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Berry-Esseen's 
entral limit theorem for non-
ausallinear pro
esses in Hilbert spa
eMohamed EL MACHKOURIJune 2, 2010Abstra
tLet H be a real separable Hilbert spa
e and (ak)k∈Z a sequen
e of bounded linearoperators from H to H. We 
onsider the linear pro
ess X de�ned for any k in Z by
Xk =

∑

j∈Z
aj(εk−j) where (εk)k∈Z is a sequen
e of i.i.d. 
entered H-valued randomvariables. We investigate the rate of 
onvergen
e in the CLT for X and in parti
ularwe obtain the usual Berry-Esseen's bound provided that ∑j∈Z

|j|‖aj‖L(H) < +∞and ε0 belongs to L∞
H .Short title: Berry-Esseen's CLT for Hilbertian linear pro
esses.Key words: Central limit theorem, Berry-Esseen bound, linear pro
ess, Hilbertspa
e.1 Introdu
tion and notationsLet (H, ‖.‖H) be a separable real Hilbert spa
e and (L, ‖.‖L(H)) be the 
lass of boundedlinear operators from H to H with its usual uniform norm. Consider a sequen
e (εk)k∈Zof i.i.d. 
entered random variables, de�ned on a probability spa
e (Ω,A,P), with valuesin H . If (ak)k∈Z is a sequen
e in L, we de�ne the (non-
ausal) linear pro
ess X = (Xk)k∈Zin H by

Xk =
∑

j∈Z

aj(εk−j), k ∈ Z. (1)If ∑j∈Z
‖aj‖L(H) < ∞ and E‖ε0‖H < +∞ then the series in (1) 
onverges almost surelyand in L1
H(Ω,A,P) (see Bosq [2℄). The 
ondition∑j∈Z

‖aj‖L(H) <∞ is know to be sharp



for the √
n-normalized partial sums of X to satis�es a CLT provided that (εk)k∈Z arei.i.d. 
entered having �nite se
ond moments (see Merlevede et al. [6℄). In this work, weinvestigate the rate of 
onvergen
e in the CLT for X under the 
ondition

∑

j∈Z

|j|τ‖aj‖L(H) <∞ (2)with τ = 1 when (εk)k∈Z are assumed to be i.i.d. 
entered and su
h that ε0 belongs to L∞
Hand τ = 1/2 when (εk)k∈Z are i.i.d. 
entered and su
h that ε0 belongs to some Orli
z spa
e

LH,ψ (see se
tion 2). This problem was previously studied (with τ = 1 in Condition (2))by Bosq [3℄ for (
ausal) Hilbert linear pro
esses but a mistake in his proof was pointedout by V. Paulauskas [7℄. However, in the parti
ular 
ase of Hilbertian autoregressivepro
esses of order 1, Bosq [4℄ obtained the usual Berry-Esseen inequality provided that
(εk)k∈Z are i.i.d. 
entered with ε0 in L∞

H .2 Main resultIn the sequel, Cε0 is the auto
ovarian
e operator of ε0, A :=
∑

j∈Z
aj and A∗ is the adjointof A. For any sequen
e Z = (Zk)k∈Z of random variables with values in H we denote

∆n(Z) = sup
t∈R
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∣

∣

P
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1√
n

n
∑

k=1

Zk
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∥

∥

∥

H

≤ t

)

− P (‖N‖H ≤ t)

∣

∣

∣

∣where N ∼ N (0, ACε0A
∗).For any j ∈ Z, denote cj,n =

∑n
i=1 bi−j where bi = ai for any i 6= 0 and b0 = a0 − A.Lemma 1 For any positive integer n,

n
∑

k=1

Xk = A

(

n
∑

k=1

εk

)

+Qn +Rnwhere Qn =
∑n

k=1

∑

|j|>n ak−j(εj) and Rn =
∑

|j|≤n cj,n(εj).Re
all that a Young fun
tion ψ is a real 
onvex nonde
reasing fun
tion de�ned on R
+whi
h satis�es limt→+∞ ψ(t) = +∞ and ψ(0) = 0. We de�ne the Orli
z spa
e LH,ψ asthe spa
e of H-valued random variables Z de�ned on the probability spa
e (Ω,F ,P) su
h2



that E[ψ(‖Z‖H/c)] < +∞ for some c > 0. The Orli
z spa
e LH,ψ equipped with theso-
alled Luxemburg norm ‖.‖ψ de�ned for any H-valued random variable Z by
‖Z‖ψ = inf{ c > 0 ; E[ψ(‖Z‖H/c)] ≤ 1 }is a Bana
h spa
e. In the sequel, c(N) denotes a bound of the density of N (0, ACε0A

∗)(see Davydov et al. [5℄). Our main result is the following.Theorem 1 Let (εk)k∈Z be a sequen
e of i.i.d. 
entered H-valued random variables andlet X be the Hilbertian linear pro
ess de�ned by (1).i) If ε0 belongs to L∞
H and ∑j∈Z

|j|‖aj‖L(H) <∞ then
∆n(X) ≤ c1√

n
(3)where c1 = c2 + 14c(N)‖ε0‖∞

∑

j∈Z
|j|‖aj‖L(H) and c2 is a positive 
onstant whi
hdepend only on the distribution of ε0.ii) If ψ is a Young fun
tion then

∆n(X) ≤ ∆n(A(ε)) + ϕ

(

c(N)‖Qn +Rn‖ψ√
n

) (4)where ϕ(x) = xh−1(1/x) and h(x) = xψ(x) for any real x > 0.The inequality (4) ensures a rate of 
onvergen
e to zero for ∆n(X) as n goes to in�nityprovided that ∆n(A(ε0)) goes to zero as n goes to in�nity and a bound for ‖Qn + Rn‖ψexists. As just an illustration, we have the following 
orollary.Corollary 1 Assume that (εk)k∈Z are i.i.d. 
entered H-valued random variables and thatthe 
ondition (2) holds with τ = 1/2.i) If ε0 belongs to LH,ψ1 then ∆n(X) = O
(

logn√
n

) where ψ1 is the Young fun
tion de�nedby ψ1(x) = exp(x) − 1.ii) If ε0 belongs to LrH for r ≥ 3 then ∆n(X) = O
(

n− r
2(r+1)

).3



3 ProofsProof of Lemma 1. For any positive integer n, we have
Rn =

n
∑

j=−n
cj,n(εj) =

n
∑

k=1

n
∑

j=−n
bk−j(εj)

=
n
∑

k=1

∑

j∈[−n,n]\{k}
ak−j(εj) + (a0 −A)

(

n
∑

k=1

εk

)

=
n
∑

k=1

n
∑

j=−n
ak−j(εj) − A

(

n
∑

k=1

εk

)

= −Qn +
n
∑

k=1

Xk −A

(

n
∑

k=1

εk

)

.The proof of Lemma 1 is 
omplete.Proof of Theorem 1. Let λ > 0 and t > 0 be �xed and denote U = A (
∑n

k=1 εk/
√
n)and V = (Qn +Rn)/

√
n. So U + V =

∑n
k=1Xk/

√
n and

P(‖U + V ‖H ≤ t) ≤ P(‖U‖H ≤ t+ λ) + P(‖V ‖H ≥ λ) (5)For λ0 = 2‖V ‖∞, we obtain
P(‖U + V ‖H ≤ t) − P(‖N‖H ≤ t) ≤ P(‖U‖H ≤ t+ λ0) − P(‖N‖H ≤ t).If c(N) denotes a bound for the density of ‖N‖H (see Davydov et al. [5℄) then

∆n(X) ≤ ∆n(A(ε)) +
2c(N)‖Qn +Rn‖∞√

n
.Noting that

Qn =
∑

j≥n+2

aj

(−n−1
∑

k=1−j
εk

)

+
∑

j<0

aj

(

n−j
∑

k=n+1

εk

) (6)and
Rn = R

′

n +R
′′

n (7)where
R

′

n = −
−1
∑

j=−n
aj

( −j
∑

k=1

εk

)

−
∑

j<−n
aj

(

n
∑

k=1

εk

)

−
∑

j>0

aj

(

n
∑

k=n−j+1

εk

)
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and
R

′′

n =

n
∑

j=1

aj

(

0
∑

k=−j+1

εk

)

+

2n
∑

j=n+1

aj

(

n−j
∑

k=−n
εk

)

,we derive that ‖Qn +Rn‖∞ ≤ 7‖ε0‖∞
∑

j∈Z
|j|‖aj‖L(H) and 
onsequently

∆n(X) ≤ ∆n(A(ε)) +
14c(N)‖ε0‖∞

∑

j∈Z
|j|‖aj‖L(H)√

n
.Combining the last inequality with the Berry-Esseen inequality for i.i.d. 
entered H-valued random variables (see Yurinski [9℄ or Bosq [2℄, Theorem 2.9) we obtain (3).In the other part, if ψ is a Young fun
tion we have P(‖V ‖H ≥ λ) ≤ 1

ψ(λ/‖V ‖ψ)
andkeeping in mind inequality (5), we derive

∆n(X) ≤ ∆n(A(ε)) + c(N)λ+
1

ψ (λ/‖V ‖ψ)
.Noting that c(N)λ = 1

ψ(λ/‖V ‖ψ)
if and only if λ =

ϕ(c(N)‖V ‖ψ)
c(N)

where ϕ is de�ned by
ϕ(x) = xh−1(1/x) and h by h(x) = xψ(x), we 
on
lude

∆n(X) ≤ ∆n(A(ε)) + ϕ

(

c(N)‖Qn +Rn‖ψ√
n

)

.The proof of Theorem 1 is 
omplete.Proof of Corollary 1. Assume that ‖ε0‖ψ1 < ∞ where ψ1 is the Young fun
tionde�ned by ψ1(x) = exp(x) − 1. There exists a > 0 su
h that E (exp(a‖ε0‖H)) ≤ 2. So,there exist (see Arak and Zaizsev [1℄) 
onstants B and L su
h that
E‖ε0‖mH ≤ m!

2
B2Lm−2, m = 2, 3, 4, ...Applying Pinelis-Sakhanenko inequality (see Pinelis and Sakhanenko [?℄ or Bosq [2℄), weobtain

P

(

∥

∥

∥

∥

q
∑

k=p

εk

∥

∥

∥

∥

H

≥ x

)

≤ exp

(

− x2

2(q − p+ 1)B2 + 2xL

)

, x > 0and using Lemma 2.2.10 in Van Der Vaart andWellner [?℄, there exists a universal 
onstant
K su
h that

∥

∥

∥

∥

q
∑

k=p

εk

∥

∥

∥

∥

ψ1

≤ K
(

L+B
√

q − p+ 1
) (8)5



Combining (6), (7) and (8), we derive ‖Qn + Rn‖ψ1 ≤ C
∑

j∈Z

√

|j|‖aj‖L(H) where the
onstant C does not depend on n. Keeping in mind the Berry-Esseen's 
entral limit the-orem for i.i.d. 
entered H-valued random variables (see Yurinski [9℄ or Bosq [2℄, Theorem2.9), we apply Theorem 1 with the Young fun
tion ψ1. Sin
e the fun
tion ϕ de�ned by
ϕ(x) = xh−1(1/x) with h(x) = xψ1(x) satis�es

lim
x→0

ϕ(x)

x log(1 + 1
x
)

= 0,we derive ∆n(X) = O
(

logn√
n

).Now, assume that ‖ε0‖r < ∞ for some r ≥ 3. Applying Pinelis inequality (see Pinelis[8℄), there exists a universal 
onstant K su
h that
∥

∥

∥

∥

q
∑

k=p

εk

∥

∥

∥

∥

r

≤ K



r

(

q
∑

k=p

E‖εk‖rH

)1/r

+
√
r

(

q
∑

k=p

E‖εk‖2
H

)1/2


and 
onsequently
∥

∥

∥

∥

q
∑

k=p

εk

∥

∥

∥

∥

r

≤ 2Kr‖ε0‖r
√

q − p+ 1. (9)Combining (6), (7) and (9), we derive ‖Qn + Rn‖r ≤ C
∑

j∈Z

√

|j|‖aj‖L(H) where the
onstant C does not depend on n. Again, applying Berry-Esseen's CLT (see Yurinski[9℄ or Bosq [2℄, Theorem 2.9) and Theorem 1 with the Young fun
tion ψ(x) = xr andthe fun
tion ϕ given by ϕ(x) = xr/(r+1), we obtain ∆n(X) = O
(

n− r
2(r+1)

). The proof ofCorollary 1 is 
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