
up to cyclic permutation with Koszul-type signs. Note that k@ has a cofibrant resolution in
Mod(kQ*®) by the cone of

kQ ®kg, k@1 ®rg, k@ —  kQ ®xq, kQ
u®@a@v = uae®@U—uQav
so that the Hochschild homology of k@ is computed by the cone of
(kQ1 g, kQ) ®rgec kQo  — kQ ®xq,c kQo
fou®l o (1)des(o) Ao () yg 1

Hence, a homogeneous potential of degree n on ) may be viewed as an element of HH,, (kQ).
Let d > 3 be an integer. Let W be a homogeneous potential on @ of degree d — 3. The
Ginzburg dg algebra A(Q,W) is defined as follows. As a graded algebra, A(Q,W) equals kQ

where @ is the following graded k-quiver,

. @ and @ have the same vertices,
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e as a graded k@y-bimodule, ]k@l is equal to
(4.1.2) kQ1 = kQ: @) =7 *Homug,: (kQ1, kQo*) P = kQo ,

given an arrow a: & — y in @ denote by a* the element of Homyg,« (kQ1,kQo°) defined
by its behaviour on arrows as follows

* ex ® Cy ifb=a
(4.1.3) a’:be @ { 0 otherwise,

and given i € Qo denote by ¢; the corresponding element of 24 1kQy; this defines a
bijective k-linear mapping

]le — HOIII]kQOe(]le, H{Qoe)
(4.1.4) .
a€@ — a*.

Note that the grading on A(Q, W) is determined by the grading on k@Q.
The differential on A(Q, W) (of degree +1) is uniquely determined by the following rules:

e it vanishes on k@),
e it maps a*: y — x to the cyclic derivative 9, W, for all arrows a: x — y in @1,
e it maps ¢;: i —ito Y, aa*— Y. a*a, where the first sum runs over all the arrows
a: i—- a: -—1
of @) starting in 7 and the second sum runs over all the arrows of () arriving in 1.
Recall that, when a € @1, the cyclic derivation J, is the linear mapping which takes a path p

to Oup = >, (—1)dee(pr)-deglar2)yyy ) where the sum runs over all decompositions p = pyapy
p=p1aps
with paths p; and po.
By [24, Subsections 6.1 and 6.2, and Theorem A.12], A(Q, W) is d-Calabi-Yau and there is a

quasi-isomorphism of dg algebras
(4.1.5) ,(kQ, c) = A(Q, W),

where ¢ € HH;_ (k@) is the image of W under Connes’ boundary in Hochschild homology
HHy—5(kQ) = HHy2(kQ).

4.2. Equivariant non commutative differential calculus on quiver algebras. Assume
setting [4.1] In this subsection, tensor products, quotients and Hom-spaces involving G-modules
are considered as G-modules in the classical sense of group representations. Denote by DR(kQ)
the G-module of potentials on k@Q. The following lemma is essential for subsection

Lemma 4.2.1. Assume setting[{-1. The following k-linear mapping is G-equivariant

Hompg,e (kQ1, kQo®) ® DR(kQ) — kQ

4.2.1
(42.1) pRw > daQ.uw)(®),

where d o(q,w) denotes the differential of the dg algebra A(Q,w), for all potentials w on Q.

Proof. The proof uses the interpretation (|15, Subsections 3.5 and 3.6]) of cyclic derivatives
as reduced contractions (|8, Section 2|). Recall that the tensor product of two homogeneous
k-linear mappings f and f’ is defined using the Koszul-sign rule, that is (f ® f')(u ® v) =
(—1)des(f)dea(w) £(4) @ f’(v) for all homogeneous u, v such that f(u) and f’(v) are defined. De-
note by Akg the natural coassociative and counital comultiplication of k@, viewed as Tk, (kQ1).
Denote by p the natural projection from k@ to k@;. Denote by —° the k-linear mapping from
kQ ® kQ to kQ given by (u® v)° = (—1)de8(w)dee(v)yy for all homogeneous u,v € kQ.
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By considering tensors of the shape a* ® w where a € @)1 and w € DR(kQ), it is elementary
to check that (4.2.1)) is equal to the following mapping (for the ease of reading, no distinction is
made between a linear combination of oriented cycles and its associated potential)

Homyg,e (k@1,kQo°) ® DR(kQ) — k@
pRw — (1d® (pop) ®1d) o (Axg ®1d) 0 Arg) (w))°
This is G-equivariant, hence so is (4.2.1) O

Remark 4.2.2. The proof and the statement of Lemma [£.2.7] still hold true when G is infinite.
Remark 4.2.3. Let g € G. It is elementary to check that (4.2.1) is (g)-equivariant if
(4.2.2) Vae@y) 9ac{t-bltek”, be@}.

Since G is finite, one may try to reduce the proof of Lemma [£.2.1] to that particular case using a
k-algebra automorphism f: kQ — kQ such that f=1(9f(—)) satisfies (4.2.2)) in place of g. The
reduction then consists in proving that the conjugation of (4.2.1)) under f~! is (g)-equivariant.
However, this is not immediate because the conjugate of der f~1isnot (4.2.1). Rather,
its expression is governed by the cyclic chain rule ([II, Lemma 3.9]). The details of the reduction
using this rule are left to the reader.

The following example illustrates the fact that conjugating the cyclic derivation by an auto-
morphism does not yield the cyclic derivation.

Ezample 4.2.4. Assume that k = C, that G = {e, g}, that @ is the quiver « C . 3 b, where
deg(a) = deg(b) = 0, that 9a = “—j; and 9b = a‘;, and that W is the (g)-invariant potential
a? + 9(a?) = 3(3a® 4+ ab + ba + b?). In Remark [4.2.3] one may assume that f(a) = a — ib and
f(b) = a+ib. Indeed, 9f(a) = ;jéf(b) and 9f(b) = 21\7% (a). Denote (4.2.1)) by ¢ and denote
its conjugate under f~!' by /. Note that f acts on Homyg,-(kQ1,kQo°) by precomposition
with f=!. On one hand, ((a* ® W) = 9,(W) = 3a +b. On the other hand, /(a* ® W) =
f7H((a* o f71) ® F(W))); note that a* o f~! = Z(a* —ib*) and f(W) = 3a? + iab + iba — b*;
hence ¢/(a* ® W) = 4a + 2ib. Thus ¢ is not invariant under conjugation by f~1.

4.3. Group actions on A(Q,W). Assume setting and assume that W is G-invariant up
to cyclic permutation. Like in subsection tensor products, quotients and Hom-spaces
involving G-modules are considered as G-modules in the classical sense of group representa-
tions. In particular, Homyg,-(kQ1,kQo%) is a G-module. Denote by ¢ the image of W under
B: HHy 3(kQ) — HHy_5(kQ). Then c lies in HHy_»(kQ)%. The purpose of this subsection
is to show that G acts on A(Q,W) by algebra automorphisms, that this is an action by dg
automorphisms, and that, when IL;(kQ, ¢) is endowed with the action of G of Lemma the
following quasi-isomorphism of [24, Theorem 6.3] is G-equivariant

(4.3.1) I1,(kQ, c) — A(Q,W).

Here is a reminder on this quasi-isomorphism. In Mod(kQ®), there is a cofibrant replacement
of k@ equal to the cone of the following morphism

(4.3.2) kQ ®rg, kQ1 Ok, kQ = kQ ®iq, kQ
- I®a®l = a®l-1®a.

Denote by Oy the cylinder of the following morphism.

ot
(433) HOIIl]er (E{Q ®]1<Qo ]kQ, ]er) — Hom]er (H{Q ®]kQ0 ]le ®]kQ0 ]kQ7 E(Qe) .
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Hence, Ok is a cofibrant replacement of RHomyg- (kQ, kQ®kQ) in Mod(kQ*®) and it determines
the dg algebra IT;(k@Q, ¢) (see part (2) of Lemma|3.5.3). Note that Ok is canonically isomorphic
to the cone of the following morphism

(434) ]kQ() ®]one ]er — HOHl]kQOE(]kQ]_, E{Qoe) ®]1(Q06 H{Qe .

Since Iy(kQ,c) = Tuo(X? 1Okg) as graded algebras, (4.3.1) is an isomorphism of graded
algebras, not just a quasi-isomorphism, and it is induced by the natural inclusions
(4.3.5)
d—l]k
KQ — A(Q, W), £ ?Homuo, (kQ1,kQo®) — A(Q, W) and { ETkQy = AQ.W)

e; — ci .

Note that each one of the k@Q°-modules appearing in and is endowed with an
action of G. These actions are compatible so that the corresponding objects are dg A-modules.
In this sense, and are morphisms of dg A-modules and their cones lie in Mod(A).

On one hand, Oq is a dg A-module on its own by means of Lemma and this structure
is used to endow ITy(kQ, ) with action of G (see Lemma [3.5.3). By construction, the structure
of dg A-module of X0 coincides with the one of the cone of .

On the other hand, the actions of G on k@ and Homyg, < (kQ1, kQo®) endow ]ka with an action
by automorphisms of graded algebra (recall that Q is the graded quiver whose path algebra equals
the underlying graded algebra of A(Q, W), see (4.1.2))). And it follows from Lemma that
this is actually an action by dg automorphisms. The mappings of are G-equivariant, and

hence so is (4.3.1)).

Lemma 4.3.1. Assume setting[{.1 Assume that W is G-invariant up to cyclic permutation.

o Take Org to be the cofibrant replacement of RHomyge (kQ, kQ®) whose suspension is
equal to the cone of and endow I14(kQ, c) with its action of G by dg automor-
phisms as in Lemma[3.5.3

e Endow Homygg (kQ1,kQo®) with its natural action of G.

Then,

(1) the latter action together with the one on k@ endow A(Q,W) with an action of G by
graded algebra automorphisms. For this action, 1s G-equivariant.

(2) the action of G on A(Q,W) is an action by dg automorphisms and, taking I1;(kQ,c)
like in part (2) of Lemma the mapping is a G-equivariant isomorphism of
dg algebras.

Proof. This follows from the discussion made from the beginning of the subsection. O

4.4. Skew group algebras of Ginzburg dg algebras. Assume setting Assume that
W is G-invariant up to cyclic permutation. Following subsection endow A(Q, W) with
the resulting action of G by dg automorphisms. The purpose of this subsection is to prove
Corollary

Following [34] and [9], there exists a graded k-quiver @’ and a (non unital) injective homo-
morphism of graded algebras k@' — k@ * G whose restriction-of-scalars functor is an equivalence
Mod(kQ@ * G) — Mod(kQ®"). The quiver @’ is constructed in [34] when G is cyclic and in [9] in
full generality. Here is a reminder of its definition.

Definition 4.4.1 ([9]). Let [G\Qo] be a complete set of representatives of the G-orbits of
vertices of Q). For each i € Qq, denote by G; the stabiliser of ¢ and let [G/G;] be a complete
set of representatives of the cosets of G modulo G;. Finally, for all i € Qq, let irr(G;) be a
complete set of representatives of the isomorphism classes of the irreducible representations of
Gj; it is convenient to assume that p = kGje, for some primitive idempotent e, of kG, for all
p € irr(Gy).
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(1) Let & be the following idempotent of k@ * G,

(4.4.1) e= Y eixep,
i€[G\ Qo]
peirr(G;)
(2) Let Q' be any quiver as follows.
e Its vertices are the pairs (i, p) where i € [G\Qo] and p € irr(G;).
e For all vertices (i, p) and (j,7), denote by M(i,5;7) the following vector subspace
of k@Q « G

(4.4.2) M(i,j;m) = @ (eikQrey.j) * (YkGjer);
yE[G/G;]
by means of the multiplication, k@ % G is a representation of G and, by restriction,
it is a representation of G;; then M (i, j; T) is a subrepresentation of this G;-module;

the vector space with basis being the family of arrows of @’ from (i, p) to (j,7) is
HomGi (p7 M(Zm?v T))
There exists an isomorphism of algebras
(4.4.3) kQ e (kQ*G)-e
given as follows,
e for all vertices (4, p) of @', the corresponding idempotent of k@’ is mapped onto e; * e,
e for all vertices (i,p) and (j,7) of @', and for all f € Homg,(p, M (i,5;7)), then f is
mapped onto f(e,). Hence, the arrow f: (i,p) = (j, 7) of Q" may be identified with the
corresponding element f(e,) of (e; xe,) - (kQ * G) - (e x e,).
The following lemma introduces a potential W’ on @’. The purpose of this subsection is to
prove that A(Q, W) x G and A(Q’, W) have equivalent derived categories.

Lemma 4.4.2. Assume setting [{-1 Assume that W is G-invariant up to cyclic permutation.
There exists a homogeneous potential W' of degree d — 3 on Q' such that the image of W under
the mapping HHy_3(kQ) — HHy_3(kQ * G) induced by the natural embedding kQ — kQ x G
is equal to the image of W' under the isomorphism HHy_3(kQ’") — HHy_3(kQ * G) induced by

ko B2 1046 S KOG

Proof. This follows from standard facts on Hochschild homology, see [31, Lemma 1.1.7, p. 10].
Here are some details since they are needed for the examples. Recall that, for a graded algebra
R, the piece of notation DR(R) stands for the quotient R by the vector subspace generated by
the commutators uv — (—1)de8()dee()yq for all homogeneous u,v € R.
Following [9], there exists a complete family (&) e of primitive pairwise orthogonal idempo-
tents of k@ * G and there exists a subset I C J such that,
e the image of kQ" — kQ * G is equal to £(kQ * G)e, where ¢ denotes ) ., &; and
e for all j € J there exists a unique «(j) € I such that ¢; - (kQ * G) ~ 4(;) - (kQ * G) as
graded k@ * G-modules.
For all j € J, there hence exist homogeneous a;, b; € kQ*G such that €; = a;b; and €,(;) = bja;.
Now, since 1kg«g = ZjeJ €, the following equalities hold true in DR(kQ*G), where elements
of k@ are identified with their natural images in kQ * G,
W = ZjGJ EjWEj
> jes aibiWazbjazb;

Zie[ E; < Z ibjWCLj) Eis

js.t.a(j)=t
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the sign is (—1)de8(bs)(deg(as)+des(W))  The last term above defines an element of DR(e(kQ * G)e)
whose image under the mapping DR(e(k@QxG)e) — DR(kQ*G) induced by the inclusion mapping
- (kQ+G) e — kQ *G is equal to the image of W under the mapping DR(kQ) — DR(kQ * G)
induced by k@ — kQ@*G. Since kQ' ~ ¢(kQ+G)e as graded algebras, this proves the lemma. O

The potential provided by Lemma fits the requirements of Corollary [I.5] which can now
be proved. This corollary is restated below for convenience.

Corollary 4.4.3. Assume setting[[.1l Assume that W is G-invariant up to cyclic permutation.

(1) The action of G on k@ extends to an action of G on A(Q, W) by dg automorphisms and
A(Q, W) x G is d-Calabi- Yau.

(2) For all graded k-quivers Q' and for all (non unital) graded algebra homomorphisms
k@' — kQ * G whose restriction-of-scalars functor is an equivalence from Mod(kQ * G)
to Mod(kQ') (see [9]), there exists a homogeneous of degree d — 3 potential W' on @’
such that kQ' — kQ * G extends to a (non unital) dg algebra homomorphism

AQ W) = A(Q W)+ G
whose restriction-of-scalars functor induces an equivalence
D(AQ, W) xG) = D(AQ", W)).

Proof. Let W’ be as in Lemma The following diagram is commutative. In this diagram,
B stands for the Connes’ boundary and the horizontal arrows are induced by k@ — k@ *x G and
k@' — kQ x G, and the rightmost horizontal arrows are isomorphisms because kQ' and kQ x G
are Morita equivalent.

(4.4.4) HH;3(kQ)“—— HHy_3(kQ) — HHy3(kQ * G) <~— HHy_3(kQ’)

| 5| 5| |5
HHd_g(]kQ)G(—> HHd_Q(]kQ) e HHd_g(]kQ * G) < HHd_Q(]kQ,)

This defines homology classes c, ¢, ¢’ as follows,
(a) ¢ € HHy_2(kQ)® is the image of W under B: HH, 3(kQ) — HHy 2 (kQ),
(b) ¢ € HHy_2(kQ * GQ) is the image of ¢ under HH;_2 (k@) — HHy_2(kQ * G) and
(c) ¢ € HHy_o(kQ’) is the pre-image of ¢ under HHy_»(kQ') = HHy_2(kQ * G).
In particular,
(d) ¢ is the image of W’ under B: HHy_3(kQ’) — HHy_2(kQ’).
The following realisations of the graded algebras IT;(kQ, ¢) and II;(kQ * G,¢) are used in this
proof,
e as for IT;(kQ, ¢), take the de-suspension of the cone of (4.3.3]) as a cofibrant replacement
Ok of RHomyge (kQ, kQ€) and
e as for ITy(kQ, ¢), take O * G as cofibrant replacement of RHom (.- (kQ * G, (kQ *
G)°) (see the proof of Theorem [3.5.4).

The proof of the proposition is based on a sequence of quasi-isomorphic dg algebras. Ac-
tually, because of the choices just made, this sequence comes from a sequence of composable
isomorphisms of dg algebras.

As proved in Lemma, there is G-equivariant isomorphism I1;(kQ,c) — A(Q, W) of dg
algebras. Accordingly, there is an isomorphism of dg algebras

(4.4.5) I, (kQ,c) x G = AQ,W) *G.
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Following Theorem [I.3] there is an isomorphism of dg algebras
(4.4.6) L (KQ, ¢) * G =5 TLy(kQ * G, ) .

Now, by [24, Theorem 5.8], the (non unital) algebra homomorphism k@’ — kQ*G extends to a
(non unital) dg algebra homomorphism IT;(kQ’, ¢') — IT;(kQ * G, ¢) whose restriction-of-scalars
functor is a triangle equivalence

(4.4.7) D(My(kQ', ') ~ DIL(kQ * G, 7))

Finally, in view of point (d) above relating ¢’ to W', it follows from [24] Theorem 6.3] that the
identity mapping kQ’ — k@’ extends to a quasi-isomorphism of dg algebras

(4.4.8) I (kQ', ) L5 AQ, W).
The assertion (2) follows from (4.4.5), (4.4.6), (4.4.7), and (4.4.8). The assertion (1) follows from
(2) and from the fact that A(Q’, W’) is d-Calabi-Yau. O

4.5. Examples. Assume setting Assume that W is G-invariant up to cyclic permutation.
This subsection illustrates the computation of a quiver with potential (Q’, W’) such as in Corol-
lary [£:4:3] In the examples of this subsection, graded k-quivers are concentrated in degree 0 and
the resulting Ginzburg dg algebras are 3-Calabi-Yau. For convenience, for all g € G and ¢ € @,
the vertex of ) associated with the idempotent 9¢; is denoted by ¢ - ¢. In some places it is also
convenient to identify the elements of k@) and G with their respective images in kQ * G.

The computation of a potential W’ such as above is therefore made in two steps.

(1) Express W' as an element of ¢ - (kQ * G) - €, see the proof of Lemma [£.4.2]
(2) Express the result of the first step as a linear combination of paths in Q.

Remark 4.5.1. For the second step, it is worth noting that any oriented cycle in Q with source
ip € [G\Qo] is equal in k@ * G to a linear combination of products of the shape

(4.5.1) (a1 x01)---(ajx0j) - (g x0y) - (1xg),

where there exists a sequence i1, ..., € [G\Qo] such that «; is an arrow of Q) from i;_1 to o;-i;

and o; € [G/G,], for all j, and where g € G, ; besides, when a given index j € {1,...,t — 1} is

such that G;; is abelian, then ZpEirr(GiJ) e, is the unity of kG;, and hence

(4.5.2) (ajx0) - (aypixoi) = Y (aj%05)- (e xep) - (1% 0541).
peirr(Giy)

Ezample 4.5.2. Assume that (Q, W) is the following quiver with potential

where z;; denotes the unique arrow i — j of @ if any, for all vertices 7, j. Recall that A(Q, W)
is quasi-isomorphic to H2A(Q, W) and that the latter is a non commutative crepant resolution
of the suspended pinch-point, see [32, Section 8]. Let G be the subgroup ((23)) of order 2 of the
symmetric group .#53. Then, G acts on k@ as follows

e g-i=0(i) forallc € Gandie€{1,2,3},

e @y, =113 and Py = —x12, and

® “Tij = To(i)o(y) for all o € G and for all arrows w;; of @ distinct from x12 and 3.

(4.5.3

W = 212%23%32%21 — T13%32T23%31 + T13T31T11 — T12%21 711
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Note that, for this action, W is invariant up to cyclic permutation. One may take the following
data to define Q’.

o [G\Qo] = {1,2}, [G/G1] = {1d} and [G/Ga] = G,

e irr(Gy) consists of the trivial representation py = kG; - (Id + (23)) of G; and the non

trivial one p_ = kG - (Id — (23)),

e irr(Gy) consists of the trivial representation k of Gs.
Then (see ([£.4.1)), e = e +c_ +e2, where ey = S(eq xId+e1 %(23)), e- = L(eg *Id —e; % (23))
and g9 = ey * e, recall that e denotes the neutral element of G. Hence (see (4.4.2)),

M(1,1;p5) = span(eney) =~ py M@, 1ips) =  span(enes) ~k
M(1,1;p-) = span(z116_) ~ p_ M(2,1;p-) = span(zgie_) ~ k
M(1,2;k) = span(eqzizes) @ span(e_x12e2) M(2,2;k) = span(xe3(23)es) ~ k,
~py ~p_
note that, because of the equalities (@) g1y = —x13 and <23):c13 = —I12,
(4.5.4) e_x11e4 = 0, €4T1260 = —e4x13(23)eq,
e E4+T11E- = 0, E_T12€9 = 8_1‘13(23)52.

Hence Q' is the following quiver
g

) )

(Lp+) (1, p-)
X /
\ /
(2,k)
d
where
a = &4T11E4+ b = E4+T12E2 C = &E2T21E4+
d = 625623(23)82 € = E9X21E_ f = £E_X12&2
g = E_T11E_.

Now, W =e1We; =1 Wey +e_We_ because ey =4 +e_. Notethat e_Wey =, We_ =0
because W is G-invariant up to cyclic permutation. Therefore, by Lemma [£:4.2] it is possible to
assume that
(4.5.5) W' =e Wey +e_We_.
There only remains to decompose W' as a linear combination of oriented cycles in Q’. For this
purpose, it is worth noting that Zpeirr(gl) e1*xe, =¢c4 +e_ and Zpem(%) eg * e, = €9. Using
Remark and (4.5.4]), the computations yield,
E4X12X23T32X21E + = (E+$1262) . (821'23(23)62) . (52.1'23(23)82) . (52$215+)
E_T12X23X32X21E— (5_1‘1282) . (621‘23(23)82) . (52.’11‘23(23)82) . (621}218_)

E4T13T32723T31E4+ = —(8+$12€2) . (62.7323(23)52) . (82$23(23)€2) . (€2$21€+)
E_T13T32%23T316— = —(e_w1282) - (€2723(23)e2) - (€2w23(23)e2) - (e22216-)
E4X13T31T11E+ = —(€+$12€2) . (€2$21€+) . (E+.’E11€+)
e_xi3r312116— = —(e_T1262) - (€2mo1e_) - (e_w116-)
E4X12T21T11E4+ = (E+$1262) . (52$215+) . (E+$115+)
E_T12X21X11E- = (5_x12€2) . (621‘216_) . (5_33118_) .

It follows from these computations and from (4.5.3) and (4.5.5) that W’ = 2(bd?c + fd*e — bca —
feg).
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Ezample 4.5.3. Assume that (Q, W) is the following quiver with potential

7\

2———>=3

(4.5.6) W = 212223231 — T13%322021

where the naming of the arrows follows the same convention as in Example Let G be the
symmetric group .3 on {1,2,3}. It acts on kQ as follows.

e The action on the set of vertices is the natural one.
o 7x;; = (—1)7%4(3i)0(;) for all 0 € G and 4,5 € {1,2,3}, where (—1)7 is the sign of the
permutation o.

For this action, W is invariant up to cyclic permutation. Actually, W = % Y ovee C(T12723731).
Take the following sets of representatives to define @',

e [G\Qo] = {1}, [G/G1] = {Id, ¢, c*} = (c), where ¢ = (123),
e irr(Gy) consists of the trivial representation p; = kGy - (Id + (23)) of G; (= G) and the
non trivial one p_ = kG - (Id — (23)).

Then, ¢ is the sum of two primitive pairwise orthogonal idempotents of k@ * G,
E=¢€4t+e—,
where e, = J(ey *Id + ey * (23)) and e = £ (e1 *Id — €1 * (23)). Hence,

e M(1,1;p4) = span(ziacey, v13¢%c 4 ) = span(ex1ace ) @ span(e_x1ace ),

~pi ~p_
o M(1,1;p_) = span(ziace_,x13¢%c_) = span(e, z12ce_) @ span(e_x19ce_),

~py ~p_
note that (23)z13¢2 = —z12¢(23) and (23)z12¢ = —x13¢2(23) so that

E4T12CE4+ = —E+(E13028+, E_T120e4 = E,{E13028+,

4.5.7
( ) E4T120E = —E+$130257, E_X12CE_ = —871‘130257.

Hence Q' is the following quiver

where
o = E4T12CE4, B = ejx120e_, Y = E_x19CE_, 0 = e_mwiacey .

Since e1 = €4 +€_,
W=eWe =e;Wep +e_We_,

here e_Wey = e, We_ = 0 because W is G-invariant up to cyclic permutation. Therefore, by
Lemma [£4.2] it is possible to assume that

(4.5.8) W' =e,Wey +e_We_.

There only remains to decompose W' as a linear combination of oriented cycles in Q'. For
this purpose, note that xia%93%31 = T12¢T12¢T12C, that T132T30201 = x13c2T13¢2213¢? and that
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Zpem(cl) e1 xe, = e4 +e_. Hence, using Remark and (4.5.7]), the computations yield,

E4T12T23T3164 = aaa+ afd+ Byé + Boa,
E_T12W23T316— = Yy +Y0B + 0By +das,
E4T13T32T2164 = —(aaa+ afd+ By6 + Bia),
e-x13T32w216— = —(yyy +YIB+ By +0ap).

It follows from these computations and from (4.5.6) and (4.5.8) that

wW'=2 Z w.

w cycle of length 3

5. APPLICATION TO CLUSTER TILTING OBJECTS
Assume setting [[.6] It is restated below for convenience.

Setting 5.1. Let k be a field. Let G be a finite group such that char(k) does not divide Card(G).
Let A be dg k-algebra acted upon by G by dg automorphisms. Assume that A is concentrated
in non positive degrees and H°(A) is finite dimensional. Assume that both A and A * G are
3-Calabi-Yau.

Note that G acts on H°(A) by algebra automorphisms and that H%(A x G) ~ HY(A) x G as
algebras. In particular, H°(A % G) is finite dimensional. These conditions ensure the existence
of the associated generalised cluster categories C4 and Ca.c. The purpose of this section is to
relate these two categories by means of biadjoint functors

Fy:Ch ———=Capuq: F.

in order to compare the cluster tilting objects of C4 and those of Ca.c.

Such a relationship appeared first in [27]: given a Galois covering R* — R with group G, which
was not assumed to be finite, where R is a finite dimensional piecewise hereditary algebra of
quiver type, [27] shows that R’ is piecewise hereditary, it introduces an action of G on the cluster
category Cr/ of R’ and a push-down functor from Cg/ to the cluster category Cr of R. This
provides a description of the cluster tilting objects of Cr in terms of G-invariant cluster tilting
objects of Cr/. In particular, it is proved in [27] that every indecomposable direct summand of
any cluster tilting object of C'g is isomorphic to the image under the push-down functor of an
indecomposable direct summand of a G-invariant cluster tilting object of Cr/. Recall that in
that setting, R is Morita equivalent to R’ * G [7l, Proposition 2.4].

Following [2] the generalised cluster categories of A and A % G are, respectively,

CA = per(A)/Dfd(A) s
Caxg = per(A*G) /D (A G).

They are Hom-finite, Krull-Schmidt and 2-Calabi-Yau, that is, the square of their suspensions
are Serre functors. Denote by w4 and 7a.g the canonical functors

ma: per(A) = Ca,
Tasg: per(A* G) — Caxg -

For simplicity, given an object T in C4 or Caxg, its endomorphism algebra is denoted by End(T).
The objects A := 14(A) and A x G := ma.q(A*G) are cluster tilting in C4 and Ca.q, respectively.

The section is organised as follows. Subsection [5.1]introduces an action of G on C4 and defines
the adjoint functors Fy: C4 — Case and F.: Cawg — Ca. Subsection [5.2] proves Theorem [I.7]
which establishes a first general comparison between the cluster tilting subcategories of C4 and
those of Ca«g. This comparison is strengthened in subsection [5.3] when G acts freely on the
isomorphism classes of indecomposable projective HY(A)-modules. Finally, these results are
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applied in subsection to prove Corollary which relates C4 being acyclic to Ca.g being
acyclic.

5.1. The action of G on C4 and the adjunction between C4 and C4.q. The action of
G on D(A) stabilises per(A) and Dgq(A). Accordingly, it induces a strict action of G on C4 by
strict automorphisms of triangulated categories. For all M € C4, define the stabiliser of M as
the subgroup {g € G | M9 ~ M} of G, it is denoted by G ;.

Consider the adjoint pair of triangle functors of subsection [2.3]

— @Y% (AxG): D(A) D(A*G): Rres

e —®L (A%G) maps per(A) into per(A*G), and Rres maps per(AxG) into per(A) because
Ax G~ BgecA in Mod(A), and

e — ®% (AxG) maps Diy(A) into Dig(A * G) because A x G ~ GyeqA in Mod(A°P), and
Rres maps Diq(A * G) into Diq(A).

Definition 5.1.1. The functors Fy: C4 — Caxg and F.: Ca.g — C4 are the triangle functors
induced by — ®4 (A * G): D(A) — D(A x G) and Rres: D(A x G) — D(A), respectively.

The functor F\ between (generalised) cluster categories has already been considered in other
situations, for instance,

e in [27, Section 4] between cluster categories Crr — Cg where R is a piecewise hereditary
algebra and R’ is a Galois covering of R with group G,

e in [33] Section 3|, where A is the Ginzburg dg algebra of any quiver with potential (Q, P)
and the action of G is given by a free action on @ by quiver automorphisms,

e in [3| Corollary 3.6], where A is the Ginzburg dg algebra of any quiver with potential
(Q, P), and the action of G = Z/2Z is given by an action on @) by quiver automorphisms,
the last condition is actually superfluous in that result once one knows that the skew
group algebra A(Q, W) % Z/27Z is Morita equivalent to a Ginzburg dg algebra.

Proposition 5.1.2. Assume setting[5.1]
(1) The pairs (Fx, F.) and (F., F\) are adjoint.
(2) The units of these adjunctions split (functorially).
(3) There exists a family (Ay: Fx(9) <> F)\)gec of isomorphisms of triangle functors such
that the following equalities hold true, for all M € C4 and g,h € G,

{ M) = 1y
Ag)vo(An)as = (Agn)nr -

(4) For all M € C4 there is a functorial isomorphism F.FxXM ~ @geqM9 in Ca.

(5) For all M, M’ € C4 there is an isomorphism ©gecCa(M,M'9) = Cawc(FAxM, F\M')
functorial in M and M'.

(6) (FN)? ~FN forall N € Casc-

(7) For all indecomposable M € Ca, if Gpr = {e}, then F\M is indecomposable.

Proof. (1) Cousider the following subcategories of per(A) and per(4 * G), respectively,

Fa=DS(A)N +DS2(A) Nper(A),
Fawg =DSU(AxG)N +DS72(A«G) Nper(AG),

where DS? stands for the full subcategory of objects Z such that H?Z vanishes for p > i and
L e denotes the full subcategory of objects with no non zero morphism to any object in a given
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subcategory e. Following [2, Proposition 2.9], the following restrictions of m4 and ma.c are
equivalences

{ Fa—Ca,

Fasc = Casa -

Since the pairs (— ®% (4% G), Rres) and (Rres, — @4 (A% G)) are adjoint, it is sufficient to prove
the following assertions in order to prove that (Fy, F.) and (F., Fy) are adjoint,

(a) X@h (A% @) € Faug for all X € Fu, and

(b) RresY € Fy4 for all Y € Fa.c.

Here is a proof of these assertions. First, recall that — ®% (A * G) and Rres map per(A4) and
per(A x G) into per(A x G) and per(A), respectively. Next, for all i € Z,

(5.1.1) Rres(DSY (A x G)) C DSY(A).

Next, since A is concentrated in non positive degrees, the following holds true for all i € Z,
(5.1.2) (VM € DSY(A)) X @4 (AxG) e DSI(A).

Because of the adjunction (— ®Y (A x G), Rres), it follows from that

(5.1.3) (VX € 1DS72(A4)) X @Y% (AxG) e *DS2(AxQ).

Because of the adjunction (Rres, — ®% (A x G)), it follows from that

(5.1.4) (VY € 1DS72(A % G)) RresY € 1DS72(4A).

The assertions (a) and (b) above are consequences of (5.1.1)), (5.1.2)), (5.1.3) and (5.1.4). Thus,
(F\, F.) and (F., F) are adjoint.

(2), (3), (4), (5) and (6) follow from (1) and from Lemma [2.3.1}

(7) The arguments in the proof of [I4] 3.5] apply literally here: for a direct sum decomposition
F\M = N @ N’ such that N is non zero, there exists a non empty subset H of G such that
FN ~ @yepM9 and F.N' ~ @ e\ g M9 because M is indecomposable and because of (4); hence
gH C H for all g € G (because (F.N)9 ~ F N); accordingly, H = G, and hence N’ = 0. O

5.2. Comparison of cluster tilting subcategories of C4 and Ca.c. This subsection com-
pares the cluster tilting subcategories of C4 to the ones of C.g. Using completely analogous,
and hence omitted, arguments, the same conclusions are obtained when replacing cluster tilting
subcategories by maximal rigid ones. The comparison is based on the following more general
property where cluster tilting subcategories are used instead of cluster tilting objects for the ease
of exposition.

Proposition 5.2.1. Let C and C' be triangulated k-linear categories which are Hom-finite, Krull-
Schmidt and 2-Calabi- Yau. Assume that there exist triangle functors F: C C': F'
such that
o (F,F') and (F',F) are adjoint and
e for all M € C and N € C' the unit morphisms M — F'FM and N — FF'N split in C
and C', respectively.

Then, the two assignments T +— add(FT) and T' — add(F'T") induce mutually inverse bijec-
tions between

e cluster tilting subcategories T of C which are stable under F'F, and
o cluster tilting subcategories T’ of C' which are stable under FF'.

The same result holds true when replacing cluster tilting subcategories by maximal rigid ones.
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Proof. By adjunction, F' and F’ preserve functorially finite subcategories.

Let T be a cluster tilting subcategory of C stable under F'F. Then, C'(FM,XFM') ~
C(M,XF'FM') = 0 for all M,M’ € T (note that, by assumption, F'FM’ € T). Hence,
C'(N1,XN3) =0, for all Ny, N2 € add(F'T). Moreover, for all N € ', if C'(N',XN) = 0 for all
N' € add(FT), then C(M,XF'N) ~C'(FM,~XN) = 0 for all M € T; therefore, F'N € T, and
hence FF'N € FT; since N € add(FF'N), the object N lies in add(FT). Thus, add(FT) is a
cluster tilting subcategory of C’.

Mutatis mutandis, the same arguments show that, for all cluster tilting subcategories 7" of C’
stable under F'F’, the subcategory add(F'T") of C is cluster tilting.

Finally, given a subcategory 7 of C (or 77 of C’) such that T (or T”) is closed under direct sums,
direct summands and F'F (or FF’), then add(F'add(F'T)) = T (or add(Fadd(F'T")) = T')
because, for all M € C (or N € C’), the unit morphism M — F'FM (or N — FF’N, respectively)
splits. O

In view of Proposition [5.1.2] Proposition [5.2.1] applies to the current situation.
Corollary 5.2.2. Assume setting[5.1 The assignments T +— add(F)T) and T' — add(F.T")

induce mutually inverse bijections between

o cluster tilting subcategories T of Ca which are stable under the action of G, and
o cluster tilting subcategories T’ of Caxg which are stable under F\F..

The same result holds true if cluster tilting subcategories are replaced by maximal rigid ones.

Proof. Note that, since F.F\M ~ @geaMY, for all M € C4, a full subcategory of C4 which is
closed under direct sums and direct summands is stable under the action of G if and only if it is
stable under F.F. The conclusion therefore follows from Proposition [5.2.1] applied to C = C4,
C'=Casvg, F=F\ and F/' = F. a

Given cluster tilting (or maximal rigid) objects T, T" of C4 and Ca.q, respectively, such that
add(7”) = add(F\T) as in Corollary it is natural to ask whether there exists a relation
between End(T") and End(7”). It is provided by the following result.

For a better understanding, recall (|34} 3.1]) that when C' is a k-linear category endowed with
an action of G (on the right) by automorphisms, the skew group category C'xG is the idempotent
completion of the orbit category C[G] (see also [I0, Definition 2.3] for an approach avoiding
idempotent completion). Recall that the orbit category C[G] has the same objects as C, that, for
all M, M’ € C, its space of morphisms M — M’ is defined by C[G](M,M') = ®4ecC(M, M),
and that the composition of morphisms is induced naturally by the one in C'. Recall also that, for
a k-linear category C, the piece of notation mod(C') stands for the category of finitely presented
contravariant functors from C' to finite dimensional vector spaces.

Proposition 5.2.3. Assume setting[5.1} Let T be a cluster tilting subcategory of Ca stable under
the action of G. Let T' = add(F\T). Then,

(1) the skew group category T x G is Morita equivalent to T’ and
(2) there exists a cluster tilting object T € Ca such that T9 = T for all g € G and T =
add(T"). For any such T, the algebras End(T) * G and End(F\T') are Morita equivalent.

The same result holds true when cluster tilting subcategories are replaced by maximal rigid ones.

Proof. (1) It follows from Proposition that the categories T[G] and F)T are equivalent.
Taking idempotent completions yields that 7 * G and add(F,T) are equivalent. Hence,

(5.2.1) mod(7 * G) ~ mod(T”).
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(2) Let {Ty,...,T,} be a complete set of representatives of the G-orbits of the indecomposable
objects of 7. Let T be the object @ TY of Ca. Then T9 =T for all g € G and T = add(T).

1<i<n
geG

The assignment (g, f) — f971 defines an action of G on End(7T') by algebra automorphisms,
which defines End(T) * G.
Since T is idempotent complete, the following holds true (|34, Proposition 3.4]),

(5.2.2) mod(7 * G) ~ mod(T) * G .

By construction of T, the categories mod(7 ) and mod(End(T")) are equivalent and
(5.2.3) mod(End(T)) * G ~ mod(T) * G .

Note also that ([34] 3.1])

(5.2.4) mod(End(7T)) * G ~ mod(End(T) * G) .

Finally, since 7' = add(F\T),

(5.2.5) mod(7”) ~ mod(End(F\T)) .

The conclusion therefore follows from ((5.2.1), (5.2.2)), (5.2.3)), (5.2.4) and (5.2.5). O

5.3. Cluster tilting objects of the first kind. The considerations of subsection [5.2| raise the
question whether a given cluster tilting or maximal rigid object of Ca.g lies in the essential
image of Fy: C4 — Casq. For instance, FxA = A% G. An object N € C4.¢ is called here of the
first kind with respect to F) if, for all indecomposable direct summands N’ of N, there exists
M' € C4 such that F\M’' ~ N’. This terminology comes from the theory of Galois coverings of
algebras (see [13]).

This subsection investigates cluster tilting or maximal rigid objects of Ca.g which are of the
first kind with respect to F). Clearly, further assumptions are needed for this investigation to
be fruitful because, although Fy A = A x G, the indecomposable direct summands of A x G need
not lie in the essential image of F. This is because F) need not take an indecomposable direct
summand of A to an indecomposable object of C .. In view of Proposition @ having some
information on the stabilisers of the indecomposable direct summands of A would be useful. This
is provided by the following lemma.

For all g € G, the mapping A — A given by a — 9a induces an isomorphism in C4 denoted
by oy,

(5.3.1) ag: A— A7

Recall |2, Proposition 2.9] that the mapping A — Homy (A, A) given by = +— (a — za) induces
an isomorphism of algebras

(5.3.2) HY(A) = End(4).

In particular, for all direct summands X of A, the End(A)-module C4(4, X) is projective and
its restriction of scalars along ([5.3.2) is isomorphic to e HY(A) for some idempotent e € H°(A).
Any idempotent of H(A) may be obtained in this way.

Lemma 5.3.1. Assume setting , Let ¢ € H°(A) be an idempotent. Let X be a direct
summand of A such that eH°(A) is isomorphic, as an H°(A)-module, to the restriction of scalars
of C4(A, X) along . Let g € G. Let Y be a direct summand of A such that X9 ~Y (see
). Then, 9eHY(A) is isomorphic to the restriction of scalars of Ca(A,Y) along (5.3.9).
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Proof. The proof is based on the following diagram where all the arrows are isomorphisms. Note
that the top horizontal arrow is given by the action of G on A and the leftmost bottom horizontal
arrow is given by the action of G on Cj4.

(5.3.3) HO(A) vl o HO(A)

5.3.2l \L 15.3.2)

End(A) — End(A?) End(4)

This diagram is commutative as shown by a direct computation using that
e End(4) = End(A?) is induced by the identity mapping Hom (A, A) — Hom (A, A),

a_lofoozg —
e End(A?) ——— End(A) is induced by the mapping Homu (A, A) — Homy (A4, A)
which assigns to any f € Homa (A, A) the mapping a +— 9_1f(9a).
On one hand,

e by assumption, the restriction of scalars of C4(A, X) along the rightmost vertical arrow
of is isomorphic to e H(A) as an H"(A)-module and

e the following mapping is an isomorphism of H%(A)-modules from the restriction of scalars
of eH(A) along the top horizontal arrow of to 9eHO(A),

eH%(A) — 9eHO(A)
z — Iz
On the other hand, denoting by A: X — 9Y any isomorphism in Cy,

e the following mapping is an isomorphism of End(zg)—modules from the restriction of
scalars of C4 (4, X) along the arrow End(A4”) — End(A) of (5.3.3) to C4(47,Y9),

CaA(A,X) — Ca(A%Y9)
f = Xofoay!

e and the following mapping is an isomorphism of End(A4)-modules from the restriction of
scalars of C4(A?,Y9) along the arrow End(4) — End(A”) of (5.3.3) to C4(4,Y),

Ca(A%,Y9) — Ca(A4Y)
foe fr
Since the diagram (5.3.3) commutes, it follows that the restriction of scalars of C4(A4,Y) along
(5.3.2) is isomorphic to 9e H°(A). ]

The main results of this subsection prove that being of the first kind with respect to F) is an
invariant property within a mutation class of cluster tilting or of maximal rigid objects. This
fact is based on the following lemma. It is already proved in other contexts for Galois coverings
instead of skew group algebras, namely, in [28, Lemma 3.2] in the context of module categories,
in [30, Lemma 4.2] in the context of derived categories of finite dimensional algebras and in [27]
Lemma 6.2] in the context of cluster categories of piecewise hereditary algebras.

Lemma 5.3.2. Assume setting[5.1, Let A: X - M — Y — XX be a triangle in Casg, such
that
o there exists X € Ca such that F)\)N( ~ X,
e there exists a direct sum decomposition into indecomposable objects M = My @ --- & M,
i Caxq, and there exist My, ..., M; € C4 such that F\xM; ~ M; for all i,
e Cac(Y,XM) =0.
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Then, there exist Y € Ca and g1, ...,9: € G, and there exists a triangle X > @l 1 Mg‘ —Y >
X in Ca whose image under Fy is isormorphic to A. In particular, F,\Y Y.

Proof. The proof of [30, Lemma 4.2] applies here provided that the occurrences of D°(modC)
and D’(mod A) there are replaced by C4 and Ca.¢ here. Note that, by Proposition the
functor F: C4 — Ca.q has all the needed properties of the functor that is also denoted by F)
in the proof of [30, Lemma 4.2]. O

As explained at the beginning of subsection it is preferable to have some control on the
stabilisers of the indecomposable direct summands of the cluster tilting or maximal rigid objects
of C4. For this purpose, the following lemma is useful. Like Lemma the following result is
already known in the framework of Galois coverings in [30, Proposition 4.6] for tilting complexes
over piecewise hereditary algebras and in [27), Proposition 6.7] for cluster tilting objects of cluster
categories of piecewise hereditary algebras.

Lemma 5.3.3. Assume the setting of Lemma[5.5.3. Assume, moreover, that

e X s indecomposable and X # M; for alli € {1,...,t},

o Cavg(M,XX) =0,

e the stabiliser of)? 18 trivial.
Then, for all triangles X = @§:1M97' Y 5 3Y of C4 whose images under F are isomorphic
to A, the stabiliser 0fi~’ is trivial.

Proof. The proof of [27 Proposition 6. 7] may be adapted to the current situation. Here are
the details. Let A: X — &t 1Mgl — Y — XX be a triangle of C4 whose image under F) is
isomorphic to A. Let w: Y9 = Y be an isomorphism in C.g, where g € G. For all h e G, the
space Cy (M2 7ZX) is isomorphic to a subspace of Ca.g(M,XX) (see Proposition , since
the latter is zero, there exist morphisms u,v,u’,v’ fitting into commutative diagrams as follows

Xge@zfll\zgigeygezgg X’%@ Mg‘%-Y%EX

=1

T
X%@Eziz\z&%f/%Zf Xg%@fzif\zg"g»?gez)?g

Therefore, the following diagram commutes

K@, W7 5%

uou'—]ll 'Uov/—]li Oi lz(uou/—l)

X ——= @iy M) —=Y —=%X

and hence S (uow — 1) factors through ©X — &L SMY . Note that X % M? because X % M;,
X ~ X and F\M; ~ ~ M;, for all ¢ € {1,...,t}. Since X is indecomposable, it follows that
E(uowu' — 1) lies in the radical of the algebra End(£X), and hence u o v’ is an automorphism
of X. Thus, u: X9 — X is an isomorphism. Given that X has trivial stabiliser, it follows that
g = e. This proves that Y has trivial stabiliser. O

Combining Lemmas [5.3.2] and [5.3.3] yields the following result. Recall that, given cluster
tilting objects T, T" € Ca.q, the object T is called a mutation of T if there exist indecomposable
direct summands X and Y of T and T", respectively, such that the set of isomorphism classes of
indecomposable direct summands of T not isomorphic to X is equal to the set of isomorphism
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classes of indecomposable direct summands of 77 not isomorphic to Y. In such a case, there
exists a triangle X - M — Y — XX in Cg.g, where M € add(T) Nnadd(T’). The mutation
class of T is the transitive closure of {T'} under mutation. The same concepts are defined for
maximal rigid objects. See [22] for more details.

Lemma 5.3.4. Assume setting . Let T, T" € Ca.c be cluster tilting objects in the same
mutation class. The following assertions are equivalent.
(i) All indecomposable direct summands of T lie in the essential image of F.
(i) All indecomposable direct summands of T' lie in the essential image of F).
When these assertions are true, then the following ones are equivalent.
(i) Gx = {e} for all indecomposable objects X € C4 such that F\X is isomorphic to a direct
summand of T.
(iv) Gx = {e} for all indecomposable objects X € Ca such that FX is isomorphic to a direct
summand of T".

The same result holds true when cluster tilting objects are replaced by maximal rigid ones.
Proof. This follows from Lemmas [5.3.2] and [5.3.3] O

Using Lemma [5.3.4] it is possible to prove a first result answering the question stated at the
beginning of subsection [5.3] and regarding cluster tilting objects of C.c which are of the first
kind with respect to Fy. Note that the action of G on HY(A) defines an action on the finite
dimensional H°(A)-modules like the action of G on A defines an action on dg A-modules.

Proposition 5.3.5. Assume setting[5.1. Assume that G acts freely on the isomorphism classes
of indecomposable projective H(A)-modules. Then, for all basic cluster tilting objects T =
Ty ® - BT, of Caxg in the mutation class of Ax G and where Ty, ..., T, are indecomposable,

(1) there exist fl, . ,Tvn € Ca such that F\T;, ~ T, and Gﬁ = {e}, for alli.
Moreover, for any such fl, . fn, denoting &b ig by T,

1<i<n ,geG
(2) T is a cluster tilting object in Case such that add(T) = Fxadd(T) and T9 = T for all
g € G, and N
(8) Fx induces a Galois covering with group G from End(T') to End(T).

The same result holds true if cluster tilting objects are replaced by mazximal rigid ones.

Proof. (1) First, the stated property holds true when add(T") = add(A % G). Indeed,
[ ] F/\Z = Ax G,
e by assumption, every indecomposable direct summand of A has a trivial stabiliser (see

Lemma [5.3.1)) and consequently,
e F M is isomorphic to an indecomposable direct summand of A x G for all indecomposable

direct summands M of A (see Proposition [5.1.2] part (7)).
Next, it follows from Lemma that property (1) is preserved within a mutation class.
(2) By construction,
e add(T) = Fradd(T) and T9 = T for all g € G. Moreover,
o F\F.(F\T) ~ F)\(T°»4()) (see Proposition part (4)), and hence add(F)\T') is
stable under F)F'.
Therefore, add(7T) is a cluster tilting subcategory (see Corollary [5.2.2), and hence T is a cluster
tilting object of C4.
(3) This was proved already in other contexts (|28, Lemma 2.2] and [30, Lemma 4.8]) and
may be proved similarly here. Here are some explanations for the ease of reading.
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Here, End(7T") and End(7T) are identified with the categories whose objects sets are equal to
the sets {T7 | 1 < i < n,g € G} and {T1,...,T,}, respectively. For all i € {1,...,n}, let
Wi F\T; — T; be an isomorphism in C4.¢g. Then, define a functor
(5.3.4) End(T) — End(T)
as follows, where g,h € G, i,j € {1,...,n},

e the object Tig is mapped onto Tj,

e any morphism w: ig — T‘Jh is mapped onto the following composite morphism

1 ~ ()\g)%l

T A BT — BT DY p T AT 25 T
recall that Ay, A; are introduced in Proposition (part (3)).

In view of Proposition (parts (3) and (5)) and since Tig has a trivial stabiliser, for all g € G
and 7 € {1,...,n}, this construction does yield a Galois covering with group G. g

(An) 7,

When the cluster tilting objects of Ca.g form a mutation class, Proposition [5.3.5| provides the
following refinement of Corollary [5.2.2] Note that this hypothesis is known to hold true when,
for instance, Ca.¢ is acyclic ([6, Proposition 3.5]).

Corollary 5.3.6. Assume setting [5.1 Assume that G acts freely on the isomorphism classes
of indecomposable projective H°(A)-modules and that the cluster tilting objects of Caxc form a
mutation class. Then,

(1) statements (1), (2) and (3) of Proposition hold true for all basic cluster tilting
objects of Caxcy,

(2) the mapping T — F\T induces a bijection from the set of cluster tilting subcategories of
Ca stable under the action of G to the set of cluster tilting subcategories of Caxc-

When cluster tilting objects are replaced by maximal rigid ones both in the hypotheses and the
conclusion, then (1) and (2) still hold true and, in addition,

(3) given N € Cawc indecomposable, the following assertions are equivalent.
(i) N is rigid.
(i) There exists a mazimal rigid object T € Ca such that T9 ~ T for all g € G and
there exists an indecomposable direct summand M of T such that N ~ F\M.

Proof. (1) follows from Proposition [5.3.5 (2) follows from (1) and Corollary (3) follows
from (2). O

Parts of Corollary are proved in the following more particular cases,

e in [27, Section 6], when replacing C4.¢ by the cluster category of a piecewise hereditary
algebra R of quiver type and C4 by the cluster category of R’, and assuming that R’ is
a Galois covering with group G of R,

e in [33] Subsection 7.4], where A is given by a quiver with potential (Q, W), where the
action of G is given by a free action on ) by quiver automorphisms such that W is G-
invariant up to cyclic permutation, and assuming that C4.¢ is acyclic and with finitely
many isomorphism classes of indecomposable objects.

5.4. The acyclic case. This subsection proves Corollary relating C4 being acyclic to Caxqa
being acyclic. Cluster categories of Dynkin quivers are particular because these are exactly
the Hom-finite, Krull-Schmidt and 2-Calabi-Yau categories with only finitely many isomorphism
classes of indecomposable objects ([T, Corollary 6.6]). For these, there is a general phenomenon
as follows.
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Proposition 5.4.1. Assume the setting of Proposition|5.2.1 The following assertions are equiv-
alent.

(i) C has finitely many isomorphism classes of indecomposable objects.
(i) C' has finitely many isomorphism classes of indecomposable objects.

Proof. Tt suffices to prove “(i) = (4i)”. Assume (i). Let M € C such that C = add(M). Then
C' = add(F M) by assumption on the unit of the adjoint pair (F, F’). Thus, (ii) holds true. O

Using subsections and together with Proposition [5.4.1] it is possible to prove Corol-
lary This corollary is restated below for convenience.

Corollary 5.4.2. Assume setting [5.1]

(1) The following assertions are equivalent.
(i) Ca is equivalent to the cluster category of a Dynkin quiver.
(i) Caxc is equivalent to the cluster category of a Dynkin quiver.
(2) If Ca is acyclic and has infinitely many isomorphism classes of indecomposable objects,
then
(a) there exists a cluster tilting object T € C4 such that End(T') is hereditary and T9 =T
for all g € G and
(b) for any such T, there exists a cluster tilting object T' € Caxc such that the algebras
End(T) * G and End(T") are Morita equivalent.
Consequently, Ca.q is acyclic.
(8) Assume that G acts freely on the set of isomorphism classes of indecomposable projective
HO(A)-modules. If Ca.c is acyclic, then so is C4.

Proof. (1) follows from Propositions and and from [IJ, Corollary 6.6].

(2) The following arguments are adapted from [I12] where it is proved that the skew group
algebras of piecewise hereditary algebras are piecewise hereditary.

Since C4 is acyclic, there exists a unique connected component I' of the Auslander-Reiten
quiver of C4 having only finitely many 7-orbits, where 7 (= X) is the Auslander-Reiten trans-
lation. Note that I' is the repetitive quiver of a finite acyclic quiver because C4 has infinitely
many isomorphism classes of indecomposable objects.

The action of G preserves the Auslander-Reiten structure of C4. In particular, it stabilises T'.
Following [12] Definition 4.1.1], let My € T and denote by X’ the full subquiver of I' consisting
of the vertices M € T" such that

e there exists g € G and there exists a path from M§ to M in T’ and
e any such path is sectional.

Note that X is stable under the action of G up to isomorphisms. Moreover (|12, Proposition
4.1.4]) X is a section of T, that is, X is a connected quiver, it is convex in T and it intersects
each 7-orbit of I" exactly once. Let {T}};cq1,..n} be a complete family of representatives of G-

orbits of indecomposable objects of add(X) and denote by T the object @ T of Ca. Then,
1<ign
geG

add(X) = add(T") and T9 =T for all g € G. Since X is a section of I', the object T is a cluster
tilting object of C4 and End(T) is a hereditary algebra, isomorphic to kX. This proves (a). Note
that (b) follows from (a) and from Proposition taking T" = F)\T.

Finally, it follows from (b) that End(T") and End(F\T') have the same global dimension ([34]
Theorem 1.3]). Hence, End(F)\T') is hereditary. Thus, Ca.¢ is acyclic (see [25]).

(3) There exists a cluster tilting object 7" € C4.q such that End(7”) is a hereditary algebra.
In particular, the cluster tilting objects of C 4. form a mutation class (see [6, Proposition 3.5]).
By Corollary there exists a cluster tilting object T' € C4 such that 79 ~ T for all g € G
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and such that 77 ~ F\T. By Proposition the algebras End(T") * G and End(T") are Morita
equivalent. Since End(7”) is hereditary, so is End(T"). Thus, C4 is acyclic (see [25]). O

6. APPLICATION TO HIGHER AUSLANDER-REITEN THEORY

This section applies the study of subsection [3.5] on Calabi-Yau completions to the interplay
between skew group algebras and d-representation infinite algebras in the sense of [I9]. For
the sake of comprehensiveness, the corresponding interplay for d-representation finite algebras
is presented in subsection The case of d-representation infinite algebras is presented in
subsection [6.2] The setting is the following.

Setting 6.1. Let A be a finite dimensional algebra. Let d be a non negative integer. Let G be
a finite group acting on A by algebra automorphisms. Assume that char(k) { Card(G).

Until the end of the text, the category of finitely generated modules over a finite dimensional
algebra R is denoted by mod(R).

6.1. d-representation finite algebras. Given a finite dimensional algebra R, recall ([20]) that
a d-cluster tilting subcategory of mod(R) is a functorially finite subcategory C such that

{c = {Memod(R) | (VX €C) (Vi=1,...,d—1) Exth(X, M) =0}
= {Mcmod(R) | (VX €C) (Vi=1,...,d—1) Exth(M,X) =0},

and a d-cluster tilting module is a module M € mod(R) such that add(M) is a d-cluster tilting
subcategory. The algebra R is called d-representation finite when such an M exists and when
R has global dimension at most d. When such an M exists and when d is equal to the global
dimension of R, then add(M) is necessarily equal to the following subcategory denoted by Zg
(see [1I8, Proposition 0.2]),

(6.1.1) Tr = add({751 | k € N, T € mod(A) injective}),
where 74 := DExt%(—, R): mod(R) — mod(R) is the higher Auslander-Reiten translation (D :=
Homy (—, k)).

The aim of this subsection is to prove that, when A has global dimension d, then A is d-
representation finite if and only if so is A % G. This is based on the following lemma.

Lemma 6.1.1. Assume setting [6.1 Denote by Fy and by F. the extension-of-scalars functor
mod(A) — mod(AxQ) and the restriction-of-scalars functor mod(AxG) — mod(A), respectively.
(1) TaFXM ~ Ex14M for all finite dimensional A-modules M.
(2) 74F.N ~ F.74N for all finite dimensional A-modules N.

Proof. (1) Let M € mod(A). By adjunction, there is an isomorphism D(Hom g.q(ExM, AxG)) ~
D(Homa (M, A x@G)) in mod(A4 % G). The following composite mapping is bijective,
(6.1.2) D(Homy (M, A G)) — € D(Homa(M, A%)) — € D(Homa(M, A)) ,
geG geG
where the leftmost arrow is induced by the mapping @geqA9 — A * G given by (ag)geq —

deG ag * g and the rightmost arrow is induced by the mappings A — A9 given by a — Ya, for
all g € G. Let ¢ € D(Homu (M, A * G)). If its image under (6.1.2) is denoted by (Ag)sec, then

M — A*G)

g & G) (vf € Homa (M) AN = (0 7, A0

Given a € A, if (ug)gec denotes the image of ¢ - (a % e) under (6.1.2), then uy(f) = A\,(9'a- f)
for all g € G and f € Homu (M, A); in other words, puy = A4 - (gfla) for all g € G. Besides,
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given h € H, if (vy)4cc denotes the image of ¢ - (1« h) under (6.1.2)), then vy(f) = Ang(f) for
all f € Homy (M, A); in other words, vy = Ay, for all g € G.

It follows from these considerations that the composition of the following mapping with
is an isomorphism in mod(A4 * G) from D(Homa (M, A x G)) to D(Homa (M, A)) ®4 A G.

GageG D(Homa (M, A)) — D(Homs(M,A)) @4 AxG

6.1.3 _
(6:15) (g)oea S Taeaty @ (Teg ).,
Therefore, there is a functorial isomorphism in mod(4 * G),

(614) D(HOIHA*G(F)\M,A*G)) ZF)\D(HOIHA(M, A))

Now, the isomorphism 74F\M =~ F\1q4M follows from (6.1.4]) after deriving because F) is exact
and preserves projective modules.
(2) Let N € mod(A x G). By adjunction, there is an isomorphism in mod(A),

(6.1.5) D(Homyu (F.N,A)) ~ D(Hom . (N, AxG)).
And the isomorphism 74 F.N ~ F.74N follows from (6.1.5)) after deriving also because F. is exact
and preserves projective modules. (]

Here is the first main result of this section.

Proposition 6.1.2. Assume setting[6.1l The following assertions are equivalent.

(i) A is d-representation finite.
(ii) Ax G is d-representation finite.

Proof. Denote by F and by F. the extension-of-scalars functor mod(A) — mod(A4 * G) and the
restriction-of-scalars functor mod(A x G) — mod(A), respectively. Note that A * G has global
dimension d. Since F\D(A) ~ D(A % G) as A x G-modules and F.D(A x G) ~ D(A)C>d(G) ag
A-modules, it follows from Lemma [6.1.1] that

add(F)\IA) = IA*G
add(F.IA*G) = IA.

Assume (i) and let M € mod(A) be a d-cluster tilting module such that add(M) = Z4. By
construction, Z4 is stable under the action of G. Hence, so is add(M). Therefore, add(M) is
stable under add(F.F)) (see Lemmal[2.3.1] part (4)). Hence, the proof of Proposition [5.2.1]can be
adapted here to prove that add(FyM) is a d-cluster tilting subcategory of mod(A * G) provided
that Lemma [2.3.1] is used instead of Proposition Therefore, (i) = (ii).

Conversely, assume (ii) and let N € mod(A * G) be a d-cluster tilting module such that
add(N) = Za.q. Since Za.c is stable under add(FyF.) ((6.1.6)), the proof of Proposition [5.2.1]
can also be adapted here to prove that add(F.N) is a d-cluster tilting subcategory of mod(A).
Therefore (i) = (i). O

(6.1.6)

6.2. d-representation infinite algebras. Let R be a finite dimensional k-algebra. Following
[19], it is called d-representation infinite when it has global dimension at most d and SgiR is
an R-module for all i € N, where Sy denotes (— ®% DR) o ¥~%. This entails that R has global
dimension equal to d. When R has global dimension at most d, it is d-representation infinite
if and only if the cohomology of I1;y1(R) is concentrated in degree 0. Recall that the Calabi-
Yau completion IT 41 (R) is also called the derived (d + 1)-preprojective algebra and its 0-th
cohomology is isomorphic to the (d + 1)-preprojective algebra 441 (R) of R which is defined by
Mye1(R) = Tr(Exth(DR, R)) (E21)).

Proposition 6.2.1. Assume setting [6.1]



38 PATRICK LE MEUR
(1) G acts on the derived d + 1-preprojective algebra g1 (A) by dg automorphisms and
I1;:1(A) G is quasi-isomorphic to the derived d+ 1-preprojective algebra I1g1(A*G).
(2) G acts on the d+ 1-preprojective algebra g1 (A) by algebra automorphisms and the skew
group algebra Iy 1(A) * G is isomorphic to the d + 1-preprojective algebra g1 (A G).
(3) The following assertions are equivalent.
(i) A is d-representation infinite.
(ii) AxG is d-representation infinite.
Proof. (1) is a rephrasing of Theorem [1.3] (2) and (3) follow from (1). O

bo

Note that subsection [3.5] applies here. Since A has global dimension to d, there exists a
unded complex P of finitely generated projective A-bimodules endowed with a compatible ac-

tion of G and with G-equivariant differential, and there exists a G-equivariant quasi-isomorphism

P

— A in Mod(A®). Then, there is a compatible action of G on Homgxe(P, A®) such that

(9F)(p) = 9(f(¢ 'p)) forall p € P, g € G and f € Hompue(P, A°). Hence, there is an iso-
morphism Hom ge (P, A%) ~ RHom 4. (A, A®) in D(A) and, since P is bounded, Hom 4. (P, A¢) is
cofibrant in Mod(A¢). Therefore, one may assume that

[1
2
3
[4
5
6
[7
8
[9
[10
[11
[12

[13

o I1;, 1 (A) = Ta(XHom ¢ (P, A%)) as dg algebras respectively endowed with an action of
G by dg automorphisms, and Mg, 1(A4 * G) ~ Ta(X%Hom (P, A%)) * G, and, applying
qis

HO(—), that
o i1 (A) ~ Ta(HHom 4 (P, A®)) as algebras respectively endowed with an action of G
by algebra automorphisms, and g1 (A * G) ~ Ty (HHom 4 (P, A%)) x G.
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