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ASYMPTOTIC HEAT EQUATION FOR CROSSING
SUPERCONDUCTIVE THIN WALLS

ISABELLE GRUAIS * AND DAN POLISEVSKI **

Abstract. This work deals with the homogenization of the nonstationary heat
conduction which takes place in a binary three-dimensional medium consisting of an
ambiental phase having conductivity of unity order and a set of highly conductive
thin walls crossing orthogonally and periodically. This situation covers in fact three
types of microstructures, usually called: box-type (or honeycomb), gridwork and
layered. The study is based on the energetic procedure of homogenization associated
to a control-zone method, specific to the geometry of the microstructure and to the
singularity of the conductivity coefficients. In the present case the main result is
the system that governs the asymptotic behaviour of the temperature distribution
in this binary medium. It displays a significant increase of the conductivity due to
the superconductive thin walls, revealing their seemingly paradoxal behaviour of
having an everlasting action on the environment, in spite of an obvious vanishing
volume. Moreover, the dependence of this behaviour with respect to the relative
thicknesses of the walls can be detailed.

Mathematical Subject Classification (2000). 35B27, 35K57, 7T6R50.
Keywords. homogenization, conduction, fine-scale, box-type structure.

1. INTRODUCTION

The foundations of homogenized layered materials were laid down by Murat and
Tartar in their pioneering work [11]. This method was still used by [10] in the
framework of weaker topologies. The case of BV -functions and sequences of mea-
sures is worked out in [6]. Many examples and applications may be found in [1].
The difficulties arising from the direct computation of the behaviour of these struc-
tures are twofold: the great number of cells and the small thickness of the material.
The periodic distribution classically suggests that the homogenization method for
perforated domains should be used as in [12], where the period ¢ and the thickness
0 of the material are considered as independent vanishing parameters. A classi-
cal issue is then to consider the problem of permuting both converging processes.
This is made in details in [12]. As the practical point of view favors geometric
consideration, measures provide a more general tool when they are confined to the
description of the critical part of a system, as in [2] and [3]. This approach was used
in [13], where the homogenization of elastic reticulated structures is performed for
an anisotropic material surrounded by an empty environment.

Our study is based on the control-zone method which was introduced and devel-
oped by [4]-[5] and [7]-[8], specific to the binary composition of the system, namely
the fine substructure and the ambiental phase. This procedure proved its efficiency
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in the modelling of fine substructures where concentrated material of high contri-
bution influences the behavior of the macroscopic problem in spite of its vanishing
volume. We are here in a case when the fine substructure does not have a macro-
scopic capacity. In the case when such a capacity exists, the coupling between the
fine substructure and the ambient is made through a so-called rarefying ratio .,
which arises as a criterium for the existence of the two-temperature model. Here,
unlike the critical case studied in [5], the connections between the layers of the
reticulated structure annihilate the capacitary term lim._.¢~. when it is defined.
This was also observed in [8] in the absence of connections. As the rarefaction
number is in fact zero, we obtain here a one-temperature macroscopic model. Nev-
ertheless, the consideration of a transmission problem between the two components
of our medium modifies the asymptotic behaviour in a way that cannot be antici-
pated from [12]-[13], because the sequence of problems under consideration behaves
singularly with respect to the period of the structure.

The present paper is organized as follows:

Section 2 is devoted to the main notations and to the study of the governing
problem. We set the functional framework for which the existence and uniqueness
of the solution can be established.

In Section 3 we present two operators that have a localizing effect and that we
use in order to obtain the specific inequalities related to the box-type structure.
Considering natural control zones, we define the specific caracterizing functions
and the step approximation operators which are associated to it.

Section 4 deals with the homogenization process, overcoming the singular behav-
ior of the energy term when ¢ tends to zero. We obtain the homogenized equation
which presents an explicit formula for the effective conductivity coefficients. It
displays a significant increase of the conductivity due to the superconductive thin
walls, revealing their seemingly paradoxal behaviour of having an everlasting action
on the environment, in spite of an obvious vanishing volume. Moreover, the depen-
dence of this behaviour with respect to the relative thicknesses of the walls can be
detailed. The proof relies on the energetic method adapted to our control-zone con-
text. No critical thickness of the layers appears and the intersections of the layers
have no distinct influence upon the asymptotic behaviour of the temperature.

2. SETTING OF THE PROBLEM

L L

3
11
33 ,I:}—2,2{andn€N. From now on we

LetL>O,T>O,Q=}

use the notations
L

S Z.={kecZ, I|kl<n} and I*=ck+el, keZ.. (1)

L L
Obviously, cardZ. = L/e and = € }—2, 3 [ if and only if there exists k € Z.

—k
such that x € I,.
i

For any ¢ € {1,2,3}, we consider r§ > 0, rf << ¢, that is - — 0 when ¢ — 0.
€
For any k € Z. and i € {1,2,3}, we define:
Dé’k = {x = (x5, 22,23) € Q, |x; — k| <15}, (2)

D.=U}_ D, D= UkeZED;k- (3)
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We consider that €2 is occupied by two materials with highly different conduc-
tivities; one is highly conductive and it is concentrated in the vanishing domain D,
(notice that |Dt| = O(r¢ /) and the other lies in Q. := Q\ D, and has conductivity
of unity order.

We study the asymptotic behaviour with respect to € (¢ —0) of the nonstation-
ary heat conduction process in 2. Assuming that we know the densities and the
conductivities of the two materials, the source term and the initial distribution of
the temperature, the problem that the temperature u® satisfies in some sense is the
following:

To find u® solution of

S ou® . 5 € e T
irn —div(k*Vu®) = f* in Q (4)

[u]e =0 on (2D.\ Q)" (5)

[k*Vu).n =0 on (dD.\ o) (6)

ut=0 on (0Q)T (7)

u(0)=wuf in Q (8)

where [-]; is the jump across the interface 0D., n is the normal on 9D, in the
outward direction,

fe— f weaklyin L*(0,T; H'(Q)) (9)
u§ — ug weakly in  L*(9) (10)

crn | opa it zEQ (pg>0)
pla) = { pp if zeD. (p>0) (1)

a;;(z) it xeQ,

kS (z) =

)

138 (12)
W Z bk(l‘)(sikéjk if ze D,
=1

where b, € C?(Q0), bi(x) > 0, Vo € Q, and a;; € L>() with the property that
there exists o > 0 such that
aij(x)&€ > al¢?, V&€ RM  and for aa. z€Q. (13)

Throughout this paper, we use the following compact notation for the cylindrical
time-domain, as we already did in (4)—(7):

ET .= Ex]0,T[, VECQ. (14)
Let H. be the Hilbert space L?(2) endowed with the scalar product
(u, V). = (P u, V). (15)
As H}(Q) is dense in H. for any fixed € > 0, we can set
Hy(Q) C H.~H.C H (Q) (16)

with continuous embeddings.
Now, we can present the variational formulation of the problem (4)-(8).
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To find u® € L%(0,T; H} (Q))NL>(0, T; H.) satisfying (in some sense) the initial
condition (8) and the following equation

d
g(ue,w)HE + (k- Vus, Vw)q = (f5,w) in D'(0,T), Yw € H}(Q) (17)
where (-,-) denotes the duality product between H~1(2) and H}(Q).

Theorem 2.1. Under the above hypotheses and notations, problem (17) has a
(0,T; H1(Q)) and hence, u® is equal almost
everywhere to a function of C’O([O T); H.); this is the sense of the initial condition

(8).

From now on, for any E C 2, we use the notations

1
||z :=|"|2m) and ][ ~dm:=—/-dw (18)
E E| /e
Proposition 2.2. Recalling the definition (1) of €, we have
(u)eso 48 bounded in L>(0,T; L*(2)) N L2(0,T; Hg (2)). (19)

Moreover, there exists C' > 0, independent of €, such that

T
/ ][ |Vus|? < C. (20)
0 D,

Proof. If we substitute w = € in the variational problem (17), integrate over (0, t)
for any ¢ €]0, T, use (13) and denote 3 = min{ming by, 1 < k < 3}, as 8 > 0, then
we get:

N | =

t t
(O, + i O,) + o [ 190 ds+6 [ [ vuas <
0 0J D¢

t
1
< [t @)ds+ 5 (aluilp, +mlulh,). (21)
Using the boundedness properties that follow from (9) and (10), we obtain easily:
t
O+ [ [Vafpds < C.
0

which proves (19). The proof is completed by recalling (21). [ |

3. THE CONTROL-ZONE TOOLS

Definition 3.1. For any u € L?(0,T; HY(Q)), i € {1,2,3} and k € Z. we define
;k(u) € L2(0,T; H'/2(QY)) and Gi(u) € L*(Q7) by

L) (t,27) = ; (u(t,k = 1%,20) + u (1, ek + 15, 20), (22
GiL(u)(t,zi,2}) = > GLy(u)(t, o)) (2:), (23)
k€EZ,

272

2|
2o | B
[\v]

L L
where t € [0,T1], wie} [andmé :=(--~,/1ci,-~-)EQ’::}—
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Proposition 3.2. For any u € L?(0,T; H'(Q)) and i € {1,2,3}, we have:

A?;meﬁsz@ww. (24)

Proof. For almost all ¢ €]0, T, we have

| 16iwp - }j/ G )P =2 Y [ 16 sl
k€Z, keZ,
Moreover:

. 1 .
)2 — E : Gt. 20, )1 (x;) =
][D;GE(U/) QCaI‘dZsT-E|Q/| \/I\’“ oy | ri,k<u)‘ ( ?l‘z) Ié(m )

Z/l

kEZ.
This achieves the proof. [ ]

L|Q’|

Proposition 3.3. There exists C > 0 independent of € such that, for any u €
L?(0,T; HY(Q)), i € {1,2,3} and k € Z., there holds:

; U
lu — GZ (W) L2 0,518 x) < O | 5 (25)
€ 0
Ti | 20,731k x Q)
’ .| Ou
lu — Gs,k(u”L?(O,T;IT’?‘F xq) < Cr; o7 (26)

L2(0,T;I:f§><ﬂ’)
where r = (,1,‘1",1,’;) S If x Q' and ITI% =ck+ 27‘16]

Proof. Obviously, it is sufficient to prove that we have similar uniform inequalities
in H(Q). First, for any u € H(), we consider the following quantity:

5 .
4:/ i — G ().
IExQ

1
X, T,) — 2( u(ek —ri, o)) +u(ek + 1, x}))

As we have

:/ dsr:i/ u(
Ik o

1 Ti A , ck+ri 9y, /
= 4/15 dxi// /sk—rg %(S,xi)ds—/m oz, (s,z})ds

7 K2

i

2
S%/Ikda:z/y o Ts&xl(sm)ds +/g:k+7’ g;i(sa:)ds dz), <
1 i | ou 2 skETi Oy
< 2£gz//[(xiek+rf)1kr§ 6xi(s,z;) ds+(€k+rf:1:i)/zi axi(s,x;)
there ;esults l
JF < / da:z/ dx’, /Ek+2 ’)2d8:€2/ Ou 2,
I* / _e axl 2 Jrexor 0x;

independent of x;
from which (25) follows.
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Second, still for u € H(Q), we have

/ |u— G /dx/
Ik xQ Ik ’

2

u(zq, ;) ( (ek—rs,x))+u(ek+r,x}))| deldr; <

2
ki Oy, ou
id ds| | dz} < 2(r§)? /
/I/ Tsaxz( 57i)ds) + / oy (| [Ar <2 [ |5
which is sufficient to prove (26). |
Proposition 3.3 has a straightforward consequence:
Proposition 3.4. For any u € L*(0,T; H'(Q)) and i € {1,2,3}, we have
T 2
, 1o
[ 1ciw-up <art| 22 (27)
o/ b 0%l 12((piyr)
GL(u) = ulp2@r) <€ (28)
@) 0x; L2(QT)

Definition 3.5. For every ¢ € L?(0,T;C(Q) N HY(Q)), define

M, (o) = Z <][1k

kEZ. c

@(S,IQ)dS> 1p (25) € L2((D2)T)

Proposition 3.6. For every ¢ € L?(0,T;C(Q) N H}(Q)), there holds

T
i [ fJo— M) 0. (29)
e=0Jo J Di '

Proof. Let ¢ € L*(0,T;C(Q) N H}(Q)) and let § > 0. The uniform continuity of
¢ yields the existence of some ey > 0 such that for almost all ¢ € [0, 7] we have:

/Ik' lo(t, x4, 2}) — ][Ikga(t,s,xg)ds\Q <6, VrieQ, VkeZ., Vee(0,e).

Te

There results

][ lo— M« |D’| Z/jk . otz i) — ][Ikgo(t,s,xg)ds\gé, Ve € (0,ep).
x Q! ¢

keZ. £
|
Proposition 3.7. There holds
GL(uf) ][ G (u)p, Vo€ L?0,T;C(Q)N Hi(Q)). (30)
D’L

Proof. Let ¢ € L?(0,T;C(Q) N H}(2)). Uniformly with respect to t € [0,T], we
have:

i€ 1 v, ; =
][Di Giu )Mrf(ép) _ ﬁ Z /Ik . Gs,k(u )(z7) <][I§<P(S,$i)ds> dx =

k€Z.

1
Ndx'ds = G (uf
scardZ |Q’\ Z /Ika’ )(p(s,afl) Z;as8 L\Q’|/Q (W)

k€Zc
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Corresponding to the inequalities that have already been proved in Hg (£2), (see
[2], [5], [8] and [9]), we have:

Proposition 3.8. There exists C > 0, independent of €, such that, for any u €
L?(0,T; HY(Q)) and any i,j € {1,2,3}, we have

T
/0 ][DJ“P < C|Vulizqr) (31)

T

1 1
/ ][ lu|? < Cmax(l, £21n —, e?1n E) |Vu|2L2(QT) (32)

oJ pi rs TS

T 3
/0 ][DOMQ < Ckgllagfg(l, 7”2) [Vuliaqr) (33)
where

DY =DinDi DY=ni DL (34)

One of the main properties of this box-type microstructure is the following;:

Theorem 3.9. There exists C' > 0, independent of €, such that

][ [ul? < CIVulagr),  Yu e L2(0,T; HY(@)). (35)

€

Proof. Let us notice that

3 3
[ D) STEE) O SN (IO CADIDR
De =17 Dz =17 Dt

Using (27) and (24), it yields
2
F 1 <2 (max o0 [Vl + 13 (G~ + )
€ =
and the proof is completed by (28) and the Poincaré-Friedrichs inequality in Q. B
As the vanishing highly conductive walls have thicknesses of size r$, 0 < r§ << ¢,
we find the asymptotic behaviour of u® by applying a control-zone method, that is
an energetic method using test-functions associated to a set of much thicker layers
which includes the walls but which is still a vanishing set.
More precisely, for any ¢ € {1,2,3}, let (RS). such that 7§ << Rf << ¢; we
define the control-zone of the present problem by

C. =U},CL, C!=Uez.Cly, (36)
where for any k € Z. we have
é,k ={x = (x5, 22,23) €Q, |z; —ek| < R}. (37)

We associate to our control-zone the following functions w? € W1 (Q):

_% if x=(x;,79,73) € D!
i
i) — ; — ek ; ‘
we(r) =4 4 \%REE | if xe(Cl,\D.,)forsomek € Z. (38)

0 it zeQ\CL
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Also, to any ¢ € D(€2) we associate a step approximation function ¢§ € L>(2)
defined with respect to the control-zone:

@i (i, w2, T3) = Z ®

k€EZ,

reer (@) s (), (39)

where I%. = ek + 2R:1.
The basic properties of these functions can be easily obtained:

. 210\ /2
vulle. < (22) (10)
lo — @5 L= (ci)y < Bi |Vl Lo (a)- (41)
e\ /2
Vetle: < (291 ) " [Vlemiay. (12)

4. THE HOMOGENIZATION PROCEDURE

For any i € {1,2,3} we assume that there exist

D]
mo = lim 7 € 0.1). (43)

Obviously, we have
mi + mo +mg = 1.
This situation covers all the following three types of structures: honeycomb,
gridwork and layered (see [12]).
We can present now the preliminary convergence results:
Proposition 4.1. There ezists u € L>(0,T; L*(Q)) N L2(0,T; H}(Q)) such that,
on some subsequence,

ut S oin L(0,T; L)) (44)
ut —wu in L*0,T;Hy(Q)) (45)
Gi(uf) —wu in L*QY), Vie{1,2,3} (46)

[f o= [f o weromman

Moreover, for any i € {1,2,3} we have:

I

Proof. The weak convergences (44)—(45) follow from (19). As H} () is compactly
embedded in L?(2), the strong convergence (46) is obtained by using (28) and (45).
In order to prove (47) we remark that

[ B e 5 B[ o B oo

1<i<j<3

0 Wee 120, T HYQ), Vi€ {L,2,3}), jAi (49)
Q0z;
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Using (20), (32) and (33), we prove that the first two terms of (49) are converging
to zero, as follows:

IDS/T][
UV
|D6‘ 0 DY
o1

Ue
| D | D

It follows that

el

&3
max(l, ) |[Vulg — 0,
r

€

el

1 1
D¢ 1, e%ln—, 2 In— ) |[Vv|q — 0.
D.| e 7’

T 3 T
ff, S ffye

i=1
Let o € L%(0,T;D(Q2)). We have

/][Df“" /][D (u*=GL(u%))p / DiGé(uE)(cp—Mr;(cp)H/oT DéGi(ua)Mrf(go).

Taking into account (26) and (29), we have:

[, -enzen ([,
/OT DiGé(uE)(%’—M o) <G (u 2oy </][ [ — Mye ()] ) /2_>0.

Then, using (30), we get

T
hm/][ ugp—hm/][ G*(uf) /][ wp. (51)
e—0 Di e—0 Q Q

In order to conclude with (47), we notice that L?(0, T; D(2)) is dense in L? (0 T; HY(Q))
and that the following estimate proves the continuity of the mapping ¢ — | on iU p:

T 1/2 T 1/2
[F = ([h o) ([, o) " <ermavon
Di Di Di

Next, let again ¢ € L2(0,7;D(2)) and i € {1,2,3}. Denoting by v = (v1,v9,13)
the outward normal to dD. we obviously have ¢v; = 0 on (9DL)T (j # i) and

therefore:
T
/(; D7, 817] / ][Dz 3%

Using (51), from the previous relation it follows:

ool tose= [ e

The proof of (48) is completed by continuity, using (20) and (35). [ |

Ou,
o0x;

) l¢l2(0,10 ) < Crf — 0

Now we can present our main result.
Theorem 4.2. Assume that
uy —ug in  L*(Q) (52)
fe=f in L*0,T; H (). (53)
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Then, there exists u € L°°(0,T; L?(Q)) N L2(0,T; H}(Q)) such that
uu in L(0,T; L%(Q)) (54)
u—u in L*0,T;Hi(Q)). (55)
The limit u € L?(0,T; HE(Q)) is the only solution of the equation

~ 0 : ou ) ~
Y (o) 3 o b ) =1 P0TA0)
(56)
u(O):uo in L*(Q) (57)

Proof. Let n € D([0,T[), v € H}(2). We have

B , ou® Ov / ][ ou v\
/0 77/Q st Z/ /Q\D a”a% Ox; Z Yory Oz |

i,7=1

T
- / n'/ pptu-41(0) / paugo-+(0) / Pyt / 0 0 s szcey- (59)
0 D, Q\D. D 0

=

Recalling (19) and (20) we find that on some subsequence each of the following
terms has a limit, defined by

. ou® ov )
Bi_;g%/ ][D<Z . ) ie{1,2,3}. (59)

Taking the limit of (58), ¢ — 0 we 1mmed1ately obtain:
3

6u 81}
— 1(0) / pauly + / 00 s 13 ) (60)

It remains to identify B;.

Let ¢ € D(Q2). For any i € {1,2,3}, we set v = v§ := (p — ¢5)ws in (60).

Let us remark that v — 0 strongly in H{(£2), as a straightforward consequence of
the following estimate

RS
fiwep <z [ vuiie-eip 2 [ uiPivie-enr<o(S). e

After substitution of v = v§ in (60) and taking advantage of the property that
v§ # 0 only in C!, we obtain

L ou d(p— )\
i f;ll—r}%)/ fDq (Z bkal‘k 8l‘k > =0 (62)

that is,

=m; hm Z / ][Dl Z axk 896 eh,z}) | =

hEZ
k¢1

—my li -
mel—%/ ][D, Z axkaxk

k;sl
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= —mi limy / ][DL Z axk< axk) ' (63)

k;éz

The regularity property by € C?(Q2) for every k € {1,2,3} implies that

9 dp 1
e (bka > € Hy(Q) (64)

and that integration by parts holds true, thus yielding

du ¢
iBi = — = ) =my )
" / ][Qk ! Y owy ( axk) i / ][Qk f " Oar, Oz, (65)

k#i k#i
Summing over ¢ € {1, 2,3}, we obtain:

3 3 T 3 T 3
ou dp du dp
iBi = i =
;m ;m /o n][QkZ_l dxy, Oy, /o 77][9]; dxy, Dy,
ki

3 T 3 T
ou Oy Ou Jyp
_ . el (i 1 — m. Nl
;:1 ml/o n][sz B, 9 ;:1( mz)/o 77][961 o, . (66)

Substituting (66) into (60) and using the density of D(2) in H}(Q2), we obtain by
continuity:

T T
ou Ov { ou Ov
/
/0 K /Q\DE Patlt + / / i 8% axl ._1( ml)/g " sz 8xl 83:1

3,j=1
T
=0(0) [ paio+ [ 000y (67
which obviously completes the proof. [ ]

Remark 4.3. The reticulated domain occupied by all the intersections of the layers
has no distinct influence upon the asymptotic distribution of the temperature. For
i <jandh € {i,j}, this follows from

3 1 o1
1 Oue 0¢5, 1 / 2\ 2 [|D7]\?
|De| /D;'-?' kZ=1 k@xk Oxp | — Vel ) |Dc| Jpii Ve | | D -

< OIVo|p= () (%) — 0,

N

(68)
where we have used (32).

Remark 4.4. Our main result works for any m; > 0, that is, it covers the three
main structures of this type:

e the honeycomb (bozx-type) structures, which correspond to the case when
m; >0, Vi € {1,2,3},

o the gridworks, which correspond to the case when only one of the m;’s is
zero,

o the layered structures which correspond to the case when two of the m;’s
are zero.
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